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Abstract

We analyse the structure of the quotient A~ (T', X, ) of the space of measure-preserving actions of a
countable discrete group by the relation of weak equivalence. This space carries a natural operation of
convex combination. We introduce a variant of an abstract construction of Fritz which encapsulates the
convex combination operation on A (I", X, u). This formalism allows us to define the geometric notion of
an extreme point. We also discuss a topology on A~ (T, X, u) due to Abert and Elek in which it is Polish
and compact, and show that this topology is equivalent others defined in the literature. We show that
the convex structure of A (I", X, u) is compatible with the topology, and as a consequence deduce that
A (T, X, u) is path connected. Using ideas of Tucker-Drob we are able to give a complete description of
the topological and convex structure of A (T, X, u) for amenable I' by identifying it with the simplex of
invariant random subgroups. In particular we conclude that A~ (T, X, u) can be represented as a compact
convex subset of a Banach space if and only if " is amenable. In the case of general I' we prove a Krein-
Milman type theorem asserting that finite convex combinations of the extreme points of A (T", X, u) are
dense in this space. We also consider the space A, (I', X, 1) of stable weak equivalence classes and show
that it can always be represented as a compact convex subset of a Banach space. In the case of a free
group Fx, we show that if one restricts to the compact convex set FR~ (Fn, X, u) C A, (Fn, X, p)
consisting of the stable weak equivalence classes of free actions, then the extreme points are dense in
FR~, (Fn, X, 1).

1 Introduction.

By a probability space we mean a standard Borel space Y with a Borel probability measure v. If v is
nonatomic, we say the pair (Y,v) is a standard probability space. If v is nonatomic then Y must be un-
countable and thus by Theorem 17.41 in [10] every standard probability space is isomorphic to the unit
interval with Lebesgue measure. Let I be a countable discrete group. By a measure-preserving action of I
on (Y,v) we mean a Borel action a : I' x Y — Y which preserves the measure v. We write I' % (Y,v).
In accordance with the standard conventions of ergodic theory, we identify two actions which agree almost
everywhere. Thus a measure-preserving action of I" on (Y, v) is equivalently a homomorphism from I' into
the group Aut(Y,v) of measure-preserving automorphisms of (Y, v), where again two such automorphisms
are identified if they agree almost everywhere.
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We fix a standard probability space (X, p) throughout the remainder of the paper. As in [l1] we can
define the Polish space A(T", X, i) of measure-preserving actions of I'. Kechris defines the following relation
of weak containment among measure-preserving actions of I', by analogy with the standard notion of weak
containment for representations.

Definition 1.1. [//] IfT A% (X,u) and T ~° (Y,v) are measure-preserving actions of I' on probability
spaces, we say a is weakly contained in b and write a < b if for any finite sequence A, ..., A, of measurable
subsets of X, finite FF CT' and € > 0 there exist measurable subsets B1,..., By of Y such that for all v € F
and all i,7 < n we have

u(v* AN Aj) —v(7"BiN B;)| < e.
We say a is weakly equivalent to b and write a ~b ifa <b and b < a.

We may assume in this definition that As,..., A, form a partition of X. Note that we do not require (X, y1)
and (Y, v) to be standard, that is to say we include the case where they might be countable. The relation of
weak containment is G, so the quotient A (T, X, u) of A(T', X, u) by weak equivalence is well-behaved.

We also consider a generalization of weak contalnment due to Tucker- Drob For probability spaces (Y;,v;),1 <

i < m and positive real numbers «;,1 < i < m with Z a; = 1 welet |_| «;Y; be the probability space formed
1=1 =1

by endowing the disjoint union of the Y; with the measure Z a;v; given by <Z aZm) (A) = Z a;v;(ANY;).

=1 =1 =1
m m

If ' ~% (Y;, ;) are measure-preserving actions, then Z a;a; is the action on |_| «;Y; given by letting I' act
i=1 i=1
like a; on Y;.
Definition 1.2. [17] If T ~® (X,u) and T' ~° (Y,v) are measure-preserving actions, we say a is stably
weakly contained in b if for all Aq,..., Ay € MALG,,, all finite FF C T and all € > 0 there exist o, ..
m m

.y Qi

such that Zal =1 and sets By,...,B; C |_| o;Y; such that
i=1 i=1

/L(’yaAi M AJ) — i o;V (’727;1 aibBi n B])

We write a < b if a is stably weakly contained in b and a ~4 b for a <5 b and b <5 a

When we wish to distinguish between and action and its equivalence class, we write [a] for the weak equiva-
lence class of a and [a], for the stable weak equivalence class. The quotient of A(T', X, u) by the relation of
stable weak containment is denoted A, (I, X, u). The goal of this paper is to analyze the topological and
geometric structure of A (I', X, u) and ANS (T, X, un) .

More specifically, unlike A(T', X, 11), the spaces A (T, X, u) and A~ (T, X, u) carry a well-defined opera-
tion of convex combination. This is inherited from the operation of endowing the disjoint union of two
probability spaces with a convex combination of their respective measures. In Section 2 we introduce a
variation of a construction of Fritz [9] which abstracts the idea of convex combinations. Fritz’s objects
are referred to as ‘convex spaces’; we weaken the definition in order to encompass the convex structure on



A_ (T, X, u) obtaining the notion of ‘weak convex space’. We show that this relates naturally to other ideas
of convexity, define a notion of convex function and generalize the important geometric notions of ‘convex
hull’, ‘extreme point’ and ‘face’ from the classical situation of vector spaces to this abstract framework. We
also define ‘topological weak convex spaces’ as weak convex structures which are appropriately compatible
with an underlying topology.

In Section 3 we consider methods of topologizing A (I', X, u). The first topology defined on this space
was in [1], and a second formulation was given in [13]. These are equivalent, Polish, compact and finer than
the quotient of the weak topology on A(T', X, 1). We discuss a third topology, implicit in [1] and pointed out
to us by Kechris. This is shown to be equivalent to the previous two. We also consider a natural topology
on A, (T, X, pn).

In Section 4 we describe how to endow A (I', X, u) with the structure of a weak convex space and show
that it is in fact a topological weak convex space. Furthermore, we show that the metric giving A (T, X, u)
its Polish topology is compatible with the convex structure in the sense that the distance function to any
compact convex set is a convex function.

In Section 5 we analyze the structure of A (I, X, u) for amenable I'. The main tool is the following idea.
Let Sub(T") be the space of subgroups of I', regarded as a subspace of {0, 1}F with the product topology.
Sub(T") is then a compact metric space on which T' acts by conjugation.

Definition 1.3. An invariant random subgroup of I' is a conjugation-invariant Borel probability measure
on Sub(I).

Invariant random subgroups have been studied in numerous recent papers, including [2], [4], [7] and [8]. If
I ~* (X, ) is a measure-preserving action, then the pushforward measure (stab, ). is an invariant random
subgroup of I" called the type of a. We extend ideas of Tucker-Drob from [13] to show the following.

Theorem 1.1. IfT is amenable, then A (T, X, ) is isomorphic to IRS(T') as a topological conver space. In
particular, if T is amenable then A (T, X, 1) is isomorphic to a compact convex subset of a Banach space.

In Section 6 we consider the structure of A (I', X, u) for general I'. If I is nonamenable, the existence of
strongly ergodic actions of I" implies that the convex structure on this space has the pathology that the
convex combination of a point x with itself might be different from z. This is why we need to consider weak
convex spaces instead of just convex spaces. The main result of this section is the following Krein-Milman
type theorem.

Theorem 1.2. A (T, X, ) is equal to the closed convex hull of its extreme points. In other words, finite
convex combinations of the extreme points of A (T, X, u) are dense in A (T, X, p).

Given this result, it seems interesting to describe the extreme points of A (T, X, ). In the amenable case,
the identification with IRS(T") provides a complete such description, since the extreme points of IRS(T") are
known to be the ergodic measures and consequently the extreme points of A (I', X, 1) for amenable I" are
exactly those actions with ergodic type. In the nonamenable case this description does not suffice. It is clear
that any strongly ergodic action is an extreme point. We are able to show the following.

Theorem 1.3. Suppose [a] € A (T, X, ) is an extreme point. Let a = / a,dn(z) be the ergodic decom-

Z
position of a. Then there is a measure-preserving action b of I' such that for n-almost all z € Z we have
[a.] = [b].



Let FR(T', X, 1) denote the subspace of A (T, X, i) consisting of the weak equivalence classes of free actions.
We prove:

Theorem 1.4. Let Fy be a free group of finite or countably infinite rank. Then the weak equivalence classes
containing a free ergodic action are dense in FR(Fy, X, ).

In Section 7 we use a characterization of convex subsets of Banach spaces from [6] to show the following.

Theorem 1.5. For any I', the space A~ (I, X, ) is isomorphic to a compact convexr subset of a Banach
space.

We characterize the extreme points of A._(T', X, 1) as precisely those stable weak equivalence classes which

contain an ergodic action. This result was obtained by Tucker-Drob and Bowen independently of the author.
Tucker-Drob and Bowen have also shown that A _(T', X, i) is a simplex, and the set FR._(T", X, u) of stable
weak equivalence classes of free actions is a subsimplex. Recall that a Poulsen simplex is a simplex such that
the extreme points are dense. Thus from Theorem 1.4 we have:

Corollary 1.1. Let Fy be a free group of finite or countably infinite rank. Then FR._ (Fn, X, 1) is a Poulsen

simplez.
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2 Weak convex spaces.

We first describe the formalism realized by A (T, X, p).

2.1 Convex spaces and weak convex spaces.

Convex spaces were introduced in [9] and further developed in [6] as an abstract setting to study the notion
of convex combination.

