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Abgract. We condder hierarchicalstructuressuch as Fibonaccisequencesand Penro®
tilings, and examine the consequences of differert choices for the definition of
isomorphsm. In particular, we discusstherole suchachoiceplayswith regardto mathing
rulesfor such structures

0. Introducion
This paper concerrs certain hierarclical tilings of Euclidean space, of which a well
known exanyple is a ‘kite ard dart’ tiling of the plare [Gar]. Such tilings are noted
for two propertes: their unusial rotational symmeties (‘ten-fold symmety’), andthe
fact that their global structuresderive from local (‘matching’) rules We will examine
the consequencesof differert choicesfor the definition of isamorphism between such
structures. To be more specific, we assune that any tiling of interestis embedded in a
compactmetric spaceof tilings on which the connecteccomponentG of the Euclidean
group (or sometmesjust its trandaton subgroup)acs in the naural way, and hasa
unique trarslation invariart Borel probability measue. We consider two specific notions
of isomorphism: we say the tiling spacesX andY are‘topologicaly conjuga¥’ if thereis
ahomeomorphis betweerthe spacedntertwiningtheactionsof thegroup;andwe say X
andY are'measirably conjugat’ if therearesubsets Zy ¢ X andZy C Y, of measire
zerowith regectto the uniquetrandaton invariant measireand invariantundertheacion
of the group,anda bimeasirabke mapfrom X/Zx onto Y /Zy intertwining the acionsof
the group. We investigate the conequencesf asuming oneor the other of thes notions
of isomorphismfor such tilings.

In [RaS]) we analyzedtherotat onalsymmety of suchhierarchrcalstructures and found
a way to associate a useful invariant for measirabk conjugag; the methodsused would
not have allowed for topological conjugag, athoughperhapsother methodsmight In
this paperwe analyze hierarchcal structuresfrom the point of view of their other main
characteriic, thefactthattheir globalstructuresderivefrom localrules andherewe show
thattopological conjugaq is definitely notasbroady applicabke asmeasirabke conjugag.
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The above approachto aralyzing tilings is a natural outgrowth of the way symbolic
sequence®r arraysarestudied,throughembeddagsin symbolic dynamtal systems The
specific matterwe condderfor tilings, concerningocal rules is actuallybetterundersood
in that older context. So we begin with more detailed descrigions of the relevart ideas
within symbolic arrays.

Onereailt of this paperis thesharpeningf aremarkableeallt of ShahaMozes[M o7].
Mozesshowed that every substitution subshift with 72 acion, satisfying mild hypoheses,
ismeasirably conjugaeviaan explicit condruction to auniquely ergodic subghift of finite
type. (Such arealt iscommonl said to provide ‘matching rules for the funcionsin the
subgitution subgift.) The map Mozescongructsis continuougalthoughnot uniformly
coninuoug after excluson of approprete sets of measire zero. A natural quesion is
whethersuch exclusion is an artifact of the proof or an esential featre of the theorem:
canMozes theorembe strenghenedto give a topological conjugay? We answer this
question in the negative, exhibiting explicit sbstitution subshifts with Z2 actionwhichare
nottopologicaly conjugatto ary subghift of finite type.

After consdering thesimpler symbolic situation we exploretheanabgousquesionsfor
tiling dynamicalystemswith R¢ acions Mozes proof canprobaby be extendedwithout
majar difficulty to subshifts in higher dimensions and to tiling systemsin which each
polyhedron only appearsjn anysingletiling, in only finitely many orientations. However,
more general tiling systerrs, such as the pinwheelin R? [Ral] and quagquaversaltilingsin
R3 [CoR], requre a significantextenson of the proof in [Moz]. This was donefor the
pinwheelin [Ral] and thenin generalin [GoS]. In eachca® a measirableconjugay
is congructed, but the mapis only continuousafter exclusion of certin sets of measire
zero.We demonsrate, aswith subdhifts, that these theoremsannotbe strenghenedo the
topologicalcategory: thereexist subditution tiling systemsthataremeasirablyconjugate
to finite type tiling systemsbut which are not topologically conjugateto ary finite type
tiling system

In bothsettings with subdhifts andtilings, we give conditions eadly satisfiedin natural
exampks for which such a topological conjugag is not possible. However, the two
congructionsaresomenhatdifferentfor thereareimportant propertes of subsiftswhose
naturalanaloguego not hold for tilings. For instance for subgifts it is well known that
every topologicalconjugay is a siding block codewhile for tilings we show this to be
false.

