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Abstract. We considetherationallinearrelationsbetweerrealnumbersvhosesquared
trigonometricfunctions have rational values,angleswe call “geodetic’ We constructa
corvenientbasisfor the vectorspaceover Q generatedy theseangles.Geodeticangles
andrationallinearcombination®f geodeti@anglesappeanaturallyin Euclideargeometry;
for illustrationwe apply our resultsto equidecomposabilitpf polyhedra.

Intr oduction

Many well-knovn geometricobjectsinvolve anglesthat areirrational whenmeasured
in degreesor areirrational multiplesof = in radianmeasureFor instancewe might
mentionthedihedralanglex (=~ 70°3144") of theregulartetrahedronwhosesupplement
(~ 109°2816") isknownto chemistasthecarborvalencebondangle A goodlynumber
of theseangleshave the propertythat their six trigpnometricfunctionshave rational
squareskor instance,

sifae =%, cofa=3 tata=8 cofa=13% seba=9 csCa=2 (1
and,for thedihedralangleg (~ 144448") of the cuboctahedron,

sifp=3%, codp=1 tarfp=2 cofp=3 seCp=3 csép=3 (2

* Thefirst authors researciwas supportedn partby NSFGrantNo. DMS-9701444Theresearclof the
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The third authors researctwas supportedn partby NSF GrantNo. DMS-9626698and Texas ARP Grant
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Thereare mary additive relationsbetweenanglesof this kind; for instancex and g
satisfya + 28 = 2x. In this paperwe essentiallyclassifyall suchadditive relations.

Tobeprecisewesaythatd is a“puregeodeti@angle”if ary one(andthereforeeach)of
its six squaredrigonometricfunctionsis rational(or infinite), andusetheterm“mixed
geodeticangle” to meana linear combinationof pure geodeticangleswith rational
coeficients. The mixed geodeticanglesform a vectorspaceover the rationalsandwe
shallfind an explicit basisfor this space Finding a basisis tantamounto classifying
all rationalllinear relationsamongmixed geodeticangles.By clearingdenominators,
rationallinear relationsamongmixed geodeticanglesare easily cornvertedto additive
relationsamongpuregeodeticangles.

Anotheraim of this paperis to introducean elegantnotationfor theseangleswhich
we hopewill find generalacceptanceNamely if 0 < r < 1isrationalwe define

Zr =sim . 3)

(Wefeelfreetowrite theseanglesn eitherdegreesorradians. T hewell-knowvn particular
casesre:

T T s T
/0=0°=0, /i=30==, /i=45=", /3=60°==, /1=90==. (4
4 6 2 4 4 3 2 “@
We extendthis notationfor all integersn, by writing
n
4n=9m0=7ﬂ, Z(N+F) = /n+ 2. )

Our basiscontainscertainangles(p)y for prime p and square-fregositive d. If
p > 2o if p=2andd =7 (mod8), then(p)q4 is definedjustwhen—d is congruent
to asquaremodulo p andis foundasfollows. ExpressAp® asa’ + db? for thesmallest
possiblepositive s. Then

1 db> 1, /d2 1, |/a2 1, [dP?
(P)a = —£— = —sin — =—-C0S | — = —tan —. (6)
S 4p° s 4p s 4ps s a’

The expressionis uniqueexceptwhend = 1 or 3, whenwe make it so by demanding
thatb beeven(if d = 3) or divisible by four (if d = 1). (Someexercisein the notation
is providedin Tablesl and2, which shav thefirst few elementsn thebasis.)Our main

resultis then

Theorem1l. Every pure geodeticangleis uniquelyexpressibleas a rational multi-
ple of = plus an integral linear combinationof the angles(p)q. Sothe angles(p)4,
supplementetly = (or /1 or 1°), form a basisfor the spaceof mixedgeodeticangles

It is easyto find therepresentatioof ary puregeodeticangled in termsof thebasis.