Definition 2.1. [9] A convex space is a set X together with a family V of binary operations ccy for each
t € 0,1] such that for all z,y,z € X and all s,t € [0,1]

(1) ceo(z,y) = x,
(2) cei(z,x) =,

(8) cei(z,y) = ce1—¢(y, x),

(4) cer(ces(x,y), z) = cest (:1:, cCra—s) (y, z))



We will usually write tz +y (1 — t)y for cei(z,y), omitting the subscript V when the convex structure
n

being considered is clear. Note that (4) allows us to unambiguously define Z/\ixi for (z;)7~; € X and

i=1
n

(Ai)izq € [0,1] such that Z)\i = 1. We will need to weaken the definition of a convex space to cover the
i=1
situation where a convex combination of a point x with itself could be different from .

Definition 2.2. An weak convex space is a set X with a family cc; of binary operations for t € [0,1]
satisfying (1), (3) and (4) of Definition 2.1.

Definition 2.3. A topological (weak) conver space is a topological space X carrying a (weak) conver
structure such that the ternary operation cc: [0,1] x X? — X given by cc(t, z,y) = cci(x,y) is continuous.

2.2 Extreme points and faces.

We can define extreme points in a weak convex space in exactly the same way as in a vector space.

Definition 2.4. If A is a convexr set in a weak convexr space, we say x € A is an extreme point if
z=ty+ (1 —1t)z for 0 <t <1 and some y,z € A implies y = z = x. Write ex(A) for the set of extreme
points of A. If A is a compact convex subset of a topological weak convexr space, we say a face of A is a
nonempty closed subset F' C A such that if z,y € A, 0 <t <1 andtx+ (1 —t)y € F then z,y € F.

3 Topology on A (T, X, ).

Let T be a countable group and A (T, X, 1) be its space of actions modulo weak equivalence. We consider
a metric on A (T, X, ) which is implicit in [1].

Fix an enumeration (v;)ic, of I'. If A = {A4;,..., A} is a partition of X into k pieces, a € A(T, X, u)

and n € N, let M;ﬁk(a) € [0, 1]"*¥** be the point whose p, ¢, coordinate is p(vpAg N Ay), where p < n and

¢, < k. Let Cp, p(a) = {M;L‘}k(a) : A is a partition of X into k pieces.} Then we can define a pseudometric
don A(T", X, ) by the formula

o0

dap) = Y #dH(Cn,k(a),On,k(b))

n,k=1

where dy is the Hausdorff distance in the hyperspace of compact subsets of [0, 1]"”“’“. It is easy to see that
a ~ b if and only if d(a,b) = 0, so d descends to a metric on A (T, X, ), which we also denote by d. Let 7
be the topology induced by d. We note that this definition extends to actions on countable spaces. We will
write A7 (T') for the space of all actions of I on probability spaces.

We now describe a different construction of the topology on A (T', X, ) due to Tucker-Drob [13] in or-
der to show it agrees with the one we have just introduced. (Tucker-Drob shows in [13] that his formulation

agrees with the one from [1]).

Let S be a compact Polish space, and consider ST, which is also a compact Polish space. I' acts on ST



by the shift action s given by (v°£)(8) = f(716). Let My(S") be the compact Polish space of shift-invariant
probability measures on S and let Kg = K(M,(S")) be the hyperspace of compact subsets of M,(S")
equipped with the Hausdorff topology. Then Kg is again compact and Polish. Now consider a S-valued
random variable ¢ € L(X, i, S) on X, that is to say a measurable map ¢ : X — S. For each a measure-
preserving action a € A(T, X, ) we get a map ®%" : X — ST by letting ®%%(2)(7) = ¢(( 1)) and
consequently a shift-invariant measure (8%*),z on ST. Then define a subset E(a,S) of M,(S') by

E(a,S) = {(®%")upu: ¢ : X — S is measurable}.

Let ®g: A(T', X, u) — Kg be given by ®5(a) = E(a,S). When S = K is the Cantor set, we omit the sub-
script S on the notations just introduced. By Proposition 3.5 in [13], we have a ~ b if and only if ®(a) = ®(b)
so we can consider the initial topology on A (I", X, u) induced by ®. Call this 5. We now work towards
showing 7 agrees with 5. There will be a series of preliminary steps. This entire argument can be regarded
as a ‘perturbed’ version of Proposition 3.5 in [13].

We first fix a compatible metric on Ms(KF). Let Ag be the collection of clopen subsets of KT of the

form 7r;1 H A, | where A, C K an element of some fixed countable clopen basis for K, F' C I is finite
yEF

and 7 : K¥ — K¥ is the projection onto the F-coordinates. Since the elements of Ax generate the Borel

o-algebra of KT, for (1,)°%, C M,(K") we have v, — v in My (K") if and only if v,(A) — v(A) for every

A € Ag. So, enumerating the elements of Ag as (AX)2 |, dx given by

Sic(v) = 3 (AL = (A1)

is a compatible metric on M,(K").

Lemma 3.1. For any € > 0 there exists k € N such that every a and every ¢ € L(X,u,K) there is
Y € L(X, pu, K) with g (2%%) s, (V%)) < € such that the range of 1 has size < k. Note that k depends
only on €, not on a or ¢.

Proof. Fix e. Choose N large enough that Z 5 < €. For each i < N, write A; = w;il H AL | for
=N YEF;
Ai C K clopen and F; C T finite. We have for all a € A(T, X, u) and ¢,v € L(X, u, K),

|‘I’¢’Q(Ai) - ‘I’w’a(Aiﬂ

b,a -1 H i _ dY.a -1 H i
P Tk, A7 P Tk, A7
YEF; YEF;

= |u({z : @ (z)(v) € Af{ for all v € F;}) — u({z : ®¥*(x)(y) € A?y for all v € F}})]
[u({z = ¢((v" 1)) € AL for all y € F;}) — p({z : ((y71)%x) € AL for all v € F})]

pl () e A | = | () v e A |- (1)

YEF; YEF;



Now, fix ¢ € L(X, u, K). Let (Bj);?:l be the finite partition of K given by the atoms of the Boolean algebra
generated by (A;)igN,veFi- Note that k depends only on €. For each j < k, let y; be any point in B;. Define
amap ¢ : X — K by letting ¢)(x) = y; for the unique j such that € ¢~*(B;). Then v *(B;) = ¢~ (B;)
for each j, and hence dfl(Ai{) = wil(Afy) for each ¢ < N and « € F;. Therefore the value of the expression
(1) is 0 and 6 ((®)spt, (V")) < €. O

Lemma 3.2. If E(a,,L) — E(a,L) in K(M,(L")) for every finite set L then E(an, K) — E(a,K) in
K(My(K")).

Proof. Fix € > 0 in order to show that eventually dx (E(an,K), E(a, K)) < €, where di is the Hausdorff
distance in (M (K")) constructed from dg. For k € N and b € A(T, X, 1) let

EL(b, K) = {(®”%),u: ¢ : X — K is measurable and the range of ¢ has size < k}.

By Lemma 3.1 we can choose k € N such that E(b, K) C Be(Ex(b, K)) for every b € A(I', X, u) where

B.(A) = {v € M(K") : 0k (v,p) < r for some p € A}. Notice that Ej(b, K) = U E(b,L). Fix aset L

LCK,
|L|=Fk

of size k and choose N large enough such that if n > N then di, (E(an,L),E(a,L)) < i where di, is

the Hausdorff distance in IC(M,(L")). Since the construction is independent of the set chosen to realize L,
we have in fact di, (E(an,L),E(a,L)) < i for every finite set L of size k. For a fixed finite L C K let

Er(0,K) = {(®"?).p: ¢ : X — K measurable, ¢(X) C L}. Then for any b,c € A(I', X, 1) we have

dxc (EL(b, K)7EL(C,K)) = dy, (E(b,L),E(c, L)) :

so that when n > N,

LCK LCK
|L]=k |L]=k

< sup die, (Blan, 1), B(a, 1)) <
Lk

Therefore when n > N,

di (E(an,K),E(a,K)) < dx (E(an,K),Ek(an,K)) +dy (Ek(an,K),Ek(a, K))

+dx (Ek(a, K), E(a, K))

e
3



Lemma 3.3. Let L be a finite set of size k. Then for each finite set (Ap)g:1 of basic clopen sets A, C LY
and € > 0 there is 0 > 0 such that if d(a,b) < § then for all ¢ € L(X, u, L) there exists ¢ € L(X, u, L) such
that [(®77).u(Ap) = (B77)wp(Ap)| < € for all p < q.

Proof. Write A, = ﬂ 7' (3p(7)) for some F, C I finite, 5 : F,, — k and fix € > 0. Choose a finite F C T

YEF)
0
with (Fp)2 C F for all p < q. We may assume the identity e € F. Suppose d(a,b) < W; we will specify
a value for § later. Now fix ¢ : X — k and let B; = ¢~ *(i). Given n: F — k, let B, = ﬂ 7By (). We can
yeEF

then find a partition {D,},c,r such that

|H(’YaBm N an) - N(’Yme n Dn2)| <90

for all n;,m2 € k¥ and v € F. Define ¢ : X — k, by ¢(y) = 1 if y € D, for some 7 with n(e) = L.
Furthermore, for each [ < k let D; = |_|{D7, :n €k and n(e) =1} =~ *(1). For each J C F and o € k” let

D, = |_|{D,7 :nekfand o C n}, where o C 7 means 7 extends o and let D, = ﬂ ’YbDo(y)- Furthermore

yeJ
ifyel,JCT ando €k’ let v-0 € k77 be given by (v-0)(6) = o(y1d). For ¢ € K*» and v € F), we have
4(Y* Dy N Dy.o) = p(v*B; N Byo)| < ) > |u(y"Dy N Dy) = u(y* By N By)|
(n€kF:0Cn) (n'€kFy-0Cn’)
< 5(k\F\)2

In particular, setting v = e we see |u(B,) — u(Dy)| < 0k for every o : F, — k. Since ¥*B, = B.., =
v*Bs N By., we have