This last point is both surprising and profound. The confinuousnaure of the R¢
actions allows for two kinds of small changes to a tiling. Tiles may be changed near
infinity, or a small Euclideanmotion may be applied to the entire tiling. Neither notion
is topologicaly invariantsince, aswe show, a topological conjugag canencodepatern
information from distart regions as small Euclidean motions near the origin.  This
mecharsm, which hasno anabguein the theoryof subsifts (wherethetrandation group
actsdiscontinuouty), indicateghatthenatureof topologicalconjugacie®f tilingsis much
subtier thantopological conjugag of subghifts.

In 81 we discwss subshifts and show that many substitution subshifts are not
topologicaly conjugat to finite-type subsifts. In 82 we explore topological conjugagy
in tiling systems, giving an example of a conjugacy thatis not a diding block code. This
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exampk also demonsratesthatlocalfinitenes, a property automaic for subghifts, is nota
topologicalinvariant for tilings. In 83 we returnto the quegion of Mozes theoremonly
now for tilings, and show thereexist substitution tilin gs that aremeasuwahlly conjugate, but
nottopologicallyconjugateto finite-typetilings.

1. Notation and resuts for subshifts
For n > 0 and a finite abgract alphabetA (always assumednon-empy) let I1,, be the
restrictian of functionsin A%’ onto [—n, n1¢. Let o’ denoetheshift by j € Z¢ on(ary

subshift of) AZ (an)k = x4 . Foreachn > 1 definetheset
X, = {x € A7 : T,[0%x] € M,[X] foral j e Z4). 1)

Thatis, X, is the set of functions that, restrictedto cubes of size n, look like elements of
X. We say the subdift X is ‘of finite type' if X = X,, for somen > 1.

Given any secondalphabet5s anda ‘block map ® : I1,(X) — B we candefine the
‘sliding block code (of codesizen) ¢ : X — B% by ¢(x); = @(I1, [GA(x)]) Note that

¢ is coninuousandintertwinesthe shiftson X and¢(X) C BZ if it is also invertible
it is atopological conjugag. An equivalent de<ription of a diding block codeof sizen
isamapX — Y, intertwining the 74 acions suchthat wheneer I,x = I1,x/, then
Tog (x) = Mo (x').

THEOREM 1. (Curtis-Lyndon—-Hedlnd[LiM]) Anytopological conjugacyg betweenz?
subshifts X andY is a dliding block code.

Proof Let dx anddy be the metricson X andY, repectvely. Since X andY are
compactmetric spaces any continuousmnap betweenthemis uniformly continuous We
canthereforepick condantse, § andn such thatT,x = I1,x’ implies dx(x,x’) < &,
whichimpliesdy (¢ (x), ¢ (x")) < €, whichimpliesTTg¢ (x) = g (x'). m|

The following theoremseemsto be widely known but doesnot appearto be in the
literature.

THEOREM 2. AssumetheZ4 subshift X is of finite typeandtopologically conjugaeto the
subdhift Y. Then Y is of finite type.

Proof. Assume X = X, and¢ : Y — X isthe topological conjugag. By Theoreml
both ¢ and¢ ! aresliding block codes, sayof sizem andm’, so there existsa block map
® : 11,,[Y] — Asuchthate(y); = d>(1‘[m[olf3(y)]). For any p > m we canextend¢ to
¢ Y, — AZ by this rule. Notice that the image of ¢’ isin X, 0, for p > m +n, ¢’
mapsy,, to X.

