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Abs
�

tract. We consider hierarchicalstructuressuch asFibonaccisequencesandPenrose
tilin
�

gs, and examine the consequences of different choices for the definition of
isomorphism. In particular, wediscusstherolesuchachoiceplayswith regardto matching
rules� for suchstructures.

0.
�

Int
�

roduction
Th
�

is paper concerns certain hierarchical tilings of Euclidean space, of which a well
known example is a ‘k ite and dart’ tiling of the plane [Gar

�
].

�
Such tilings are noted

for
�

two properties: their unusual rotational symmetries (‘ten-fold symmetry’), and the
fact that their global structuresderive from local (‘matching’) rules. We will examine
th
�

e consequencesof different choices for the definition of isomorphism betweensuch
stru� ctures. To be more specific, we assume that any tiling of interestis embedded in a
compact� metric spaceof tilings on which the connectedcomponent� o� f the Euclidean
group� (or sometimes just its translation subgroup)acts in the natural way, and has a
u� nique translation invariant Borel probability measure. We consider two specific notions
o� f isomorphism: we say the tiling spaces� and� � are� ‘ topologically conjugate’ if thereis
a� homeomorphismbetweenthespacesintertwiningtheactionsof thegroup;andwesay �
and�  are� ‘measurably conjugate’ if therearesubsets ! " # $ and� % & ' ( ,� of measure
zero) with respectto theuniquetranslation invariant measureandinvariantundertheaction
of� the group,anda bimeasurable mapfrom * + , - ont� o . / 0 1 intertwining the actionsof
t
�
he group. We investigate theconsequencesof assuming oneor the other of these notions
o� f isomorphismfor such tilings.

In
2

[RaS
3

]
�
weanalyzedtherotationalsymmetry of suchhierarchicalstructures, andfound

a� way to associate a useful invariant for measurable conjugacy; themethodsusedwould
not4 have allowed for topological conjugacy, althoughperhapsother methodsmight. In
t
�
his paperwe analyze hierarchical structuresfrom the point of view of their other main
characteris� tic, thefactthattheirglobalstructuresderivefrom localrules, andhereweshow
t
�
hattopologicalconjugacy isdefinitely notasbroadly applicableasmeasurableconjugacy.
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The above approachto analyzing tilings is a natural outgrowth of the way symbolic
s� equencesor arraysarestudied,throughembeddingsin symbolic dynamicalsystems. The
s� pecificmatterweconsiderfor tilings, concerninglocal rules, is actuallybetterunderstood
in that older context. So we begin with more detailed descriptions of the relevant ideas
with5 in symbolic arrays.

One
6

result of thispaperis thesharpeningof aremarkableresult of ShaharMozes[Moz].
�

Mo
7

zesshowedthat everysubstitution subshift with 8 2
9

act� ion,satisfying mild hypotheses,
ismeasurably conjugateviaan explicit construction to auniquely ergodic subshift of finite
t
�
ype. (Such a result is commonly said to provide‘matching rules’ for the functionsin the
s� ubstitution subshift.) The mapMozesconstructsis continuous(althoughnot uniformly
cont� inuous) after exclusion of appropriate sets of measure zero. A natural question is
whet5 hersuch exclusion is an artifact of the proof or an essential feature of the theorem:
can� Mozes’ theorembe strengthenedto give a topological conjugacy? We answer this
q: uestion in thenegative,exhibiting explicit substitution subshifts with ; 2 action� whichare
not4 topologically conjugateto any subshift of finite type.

After considering thesimpler symbolic situation weexploretheanalogousquestionsfor
tiling
�

dynamicalsystemswith < = act� ions. Mozes’ proof canprobably beextendedwithout
major difficulty to subshifts in higher dimensions and to tiling systems in which each
p> olyhedron only appears,in anysingle tiling, in only finitely many orientations. However,
moregeneral tiling systems, such as the pinwheelin ? 2 [Ra1]

�
and quaquaversaltilings in@ 3 [CoR

A
],

�
require a significantextension of the proof in [Moz].