1(De) = (7" Dy N Doyo)| < (Do) = (v Bo)| + |1(7* By N Bro) = (1" Do N Dryr)|
= (Do) = u(Bo)| + |1(v* By N By.o) = (7" Dy N Do )|
< 20K2IF
and also
[1(D~.0) = p(v"Dy N Dy.o)| < |1(Dy.o) = p(By.o)| + [1(v* By N By.o) — p(y" Do N Dy.5)|
< 20k
Therefore
(7" Dg) A(Dyy.0)) = (" Do) + i(Ds.0) = 2u(7° D N Dsy.o)
< |p(Dyo) — U(’YbDa N Dy.o)| + |1(Dsy.o) — U(’YbDU N Do)
< 46k2F (2)
Since (D) epr is a partition of X and (F,)? C F we have

D,=1]D,=( || DPo=() || Dyo

nek? YEF, oekFp vE€Fy  oekfr
2pCn a(v)=1p(v) a(e)=1p(7)



Now, by (2),

el () Ll Do |2l () L] Do || < (EIRFP) (46875 (3)
YEF, osckFp YEF,  gekfr
o(e)=3(v) a(e)=3,p(7)
Note that m |_| D, = ﬂ vbDjp(v) = Djp, so (3) reads |u(D,,) — ,u([)jp)| < (|Fyp|kFely (45K2IE.
YEFp  oekfr Y€EF,
o(e)=3,(7)

Moreover,

{z: 2} (x) € Ay})

{: 93 (2)(7) = 3p(7) for all v € F,})
{z:9((v 1)) = jp(7) for all y € F,})
{z:z€ vbw_l(jp(v) for all v € F,})

—_

b
=p ﬂ YDy, ()
YEF,

= /’[’(D]p)'

Similarly, (®4).u(A4,) = 1(B,,). So we finally have

(DF¥)ers(Ap) — (®57)upt(Ap)| = [1(D,,) — p(By, )]
< |H(DJP) - H(Djp” + |N(D3p) - M(ij)l
< (|, |k Foly (40k2ET) + 2682IF1.

Since k is fixed in advance, |F,| < |F| and F depends only on (A,)!_,, it is clear that ¢ can be chosen so
(le|k7|Fp|)(45k2‘Fl) + 20k2IF1 < ¢ for all p <gq. 0

We can now prove the main result of this section.
Theorem 3.1. 7 = 7.

Proof. Suppose that a, — a in 7;. We need to prove ®(a,) — ®(a) in K(M,(K")). By Lemma 3.2 it
suffices to fix a finite set L and show E(a,, L) — E(a, L) in K(M(L")). Let k = |L|. Write E,, = E(a,, L)
and E = E(a,L). As before, if we let A, = (AF)32, be the collection of clopen subsets of L' of the form
ﬂ w;l(jv) for a finite ' CT" and j, < k, then

YEF

oo

51(,0) = 3 e W(AF) — p(AD)

=1
is a compatible metric on M,(L"). Fix € > 0 in order to show that eventually dr(E,, E) < €, where dy, is

— 1
the Hausdorff distance in K(M(L")) constructed from &z,. Choose N sufficiently large that Z i < % By
i=N



Lemma 3.3 there is ¢ > 0 such that if d(a,b) < J then for each i < N and all ¢ € L(X, p, L) there exists
¢ € L(X, p, L) such that |(®%?), u(AL) — (@5%). u(AF)| < % Thus if M is large enough that d(an,a) < §
for n > M, we have dp(E,, E) < e.

Now suppose ®(a,,) — ®(a) in K(M,(K")). Fixr,qand e > 0 in order to show that eventually dg (Cy 4 (an), Crq4(a)) <
e. Choose ¢ distinct points (2,)7_, € K and let (D,)]_; be a family of disjoint clopen subsets of K with

zp € Dy. Now let M be large enough that all sets of the form w;@l(Dp) N, (D) for s < r and p,t < q

appear as some AiK for i < M in our previously chosen clopen basis Ag. Then choose N large enough

that when n > N, di(®(ay),®(a)) < on Then for each ¢ € L(X,u,K) we have ¢ € L(X, u, K) such
that 6 (@), (D4%)op) < 2LM So in particular, if n > N then for each ¢ € L(X, u, K) there exists
¥ € L(X, u, K) such that

(@) (7 1 (Dy) N7rg H(Dy)) — (2% )spu(my (Dp) N (D)) < e

Vs Vs
for all p,t < qand s <.
Now suppose n > N and let (Bp)g:1 be a partition of X. Define ¢ : X — K by taking ¢(z) = z, for

the unique p < ¢ with x € B, so by the previous paragraph we have a corresponding 1. Observe that for all
~ € T' we have

p(y*" By N By) = p(y*" ¢~ (Dp) N ¢~ (Dy))
{z:p((y*) ) € D, and ¢(x) € D;})

and s < r,

u(ve By 0 Be) = p(ye Hy 0 Hy)| = (@7 ) (w33 (D) N (Dy) = (V) pul(my  (Dy) Ny (Dy))] < e

We have shown that when n > N, C,q(an,) € Be(C,q4(a)). The argument that eventually C. 4(a)
B(C}4(ay)) is identical.

N

3.1 Topology on the space of stable weak equivalence classes.

Let A (T, X, u) be the space of stable weak equivalence classes and let ¢ be the trivial action of T' on an
standard probability space. By Lemma 3.7 in [13], we have a < b if and only if @ < ¢ x b. Moreover,
Theorem 1.1 in [13] says that E(a x ¢, K) = cch(E(a, K)), where M (K") carries its natural topological
convex structure as a compact convex subset of a Banach space. Letting ¥ : A(T, X, u) — K(M,(K")) be

the map a — cch(E(a, K)) we have ¥(a) = ¥(b) if and only if a ~4 b. Tucker-Drob gives A _(I", X, u) the
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initial topology induced by W, in which it is a compact Polish space. Thus we have a,, — a in the topology
of AL (I, X, p) if and only if a, X ¢t — a x ¢ in the topology of A (', X, u). Therefore we can introduce a
metric ds on A _ (T, X, u) by setting ds(a,b) = d(a x t,b X ¢).

s

4 A_(I',X,u) as a weak convex space.

We now describe how to give A (T, X, u) the structure of a weak convex space. Given ¢t € [0,1] and
a,be A (T, X, p) welet c € A(T, X7 U Xo,tuy + (1 — t)u2) be the disjoint sum of representative actions a
and b on the disjoint union of two copies X3 and Xo of X with the first copy carrying a copy of the measure
u weighted by ¢ and the second copy carrying a copy of p weighted by (1 —1¢). To get an action in A(T', X, )
we need to choose an isomorphism of (X, u) with (X7 U X, tuq + (1 — t)u2), but the weak equivalence class
of ¢ does not depend on this or on the representatives we chose. So we have a well-defined binary operation
AT, X, 1)* = A_(T, X, u). Call this cc;. It is clear that (1), (3) and (4) of Definition 2.1 are satisfied, so
A_(T, X, ) is a weak convex space. Moreover, we have the following.

Proposition 4.1. A (T, X, u) is a topological weak convex space.

Proof. We must show that cc is continuous. Suppose that ¢t; — ¢ in [0,1] and a; — a and b; — b in the
topology of A.(I',Y,n). Write ¢; = t;ja; + (1 —t;)b; and ¢ = ta + (1 — t)b. Fixing I,m € N write C(d) for
C,m(d). We need to prove that for every e > 0 there is J so that if j > J then we have dy(C(c;),C(c)) <,

where dy is the Hausdorff distance in [0, 1]”7"2.

First we must show that for sufficiently large j, for every partition Bi,...,B; of Y there is a partition
Dq,...,D; of Y depending on j such that for all s,# <[ and p < m,

l1(vy Ds N Dy) — (v, Bs N By)| < e.

Choose J; so that if j > J; then |t; —t] < % Choose Jo > Jy so if j > Jo then dg(Cy,,Ca) < % and
di(Cy;, Cp) < % Fix j > Jo. Writing 6 for the isomorphism from (Y7 U Y3, tu+ (1 —t)u) to (Y, 1) and 6;

for the isomorphism from (Y7 U Ya, ¢ + (1 — t;)u) to (Y, u) we have a partition (B, ;)._; of Y; given by
B;; = 9*1(35) NY;. So we can find a partition (Ds,i)lsz1 of Y; such that for all p < m and all s,t <[ we
have

[1(vp? Ds,1 N Dy1) — pu(vp Bs,1 N Bea)| <

(=N le}

and
‘“(VSj D2 N Dy2) — /’L(’YZBS,Q N By 2)| <

Now, let Dy = 0;(Ds1 U Dy 2). Note that since each 6;(Y;) is ¢; invariant,
p(vy? Ds N Dy) = (7, 05 (Ds,1) N 05(Dy,1)) + 1(7,7 05(Ds,2) N 0;( D 2))
= 1(0; (72 Dy N Dy 1)) + p(0;(7 Dy 2 N Dy 2))
= tj‘LL(’}/;j D371 N Dt,l) + (1 — tj),u(*yf,] DS72 n Dtyg).

| ™

Similarly since 6(Y;) is c-invariant we have

w(vpBs N Bt) = p(7,0(Bs,;1) NO(By,1)) + pu(7,0(Bs,2) N 0(By2))

11



= (074 Bs1 N By1)) + u(0(72Bs2 N By o))
= tu(vs N By N Bya) + (1 — )pu(v5 N Bs 2 N By o)
Note that if |1 — 22| < § and |y1 — y2| < 0 then |z1y; — z2y2| < 35. So our assumptions guarantee that we

have ‘
[t;0(vp? Ds1 N Dy 1) — tu(yy N Bsa N Bea)| < 3

and
. €
(1= 13)p(7 Ds2 0 Dy2) = (1= Oy N Bep N Bra)| < 5
hence
lu(vy’ Ds 0 Dy) — (7, Bs N By)| < e
as claimed.

Now we must show that for sufficiently large j, every partition By, ..., B; of Y there is a partition Dq,...,D;
of Y depending on j such that for all s,¢ < and p < m we have

l1(vyDs N Dy) — pu(7y,? Bs N By)| < e.
The argument is similar to the previous step, so we omit it. O
Corollary 4.1. A (T',Y, u) is path connected.
Corollary 4.2. A_(T',Y, ) is uncountable.