Now fix p = max(m +m’, m + n) andletp = ¢ 1o ¢’ : ¥, — Y. Since p is the
productof diding block codesof size m andm/, it is itself a sliding block code of size
k =m+m'. pistheidentity whenrestrictedo Y'; sincek < p, I1;Y, = I1; Y, o the map
p is theidentity on Y, implying ¥, =Y. a

We next define substitution subshifts and show that certainsubstitution subshifts are not
of finite type. By Theorem?2 they cannotbe topologically conjugat to sub4hifts of finite
type,but by Mozes theorenthey aremeasirably conjugae to subgifts of finite type.
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We begin in dimenson one. Given an alphabet4 we define the set of ‘words as
W = Uy>1A". We assune we are given a ‘substitution function’ v : A — W such
thaty (a) € U,>2.A4" for somea € A. A word of the form " (a) is saidto be a ‘letter of
level n’ for any n > 0, andwe denoe by WY the setof all suchwords Finally, we define
the substitution subshift assa@iatedwith the substitution v as

{x € AZ [fordl j € Z, k >0 thereexistsw € WY St. (xj, Xj11, ..., Xj+1) S w}.

(2)
It isasimplefactthateveryfuncion in suchasubsift cansimultaneousy beconsdereda
function with valuesin ¢ (A) for eachvalue of n > 0. In interestirg casedunctionsin a
subdtitution subshift canbe consideredfunctionswith valuesin lettersof eachhigher level
in only oneway; such sub4hifts are said to be ‘uniquely derivable’. (Thisis the origin of
theterm*hierarchical’for thee structures The samehierarchicalphenomenomxists for
tilings, andin amannereaser to undersand,whichwe illustratein Figure2.)

Theabove hasa straightfornardgeneralizatiorio Z¢ subshifts as longasthe imagesof
the substitution function fit together geometrically, so that one caniteratethe substitution.
This is automatic for Z¢ subditution subshifts thatare productsof Z substitution subshifts,
which we illu strateby anexanyple below.

COROLLARY 1. If a 7Z? substitution subshift X eonmins a funcion x such that x;, =
Xjk+1 = Xj+1k = Xj41,k+1 for some (j, k) € 72, and X is topologically conjugae to a
finite-type subshift, then X eontinsa periodic funcion.

Proof. The condition on x definesa word C e A%, Consder the large words
W e AON=1XI0.M=11 producedwhen the substitution is applied repeatedy to C, and
consderthe periodic funcion p definedby the condition (aﬁ”Mk Do N-1x[o,M—1] = W
for al j,k € Z. Snce X is topologicaly conjugat to a subdift of finite type, by
Theorem?2 thereis somen > 1 suchthatX = X,. Taking W large enoughit follows
that X containsthe periodic funcion p. m|

COROLLARY 2. Thee exists a 72 subditution subshift thatis measirably conjugateto a
finite-typesubshift, but is nottopolagically conjugateto anyfinite-typesubshift.

Proof. Considerthe uniquely derivable symbolic Fibonaccisubstitution defined, using the
alphabetA = {a, b}, by the substitution function ¥ (a) = b, ¥ (b) = ab; let F(1) be
the gtrictly ergodic subditution subshift thusdetermined.Let F(2) C {A x ,4}Zz bethe
subgitution subghift whichistheproductof F (1) with itself:

Yo(a x a) = (b x b); I/fz(bXCl):(aXb bxb);
3
I/fz(axb)=<bxb); 1/fz(bxb)=<axb bxb>. (3)

bxa axa bxa

It follows [MoZz] that F(2) is uniquely derivable. Mozes theoremstatesthat underrather
generalconditions (satisfied by F(2)) a Z? sibstitution subshift X which is uniquely
derivable is measirably conjugae to some finite-type subsift, so F(2) is measirably
conjugaeto afinite-type subgift.
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A smple calculation, however, showsthatng(b x b), and hencedl functionsin F(2),
contin the block (2xb bxb) "and a standard argument([Ra2, Ra3]) using the unique
derivability of F(2) impliesthat F(2) contains no periodic funcions Corollary 1 then

impliesthat F(2) isnottopologicaly conjugat to ary finite-type subghift. O

2. Conjugacief Fibonaccitilings

Now we consider ‘tiling systems. Given a finite cdlection .4 of polyhedrain d
dimensons we define XA asthe spaceof all tilings of Euclideand-spaceby congruent
copiesof elementsof A, thatis, congruentunderthe connectd Euclideangroup. (We
asstme X4 isnon-empy.) We putametric d(-, -) on XA asfollows:

1
d(x,y) =swp ;mH[Bn(ax), B, (dy)], 4)

whereB,, (0x) denoesthe interscion of two sets. theclosedbal B, of radiusn centered
at the origin of the Euclideanspaceandthe union dx of the boundaresda of all tiles a
in x. mpy is the Hauglorff metricon compactsets definedasfollows. Giventwo compact
subets A andB of R™, my[A, Bl = maxXd(A, B),d(B, A)}, where

d(A, B) =sw inf |la — b, (5)
acAbeB
with ||w|| denotngtheusual Euclideannormof w. (We asumethetiles are small enough
sothat B1(dx) isnon-empy for ary x.) It is not hard to show that with this metric xAis
compactandthatthe naural repreentation of the connectd componenbf the Euclidean
groupon X+ is coninuous Finally, let G be either the group of trandaiionsof R? or
the connecteccomponentf the Euclideangroup. A tiling systemis aclosed G-invariant
subsetof XA,

Two importart properties of tiling systens are‘local finiteness’ ard *finite type’. For
eachR > 0 and polyhedrona € A appearirg in the tiling x of X consder the set
H(R, x, a) of polyhedrain x which interectthe openball of radiusR centeredat the
centerof mass of . Define H (R, X) to bethe union of all such‘neighborhood®f radius
R forala € x andx € X. A tiling system X is ‘locally finite’ if, for every R > 0, the
sd H(R, X) is finite up to the action of G. In practice,tiling systerms arealmost always
assumed to be locally finite.

Now, in anabgyto the subsifts X,,, we define X to bethe setof all x in XA suchthat
x only hasneighborhood®f radius R which arein H (R, X). A tiling system X is saidto
be‘of finitetype’if X = X forsomeR > 0.

We will beconsderingtheanaloguemongtiling systemsof the subditution subshifts.
Traditionallysuch subditution tiling systemsaredefinedthrougha subditution functionas
for subsifts, wherebyfor eachletter (polyhedron)thereis given a way to decompos it
into polyhedrasimilar to thos in the alphabet all smaler by somefacbor y < 1, so that
following the decompogion by a stretchaboutthe origin by 1/y oneassociatesto each
letter of A aletterof level 1, and so on. For example, Figure 1 shows a substitution for
a ‘chair’ tile, in this casewith y = 1/2, and Figure 2 shows the hierarchicalstructure
in a piece of a chair tiling. Applying the substitution to al tiles in a tiling gives an
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FIGURE 1. The chair subditution.
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FIGURE?Z2. 63 lettersof level 0, 14 lettersof level 1 and 2 lettersof level 2 in part of a chairtiling.
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aubmorphsm ¢ : X — X. Notice that ¢» commugs with rotations aboutthe origin
andthaty o 0 = 6%/? oy, whereo® is atrarslation by o € R?.

We usethislastproperty to define ageneralizednotion of substitution tilin g system For
our purposes,a substitution tilin g systemis atilin g systemwith anauomorphism+ anda
condant y < 1 suchthaty commues with ary rotaionsaboutthe origin in G andsuch
thaty o 0% = 0%/7 oy forall « € R?.

A simple example of a subditution tiling is the standardFibonaccitiling in one
dimension. In this tilin g the alphabet consists of two tiles (intervals), A and B, of lengh
|Al = 1 and |B| = r = [1+ +/5]/2. The subditution condsts of expandingaboutthe
origin by a facor of z, and thenreplacingeachexpandedA (of size t) with a B, and
replacingeachexpandedB (of size r2 = 14 r) with an A anda B. Theresuting spaceof
tilingsis preciselythe setof tilingsby A’s and B’s arrayedn thesequenceof the Fibonacci
subdhift F(1).