�
This was donefor the

pi> nwheelin [Ra1
B

]
�

and then in generalin [GoS
�

].
�

In eachcase a measurableconjugacy
is constructed, but the mapis only continuousafter exclusion of certain sets of measure
zero.) We demonstrate,aswith subshifts, that thesetheoremscannotbestrengthenedto the
topological

�
category: thereexist substitution tiling systemsthataremeasurablyconjugate

to
�

finite type tiling systemsbut which arenot topologicallyconjugateto any finite type
tilin
�

g system.
In bothsettings, with subshifts andtilings, wegiveconditions, easily satisfied in natural

eC xamples, for which such a topological conjugacy is not possible. However, the two
cons� tructionsaresomewhatdifferentfor thereareimportant propertiesof subshiftswhose
naturalanaloguesdo not hold for tilings. For instance,for subshifts it is well known that
eC very topologicalconjugacy is a sliding block codewhile for tilings we show this to be
false.

Thi
�

s last point is both surprising and profound. The continuousnature of the D E
actio� ns allows for two kinds of small changes to a tiling. Tiles may be changed near
in

F
finity, or a small Euclideanmotion may be applied to the entire tiling. Neither notion

is topologically invariantsince, aswe show, a topological conjugacy canencodepattern
information from distant regions as small Euclidean motions near the origin. This
mechaniG sm, which hasnoanaloguein the theoryof subshifts (wherethetranslation group
acts� discontinuously), indicatesthatthenatureof topologicalconjugaciesof tilings is much
s� ubtler thantopologicalconjugacy of subshifts.

In §1 we discuss subshifts and show that many substitution subshifts are not
t
�
opologically conjugate to finite-type subshifts. In §2 we explore topological conjugacy
in

F
tiling systems, giving an example of a conjugacy that is not a sliding block code. This
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eC xamplealso demonstratesthat localfiniteness, aproperty automatic for subshifts, isnota
topological
�

invariant for tilings. In §3 we returnto thequestion of Mozes’ theorem,only
n4 ow for tilings, and show thereexist substitution tilingsthataremeasurably conjugate,but
not topologicallyconjugate,to finite-typetilings.

1. No
H

tation and results for subshifts
Fo
I

r J K 0
�

and a finite abstract alphabetL (al
�

waysassumednon-empty) let M N be
O

the
restriction of functions in P Q R ont� o S T U V U W X . Let Y Z[ denot

\
e theshift by ] ^ _ ` on� (any

s� ubshift of) a b c : d e fg h i j k l m n o . For eachp q 1 definetheset

r s t u v w x y z { | } ~ � �� � � � � � � � � for
�

all � � � � � � (1)
�

That
�

is, � � is
F

the set of functions that, restrictedto cubes of size � ,� look like elements of�
. We say thesubshift � is ‘of finite type’ if � � � � for some � � 1.
Gi
�

ven any secondalphabet� and� a ‘block map’ � � �   ¡ ¢ £ ¤ ¥ ¦ we5 candefine the
‘sliding block code(of codesize § )’

¨ © ª « ¬ ­ ® ¯
by

O ° ± ² ³ ´ µ ¶ · ¸ ¹ º » ¼½ ¾ ¿ À Á Â . Note thatÃ
is continuousandintertwinesthe shifts on Ä and� Å Æ Ç È É Ê Ë Ì ; if it is also invertible

it is a topological conjugacy. An equivalent description of a sliding block codeof size Í
is
F

a map Î Ï Ð ,� intertwining the Ñ Ò act� ions, such that, whenever Ó Ô Õ Ö × Ø Ù Ú , t� henÛ
0

Ü Ý Þ ß à á â
0

Ü ã ä å æ ç .

T
�

HEOREM 1. (Curtis–Lyndon–Hedlund[LiM
è

])
�

Any
�

topological conjugacyé betw
ê

eenë ì
suí bshifts î and
 ï is

ð
a sliding block code.

Proof. Let ñ ò and� ó ô be
O

the metrics on õ and� ö ,� respectively. Since ÷ and� ø are�
compact� metric spaces, any continuousmapbetweenthemis uniformly continuous. We
can� thereforepick constants ù ,� ú and� û s� uch that ü ý þ ÿ � � � � implies � � � � � � 	 
 � � ,�
wh5 ich implies 
 � � � � � � � � � � � � � � � ,� which implies � 0

Ü � � � � � �
0

Ü �  ! " # . $
The following theoremseemsto be widely known but doesnot appearto be in the

literature.

THEOREM 2. Assumethe % & sí ubshift ' i
ð
sof finitetypeandtopologically conjugateto the

sí ubshift ( . T) hen * is
ð

of finite type.