We now record a lemma which will be useful later, guaranteeing that the metric on A (T, X, u) behaves
nicely with respect to the convex structure.

Lemma 4.1. For any convezx set K C A (T', X, pn) the function d(-, K) = bin}f{ d(-,b) is convez.
€

Proof. Let z,y € A (T, X, u) and consider tx + (1 — t)y. Fix n, k and write C(a) for Cy, x(a). It suffices to
show that

inf dig(Clta + (1= )y),C (b)) < t(jnf dn(Clw),C(B) + (1 = H)jnf dn(C(y),C(5))

where dp is the Hausdorff distance in the space [0, 1]"“2. Fix € > 0. It suffices to find a € K with
d(Cltx + (1= 1)y), C(a)) < t(inf dyy(C(2), CO)) + ) + (1 = )(inf dy(C),CB) +6). ()

Choose ¢ € K with dy(C(z),C(c)) < bin}f{dH(C(x),C(b)) + ¢ and choose d € K with dg(C(x),C(d)) <
€

bin}f{ dir(C(y),C (b)) + €. Note that since K is convex, tc+ (1 — t)d € K. We claim

€

du(C(tz + (1 =t)y),Clte+ (1 = 1)d)) < tdu(C(z),C(c)) + (1 = t)du(C(y), C(d))

7

which implies (4). Let 6 > 0, it then suffices to show

du(Clte + (1= 1)y),Clte+ (1 = t)d)) < t(du(C(x), C(c)) +6) + (1 = )(du(C(y), C(d)) +6).  (5)
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Let X7 and X5 be two copies of X and v be the measure on X7 U X5 given by t(p [ X1)+ (1 —¢)(p [ X2). Let
P = (P;)%_, be a partition of X; LI X,. This induces a partition P; = (P})*_, of X, given by P! = P;n X,
and similarly we have a partition Py = (P?)¥_; of X5. We can find a partition Q; = (Q})¥_, of X; such that
for m <n and i,j < k we have

(v P 0P = p(r,Qi N Qj)| < du(C(2),C(c)) +6

and similarly we can find a partition Qs = (Q?)’;l of X5 such that for m < n and i,j < k we have

(¥4, P N P}) — p(v4Q7 N Q)| < du(C(y), C(d)) + 6.

Let Q = (Q;)F_, be the partition of X; U X, given by Q; = QF LI Q?. Write t(dy (C(x),C(c)) + ) + (1 —
t)(du(C(y),C(d)) 4+ 6) = r. Then for all m <n and 4,5 < k we have

(YR Py) = w0 T0Q 0 Q)] < Ntu(ve, PN P — tu(v, Qi N Q))]
+ (1= t)u(v4, PPN P — (1 — )u(vm@F N Q7))
<r

We have shown that C(tx + (1 — t)y) C B,.(C(tc + (1 — t)d)). The argument that C(tc + (1 — t)d) C
B, (C(tx+ (1 —t)y)) is identical, so we omit it. Thus we conclude dy (C(tz + (1 —t)y),C(tc+ (1 —t)d)) <r
and (5) holds. O

We note that A (I, X, 1) in fact has additional structure in that it admits convex combinations of infinitely
many elements. We first consider the case of a countable convex combination. If A\; € [0,1] are such that

oo o0 oo

Z A =1landa; € AL(T", X, u) then we can naturally define an action Z Aia; on the disjoint sum |_| X; with
i=1 i=1 i=1

the i copy of X weighted by A;. It remains to check that this is independent of the choice of representatives
a;.

Proposition 4.2. Ifa; < b; for all i, then Z Aia; < Z A\ib;.

=1 i=1

Proof. Let Aq,..., A, C |_| X, €>0and F CT finite be given. Choose N such that Z A < g For
m=1 m=N

each m < N, consider the partition A", ..., A" of X,, given by AT" = A;NX,,. We can find for each m < N

a partition BT",..., By' such that for all v € F' and 4,j < k we have

a; Am m i Dm m €
lp(y* A mAj)—ﬂ(’Yb B;" N B; )|<§

Let B; = | | B". Then

m=1

N N
i (v Amen 4y 0 4 ) = g (yET= e By 0 By ) < 1Y A AT 0 AT = S sy B VB

m=1 m=1
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1S A A AT = ST A B OB
m=M m=M

N

a; m m i m m €
< Z Am|p(y* A" 0 AT ) — u(+" Bj N Bj")| + b
=1

O

It is in fact possible to define integrals of weak equivalence classes of actions over a probability measure. Let
(Z,n) be a probability space and suppose that for each z we have a probability space (Y., r,) and a measure-
preserving action I' ~n** (Y,,v,) such that the map z — [a,] from (Z,n) to AL (T) is measurable, where
[a.] is the weak equivalence class of a,. Note that we do not require (X,,v,) or (Z,n) to be standard. Let

Y = |_| Y, and put a measure v on Y by taking v(A4) = / v.(ANYy)dn(z). Y will be a standard probability
2EZ Z
space isomorphic to (X, u) if (Z,n) is standard or n-almost all (Y,,v,) are standard. Let ' ~* (Y,v) be

given by letting I act like a, on Y,. We write a = [ a.dn(z). We then have a map ¢ : Y — Z given by
z

letting ¢(y) be the unique z such that y € Y. This is clearly a factor map from a to ¢z, and v = / v.dn(z)
z

is the disintegration of v over n via ¢. Thus Theorem 3.12 in [13] guarantees that if b, are actions of I on

(Y,,v,) with b, ~ a, then if b = / b,dn(z) we have a ~ b. Therefore this construction gives a well-defined

z
weak equivalence class of actions of 7. If we restrict (Y., v.) to be standard, then we in fact have a mapping
from the space M (A (T, X, 1)) of probability measures on A (I", X, u) to A~ (T, X, p).

Lemma 4.2. For any n,k, and (Z,7n) and measurable assignment z — a., we have Ci, j (/ azdn(z)> C
z

cch (U C’n,k(az)> .

zZ€EZ

Proof. Fix n,k and let a = / a,dn(z). Let (X,,p.) by the underlying measure space of a,. Let L be
z

a countable dense subset of MALG (|_| XZ,/ ,uzdn(z)>, so that £F is dense in the space of k-partitions
z

z€Z

of |_| X.. Then {M4(a)} accn is dense in C j (/ azdn(z)>, so it suffices to show that each M4(a) €
z€Z z

cch (U C(az)>. For each A, the function f4 : Z — R™**k given by 2z — M4_(a.) is a Borel function,

z2€Z
where A, is the partition of X, given by (A N X,)aca. Thus M4(a) = / fala)dn(z). We may assume

Z
that Z carries a Polish topology such that f4 is continuous for all A € L™. Choose a sequence of measures
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(vi):2, such that v; has finite support and v; — 7 in the topology of M (Z), the space of all Borel probability
3 (%)
measures on Z. If we write v; = Z a;0,, then

(@)
/fA )dv;(z Zaijzj Gch<UCaz>.

z€A

LM@M@%LM@M@

which proves the lemma. O

Since v; — 7, we have

5 The structure of A_(I', X, 1) for amenable T.

When T is amenable, the structure of A (T', X, 1) can be completely described using the notion of an invariant
random subgroup. We begin with the following, the following extends Theorem 1.8 in [13]. Recall that if
I' " (X, 1) is a measure-preserving action, we have a map stab, : X — Sub(I") given by = — stab,(z). The
type of a is the invariant random subgroup of I" given by (staby ).

Proposition 5.1. If T is amenable and a,b € A(T', X, 1) then type(a) = type(d) if and only if a ~ b.
Proof. By [1] type is an invariant of weak equivalence so suppose type(a) = type(d).
Let X2 = {x € X : [[' : staby(z) = o]} and X2 = {x € X : [ : staby(z)] = co}. Notice that X2 is

a-invariant and X?_ is b-invariant and since type(a) = type(b), u(X%) = u(X%). Suppose that u(X2) >0

X
and let aoo = a [ X with normalized measure wl

= and define by, similarly. Then type(as) = type(boo)

n(X%)
and these are concentrated on the infinite index subgroups of I', therefore ao, ~ bs, by Theorem 1.8 (2)
in [13]. Thus to prove the proposition it suffices to show the following. Note that for this we do not require

I" to be amenable.

Lemma 5.1. Suppose a,b € A(T', X, ) are actions such that type(a) = type(b) and these are concentrated
on the finite-index subgroups of I'. Then a ~ b.