This last characterizatia alows us to define gereral Fibonacci tilin gs, basedon ary
two tiles A and B, as the setof tilings in which the patternof A’s and B’sis the same as
a sequencen the Fibonaccisubghift. If |B| # t|A| this is not a substitution tiling in the
tradtional serse,as the substitution A — B, B — AB isnotanexpanson by a congant
facta. However, it is asubstitution tilin g systemin the exterded senseof this paper.
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THEOREM 3. Let X and Y be Fibonaccitiling sysems with tiles Ax, Bx and Ay, By,
respectively If |Ax| + 7|Bx| = |Ay| + 7|By| then X andY are topologically conjugate.
Moreover, the conjugacyis nota diding block code.

Proof. We defineamap ¢ : X — Y asfollows. A tiling x € X definesan elementof
F(1) (up to trarslation), which in turn definesatiling y € Y, up to trandation. To fix
the trardlation we pick atile a € x. Thistile a is aletterof level 0, which sits inside a
lettera; of level 1, which sitsinside a lettera; of level 2, and so on. We approximate the
placemenof thetilesin y by lining up the middle of the letterin y thatcorrepondsto a,
with themiddleof a,,. Since |Ax|+t|Bx| = |Ay|+t|By|, thelettersof level n in thetwo
tilings differin sizeby a constart timest ™. The adustment in trarslation betweenthe
nth approximantandthe (n + 1)thisthenexponentally small, andwe cantake the limit as
n — oo to obtain ¢ (x). Looely speaking,the map¢ linesupthe corregpondingletters of
infinite level.

We mud show that this mapis well defined,in that it doesnot dependon the choice
of tile a. If @’ € x is arother tile, then there aretwo possikilities. The more common
possilility is thatthereis alevel n atwhicha, = a,, so theapproxmansto ¢ (x) basd
ona’ areeventualy the sameas theapproxmansbasdona. Alternatively, theremay be
a point betveena anda’ which is the endpont of |etters of arbitrarily highlevel. It is not
hardto checkthat, working from either a or a’, ¢ alignsthis special point in x with the
correpondingspecial pointin ¢ (x).

The map ¢ is clearly a bijecion which commugs with trandations It is continuous
since a small charnge to atiling x, either via a small trarslation or by changing the tiles
nearinfinity, resuts in asmall charngeto ¢ (x). A small trarslation in x turnsinto a small
trarslation in ¢ (x), while changing the distart tiles of x changes the distart tiles of ¢ (x),
andalso caugs a small trandation.

This last point meansthat ¢ is not a sliding block code. If two tilings x andx’ agree
exacly onalargeneighborhoodf the origin but disagreenearinfinity, thenthe sequence
of tiles of ¢(x) and¢ (x") will ageenearthe origin, but the placemenof the tiles will
differ by a small trandation. Thusthereis no neighborhoodf the origin whereg (x) and
¢ (x') agreeexactly. O

Let|A| + 7| B| have somefixedvalue. Thereare two special Fibonaccitilings. Oneis
the standard Fibonaccitiling with |B| = t|A|. Theotherhas|B| = |A|, and thusclosely
resmblesthe Fibonaccisubhift F(1). By Theorem3 any Fibonaccitiling is conjugate to
eachof thes. In particular we have thefollowing.

COROLLARY 3. Evely Fibonaccitiling sygemis a subditution tiling sysem.

Proof. Every Fibonaccitiling systemis topologicallyconjugateto a Fibonaccisystem X
with |Bx| = 7]|Ax|. Asnotedearlier X is a substitution systemwith automorphismrx
andscalefactory = 1/z. If Y is amother Fibonaccitiling syssemand ¢ : X — Y isthe
conjugay of TheorenB, thenyy = ¢ o ¥ o ¢~ is a substitution automorphismon Y . O

Unlike a diding block codethe doman of a topological conugay ¢ : X — Y
of tiling systemscannotalways be extendedto X for R sufficiently large. Suppo® for
exampkthatX andY areFibonaccitiling systemswith |Ax| = 1,|Bx| =z, |Ay| = 2 and
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|By| = 1. For any R the system X g contains periodictilings, whose period 7' is anintegral
linearcombination of 1 and . Sincethetilesof Ay = {Ay, By} haveintegerlengh, there
areno periodic tilingsin X with period 7, and so thereare nomapsXz —> X~ that
intertwine translations.