Pr
+

oof. Assu
,

me - . / 0 and� 1 2 3 4 5 6 i
F
s the topological conjugacy. By Theorem1

bot
O

h 7 and� 8 9 1 are� sliding block codes,sayof size : and� ; < ,� so there existsa block map= > ? @ A B C D E
s� uch that F G H I J K L M N O P Q RS T U V W X . For any Y Z [ we5 canextend \ to

�
] ^ _ ` a b c d e

b
O
y this rule. Notice that the imageof f g is

F
in h i j k , s� o, for l m n o p ,� q r

mapss t to
� u

.
No
v

w fix w x maxy z { | } ~ � � � � and� let � � � � 1 � � � � � � � � � . Since � is the
product> of sliding block codesof size � and� � � ,� it is itself a sliding block code of size� � � � � �

. � is theidentity whenrestrictedto � ; since � � � ,� �   ¡ ¢ £ ¤ ¥ ¦ , s� o themap§ is
F

the identity on ¨ © ,� implying ª « ¬ ­ . ®
W
¯

enext definesubstitution subshifts and show thatcertainsubstitution subshifts arenot
of� finite type. By Theorem2 they cannotbetopologically conjugate to subshifts of finite
t
�
ype,but by Mozes’ theoremthey aremeasurably conjugateto subshiftsof finite type.
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W
¯

e begin in dimension one. Given an alphabet° we5 define the set of ‘words’ as± ² ³ ´ µ
1¶ · . We assume we aregiven a ‘substitution function’ ¸ ¹ º » ¼ su� ch

th
�

at ½ ¾ ¿ À Á Â Ã Ä 2Å Æ for
�

some Ç È É . A word of the form Ê Ë Ì Í Î is
F

saidto be a ‘ letterof
level Ï ’ f or any Ð Ñ 0,

�
andwe denoteby Ò Ó t

�
he set of all suchwords. Finally, we define

th
�

esubstitution subshift associatedwith thesubstitution Ô as�
Õ Ö × Ø Ù Ú

for all Û Ü Ý Þ ß à 0
�

thereexists á â ã ä s.� t. å æ ç è æ ç é 1 ê ë ë ë ê ì í î ï ð ñ ò ó ô
(2)

�
It
2

isasimplefactthateveryfunction in suchasubshift cansimultaneously beconsidereda
function with valuesin õ ö ÷ ø ù for eachvalueof ú û 0

�
. In interesting casesfunctions in a

su� bstitution subshift canbeconsideredfunctionswith valuesin lettersof eachhigher level
in only oneway; such subshifts are said to be ‘uniquely derivable’. (This is the origin of
the
�

term‘hierarchical’for these structures. Thesamehierarchicalphenomenonexists for
tilings
�

, and in amannereasier to understand,whichwe illustratein Figure2.)
Theabovehasastraightforwardgeneralizationto ü ý s� ubshiftsas longasthe imagesof

th
�

e substitution function fit togethergeometrically, so that onecaniteratethe substitution.
This is automatic for þ ÿ s� ubstitution subshifts thatareproductsof � su� bstitution subshifts,
wh5 ich we illustrateby anexamplebelow.

C
�

OROLLARY 1. If a � 2 suí bstitution subshift � cont� ains a function � sí uch that � � � � 	
 � � 
 �
1 � � � � 1� � � � � � 1� � � 1 fo

�
r some � � �  ! " # 2

9
,$ and % i

ð
s topologically conjugate to a

fi
&

nite-typesubshift, then ' cont� ainsa periodic function.

Pr
+

oof. Th
�

e condition on ( defi
\

nes a word ) * + , 0Ü -
1. 2

. Consider the large words/ 0 1 2 0Ü 3 4 5
16 7 8 0Ü 9 : ;

1< p> roducedwhen the substitution is applied repeatedly to = , a� nd
cons� ider theperiodic function > d

\
efinedby thecondition ? @ A B C D EF G H I 0Ü J K L

1M N O 0Ü P Q R
1S T U

for all V W X Y Z . Since [ is topologically conjugate to a subshift of finite type, by
Theorem2 thereis some \ ] 1 such that ^ _ ` a . Taking b large enoughit follows
th
�

at c cont� ainstheperiodic function d . e
C

�
OROLLARY 2.

f
Ther
g

e exists a h 2
9

sí ubstitution subshift that is measurably conjugateto a
finite-type

&
subshift, but isnot topologically conjugateto anyfinite-typesubshift.