Proof. We may assume that 6 = type(a) = type(b) is concentrated on the subgroups of index n for some fixed
n. Consider an a-orbit C. For each linear ordering <4 of C, we get a homomorphism 1% : T' — Sym(n),
where Sym(n) is the symmetric group on n letters. Place a Borel linear order C on Sym(n )F . Let then
<E=<¢ be the linear order such that ¢ is C-least among all the VL. Write ¢% for ¥@. Use this same
construction to choose homomophisms qﬁlj’j for each b-orbit D. Write ¢, for (;5‘ 15, and similarly q5b for QS[T

For a homomorphism ¢ : I' — Sym(n) let jg be the corresponding action of I'" on {1,...,n}. Say ¢ is
transitive if jg is transitive. Each transitive homomorphism ¢ : I' — Sym(n) determines a conjugacy class
Hg of index n subgroups of I' as the stabilizers of j,. For each a-orbit [z]g, the stabilizers of the action of
I on [z]g, also determine a conjugacy class Hg of index n subgroups of I'. Let ¢ be the action of Sym(n) on

Sym(n)" by (f - )(V)(k) = fo(y)f~ (k). Then [¢%]p, = {¢[w <fm]Ea is a linear ordering of [a:]Ea} Let
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L be the set of all transitive homomorphisms ¢ : I' — Sym(n) such that ¢ is C-least in [¢]g,. It is clear that
for ¢ € L, ¢4 = ¢ if and only if HI = H,. Similarly #° = ¢ if and only if H® = Hg. Thus for any A C L,
we have

u{z: ¢S € A}) = pu({x : Hy = H, for some ¢ € A})
{z : stab, () is conjugate to an element of H for some ¢ € A})

= p(

= 0({H € Sub(T") : H is conjugate to an element of H, for some ¢ € A})
= p({x : staby(z) is conjugate to an element of H for some ¢ € A})
w(

= pu({z: 4% € A}).
Now, fix a ﬁnlte set ' C T" and a partition Aq,... Am of X. For each map w : F' — Sym(n ) let X2 ={x¢€
X :¢% | F=w} and similarly X? = {z € X : (bb = w}. Then (X)wesym(n)r and (X° )weSym(n)F are

finite decomp051tlons of X with pu(X2) = u(X2). For k <nlet
o= {x € X : x is in the k-position with respect to <EE]EG}

and define Xf; i similarly. We claim that for each k there is a measure-preserving bijection S{ , of X{ , with
X5 .1- Let C1 be a wellordering of I'. For each v € I' let

Sk = {z e Xo o the Oy -least 6 € I with 6"z € X ; is equal to 7}

w(X3)

Put then Sg , [ X, . We can perform the same

a
w,k,y

= 7. In particular, this shows that (X ;) =

WX
n

preserving bijection Ty, ; of each X ; with Xf)’l. Define a measure-preserving bijection T, of X¢ with X°

by letting T,,(z) = (S&k)_lTSZ’k(x) for z € X ;. Let then T' = U T, so T € Aut(X, p).

weESym(n)F

construction for b and we see that ,u(Xf)yk) = - So pu(X5,) = N(Xf)’l) and hence there is a measure-

We claim that for all v € F and all z € X, we have T(y*z) = *T(z). Indeed, suppose = € X g s0
that z is in the k-position with respect to <f;; . Then vz is in the ¢7(7)(k) = w(k) position with respect
to <{j,. so T'(yz) is in the w(k) position of the Ey-class D such that Ti,15 ,(z) € D, where D has the
canonical order <%. On the other hand, T'(z) = T,,(z) is in the k-position of D with respect to <%. Hence
A*T(z) is in the (bé’«(m) (7)(k) = w(k) position of D and we have the claim. Now, for i < m putting B; = T'(4;)
we have for any v in F and i,j < m,

p(v*Bi N By) = p(y"T(A;) N T(Ay))
= pu(T(v*A;) NT(A;)
= p(T(v*A; N Ay))
= p(y"Ai N Ay)
and therefore a ~ b. O
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In [13], Tucker-Drob shows that for amenable T", the space A (I", X, u) of stable weak equivalence classes
is homeomorphic to the space IRS(I") of invariant random subgroups of I'. Indeed, type(a) = type(b) if and
only if a ~5 b and the map A._(T', X, ) — IRS(T') given by a — type(a) is a homeomorphism. So we have
the following.

Corollary 5.1. For amenable I', a ~; b if and only if a ~ b.

Moreover, let z € X, t € [0,1] and a,b € A(T, X, i) and consider the action ta+(1—t)b on tX;L(1—¢) Xo. We
have stabyqy(1—4)» = stab,(z) if 2 € X; and staby(z) if x € X5. Thus for any H < T, {z : stabqq(1—sp(2) =
H} ={x € Xy :staby(x) = H} U {x € X3 : staby(x) = H} so for any A C Sub(I") we have

(tur + (1 = t)p2)({ : stabyayq—pp(z) € A}) = (tur + (1 = t)p2) ({2 € Xy : staby(x) € A}
U{z € X, : staby(x) € A})
=tu({z : staby(z) € H}) + (1 — t)pu({x : staby(x) € A}).

Therefore type(ta+ (1 —t)b) = t(type(a))+ (1 —1t)(type(b)) and Theorem 1.1 follows. Note in particular that
if T" is amenable then ta + (1 — ¢)a ~ a, so for amenable groups A (T", X, i) is actually a convex space, not
just a weak convex space.

It is known (see for example [3]) that IRS(T') is a simplex in C(Sub(I'))*, the dual of the Banach space
C(Sub(T")) of continuous functions on Sub(T"). So by the classical Krein-Milman theorem we have that for
amenable T, cch(ex(A (T, X,u))) = AT, X, ). We will prove an analogous result for general I' using
other means. Moreover, ex(IRS(I")) is precisely the ergodic measures in IRS(I") so when T' is amenable,
ex(A(I', X, 1)) is the set of actions with ergodic type.

6 The structure of A_(I', X, i) for general T'.

Recall from [11] that Ey is the equivalence relation given by eventual equality on 2N and if F is an equivalence
relation on X and F' is an equivalence relation on Y then a Borel homomorphism from F to F' is a Borel
map f: X — Y such that 21 Exo implies f(z1)F f(x2). A equivalence relation E on a measure space is said
to be strongly ergodic (or Eg-ergodic) if for any homomorphism from F to Fy, the preimage of some Fy-class

is conull. By Proposition 5.6 in [7] if a is strongly ergodic then every b with b ~ a is ergodic. In particular,

1 1 1
2@ + 2@ is not ergodic, so 2@ + 3@ is not weakly equivalent to a when a is strongly ergodic. By Theorem

1.2 in [12], the Bernoulli shift T' ~ ([0,1]", AT) with A Lebesgue measure on [0, 1] is strongly ergodic when T
is nonamenable. Thus when I' is nonamenable, A (T, X, i) is not a convex space, only a weak convex space.
We now prove Theorem 1.2

Proof. (of Theorem 1.2) Write A = A (I, X, ). Let B = cch(ex(A4)) and suppose toward a contra-

diction that there exists © € A\ B. Since B is compact, d(z,B) > 0. Let a = supd(y,B) and let
yeA
C={ye A:d(y,B) =a}. Then C is nonempty, disjoint from B and C' is a face of A.

Let F be the family of faces of C, ordered by reverse inclusion. Suppose {F;};cs is a linearly ordered

subset of F and consider ﬂ F;. If z,y € C and 0 < t < 1 are such that tx + (1 —t)y € ﬂ F;, then z,y € F;
il il
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for each ¢ since each F; is a face. Hence m F; is a face. It is nonempty by compactness. So Zorn’s Lemma
i€l
guarantees there exist minimal elements of F. Let F' be such a minimal element.

Choose y € F and suppose toward a contradiction that there exists y' € F with y’ ¢ cch({y}). Then cch({y})
is a compact convex set, so letting G = {z € F:d(z,cch({y})) = sup d(w, cch({y}))}, G is a nonempty face
wel

of F disjoint from cch({y}), contradiction the minimality of F. So for all y € F' we have F' C cch({y}). Fix
such a y. Note that cch({y}) = ch({y}). We claim that y is an extreme point of C. Assuming this, since C'is a
face of A we have that y is an extreme point of A and we have a contradiction to the hypothesis that CNB = §.

Suppose first that there do not exist a,b € C' and 0 < ¢t < 1 such that y = ta + (1 — t)b. Then y is an

extreme point of C' be definition. So let a,b € C and 0 < ¢ < 1 be such that y = ta+ (1 —t)b. We must show
n k

that y ~ a ~ b. Since F is a face of C, we have a,b € F'. Thus we can write a = Z s;y and b = Zriy for
i=1 i=1
k

si,1; € [0,1]. By Proposition 4.2 and associativity we have y ~ <Z ts;y + Z(l — t)my). Since 0 <t < 1,
i=1 i=1
iterating this argument we find that for any § > 0, there is m € N and (;);%; C [0, 1] such that A\; < § for

all ¢ and y ~ Z AiyY.

i=1
We claim that this implies y ~ ky + (1 — k)y for all k € [0,1]. Note that ky + (1 — )y is isSomorphic
t0 L,1—k X Y, Where ¢, 1_ is the trivial action of T on ({0, 1}, m,) where m,({0}) = x and m,({1}) =1 —&.
Hence y is a factor of ky + (1 — k)y and it thus suffices to show ky + (1 — k)y < y.

Let X1, X2 be two copies of X, let n,k € N, € > 0 and a partition P = (P;)¥_, of X; U Xy be given.
As before, we get a partition P; = (PI)Z:1 with P} = P;N X, of X; and similarly a partition Py = (P?)%_,

7

with P? = P; N X5 of X3. Now, choose § < % Then we can find m and ()p);%; such that y ~ Z Apy and
p=1
l
for some [ < m we have k — % < Z)\p < k. Let now Xz/) be a copy of X for each p < m, and for ¢q € {0,1}

let P/, be the corresponding copy of P sitting in X,. Let Q = (Q:)%_, be the partition of |_| X, given by
p=1

l m
Q; = <|_| Pi%p> L |_| pr . Then for s < n and i,j < k we have
p=Il+1

(HU'F(I_KJ)PJ)(VMJJFU H)yP ﬂP (Z)\p'u> (’Ys p=1 pr’LmQj>|

+ (1 - R)U('YEPE n Pj2) - Z AP“('Y;JPE,IJ N Pj%p)
p=Il+1

< |kp(YYP O P}) - (Z Ap (7 Pil,pmpjl,p)>
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l m
= |kp(y¥P N P) - (Z Ap> WP P+ |1 =m)p(WPENP) = | Y A p(y¢ PPN P})
p=Il+1
l m
= (H -> Ap> p(WPIOPH+ | (1=r) = Y N | (PPN P})
p=1 p=Il+1
l m
€ €
S <K}_Z>\p> + (1—5)—2)\1) §§+§:€
p=1 p=Il+1
Since y ~ Z Ay, kY + (1 — k)y < y and we are done. O

p=1

We note that a metrizable topological vector space V' is locally convex if and only if its topology is induced
oo

by a countable family of seminorms (| - |V)OO . Then p(v,w) = Z o lv —wl|Y is a compatible metric on V,

which is easily seen to obey Lemma 4.1. Thus the technique used to prove Theorem 1.2 works to prove the
metrizable case of the classical Krein-Milman theorem using only the convex and metric structure of V', not
the vector space structure in the form of linear functionals.