Theorem?2. If tand = (b/a)+/d for integers a, b, d, with squae-free positived and
with relativelyprimea andb, andif the prime factorizationof a® + dlo? is p1p, - - - pn
(including multiplicity), thenwe have

0 =tm £ (pr)a = (P2)a £ £ (Pn)d (7
for somerationalt.
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Table 1. Basiselementsp)g for somep andd. # indicatesthat (p) is primein Og, while * indicates
that(p) ramifies.

d\p | 2|3 ]| 5 7 11 13 17 19 23 29 31 37 41 43 47

1 R AVE S # (s 4 # 14 # 230 /% g #

2 LB O# # LE # g | (B # # # # (2| LB #

3o l#E| x| # |G| # | B #E| | # # | B #

5| x (3R s adm| # | # | # | # (M| B # | # | /E e e
[ v |ow |LeB) L8 (L1250 # # # # LB L& # # #

7 (| # | o# * L # # # tE 2 # L2 #* Lk #

0« [ # ] x (3R] 48 |4 # | M5 |38 # # |3l 43 | # | ilm
11 # LB | # * # # e # L | e # # 2

18 |« | # BB 3BT ¢ || aGR | | dm || F | # | # |34
14 * % L 5_§ 41 4 % * # %L ;;:sﬁx # %Z 123‘11639261 4 % # # # #

15 1718 4 | # # #REY 8| LB 118 # # # | 3ES
17 ) G4H| # HOERREE R x| # [luen| # [iihRn # | # | # | #

19 | # | # (L5 ] L8 LB # | /B * L8 # # # # (/3 A
2| s |k (3B ¢ iR # w1 # || R ¢ #

22 s | # | # # * 1. RE VS Ve S Ve, N A # # |joies /2

2 B # | # | #F Mo # | F * iloimeilmm| # (3| # [liem

(We notethatthedenominatoof t will beadivisor of theclassnumberof Q(v/—d).)

For example for tang = 2+/3 we finda? + db? = 16+75= 91 = 7- 13andindeed
0 =nm — (T)3 — (13)3.

Our resultshave an outstandingapplication.In 1900 Dehn[Deh] solved Hilbert's
third problem[Sah]by giving anecessargonditionfor themutualequidecomposability
of polyhedrain termsof their dihedralangles from which it follows easilythat there
aretetrahedraf equalvolumewhich arenotequidecomposablén 1965Sydlerproved
[Syd]thatDehn’scriterionis alsosufiicient. For polyhedrawith geodetidihedralangles
our Theoreml makesthe Dehn—Sydlecriterion effective. At the endof this paperwe
applyourtheoryto thenon-snubArchimedeamolyhedrawhosedihedralanglesareall
geodetic).

1. Angleswith Polyquadratic Tangentsand the Splitting Theorem

Theadditionformulafor tangentenablesisto shav thatthetangenbf ary sumof pure
geodeticanglesis a “polyquadraticnumbey’ thatis anumberof theform /a + /b +
Je+---, with a, b, ¢, . . . rational.For instancejf tana = +/2/2 andtang = +/3/3,
then

Vv2/2+3/3 N
—_— = 2J24 2J3;
1-2v3/6 A @®)

tane — B) = #v2-3V3.

tana + B) =
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Table2
. Thev:
aluesof somebasisel
ementg
DPa-