Pr
+

oof. C
�

onsider theuniquely derivablesymbolic Fibonaccisubstitution defined, using the
al� phabeti j k l m n o ,� by the substitution function p q r s t u v w x u y z { | ; let } ~ 1� be

O
the
�

strictly ergodicsubstitution subshift thusdetermined.Let � � 2� � � � � � � � 2
be
O

the
s� ubstitution subshift which is theproductof � � 1� with5 itself:�

2 � � � � � � � � � � � � � 2 � � � � �   ¡ ¢ £ ¤ ¤ ¥ ¦ § ¨©
2

9 ª « ¬ ­ ® ¯ ° ± ² ³³ ´ µ ¶ · ¸ 2
9 ¹ º » ¼ ½ ¾ ¿ À Á Â Â Ã ÄÅ Æ Ç È É Ê Ë Ì (3)

�

It
2

follows [Mo
Í

z] t
�

hat Î Ï 2f Ð
i
F
s uniquely derivable. Mozes’ theoremstatesthat underrather

general� conditions (satisfied by Ñ Ò 2Ó ) a
¨ Ô 2 su� bstitution subshift Õ whi5 ch is uniquely

deri
\

vable is measurably conjugate to some finite-type subshift, so Ö × 2Ø is measurably
conj� ugateto a finite-typesubshift.
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A simple calculation,however, shows that Ù 3
2 Ú Û Ü Ý Þ ,� and henceall functionsin ß à 2á ,�

cont� ain the block â ã ä å å æ çç è é é ê ë ì ,� and a standardargument([Ra2, Ra3])
�

using the unique
d
\
erivability of í î 2f ï

im
F

plies that ð ñ 2f ò
cont� ains no periodic functions. Corollary 1 then

implies that ó ô 2õ is not topologically conjugate to any finite-typesubshift. ö
2. Conjugaciesof Fibonaccitilings
No
v

w we consider ‘tilin g systems’. Given a finite collection ÷ of� polyhedra in ø
di
\

mensions, we define ù ú as� the spaceof all tilings of Euclidean û -spaceby congruent
copies� of elementsof ü ,� that is, congruentunderthe connected Euclideangroup. (We
a� ssume ý þ i

F
snon-empty.) We putametric ÿ � � � � � on� � � as� follows:

� � 	 
 � � 

su� p�

1� � � � � � � � � � � � � � � � � � � (4)
�

where5 � � �  ! " denot
\

esthe intersection of two sets: theclosedball # $ of� radius % centered�
at� the origin of the Euclideanspaceandthe union & ' of� the boundaries ( ) o� f all tiles *
in
F +

. , - is
F

theHausdorff metricon compactsets definedasfollows. Giventwo compact
s� ubsets . and� / of� 0 1 ,2 3 4 5 6 7 8 9 : max; <= > ? @ A B @ CD E F G H I J

, w2 here
KL M N O P Q R

suS pT U V infW X Y Z [ \ ] ^ _ (5)
`

witha b c d denot
e

ing theusualEuclideannormof f . (We assumethetiles aresmall enough
soS that g 1 h i j k is non-empty for any l .) It is not hard to show that with this metric m n is
compacto andthat thenatural representation of theconnectedcomponentof the Euclidean
groupp on q r i

s
s continuous. Finally, let tu

be
v

either the group of translationsof w x ory
the
z

connectedcomponentof theEuclideangroup.A tiling systemis a closed {|
-invariant

sS ubsetof } ~ .
Two important propertiesof tiling systems are‘ local finiteness’ and ‘finite type’. For

each� � � 0
�

and polyhedron � � � ap� pearing in the tiling � ofy � conso ider the set� � � � � � � �
ofy polyhedrain � whicha intersect the openball of radius � centeredo at the

centero of mass of � . Define � � � � � � t
z
o bethe unionof all such‘neighborhoodsof radius�

’ f or all � � � and� � � � . A tiling system   is
s

‘locally finite’ if, for every ¡ ¢ 0,
�

the
seS t £ ¤ ¥ ¦ § ¨ is finite up to the action of ©ª

. In practice,tiling systems arealmost always
assu� med to be locally finite.