Before proving Theorem 1.3, we briefly discuss the ergodic decomposition in the context of weak equiva-

lence classes. Suppose a € A(T', X, u) and a = / a,dn(z) is the ergodic decomposition of a, that is to say
z

we have a factor map 7 : (X, ) — (Z,n) such that if p = / w=dn(z) is the disintegration of p over (Z,7)
z

via 7 then p, (77 !(2)) = 1 and T ~* (7~ !(2), p) is isomorphic to a.. Furthermore, the assignment z s s
from (Z,n) — M,(X) is Borel, where M,(X) is the space of a-invariant probablity measures on X (we
may assume here that X is a Polish space). Recall that AX (T") is the space of weak equivalence classes of all
measure-preserving actions of I', including those actions on finite space. A* (I") is topologized using the exact
same metric as we use to topologize A (T, X, ). We would like to conclude that the assignment z — [a,]
is measurable from (Z,7) to AZ(T'), where [a.] is the weak equivalence class of a,. This is a consequence of
the following lemma.

Lemma 6.1. Let ' ~* Y be a Borel action of T' on a Polish space Y. Then the map © from My(Y) to
A (T) given by v +— [a,] is Borel, where [a,] is the weak equivalence class of the measure preserving action
a, =T (Y, v).

Proof. Fix a measure v € M,(Y) and consider ©!(U) where
={[a] € AL(T) : du(Crx(an), Cnr(a)) < e foralln,k < N}
for some N € N and € > 0, so U is a basic open neighborhood of ©(v) = a,. Since

o

m=1n,

m

ﬂ{ ] € AL(D) : dH<cn7k(aV>,cn7k(b>>ge_1},
k=1
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it suffices to show © (V) is Borel for a set V of the form
V={[b € AL(T) : dg(Cp r(ay), Crn k(b)) < r}.

Fixing n and k we write C(b) for C,, x(b). Now, let K and L be compact subsets of a compact Polish space
W with metric p, let Dk be dense in K and Dy, be dense in L. We have

dy(K,L) <r <— f < d f
( )<r aneaf(cm p(z,y) <r an meaziwlg p(y,z) <r

— (Vz e K)(Vé > 0)(Ty € L)(p(z,y) <r+9)
ANy e L)Vs>0)Fx € K)(p(y,x) <r+9)
<— (Vx € Dk)(V0 > 0)(Jy € Dr)(p(z,y) <r+90)
A (Vy € D) (V6 > 0)(Jy € D) (p(y,x) <r+9)

If L is a countable algebra generating the Borel o-algebra B(Y') of Y, then L is dense in MALG(Y, p) for
any Borel probability measure p on Y. Regarding a partition of Y into k pieces as an element of B(Y)N
and considering L*, we see that there exists a fixed countable family (Apm)oo_y of partitions of Y such that
for any Borel probability measure p on Y, (A, )re_; is dense in the set of k-partitions of X with topology
inherited from MALG(Y, p). We may further assume that each element of each A,, is clopen. This implies
that the set (M (a,))2°_; is dense in C(a,) for any Borel probability measure p. Therefore we have

- (ﬂ ale {beAi(D : (M4 (a,) — MA()| <r+}})
m=1[]=11:=1
<ﬁ ﬁ@{beA* L[ (a )MA’"(b)|<r+1}>.

m=11=11i=1

Now, |MAi(a,) — MA7(a,)| < s if and only if [v(y* A7 N AY) — p(y2 A%, N AL)| < s for all A7, AL € A; and
Al AL € A,,. Since for any pair Ji,Jo C Y the set {p: [v(J;) — v(J2)| < s} is Borel, we see

N ({beA* )t [MAi(a )—MA’”(b)|<r+}})

is Borel and consequently © (V) is Borel. O
We now prove Theorem 1.3

Proof. (of Theorem 1.3) Let © : Z — A (T') be the map sending each point in z to the weak equivalence
class [a;], so © is measurable by Lemma 6.1. Suppose towards a contradiction that the theorem fails. Then
for every set Z' C Z with n(Z') = 1, there is more than one weak equivalence class in the set {[a.] : z € Z'}.
Equivalently, the measure ©,n on A’ (I") is not supported on a single point. We can thus split A” (") into
two disjoint sets Y7, Y5 such that 0 < ©,n(Y1),0.n(Yz) < 1. Letting A; = ©7(Y;), we get disjoint mea-
surable sets A1, A; C Z such that 0 < n(A;),n(A42) < 1 and for all z € A; and all w € Ay we have that z = w.

Recall that for a measure-preserving action b of I' and n, k € N the set O, x(a) C [0, 1]"**** was defined in
Section 3.

Lemma 6.2. For any action b of I' on a probability space (Y,v), we have cch(Cy, k(b)) C Cy k(¢ X b).
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Proof. Write C), 1,(b) = C(b). Suppose x € cch(C(b)). Then we can find points (z;);2; such that lim z;, =z
1—> 00
a6 } o i0
and each z; has the form z; = Zagaﬁg for (x) =)1 C C(b) and (af)ig C [0,1] with Za} =1 for each i.
j=1 j=1
Without loss of generality we may assume that each 7 has the form M A (b) for a partition Al = (Az,z)le
i@ ORI
of Y into k pieces. Fixing ¢ consider the action Z alb on the space |_| Y;
j=1 j=1

.Y «alvj |, where each (Y}, v;)

j=1
i) i |

is a copy of (Y,v). Let B = (B;)f_, be the partition of |_| Y; given by letting B; = |_| A7}, where Aj; sits
j=1 j=1

inside the j copy of Y. For any p <n and I,m < k and z € [0, 1]"*** let (@)p,1,m be the p,l, m coordinate

of x. We then have

i) IO I i
v (Ya) | = (el | (5 B0,
j=1 ol j=1

= (ai vi (1AL, N Aim))

j=1
3(4) ;
=Y ol (MH )
- p,l,m
Jj=1
Therefore
ON i@ ;
MB Zazb = ozf(MAi(b))*:zz7
j=1 j=1

3(2) 3(4)
We have shown that z; € C Zagb . Since Zagb is a factor of b x ¢, we have x; € C(b x ¢). Since
j=1 j=1
lim 2; = x and C(b x 1) is closed, the lemma follows. O
71— 00
It is clear that for any two measure-preserving actions b, ¢ we have b < ¢ if and only if C,, (b) C C,, 1 (c) for all
n, k. We claim that there are disjoint subsets Az, A4 C Z of positive measure such that for some pair ng, kg, ev-
ery z € Az and every w € Ay we have Cy . (a.) € cch(Chg ko (aw)). For z € Aglet R, = {w € As : a, 4 ay}-
Since a, is ergodic, a, < a,, X ¢ implies a, < a,,. Therefore R, = {w € Az : a, £ ay X L}

Assume first that there is a set D3 C A; with n(D3) > 0 such that for each z € D3 we have n(R,) > 0. Write

K for cch(K). By Lemma 6.2 we can write R, = U R™* where R™" = {w €Ay :Chila.) € Cm)}.
n,k=1

Thus for each z there is a lexicographically least pair (n.,k.) such that n(R?=*:) > 0. Therefore there is a

pair ng, ko and a set Dy C D3 such that 7(D4) > 0 and for all z € Dy we have n(R"*) > 0. Fixing ng and
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—_— o0
ko we write C'(b) for Cp, 1, (b). Let (w;j)52; C Az be a sequence of points such that the family (C’(awj)>
j=1
is dense in the space {C’(aw) Tw e Ag} with respect to the Hausdorff metric dg on the space on compact

1
subsets of [0, 1]™0**0*F0 et then Fj; = {w €A :dy (O(aw)ac(awj)> < l}'

Fix z € D, and choose w € R™* . By hypothesis there is € > 0 such that C(a.) ¢ B. (m), where
B(K) denotes the ball of radius € around K. Then if we choose j so that dg (@), C@) < % and [ so

that % < g we have w € F;; C R™"* . Hence there is a subset J C N? such that R0*0 = U Fj;. So
Gheg

for each z we can choose a lexicographically least pair (j,1.) such that n(F;_;.) > 0 and F;_;,. C Rroko,

There is then a pair (jo,lp) and a set E3 C Ds with n(E3) > 0 such that n(Fj,;,) > 0 and for all z € Es

and all w € F}, ;, we have C(a,) € C/(CZ). So take A3 = E3 and Ay = Fj, 1,. Thus we are left with the case
n(R.) = 0 for almost all z € A;. Then for almost all w € Ay and almost all z € A7 we must have a,, £ a,,
S0 a symmetric argument gives the claim.

Given a (real) topological vector space V, we say a hyperplane in V is a set of the form H;, = {v € V :
¢(v) = a} for some continuous linear functional £ and @ € R. Given disjoint compact subsets W1, Wy C V
we say that Hp , separates Wy from Wy if W7 C {v € V : {(v) < a} and Wy C{v eV : L(v) > a}.

Lemma 6.3. Let S CR" be compact. Then there is a countable family (H;);2, of hyperplanes such that for
any x € S and any compact convex W C S there is i so H; separates {x} from W.