(5 =Liw
(I3 = LsiN 63°26'6"
(17, = ZE a2 33°41724" (o= %Lﬂ
(2{))} - /.lﬁ. ~ TH°57'50" <11)10 — Lﬁ? ~ "; 01874927 <3)
@37, = [i_é 2 21°48'5% 513>10 %21 60 . °27'6" <7)17 = %18—7 s GO4R/EY"
(41), = N ~ 80°32'16" (19)10 = /38 ~ 38°10'44" <1117 =107 g0 9
o 38 297350 (23)10 = lZJi%L 2 46°30°31" » Y7 = %Z 135}20 N 18’24//
(11)2 = 2 2 54°44'8" (41)10 = 24_01%59 & 21° 34’ru (‘il>17 = %éégi s 6°2'24"
(17) = L? 2 25°14/92" (4T)10 = %Zlg'ﬁ‘c" 81°0'54" : >17 = %1337%}7 N 2 13°43'51"
(19)9 = Ag i43°18,50,/ 290~ 11°54'17" (5) S5y~ 20°35'11"
(41)5 = 5 ~ ?6°44114,, 23)11 T (7>19 = Jryp—
(43)5 = AE = 62°3'42" 5 = L_ 4T 3177 (1119 = 110  BE°27'45
43 ~ 40°18'55" (23)11 = Lll N 7°52'11" i Y10 = 141 14"'”
(Ms=(i~ (j”)ll -3 2013467 (2:)10 - Z a 103 ,J”
(13)5 = Z_zN 40°53'36" (37 = 119294 :(:JDU 1" (45)19 B 419 ~ ()5°24 .
(19)5 = Zi 73°53'52" @Whn= ng 54°5221" <47)19 = Li;; ~ 85°j }0”
<31)3 _ 12 = 23°94'48" =~ 28°55'57" )19 =/ 11898 ~ 18057 37!
(37)3 = Aﬁ ~ 68°56/54" (Ths = 228 ~ 150 %) 211"
(43)y = ZZ r 34°49'54" (1133 = %1(1_7 : 5°30'5" <1121 = %Lg_s 3301
73~ 52024397 (AT = gulzi ~ 39°45'44” (1 Yor = 442 =1 3*“”
(3)5 _1/5 <19)13 — lz '; 60°58'58" <1;7>21 = %Lg ~ 22.018/,3(,//
(7)s = iﬁf 24°541" (29)15 = 21_;361 ~ 35°47'45" <2)>21 = %Aggg - 3"059’3”
<23>5 :212—9 ;% 36°41'57" <31>13 _ li(}; 42°01/592" <3‘5>21 = %Zggé ~ 470?2116//
(29)5 = Z@s 09 ~ 809843 AT = ;[?003~ 279157 (3;)21 = %Z% N 1§0J?I2IH
(415 1359_ = 56°8'44" , ~ 21°49/55" (41>21 _ 1% e ; 20"
(43)5 _ lz :52002()/ 997 <~3>14 — ‘11_1.5_ e >21 = %11525 160()
(47) = L, 208 ~ 13°57'10” (s = %13541 142346” (1 59'17"
zéugg ~ 43°46'50" <13>14 - !—2225:; 15°58/27" :‘)22 = %élgs e
<5>G = 124 o : <19>14 = 3‘122850 ~ §°592/17" <;‘))22 = %Aggg :i&"ydb”
(Mg = ;9% 49°19/53" (23)14 = zﬁ&)szl ~ 6027’5 22?22 = Lg_g ; ;709 ,27’ %
(1) = l7L~ 67°47'32" 33 ~ 51°16'41" <‘51)22 = %13 f - J; L'Idu
(29) = 12258 ~ 31°98/56" @5 = 128 @322 S P °0'58"
Bl)e= 25 S 1513731 (175 = 1228 2 Tdsay” 0 Jap = L/ 1408 o ;040”
3~ 2() 60" (19)15 — Zl_fl 2 ~ 39°50/39" 7)22 = [2_; ';o 0°22/59"
@)= /1 (23)15 = 1292'; 62°41'18" 2 10711"
(11)7 = f; 69°17'43" (8115 = Zh; : 21°10'17" <3§23 =172~ 1901y
23)7 = AE 52°54'48" A7) = %Z_G 4°4'33" <1323 =2~ 2202‘),27”
(29); = é% ~ 33°28'5G" a0~ 40°43'2" (29>23 %1212987 - l;lru
877 = 12 ~ T9°17'54" <31)23 = %124403083 U 37'28”
<43)7 - éi =~ 60°26’57" <41)23 = %12!2)7 0 20'16"
i~ araras SR i
<47)23 = lé‘l;gggl = 11°55'27"
3 47
Tosszs = 28734'34"
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We now supposéhe sumof anumberof puregeodeticangless anintegral multiple
of ; letussayw; + a2+ - - -+ B1+ B2 + - - - = mr, wherewe have choserthenotation
sothatthetangentof ay, ay, ... arein Q(V/dy, . .., +/d,) andthoseof B4, B>, ... are
in VdQ(dr, ..., Vth), whereVd ¢ Q(/dy, ..., /dy). Then,by the additionand
substractiofiormulasfor tangentstan(a; +a+- - -+ B1+ B2+ - -) andtan(ay +ap+- - - —
B1—Bo—- - -) will beof theforma+b+/d anda—b+/dwherea, b € Q(/d, ..., V/dy).
However, by assumptiora + byv/d = 0, soa = b = 0, from which it follows that
a1+ o+ - — B1— B2 — - - - isalsoanintegral multiple of 7. Adding andsubtracting
we deducehatthetwo subsumsy; + o + - - - andBy + B2 + - - - areintegral multiples
of /2. Combiningthis algumentwith inductionon n we obtain