Sincetopological conjugacief tilings are more generalthan sliding block codes
topologicalinvariants of subdhifts are not automaticallytopologicalinvariantsof tilings.
For example, we have the following thearem

THEOREM 4. Thele exist topolagically conjugatetiling sysemsX andY such that X is
locally finite and Y isnot

Proof We work in two dimersions, with G being thetrandation group.Given two square
tiles Ax and By of unit size, with edgesparalel to the coordnat axes let X bethe set
of all tilings such that the tiles meetfull edge to full edge, and such that each(horizontal)
row of thetiling is a (one-dimenmnal)Fibonaccitiling. Let Ay = {Ay, By}, where Ay
isarectngk of height 1 and width 7 and By is arectangk of height1 andwidth v — 1.
Let ¢ bethe conjugacy of Thearem3, taking the one-dimersional Fibonaccitiling with tile
sizesl and 1 to the one-dimersional Fibonaccitiling with sizest andt — 1. This mapis
naturally exterded to a map from rows of thetiling X to Fibonacci-like rows madeup of
thetiles of Ay. Applying this to everyrow of atilingx € X definesanextendednap(also
called¢) from X into XA Let Y bethe imageof this map. Nearthe origin (or any other
point), therows of atiling y € Y will appearshifted relative to oneanoher. Sincethere
arean infinite numberof waysin which this shift canoccut Y is not locally finite. O

3. Conjugaciesof tiling sygemsof finite type
In this sectim tilin g systems areassumed to be locally finite unlessstatedotherwise.

A natural quegion, in the light of Mozes theorem,is whether Theorem?2 can be
extended to the category of tilin g systems. Certairly the proof breaks down, asconjugacies
of tilings are not necessarilysliding block codes and need not exterd to spaces Xk.
However, thereis hopethat the statementof the theorenremanstrue.

In this secion we prove asomevhatwealer reallt, the analogueof Corollary 1, thereby
showing that there exist tilin g systems thataremeasuaklly conjugateto finite-type systens
but nottopologicaly conjugae. Thekey isshowingthattopologicalconjugaces whilenot
sliding block codes do presrve some useful geometical informaion. Onecanmodela
topologicalconjugay ¢ : X — Y betweentiling systens X andY—with metricsdy (-, -)
anddy (-, -) andalphabe$.4 andB—by somethingcloseto adliding block code asfollows.

First, we note that¢ is uniformly coninuous So givene > 0 thereissome § > 0 such
thatdy[¢ (x), ¢(x')] < € provideddx[x, x'] < 8. Now it is known [RaW] thatgivenary
x > Othereisane > 0 such that if dy[y, y'] < € it follows that thereis a rigid motion ¢
within distarce x of theidentity in G suchthatthetilin gsy andal’g(y’) ‘agreeto distancel
aroundthe origin’, in thesense thatthey match perfecty in their polyhedrawhichintersect
the ball of radus 1 certeredat the origin. Furthermore, there is same R > 0 suchthatif
tilingsx andx’ in X ageeto distarce R aroundthe origin thendx[x, x'] < § and 0 the
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tilings¢ (x) anda[g[¢ (x")] agredo distancel aroundthe origin for somer € G of distance
lessthan x from the idertity. We have proventhe following theaem

THEOREM 5. Let¢ bea topolagical conjugacyof thelocally finite tiling sysemX in R¢
onto the locally finite R tiling systemY. Givene > 0 thereis some Ry (e) > Osuchthat
if tilingsx andx’ in X agreeto distance Ry (¢) aroundtheorigin thenthetilings ¢ (x) and
01’3[¢(x’)] agree to distancel aroundthe origin for somerigid motion ¢ of distanceless

thane fromtheidentity in G.