No
«

w, in analogyto thesubshifts ¬ ­ , w2 e define ® ¯ to
z

bethesetof all ° in
s ± ²

sS uchthat³ only y hasneighborhoodsof radius ´ wha ich are in µ ¶ · ¸ ¹ º . A tiling system » is saidto
be
v

‘of finite type’ if ¼ ½ ¾ ¿ for
À

some Á Â 0.
�

W
Ã

e will beconsideringtheanalogueamongtiling systemsof thesubstitution subshifts.
Traditionallysuchsubstitution tiling systemsaredefinedthroughasubstitution functionas
for
À

subshifts, wherebyfor eachletter (polyhedron)thereis givena way to decompose it
into polyhedrasimilar to those in thealphabet, all smaller by somefactor Ä Å 1, so that
follo
À

wing thedecomposition by a stretchabout the origin by 1Æ Ç oney associatesto each
letterof È a� letterof level 1, and so on. For example, Figure 1 shows a substitution for
a� ‘ chair’ tile, in this casewith É Ê 1Ë 2, andFigure 2 shows the hierarchicalstructure
in
s

a piece of a chair tiling. Applying the substitution to all tiles in a tiling gives an
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FIGURE1. Thechair substitution.

F
Ì

I
Í
GURE2. 63 lettersof level 0, 14 lettersof level 1 and 2 lettersof level 2 in part of achair tiling.

aut� omorphism Î Ï Ð Ñ Ò . Notice that Ó commuto es with rotationsaboutthe origin
and� that Ô Õ Ö × Ø Ù Ú Û Ü Ý Þ , w2 here ß à is

s
a translation by á â ã ä .

W
Ã

eusethis lastproperty to defineageneralizednotion of substitution tiling system. For
oy ur purposes,asubstitution tiling systemisa tiling systemwith anautomorphism å and� a
conso tant æ ç 1 suchthat è commuto es with any rotationsaboutthe origin in éê

and� such
th
z

at ë ì í î ï ð ñ ò ó ô õ for
À

all ö ÷ ø ù .
A simple example of a substitution tiling is the standardFibonacci tiling in one

d
e
imension. In this tiling the alphabet consistsof two tiles (intervals), ú and� û ,2 of lengthü ý þ ÿ

1 and � � � � � � � 1 � � 5
	 
 �

2. The substitution consists of expandingaboutthe
oriy gin by a factor of � ,2 and then replacingeachexpanded
 (of

`
size � )

�
with a � , a2 nd

replacing� eachexpanded� (of
`

size � 2
� �

1 � � )
�

with an � and� a � . Theresulting spaceof
tilin
z

gsis preciselythesetof tilingsby � ’s and � ’sarrayedin thesequenceof theFibonacci
sS ubshift � � 1� .

This last characterization allows us to define general Fibonacci tilings, basedon any
tw
z

o tiles � and�  ,2 as the setof tilings in which the patternof ! ’s and " ’s is the same as
a� sequencein theFibonaccisubshift. If # $ % &' ( ) * + th

z
is is not a substitution tiling in the

trad
z

itional sense,as the substitution , - . / . 0 1 2 is not anexpansion by a constant
f
À
actor. However, it is asubstitution tiling systemin theextended senseof this paper.
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THEOREM 3.
4

Let 5 and6 7 be
8

Fibonaccitiling systems, with tiles 9 : ; < : and6 = > ? @ > ,A
respectively. If B C D E F G H I J K L K M N O P Q R S T U thV en W and6 X ar6 e topologically conjugate.
M

Y
oreover, theconjugacyis notZ a6 sliding block code.

Proof. We
Ã

define a map [ \ ] ^ _ ` as� follows. A tiling a b c defines
e

anelementofd e
1f (u

`
p to translation), which in turn definesa tiling g h i ,2 up to translation. To fix

th
z

e translation we pick a tile j k l . This tile m is a letterof level 0, which sits inside a
letter
n o