Theorem 3 (The Splitting Theorem). If thevalueof a rational linear combinationof
pure geodeticanglesis a rational multiple of 7, thensois thevalueof its restrictionto
thoseangleswhosetangentsare rational multiplesof any givensquae root

We remarkthatthe samemethodcanbe usedto shav thatany anglewhosetangent
is polyquadratids a mixed geodeticangle.For supposex is an anglewhosetangent
is polyquadraticwith tane € /doQ( /a1, ..., V/dp). SO tana = z; + Zo+/ds, Where

Zj € VAoQ(Vdy, ..., /d,_1). Chooser’ suchthattana’ = z; — z,+/d,, anddefine
y =a+o ands =« — «'. It follows that

tana + tano’ 2z
tany = ———— = L ¢ JdQ(/dy, ..., /s 1);

1—tanotane’ 1 — z:2 + dp2?

_ / 2
tans = Bne—tane’ 2oV g e,

1+tanatane’ 1+ z2 — dyz2

9

Repetitionof this techniquegustifiesour claim. We leave to the readerthe exercise
of applyingthis techniqueto the caseof tana = /6 + +/3 + +/2 + 1, obtainingda =

441 432 96 2592
L+ Yy 82 /%6 /2592

2. Stgrmer Theory and Its Generalization

The Splitting Theoremreduceshe study of the rational linear relationshipsbetween
angleoftheformtan((b/a)+/d) tothosewith afixedd. Theseanglesarethearguments
of algebraidntegersa + b/—d, andtheir theoryis essentiallythe factorizationtheory
of numbersn 04, thering of algebraidntegersof Q(+v/—d) [Pol]. Themethodwas first
usedby StgrmelSta] (in the cased = 1) who classifiedthe additive relationsbetween
thearctangentsf rationalnumberausingthe uniquefactorizationof Gaussiarintegers.
(Seealso[Con].) We recall Stgrmers analysisof the cased = 1 andthengeneralizet
to arbitraryd, whichwill prove Theoremsl and2.

It is known thatthe Gaussianntegershave uniquefactorizationup to multiplication
by thefour units:1, —1, i, —i. It isalsoknown how eachrationalprime p factorizes
in the Gaussiarintegers.Namely:(1) if p = —1 (mod4), then p remainsprime; (2) if
p = +1(mod4),thenp = a? + b? is theproductof thedistinctGaussiarprimesa + ib
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anda—ib (for uniqueneswechoose odd,b even,bothpositive);and(3) 2 = —i (1+i)?
“ramifies; thatis to sayit is (aunittimes)the squareof a Gaussiarprime.

Now let ¥k = mymom3 - - - bethe prime factorizationof a Gaussiarinteger «. Then
plainly ag(x) = arg(my) + ag(me) + ag(rz) + --- (mod 27). So the agumentsof
Gaussiamprimes(togethewith ) sparthesubspacef mixedgeodetianglegenerated
by the puregeodeticangleswith rationaltangentHowever,

(1) If p=4k - 1,thenamg(p) = 0 andcanbeignored.

(2) If p=4k+ 1 = a?+ b? thenarg@a + bi) + arg(a — bi) = 0. We define
(p)1 = arg(a + bi) = —arg(a — bi).

(3) am(1+1i) =n/4.

(4) Theargumentf theunitsaremultiplesof /2, andsoaremultiplesof arg(1+i).

Thustheagumentof any Gaussiarintegeris anintegral linearcombinationof = /4 and
theangles(p);, with p = 1 (mod4).