For any boundedtonnecedsubset P of R4, R > 0, and tiling x, let PX bethe union of
openballs of radius R whichintersct P.

COROLLARY 4. Let¢ : X — Y beatopolagical conjugacyof locallyfinitetiling sysems
in R?. Thengivene > 0 anda boundectonnecedsubset P of R? there exists Ry (¢) > 0
such that if tilingsx andx’ in X agree on PR+(©) thereis arigid motion r of distanceless
thane fromthe identity in G such that¢ (x) andal’g[d) (x')] agreeon P.

Proof. The proof follows immedately by applying Theorem5 to all the balls of radius
Ry (e) which interct P, and noting that their overlapping regionsleadto consstency
requremensin Y. m|

We saythat atiling x in anR? tiling system X with alphabet4 hasa ‘periodic frame’

if thereis some pair {s, ¢} of linearly independentrandatons for which Gj‘SH”x and

o T+ agreeto distance 1 aboutthe origin forall 0 < a < 1 and |b| < 1/8, and
alo o4 x andoﬁf“)”b’x agreeto distance 1 aboutthe origin forall 0 < » < 1 and

la| < 1/8.

THEOREM 6. If anR? sibstitution tiling systemX eontainsa tiling with a periodic frame
and X is topolagically conjugateto a finite-typetiling sysem,thenX eontinsa periodic
tiling.

Proof. Assumee > 0isgivenandtheframeis desribedby the defining notation above.
By udng the subditution repeatedlyf necesary we canasumewithoutloss of generality
thatmin{|ms + nt||, m, n € Z} is largerthanary givennumber Sowe canasumex and
G_f4x agreeon PlR"’(e) wherePy = {as + bt : 0 <a <1, |b| < 1/8} andthatx andojx
agreeon P2R¢(€) whereP, = {as + bt : 0 < b <1, |a| < 1/8}. Applying Corollary 2 we
seethat ¢ (x) andoy;"" ¢ (x) agreeon Py andthate (x) andag“/d)(x) agreeon P, for rigid
motionst andt’ within distarcee of the identity of G. Notethat, becaus of the overlap
betweenthem it follows that  andt” arepuretrandationsandso the cental linesof P,
al’;”Pl, P> andag.“/Pz form a paralelogram. And sinceY is of finite type this implies
thatit contains a periodic tiling. But then so does X . O

Remak. At the end of §1 we showed that the subshift with Z? acion madeas a product
of the Fibonaccisequenceswith itself could not be topologically conjugateto a finite-
type subshift. Theorem 6 allows us to apply the sarre argumert to tilings. Starting with
ary Fibonaccitiling system we candefinethe producttiling system with R? action and
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show thatit containsatiling with a periodicframe,and thereforecannotbetopologically
conjugate to afinite-typetiling systemsinceit does not contain a periodic tiling.

4. Conclusion

Thebed known tiling dynamicalsystemis thatof the Penro® kitesand darts[Ra2, Ra3].
By this, one refersto both a substitution systemand a finite-type system which arein fact
topologicaly conjugak. Thefactthatthe conjugay is topological hasleadto intereding
work in non-commudtivetopology [AnP, Con].

To a large extert, the interestin substitution tiling systenms is due to the fact that
they are conjugate to finite-type systens. Theaem 6 shows that, when dealing with
substitution tilings and their conjugacy to finite-type tilin gs, for reasmable gererality one
cannotconsgder thetilings well definedup to topologicalconjugag—althoughof course
measirabk conjugag is sufficient Oneissue we have notreslvedis wheteror notthe
notionof finite typeis itself atopologicalinvariantamongtiling systems

Adknowedgemens.  We thank Klaus Schmidt for showing us the proof of Theorem2.
After this work wasdistributed we learnedof independenivork in progres [Pet], which
hassomeoverlap with oursconcerningCurtis—Lyndon—Hedlund-typtheoremdor tiling
dynamcal systems
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