1 oy f level 1, which sits inside a letter p 2 ofy level 2, and so on. We approximate the
pq lacement of the tiles in r b

v
y lining up the middleof the letterin s t

z
hat correspondsto t u

witha themiddleof v w . Since x y z { | } ~ � � � � � � � � � � � � � � ,� thelettersof level � in thetwo
tilin
z

gs differ in sizeby a constant times � � � . The adjustment in translation betweenthe� t
z
h approximantandthe(� � 1)th is thenexponentially small, andwecantakethe limit as� � � t

z
o obtain � � � � . Loosely speaking,the map � l

n
inesup thecorrespondinglettersof

infinite level.
W
Ã

e must show that this mapis well defined,in that it doesnot dependon the choice
oy f tile � . If � � �   is

s
another tile, then there aretwo possibilities. The more common

pq ossibility is that thereis a level ¡ at¢ which £ ¤ ¥ ¦ §¨ ,� so theapproximants to © ª « ¬ bas
v

ed
on­ ® ¯ are¢ eventually the sameas theapproximantsbasedon ° . Alternatively, theremaybe
a¢ point between± and¢ ² ³ whi´ ch is theendpoint of letters of arbitrarily high level. It is not
hard
µ

to checkthat,working from either ¶ or­ · ¸ ,� ¹ al¢ ignsthis special point in º with´ the
corres» pondingspecial point in ¼ ½ ¾ ¿ .

The map À is clearly a bijection which commutes with translations. It is continuous
sinÁ ce a small change to a tiling Â ,� either via a small translation or by changing the tiles
nearinfinity, results in a small change to Ã Ä Å Æ . A small translation in Ç tu

È
rns into a small

tran
È

slation in É Ê Ë Ì ,� while changing the distant tiles of Í ch» anges the distant tiles of Î Ï Ð Ñ ,�
and¢ also causesa small translation.

This last point meansthat Ò is not a sliding block code. If two tilings Ó and¢ Ô Õ agree¢
e� xactly on a largeneighborhoodof the origin but disagreenearinfinity, thenthesequence
o­ f tiles of Ö × Ø Ù and¢ Ú Û Ü Ý Þ will´ agreenearthe origin, but the placement of the tiles will
di
ß

ffer by a small translation. Thusthereis no neighborhoodof the origin whereà á â ã and¢ä å æ ç è
agree¢ exactly. é

Let ê ë ì í î ï ð ñ have somefixedvalue. Thereare two specialFibonaccitilings. One is
th
È

e standard Fibonaccitiling with ò ó ô õ ö ÷ ø ù . Theotherhas ú û ü ý ü þ ÿ ,� and thusclosely
resemblestheFibonaccisubshift � � 1� . By Theorem3 any Fibonaccitiling isconjugateto
each� of these. In particular, wehave thefollowing.

C
�

OROLLARY 3.
4

Every Fibonaccitiling systemisa substitution tiling system.

Pr
�

oof. Ev
�

ery Fibonaccitiling systemis topologicallyconjugateto a Fibonaccisystem �
with´ � � 	 
 � � 
 � � � . As notedearlier, � is a substitution systemwith automorphism � �
and¢ scalefactor � � 1� � . If � is another Fibonaccitiling systemand � � � � � � is the
conj» ugacy of Theorem3, then�  ! " # $ % & ' ( 1 is

)
asubstitution automorphismon * . +

Unl
,

ike a sliding block codethe domain of a topological conjugacy - . / 0 1 2
of­ tiling systemscannotalways be extendedto 3 4 for 5 sÁ ufficiently large. Suppose for
e� xamplethat 6 and¢ 7 are¢ Fibonaccitiling systemswith 8 9 : ; < 1, = > ? @ A B ,C D E F G H 2 a

I
nd
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J K L M N
1. For any O th

È
esystem P Q co» ntainsperiodic tilings, whoseperiod R is anintegral

linearcombination of 1 and S . Sincethetilesof T U V W X Y Z [ Y \ haveintegerlength, there
are] no periodic tilings in ^ _ ` wi´ th period a ,C and so thereare nomapsb c d e f g h th

È
at

intertwine translations.

Since
i

topologicalconjugaciesof tilings are more generalthan sliding block codes,
topological
È

invariantsof subshifts are not automaticallytopologicalinvariantsof tilings.
F
j
or example,we havethe following theorem.

THEOREM 4. There exist topologically conjugatetiling systemsk and6 l sm uch that n is
o

lo
p

cally finite and q i
o
snot.