It is alsoeasyto seethat 7 andthe (p);’s are rationally independentOtherwise
someintegral linear combinationof the (p)1’s would be an integral multiple of .
However, supposdor instancethat2(p;); — 3(pz2)1 + 5(p3)1 = 0. Theleft-handside
is theargumentof 727373 which mustthereforebe arealnumberandhenceshouldbe
equalto its conjugater 27 373; but this contradictshe uniquefactorizationof Gaussian
integers.

The analogueof the Starmertheoryfor the generalcaseis complicatedby the fact
that someelementof Oy may not have uniquefactorization.However, the idealsdo.
Insteadbf assigningargumentgo numberswe simply assigranangleto eachideall by
therule

ang(x) if 1= (k) isprincipat

(1/s) arg(T®) if Tisnotprincipal (10

ang(l) = {
wheres is the smallestexponentfor which I® is a principalideal, and («) denoteghe
principalidealgeneratedy «. Recallthatfor every d theideal classgroupis finite, so
suchans existsfor everyideal,ands dividestheclassnumberof Oq4. Sincethegenerator
of aprincipalidealis uniqueup to multiplication by a unit, we take the argumentof an
idealto be definedonly modulothe argumentof a unit divided by the classnumberof
Og4. Thisambiguityis alwaysarationalmultiple of .

Let ey betheclassnumberof Oq4. For everyideall, principalor not, we have thatthe
idealagumentarg(l) is equalto 1/e4 timesthe (ordinary)argumentof the generatoof
theprincipalideall®, up to theambiguityin thedefinitionof idealagumentsilt follows
that,for generaidealsl andJ],

ang(1.J) = ag(l) + arg(.J) (11

(modulothe ambiguity),sincethe (ordinary) agumentof the generatoof (IJ)* is the
amgumentof thegeneratoof % plustheargumentof thegeneratoof J% (mods). Thus
theargumenbf ary ideal(andin particulatheprincipalidealgeneratedy ary algebraic
integer)is anintegral linear combinationof the algumentof the primeideals(modulo
the ambiguity). Whatremainsis to determinethe nontrivial agumentsof primeideals.
Asin thecased = 1, therewill be onesuchanglefor eachrationalprime p for which
(p) splitsasthe productof distinctideals.
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We illustratethe proceduredy working in Os, for which the ideal factorizationof
thefirst few rationalprimesare:
2 = 2, 1+V-57
3 =@B1l+v-5@3 1-V-5),

’) = (V=57

(D = (1,34 V/=5)(7.3— V/-5),

1) = (11, (12)
(13 = (13,

17 = 17,

(19 = (19,

(23) = (23,224 3V-5)(23 22— 3/-5),
(29 = (3+2/=53—2/-5).

(Thislist maybeobtainedusingTheorems and6, below.) Here(x, y) denotesheideal
generatetby x andy. Thereadewill seethat(2) ramifiesasthesquarenf anonprincipal
idealand(5) asthe squareof a principalideal, (3), (7), and(23) split into productsof
nonprincipalideals, (29) splits asthe productof distinct principal ideals,while (11),
(13),(17),and(19) remainprime.Notice that,asthe exampleshows, every ideal of Oy
canbegeneratedby atmosttwo numbersand(p) canbewrittenasaproductof atmost
two primeideals,for ary rationalprime p.

As in the Stgrmercasethe principalidealsgeneratedy rationalprimesthatremain
prime have agumentzeroandcanbe ignored.We alsoignorethosethat ramify, since
theirangleswill berationalmultiplesof 7. Otherwisewe define(p)q4 to betheargument
of oneof thetwo idealfactorsof ( p), makingit uniqueby requiring0 < (p)a < 7 /2 if
thefactorsof (p) areprincipaland0 < (p)q < 7/4if not.

To illustratethis we determing(3)s. The idealfactorsof (3) arenonprincipalsowe
squareghem:

3, 1++-52% = (3, 301+ v=5), 1+ v=5)?
= (9,3+3V=5, —4+2/-5), (13)

which reducesto (2 — /=5). Similarly, 3,1 — /=52 = 2+ +/=5). S0 (3)5 =
zag(2+ v/=5) = stan *(3v5) = /3.

