SUBMODELS (NESTED MODELS) AND ANALY SIS OF VARIANCE OF
REGRESSION MODELS

We will assume we have daa (X, V,), (X Vo), E , (X, ¥,) and make the usud
assumptionsof indgpendence and nomality.

Our modd has 3 parameters:
E(Y|X) =ng + n;X (Two parameters. ), and ;)
Va(Y|x)=o®  (Onepaameter: o)

We will call thisthefull modd. Many hypothesis tests on coefficients can be
reformulated as tests of the full modd agang a subnodd Btha is, a special case of the
full modd obtained by specifying certain of the parameters or certain relationships
between parameters.

Exanples.
a NH:n, =1
AH:n, ! 1

Wha modd does NH correspondto? How many parameters does it have? AH
correspondsto thefull modd (with three parameters, indudingn),).

b. NH:m, =0
AH:m,! O

AH correspondsto thefull modd. Wha submodd does NH correspondto? How
many parameters does it have?
C. NH:m,=0

AH:nm,! 0

AH correspondsto thefull modd. Wha submodd does NH correspondto? How
many parameters does it have?

Any specification of or relation among some of the parameters would give a submodd B
and a conceivable hypohesis test.

Examples. For thesubmodd given, wha isthenull hypotesis of the corresponding

hypothesistest?
d. E(Y[X)=2+nx
Var(Y|x) = o

€. E(Y[X) = Mo + noX
Var(Y|x) = o



We have discussed how to "fit" thefull modd from datausng least squaes. We can also
fit asubmodd by least squaes.

Exanple 1: Tofit thesubmodd E(Y[X)=2+nx
Var(Y|x) = o,
congder lines y = 2 + h,x and minimize
RSS(hy) =3 d?=3 [y; - (2 + hyx)]*
to get 7,. [Draw apicture]

Note: For thisexample, y; - (2 + h,x;) = (y; - 2) - h)x;,
so fitting this modd is equivalent to fitting the modd
E(Y[X) = n.x
Va(Y|x) = o
to thetransformed daa (X, Y, - 2), (X» Yo - 2), E , (X, Y, - 2)

Exanple 2: For thesubmodd E(Y([X) =m0
Var(Y|x) = o,
we minimize RSS(hy) = X d*= 3 (y; - hy)? [Draw apicture]]
a Carry outddails
b. Result: hy = y -- thesame as the univariate estimate.
C. Showthat thisis also thesame as setting § = 0 in the least squares it for thefull
modd.
Caution: Theresult is notalways this nice, as the exercise bdow shows.

Exercise: Try finding the least squaes fit for the submodd

E(Y|X) =nx ("Regression throughtheorigin®)

Var(Y|x) = o
Youshould get adifferent formulafor ”, fromtha obtained by setting 77, = 0in the
formulafor theleast squaesfit for thefull modd.

Generalizing: If we fit asubnmodd by Least Squaes, we can definetheresidud sum of
squaes for the subnodd:

RSSSUb = E(yl - j}i,sub )2 = E éiz,sub
where 3., = E,(Y[x) isthefitted valuefor thesubmodel and &, =y, - 9.,

Exanple: For thesubmodd in Example2, ., =y foreachi, so

RSS,, = 2(Y:-¥)?=SYY

General Properties: (Stated withoutproof; truefor multiple regression as well as smple
regression)



RSS,,, isamultiple of ax® distribution, with
* degreesof freedomdfg, = n- (# of coefficients estimated), and

. RSS_, . .
2 - RS5,, is an estimate of o? for the submodd.

sub

Osub

Thiswill allow usto do hypohesis tests compaing a submodd with the full modd.
Another Perspective:

We want away to hdp decidewhether thefull modd is significantly better than thefull
modd. RSS,,, - RSS,,, can be congdered ameasure of how much better thefull modd is
than thesubmodd. (Why is this difference always postive?). But RSS,, - RSS,,, depends
RSS,,, " RSS

RSS

is abeter measure.

onthescale of thedaa, so

full

Exanple (to hdp build intuition): Thesubmodd  E(Y|X) =1,
Var(Y|x) = o

Testing this modd agang thefull modd is equivaent to peforming a hypothesis test
with

NH:m, =0

AH:m,! 0.

This hypothesistest uses thet-statistic

t - 1 SXYSXX — t(n-2)
se") /Jsxx

where here 6 = 6, istheestimate of o for thefull model. Note that

(sxy)’
(sxx)* _ (Sxy)’

t2: =

A2 A2
o /SXX 67 (SXX)

Recall:

(SXY )
R =SYY -
SSfuII SXX

RSS,, =SYY (inthis particular example)

Thus
(SXY)

Sssu SSfuII SXX



o= RSSu = RSSuwi _ RSy " RS
©® RSS,,/(n" 2)
_ RSSw = RSSu o
RSS .,
which is just a congant times our earlier measure R3Sy = R3S of how much better the

Sfull
full modd isthan thesubmodd.

F Distributions

Recall: A t(k) randomvariable has the distribution of arandomvariable of theform
where

Thus

t2 ~

Also,
Z? ~

Definition: An F-disgtribution F(v,, v,) with v, degrees of freedomin the nunerator and
v, degrees of freedomin the denominator isthedistribution of arandomvariable of the
form
Wv, 2
—— wheae W ~ (v
Ulv, x (V)
U ~%*(vy)
andU and W areindependent.

Thus
t(k)?~ F(1, k);

i.e., thesguae of at(k) randomvariableis an F(1,k) randomvariable Bso any two-sided
t-test could also beformulated as an F-test.

In particular, the hypothesistest with hypoheses

NH:m, =0
AH:m,! O

could bedoneusing the F-statistic t* ingead of thet-statistic .



Recall that in this example,

, RSS,, —RSS]W 2
t° = +(n-2),
RSSfu”

which we have seen does make sense as a measure of whether thefull modd
(corresponding to AH) is better than the submodd (corresponding to NH).

Exanple: Forbes daa

Still another look at the F-statistic:

_ RS, - RSSu
B RS%”/(n—Z)

— (Rs§ub B RS‘Ql‘ﬁll )/(dfsub - dffuII )
) RS%H /dffull

since df,, Ddf,, = (nDL) D(nD2) = 1.

i.e., Fistheratio of (theresidud sum of squares for the submodd compared with thefull
modd) and (theresidud sum of squares for thefull modd) - - butwith each divided by

its degrees of freedomto "weight' them appropriately to get atractable distribution. This
RSS,,, — RSS

RSS

better thefull modd isthan thesubmodd in fitting the data.

isalso jugd acongant times , Which is areasonable measure of howmuch

Thisillugrates the general case: Whenever we have asubmodel (in multiple linear
regresson as well assmple linear regression),

a RSS,,, (hence 67,,) will bea condant times a? distribution, with degrees of freedom
df,,., which we then also refer to as the degrees of freedomof RSS,,, and of 6°,,.

(RS, = RS, ) (df = )

_ (RSS. " RSSy) [(df ™ df )
6full2 RSS full/ df Sull

~ F(dfgy, - dfi , dfru)-
Rewriting the F-statistic,

(RSSsub - RSSfull) / (df sub ~ df full) _ f:/{eSSsub " RSS full 2%&/“ df Sull

RSSfull/dffull B éu RSSfull kégi]pfsub ! dffull




. . RSQ-RSSQw
isjug acondant multiple of RSS, , Which is areasonéble measure of how
1

much better thefull modd isthan the submodd infitting thedaa.

Thuswe can use an F statigtic for the hypothesis test
NH: Submodd
AH: Full modd