Proof. W
r

e work in two dimensions, with st
bei
u

ng thetranslation group.Given two square
tiles
È v w

and] x y of­ unit size,with edgesparallel to thecoordinate axes, let z be
u

the set
o­ f all tilings such that the tiles meetfull edge to full edge, and such that each(horizontal)
ro� w of thetiling is a (one-dimensional)Fibonaccitiling. Let { | } ~ � � � � � � , wC here � �
is a rectangle of height 1 and width � and] � � is a rectangle of height 1 and width � � 1.
Let
� �

b
u
etheconjugacy of Theorem3, taking theone-dimensional Fibonaccitiling with tile

sizesÁ 1 and 1 to the one-dimensional Fibonaccitiling with sizes� and] � � 1. This mapis
naturally extended to a map from rows of the tiling � to

È
Fibonacci-like rows madeup of

th
È

etilesof � � . Applying this to everyrow of a tiling � � � defines
ß

anextendedmap(also
called» � )

�
from � into � � � . Let � be

u
the imageof this map.Nearthe origin (or any other

p� oint), the rows of a tiling � �   wi´ ll appearshifted relative to oneanother. Sincethere
are] an infinitenumberof waysin which thisshift canoccur, ¡ is not locally finite. ¢

3.
4

Conjugaciesof tiling systemsof finite type

In
£

this section tiling systemsareassumed to be locally finite unlessstatedotherwise.

A natural question, in the light of Mozes’ theorem,is whether Theorem2 can be
e¤ xtended to thecategory of tiling systems. Certainly theproof breaksdown, asconjugacies
o­ f tilings are not necessarilysliding block codes and need not extend to spaces ¥ ¦ .
However, thereishopethat thestatementof the theoremremains true.

In
£

thissection weproveasomewhatweakerresult, theanalogueof Corollary 1, thereby
shÁ owing that thereexist tiling systemsthataremeasurably conjugateto finite-typesystems
b
u
ut nottopologically conjugate. Thekey isshowingthattopologicalconjugacies, whilenot

sÁ liding block codes, do preserve someuseful geometrical information. Onecanmodela
t
È
opologicalconjugacy § ¨ © ª « b

u
etweentiling systems ¬ and] ­ —with metrics ® ¯ ° ± ² ³ ´

and] µ ¶ · ¸ ¹ º » and] alphabets ¼ and] ½ —by somethingcloseto aslidingblockcode,asfollows.

First, wenote that ¾ is uniformly continuous. So given ¿ À 0 t
Á

here issome Â Ã 0 s
Á

uch
th
È

at Ä Å Æ Ç È É Ê Ë Ç È É Ì Í Î Ï Ð pro� vided Ñ Ò Ó Ô Õ Ô Ö × Ø Ù . Now it is known [RaW
Ú

]
Û

thatgivenanyÜ Ý 0 t
Á

here is an Þ ß 0 s
Á

uch that if à á â ã ä ã å æ ç è it follows that thereis a rigid motion é
with´ in distance ê o­ f theidentity in ëì

suÁ chthat thetilings í and] î ïð ñ ò ó ô ‘agreeto distance1
around] theorigin’, in thesensethatthey matchperfectly in their polyhedrawhich intersect
th
È

e ball of radius 1 centeredat the origin. Furthermore, there is some õ ö 0
Á

suchthat if
tilin
È

gs ÷ and] ø ù in
) ú

ag] reeto distance û around] the origin then ü ý þ ÿ � ÿ � � � �
a] nd so the
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tilin
È

gs � � � � and] 	 
� � 
 � � � � � agree] to distance1 aroundtheorigin for some � � ��
of­ distance

lessthan � from the identity. We haveproventhe following theorem.

THEOREM 5.
�

Let � be
8

a topological conjugacyof thelocally finite tiling system � in
o � �

o� nto the locally finite � � tilinV g system .! Given " # 0
$

thV ere is some % & ' ( ) * 0
$

sm uch that
if
o

tilings + and6 , - in
o .

ag6 ree to distance / 0 1 2 3 ar6 oundtheorigin thenthetilings 4 5 6 7 and6
8 9: ; < = > ? @ A a6 gree to distance1 aroundthe origin for somerigid motion B of� distanceless

tV han C fr
D

om the identity in EF
.!

For any boundedconnectedsubset G of­ H I ,C J K 0
$
, and tiling L , lC et M N be

u
theunionof

open­ ballsof radius O which´ intersect P .