Proof. Let (£;);2, be a countable set of linear functionals which is dense in the sup norm on S. Enumerate
Q as (¢m ) and let H; ,,, = {s € S : £;(s) = gm }. Given x and W, by Hahn-Banach find a linear functional

¢ and a € R so that H = H, separates « from W. Let r = min hln£||x —h|, hin}fl [|[h —w|| | sor > 0.
€ €H,
weW
Then choose m 80 |gm — a] < g and j so sup [€(s) — £;(s)| < g Then Hj ., separates « from W. O
ses
Now take S = [0, 1]"0*F0XFo and fix a family (H;)$2, of hyperplanes as in the lemma. Since Cm is com-
pact convex for each w € A4 and for all z € A3 we have C(a,) € C(ay), for each pair (z,w) € Az x Ay

there is an index i(z,w) and a point z., € C(a;) such that Hj. ) separates z., from C(a,). Fix
1
z € Az. Taking (w;)72, as before, for (j,1) € N? let G,; = {w €Ay:dy (C(aw),C(awj)) < l}' Choos-

ing w € Ay, let € = dy (C/’(E),Hi(z7w)> so € > 0. Finding j, . so dg (C@,C/’(E)) < % and [ ., so
1
7 < % we have w € Gj, .1

Ay = U Gj. 1., 50 we can find wg so that n (sz-,wovlzwm) > 0. Let then G, = G

(jz,'w 7lZ,’UJ):
weEAy

and H;(, ) separates z, from C/'(;) for all u € Gj, 1., Then we have

z,w

Jerwgilzwgr Tz = Lzwg

—

and i(z) = i(z,wo) so that H,(.) separates x. from C(u) for all u € G. Since the G, were chosen from a
countable family, we can find a set A5 C Az of positive measure such that G, = G is the same for all z € As5.
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We can then find an index 7 and a set Ag C As of positive measure such that for all z € K, H; = H separates

z, from C/'(;) for all w € G. H splits [0,1]"*** into two closed convex sets Hy and H_, where H, contains
the z, and H_ contains the C'(u).

S
For S C Z withn(S) > 0let ng = 7777(;,) be normalized measure on S. By Lemma 4.2 we have C (/ audng(u)) -
G
> 1
cch ( U C(u)) C H_. Write Ag = U AP, where AY = {z € Ag : dy(z,, H) > p} and find p so n(A%) > 0.
ucG p=1

Letting K = A, for all z € K, x. is an element of the closed convex set HY = {y € Hy : dy(y,H) >

1

5} and HY is disjoint from H_. We have / zdnk(z) € C(/ azdnK(z)) and / x.dng(z) € HY.
K K K

Since C (/ audr]g(u)> C H_ we see that C (/ azdnK(z)> ¢ cC (/ audn(;(u)) and it follows that
G K G

/ adng(z) » / aydng(u). Let L1 = K, Ly = G then there is i € {1,2} with / a.dng,(z) = a. Since
G L;

K
0 < n(L;) <1, we can write

-],

audn, () +1(Z\ L) ( L. azan\sz))

which contradicts our assumption that a is an extreme point. O

We now prove Theorem 1.4. Recall that the uniform topology on Aut(X, i) is given by the metric d,, (7, S) =
uw{z : Tx # Sz}). U P={P,...,P,} is a partition of a space on which Fy acts by an action a, J C Fy is
finite and 7 : J — p let P? = ﬂ Y Pr(v)-

yeJ

Proof. (of Theorem 1.4) Let a be a free action of Fy. By replacing a with a x ¢ if necessary, we may
assume that for each n, k the set C,, ;(a) is closed and convex. Fix integers ng and ko and € > 0. It is enough
to find a free ergodic action b of F such that for all n < ng and k < ko we have dg(C, x(a), Cr k(b)) < €.
Let {71,...,%no} = Fo be the finite subset of Fx under consideration. Let s = sp, be the Bernoulli shift of
Fy acting on (QIFN,V) where v is the product measure. For any action ¢ of Fy on (X, u) and v € Fy we
have

{(z,y) € X x 2V 1 45 (2,y) #4(2,y)} = {w € X : 7z #7"2} XY

and hence

(px v)({(2,y) € X x 2N 1 45 (z,y) #“(2,y)}) = p({z € X : 7%z # y*2}).

Assume d, (v*,7°) < % for all v € Fy. Then for any measurable partition A = Aq,..., Ay of X x 2F~ all
v € Fy and all 7,5 < k we have

€
(X V)4 AG) = (e x )(770 A 0 4] <

for all v € Fy. In the notation of Section 3, p (M;:}k(a X s),M{ék(c X s)) < % where p is the supremum

nxkxk  Choose a finite collection £ of measurable subsets of X x 2"V such that for every

metric on [0, 1]
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measurable partition A of X x 2f~ there is a partition B C £ such that p (M;f‘k (a x s), M,ﬁk(a X s)) < 1—66
3e

< T6o

For v € Fy let m, : 2°¥ — 2 be projection onto the v coordinate. For i € {0,1} let S; = m.*({i})

and put § = {S1,52}. Choose now a finite partition R = {Ry,...,R.} of X and a finite subset F C Fy

containing Fy such that for every A € L there are sets R; with 1 < j < r and a family of functions (73)?21

with 7; : F' — 2 such that

Then for every such A there exists B C £ such that p (M;;}k (e x s), M,lzk(c X s))

¢
€

i x S2 | AA —.

Iz jlz_ll Rj x 57, <16

Write P = R x S. We can identify a function 6 : F — r x 2 with a pair (o,7) where 0 : F — rand 7: F — 2
S0

Py = (B8 = [V Rot | x| () 7Sen) | = RS x S5
YEF ~yeF ~EF
Note that for any j < r, R; x S7 is a finite disjoint union of sets of the form R; x S;, hence any A € £ is

within 1—66 of finite disjoint union of sets of the form Py*° for 6 : ' — r x 2.

2
€ . . .
Let 6 = W Fix an ergodic action ¢ of Fy such that d, (v*,7°) < W

example use the fact that the ergodic automorphisms are uniformly dense in Aut(X, i) to move one of the gen-

for all v € F. (For

erators v of F v so it acts ergodically but is still sufficiently close to v*). Then clearly dg (C, 1 (a), Cr.i(c)) < g
for all n < ng and k < kg. Let b = ¢ x s. Since c is ergodic and s is free and mixing, b is free and ergodic.
Thus it is sufficient to show dg(Ch k(c), Cnr (b)) < % for all n < ng, k < kg. Since ¢ < b, it is sufficient to

show that for every partition A of X x 2"~ there is a partition C of X such that p (M;;}k(b), Mgk(c)) < %

By our previous reasoning, for each partition A = (A, ..., Ay) of X x 25~ there is a partition B whose pieces
are disjoint unions of sets of the form P for  : F' — r x 2 such that p (M,’:‘k (), M,lik(b)) < i

Claim 6.1. There is a partition Q of X indexed by r X 2 such that for every 0 : J — r x 2 with J C FoF
we have |(u x v)(Fy) — u(QF)| < 4.

Suppose the claim holds. Regard Fy as acting on U {6 :J — 2 x r} by shift, v-0(7") = 0(y"*'). Thus
JCFy
the domain dom(y - ) = ydom(6). Then for any 6,k : F' — 2 X r and v € Fy we have

PPb A Pb = {Pfy’_guﬁ if v - 0 and k are compatible,
K

0 if not.

and similarly

‘. if 7v- 0 and K are compatible,
QN Qy = {@ 70Uk -
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Therefore the claim gives |(uxv)(y* PPAPY)—u(vQ5NQ¢)| < d forall 0,k : ' — rx2. Soif B = {By,..., B}
¢ ¢

is a partition such that B; = |_| P@i(s) for functions 60;(s) : FF — r x 2 and we let C; = |_| Qgi(s) then we
s=1 s=1

have

t t

(1 x v)(*Bi N By) = n(y°C;i N Cy)| = | (1 x v) |_| Y Py N Pij(s’) —p |_| YQf,(5) N Qf, (s1)

s,8'=1 s,8'=1

<125 < (2r)2Fls < 2,

since ¢ < (2r)/Fl. Taking C = (Cy)E_; we get p (M,lzk(b), ME

n7

k() < i which implies the theorem.

It remains to show Claim 6.1. This part of the argument follows the proof of Theorem 1 in [3] and the
extensions of these ideas developed in [13]. Let G = FyF. Assume without loss of generality that G is closed
under taking inverses. Note that it suffices to prove the claim for € defined on all of G. In order to find Q
we will find a partition 7 = {T%,T5} and set Q; ; = R; NTj for 1 < i <r, 1 < j < 2. Thus we are looking
for T = {T1,T2} such that for all (7,0) with 0 : G — r and 7 : G — 2 we have

(ke x V) (RG < 57) — p(Rg NT7)] < 0.

Note that v(S%) = 271! for any such 7 so we are looking for 7 such that |27!9/u(RS) — u(RS NTE)| < 6.
The idea is that a random 7T should have this property.

Without loss of generality we may assume X is a compact metric space with a compatible metric p. For
n >0 let
D, ={z € X: forall v,7" € G,y # 72 implies p(y{z,~v5z) > n}
and
E,={(z,2") € Df, : for all v1,v2 € G, p(v§z,v52") > n}.
52 52

2 2
R A T SE L

Lemma 6.4. There is n > 0 such that pu(Dy) > 1 — W

Proof. Clearly if n1 < 19 then D,, C D,,,. We have X'\ U D, = {z € X : for some y1 # v2 € G, 7{x = v5z}.
n>0
Now since a is free, if v{2 = y5x then we must have vz # ~{x for some i € {1,2}. Each v € G is a product

fife for f1 € Fy and fo € F, thus for any v € G we have

52
du (7,7%) < du(fT, fT) + du(f2, f2) < T6[F]2(2r) 77

since f; € F. Therefore

52 52
16|F2(2r)F = T6(2r)2F1

p({z: for some v € G,v°x #~%z}) < |G|
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52
and hence p <X \ U Dn) < W So we can find = 1y such that D,, satisfies the lemma. Now for
r
n>0

any n > 0,

Dy o\ U E, ={(x,2") € D}, : for all n > 0 there exist 71,72 € G such that p(y1z,722") < n}
n>0

= {(z,2') € Dfm : there exist 1,72 € G such that 1@ = yz'}.