In the generalcase(d an arbitrary square-fregositive integer) the previously de-
scribedprocedureassignsanangle(p)q to every rationalprime p for which (p) splits
asthe productof two distinct prime idealsT andJ. Let s be the smallestinteger for
which I* (andtherefore]®) is principal. Recallthatthe elementf Oy areof theform
a/2 + (b/2)/—d, wherea andb arerationalintegers.If d = 3 (mod4), thena andb
mustbeeven;if d = 3 (mod4), thena andb areeitherbothevenor bothodd.We can
thereforewrite

p=(3+3va). »=(3-5v). 14
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wherewe candistinguishbetweenl andJ by supposinghata andb arepositive. We

take
1., (b 1 b4d
== “Vd)=Z/—"—.
(Pla Stan <a\/a> s a’+b%d

The above definesthe angles{p)q uniquelyfor all d otherthan1 and 3, because
thentheonly unitsare+1, sothatthe only generator®f I* andJ® arethefour numbers
+a/2 + (b/2)/d. Whend = 1 we have the additionalunit i which effectively allows
usto interchangea andb: we thenachieze uniquenesby demandinghatthegenerators
of I bea + bi with a andb positive integerswith b even.In the cased = 3 the field
hassix unitsandthe correspondingonditionis thatthe generatorsf I shouldhave the
form a + by/—3 wherea andb arepositive integers.

Theorem4. For fixedsquae-freepositived, eonsiderthe subspac®f mixedgeodetic
anglesgeneatedby arctangentsof rational multiplesof +/d. Thissubspacés spanned
by = andthenonzeo anglesof theform (p)4, where p rangesovertherational primes
for which (p) splitsasa productof distinctidealsin Oy.

Proof. Theproofis essentiallythatof the Starmeidecompositiononly substitutinghe
argumentsf idealsfor theargumentf algebraidntegers. O

CombiningTheoremd with the Splitting Theoremandby therationalindependence
of 7 andthe (p)q4's for ary fixed d (the independenceanbe proved similarly aswas
shavn in thecased = 1), we obtainTheoreml.

Proofof Theoem2. Recallthatif I is ary ideal (principal or not) in Oy, thenll is
a principal ideal with a positive integer generatotthat we call the norm of I, andthat
normsare multiplicative [Pol]. Fromthis it follows thatthe prime idealsare precisely
the factorsof (p), with p rangingover therationalprimes,andthatevery primeideal
thatis notgeneratedby arationalprime hasrationalprimenorm.

Now supposéhattan@) = (b/a)+/d with square-fregositive d andwith relatively
prime a andb. Considerthe factorizationof the principalideal I = (a + bv/—d). If
I = mym, - - -, Whereeachideal 7r; is prime, thennoneof the z;’s aregeneratedy
rationalprimes,nsofarasa andb arerelatively prime.Thuseachr; satisfiest7i = ()
for somerationalprimeg;. On theotherhand,we have

(Pp)(P2) -+ (pn) = @2+ b%d) =TT = M7y - - - T (15

So, after a suitablepermutationof the indices1, ..., n on the right side of (15) we
have mimi = (pi), andso the agumentof 7; is +(p;)q, for every i. Howewer, 6 =
ag(a + bv/—d) = arg() is the sumof the agumentsof the 7;’s, up to a rational
multiple of = that comesfrom the ambiguityin the definition of the agumentof an
ideal. O

All thatremaingstoidentify thepairs(p, d) for which ( p)4 is defined Thefollowing
theoremgivethecriteria. Thesecriteriamaybeeasilyimplementedby handfor smalld
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andp, andby computerfor largervalues.Thetheoremdhemselesarestandardesults,
andwe leave the proofsto thereader

Theorem5. Let p be an oddrational prime Theideal (p) of O4 splitsasa product
of distinctidealsif andonly if wecanwrite

4p® = a® + b%d (16)

for integersa andb (neithera multipleof p) andfor anexponent thatdividestheclass
numberof Oq4. If d # 3 (mod4), or if d = 3, thenthefactor of 4 is unnecessarandthe
eriterion for splitting reducego

p* = a’ + b, (17)

foraandb nonzeo (mod p). Theideal (p) is primein Oy if andonlyif —d isnotequal
to a squae modulop. If (p) is notprimeanddoesnot split, then(p) ramifies

Theoremb givescriteriafor all oddprimes.Theprime p = 2 is somavhatdifferent.
Sinceboth0 and1 aresquaresevery —d is congruento a squaremodulo2. However,
therearevaluesof d for which (2) is prime.