C
Q

OROLLARY 4. Let R S T U V be
8

a topological conjugacyof locallyfinite tiling systems
in
o W X

.! Thengiven Y Z 0
$

and6 a boundedconnectedsubset [ of� \ ] therV eexists ^ _ ` a b c 0
$

sum ch that if tilings d and6 e f in
o g

ag6 ree on h i j k l m thV ere is a rigid motion n of� distanceless
tV han o fr

D
om the identity in pq

sm uch that r s t u and6 v wx y z { | } ~ � ag6 reeon � .!
Proof. The proof follows immediately by applying Theorem5 to all the balls of radius� � � � �

which´ intersect � ,C and noting that their overlapping regions leadto consistency
requi� rementsin � . �

W
r

e saythat a tiling � in an � 2 tilin
È

g system � wi´ th alphabet� hasa ‘periodic frame’
if
)

there is some pair � � � � � of­ linearly independenttranslations for which � � � � � �� � and]
� � � � � �   1¡ ¢£ ¤ agree] to distance1 aboutthe origin for all 0 ¥ ¦ § 1 and ¨ © ª « 1¬ 8,

­
and

als] o ® ¯ ° ± ² ³´ µ and] ¶ · ¸ ¹ 1º » ¼ ½ ¾¿ À agree] to distance1 aboutthe origin for all 0 Á Â Ã 1 andÄ Å Æ Ç
1È 8.

­

T
É

HEOREM 6.
Ê

If
3

an Ë 2
Ì

sum bstitution tiling systemÍ coÎ ntainsa tiling with a periodic frame,
and6 Ï is

o
topologically conjugateto a finite-typetiling system,then Ð contÎ ainsa periodic

tilinV g.

Proof. Assume Ñ Ò 0
$

is givenandtheframeis describedby thedefining notation above.
By using thesubstitution repeatedlyif necessary wecanassumewithout lossof generality
th
È

atminÓ Ô Õ Ö × Ø Ù Ú Û Ü Û Ý Þ ß à is
)

larger thanany givennumber. Sowecanassume á and]
â ãä å agree] on æ ç è

é ê ë
1 where´ ì

1 í î ï ð ñ ò ó ô 0
$ õ ö ÷

1 ø ù ú û ü 1ý 8
­ þ

and] that ÿ and] � �� �
agree] on �

� � � � 	
2 where´ 


2 � � 
 � � � � �
0
$ � � �

1 � � � � � 1� 8
­ �

. ApplyingCorollary 2 we

seÁ ethat � � �  and] ! " # $% & ' ( ) agree] on * 1 and] that + , - . and] / 0 1 2 34 5 6 7 8 agree] on 9 2
: for rigid

mot; ions < and] = > with´ in distance ? o­ f the identity of @A
. Notethat,because of theoverlap

b
u
etweenthem, it follows that B and] C D are] puretranslationsandso thecentral linesof E 1,CF G H IJ K 1,C L 2 and] M N O P QR S 2 form

T
a parallelogram.And since U is

)
of finite type this implies

th
È

at it containsa periodic tiling. But then so does V . W

Remar
X

k. At
Y

the end of §1 we showedthat the subshift with Z 2
:

act] ion madeas a product
of­ the Fibonaccisequenceswith itself could not be topologicallyconjugateto a finite-
ty
È

pe subshift. Theorem6 allows us to apply the same argument to tilings. Starting with
an] y Fibonaccitiling system we candefinethe producttiling system with [ 2

:
actio] n and
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sÁ how that it containsa tiling with a periodicframe,and thereforecannotbetopologically
co» njugateto a finite-typetiling systemsinceit doesnot containaperiodic tiling.

4.
\

Conclusion
Thebest known tiling dynamicalsystemis thatof thePenrosekitesanddarts[Ra2, Ra3].

]
By

^
this, one refersto both a substitution systemand afinite-typesystem, whicharein fact

t
È
opologically conjugate. Thefact that the conjugacy is topological hasleadto interesting
w´ ork in non-commutativetopology[AnP, Con].

]
T
É
o a large extent, the interest in substitution tiling systems is due to the fact that

th
È

ey are conjugate to finite-type systems. Theorem 6 shows that, when dealing with
suÁ bstitution tilings and their conjugacy to finite-type tilings, for reasonablegenerality one
cannot» consider the tilings well definedup to topologicalconjugacy—althoughof course
measurable conjugacy is sufficient. Oneissue we have not resolvedis whetheror not the
notion_ of finite typeis itself a topologicalinvariantamongtiling systems.
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