For a fixed z, {(x,2) € Dfm : there exist 1,72 € G such that y1x = o2’} is finite so u (D?70 \ U E,,) has

n>0
measure 0 by Fubini and hence we have the lemma for E,,. O

Let Y = {Y1,...,Y,,} be a partition of X into pieces with diameter < D For z € X let Y(z) be the unique

I < m such that z € Y;. Let s be the uniform (= product) probability measure on 2" and for each w € 2™
define a partition Z(w) = {ZYy, Z5} by letting « € Z¢ if and only if w(Y (z)) = 4. Thus we have a random
variable Z : (2", k) — MALG(X, u)? given by w +— Z(w). Fix now 7 : G — 2 and an arbitrary subset
A C X. We compute the expected value of u(Z(w), N A). Let xp be the characteristic function of B.

Eu(Z, N A)] = / (Z(@)r N A)dr(w)

2m
/ X2y (@) dp(@)d™ ()
m JX

/ X2 (w), (2)dr(w)dpu ()
AJom

:/ /XZ(W), )dk(w)dp(z / /XZ(w) )dr(w)dp(x) (6)
DA A\D, J2m

Now if # € D, then for all 4, # 72 € G we have p(yiz,v5x) > n so that Y (yfz) # Y (y52) and hence
the events w(Y (yiz)) = i and w(Y (y5x)) = j are independent. We have x € v°Z(w),(,) if and only if
w(Y((y"")2)) = 7(7), soif € Dy, and 1 # 72 € G the events z € Y°Z(w),(y,) and & € Y°Z(w)r(,) are
independent. So for x € D,,

\m\;

/ XZ(w), (2)dr(w) = k({w : & € ¥ Z(w);(y) for all v € G})

=[] r({w:w (@) =7(1)}) =271 (7)
yeG
2 52 52
Since u(X \ Dy) < 60 )PP we have 271¢1 (M(A) - 16(27”)|F2) < (6) < 27161 (A) + T6(2r) 7P and thus
E[u(Z, N A)] — u(A)2716 < 16(267’2)|F|2 We now compute the second moment of p(Z, N A), in order to

estimate its variance.

26



I
\Nm\\ o

b

il Z(w) M A) dri(w)

([ o @it >)2dn<w>

/A2 X2, () (1) X2, (@) (T2)dpi® (21, 22) dK(w)

E [u(Z- N A)?]

z/ X7, () (X)X 7, (o) (T2)dE(W)dp® (21, 22)
2m

/Xzf(w)(%)Xz,(w)(xz)dﬁ(w)duz(xhxz)
2NE, J2m

I
S

+ / / @)X 7 (0 (@2) ()i (1, ) (8)
AQ\E” om

Now if (x1,22) € E, then for any pair v1,v2 € G we have p(y{z1,v5z2) > 1 so that Y (vifz1) # Y (v522) and
thus for a fixed pair (z1,2) the events w(Y (y"1)%2;) = 7(7) for all vy € G and w(Y (y~ ) ) = 7(v) for all
v € G are independent. Hence for a fixed (z1,z2) € E,, we have

/2m X7, () (T1)X 2, () (Z2)dK(w) = K({w : 21 € Y Z(W) () and z2 € Y Z(w);(y) for all v € G})
= k({w WY (771 a1) = 7(7) and w(Y ((v71)%)22) = 7(7) for all ¥ € G})
=k ({w: w(Y((fy_l) 1)) =7(v) for all v € G})
i ({w:w¥ ((v1)m2)) = 7(7) for all v € G})

— 9—2|G|
2 . 2 ? 2 62 —2|G|
by (7) and the fact that E, C D;. Since p“(A\ E,) < T6(2r) P we see <u(A) - 16(27“)“”) 2 <
2 52
—2|G 2 2 26—-2|G
(8) S 2 ‘ |/J(A) + W and hence ’E[/,L(ZT M A) ] — ,LL(A) 2 ‘ |‘ < W Therefore

Var(u(Z, N A)) = E[u(Z, 0 A)?] — E[u(Z, 0 A)
Elp(Zr 1 A)) — (A2 4 (472721 (< [Efu(Z, 0 4)] — u(A)271 + u(ay21)’

<
6 20-2/C| 6 e’
< O (A2 (T 4 (A)2
2 4 2 2
° ’ Tou(Ayptel__0 i

T 16(2r)FF T (16(2r)1FT)2 16(2r) 171 = 8(2r)IFI>

Therefore Chebyshev’s inequality for pu(Z, N A) gives

l\D\Oq

K<{w:|u<zT<w>mA>— Wz )| > }) _ Var(u(Z: 0 4)

(8)°
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< -
~ 2(2r)IF1?
: ~lol| &
Now since |E[u(Z, N A)] — pu(A)2 ‘ <5 we have

i ({w p(Ze () 0 4) = (42719 > 5}) < W

Since this is true for each 7 € 2¢ we have

1

K ({w : ‘/L(ZT(W) NA)— M(A)Z_‘G“ | > 6 for some 7 : G — 2}) < S

Finally, letting A range over the sets R, for o € r¢ we get

K ({w : ‘M(ZT(UJ) NRS) — M(R§)2_‘G“ >0 forsomeT:G—2ando:G — r}) <

DN | =

Then any member of the nonempty complement of
{w : ’,u(ZT(w) NRS) — ,u(Rﬁ)Q_lG" >d forsomeT:G—2ando: G — T}

works as 7. This completes the proof of Theorem 1.4.
O

We note that the proof of Theorem 1.4 goes through for any group I' such that an arbitrary free action can
be approximated in the uniform topology by ergodic actions - for example any group of the form Zx H. Such
an approximation is impossible if I has property (T), and in this case the extreme points of FR.._(T', X, p)
are closed. Therefore the following question is natural.

Question 6.1. Let T be a group without property (T). Can every free action of T' be approzimated in the
uniform topology of A(T', X, u) by ergodic actions?

7 The space of stable weak equivalence classes.

A (T, X, pu) can be given the structure of a weak convex space in exactly the same way as A (T, X, u).
Moreover, it is clear that for any a € A(I', X, u) and ¢t € [0, 1] we have a ~; ta + (1 — t)a, so Ao _(T', X, n)
is in fact a convex space. Recall that the metric d; on A (T, X, 1) is defined by ds(a,b) = d(a X ¢,b x ¢)
where d is the metric on A (T, X, u).

Proposition 7.1. For any a,b,c € A(T, X, ) and t € [0, 1], we have ds(ta+ (1 —t)e, tb+(1—1t)c) < tds(a,b).
It is clear that (ta 4+ (1 —t)c) x ¢ ~t(a x ¢) + (1 — t)(c x ¢), so it suffices to show the following.

Proposition 7.2. For any a,b,c € A(T', X, ) and t € [0, 1] we have d(ta+ (1 —t)e,tb+ (1 —t)c) < td(a,b).
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Proof. Fix n,k and write C(a) = Cyp x(a) in order to show that dy(C(ta + (1 — t)e),C(tb + (1 — t)e)) <
tdi(C(a),C(D)). Fix e > 0. Let P = (F;)i—; be a partition of X; Ll Xo where X; and X, are disjoint copies
of X. Let P! = P,n X, for I € {1,2}. Find a partition Q = (Q;)"_; such that for i, j < n and p < k we have

lu(vg PN PY) = p(7pQi N Q)] < dir(C(a), C(b)) + e
Then if we take Q; = Q; U Pf for all 7,5 < n,

|t + (1= t)p) (0PN Py) — (b + (1= ) (T DeQi n @))|
= tu(Vi P NP} + (1= (v PP N PY) — tu(vhQ: N Q;) — (1 — t)u(vs P2 NP7
= |tu(va P NP} + tu(v2Qi N Q)| < t(du (C(a), C (b)) +€).

O

Theorem 1.5 now follows from Proposition 7.1 and Corollary 12 in [6]. Tucker-Drob and Bowen have obtained
the next result independently of the author.

Proposition 7.3. The extreme points of A (T, X, ) are precisely those stable weak equivalence classes
which contain an ergodic action.

Proof. Suppose that a is ergodic and we have a ~4 tb+ (1 — t)c for t € (0,1). Therefore a < ¢ x (tb +

(I —=t)c) ~t(bx )+ (1 —t)(cx ). Since a is ergodic, Theorem 3.11 in [13] implies that a < b and a < c.

Suppose toward a contradiction that b A5 ¢, so that for some n, k we have C,, ;(b) € cch(Cy, x(c)). Fixing

n,k write C(d) for Cp x(d). Let o = sup p(z,cch(C(c))) where p is the metric on [0, 1]"**** Choose
(b)

S
a. Choose yg € cch(C(c)) so that p(zo,yo) = «. Consider the point

xg € C(b) so that p(xzg,cch(C(c))) =
—t)c)). It is easy to see that

teg + (1 —t)yo € cch(C(tb+ (1
plte+ (1 —t)z,ty + (1 - t)z) < tp(y, 2)

for any x,y, z so we have

p(tzo + (1 —t)yo, x0) = p(tzo + (1 — t)yo, txo + (1 — t)20)
< (1 =t)p(xo,%0) < @
since 0 < t. Sincea = 1hr%fc( ))p(xo, y) we see that txg+(1—t)yo ¢ cch(C(c)) and hence cch(C(th+(1—t)c) €
yece c
cch(C(c)). Since for any two actions d, e we have d <, e if and only if cch(C, k(d)) C cch(Cy, i (e)) for all n, k
this implies that tb+ (1 —t)c 45 ¢. But tb+ (1 —1t)c <5 a < ¢ by hypothesis, so we have a contradiction and we
conclude b <, ¢. A symmetric argument shows ¢ < b, so b ~ c¢. Since A (I', X, ) obeys (2) of Definition
2.1, we get that a ~4 b ~4 c. Therefore if a stable weak equivalence class contains an ergodic action, it is an
extreme point of A._(T", X, ). On the other hand, an argument identical to the proof of Theorem 1.3 shows
that if the stable weak equivalence class of an action a is an extreme point of A _(T', X, 1) then if we write

a = / a,dn(z) then there is an ergodic action b such that a, ~4 b for all z € Z. Thus a ~4 b X ¢ ~4 b and

z
we see that a is stably weakly equivalent to an ergodic action. O
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