Theorem6. If d # 3 (mod4), then(2) ramifiesin Oy4. If d = 3 (mod8), then(2) is
prime If d = 7 (mod8), then(2) splitsandwe canwrite a powerof 2 asa? + bd?.

3. Applications to the Dehn—SydlerCriterion of ArchimedeanPolyhedra

TheDehninvariantof apolyhedrorwhoseith edgehaslength?; anddihedralangle; is
theformal expression)_; ¢; V[6;] wherethe“vectors”V[6;] aresubjectto therelations

VI[ro + sp] = FV[0] + sV[¢p], V[rr] =0, (18

for all rationalnumbersr ands. The V[60]' s satisfythe samerationallinear relations
satisfiedby the anglesé in the rational vector spacethey generatetogetherwith the
additionalrelationV[z] = 0; however, we allow their coeficientsto be arbitraryreal
numbers.

If every dihedralangled of a polyhedronis geodetiove canwrite

O =rx +ri(P1)a, + -+ i {Pjg (19
for rationalnumbers, rq, ..., rj, SO
VI[0) =r1V[(pr)a) + - - - + 1 VI(Pj)a)- (20)

If theedgedengthsof thepolyhedrorarerationalits Dehninvariantwill thenbearational
linearcombinationof the V[(p)q4]’s.

It canbeeasilychecledthateachfaceof anArchimedearpolyhedron(otherthanthe
snubcubeandsnubdodecahedroriy orthogonato arotationaxisof oneof the Platonic
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1
%,57%70
dyad
S S =,/ %0
V3’ V3 V3 VB VB’
triad pentad
V51 V3
33 5

I -

3v5’V 3V
Fig. 1. Cosinesf anglesbetweeraxesof fixed rotationalsymmetry(shavn at corners) andbetweeraxes
of differentrotationalsymmetry(shovn atedges).

solids,andtherotationgroupsof all the Platonicsolidsarecontainedn the cubegroup
C andicosahedragiroupZ. It follows thatthe dihedralanglesof all thesepolyhedraare
foundamongthe supplementsf the anglesbetweertherotationaxesof C andZ.

We now concentrateon Z. Let 7 = (1+ +/5)/2ando = 7! = ¢ — 1. The 12
vectorsvhosecoordinatesirecyclic permutationsf 0, +1, £ lie alongthepentadhxes.
Similarly the20vectorsobtainedy cyclicly permutatingt1, £1, £1and0, £z, +o lie
alongthetriadaxes,andthe30cyclic permutation®f +£2, 0, 0and+1, +o, £1 lie along
the dyadones.The cosinesof the anglesbetweenthe axeshave theform v - w/|v| |w|
wherev andw arechoserfromthesevectorsThesecosinesareenumerateth Fig.1. The
angleghatcorrespondo themarethoseshavnin Fig. 2, togethemwith theirsupplements.

Table3 givesthe component®f the Dehninvariantsfor thenon-snub
Archimedeampolyhedraof edgelengthsl. For instancethe dihedralanglesof the trun-
catedetrahedrorarer — 2(3), at6 edgesaand2(3), attheremainingl 2, sothatits Dehn
invariantis

6V[r — 2(3)2) + 12V[2(3)2] = 12V[(3)2], (21

sinceV[r] = 0. We abbreviate V[{p)q] to (p)4-

We notethatthe Dehninvariantsof theicosahedrongdodecahedrorandicosidodec-
ahedrorwith unit edgelengths,namely60(3)s, —30(5)1, and30(5); — 60(3)s, respec-
tively, have zerosum,so Sydlers theoremshaows thatit is possibleto dissectheminto
finitely mary piecesthatcanbereassembletb form alarge cube.This might make an
intriguingwoodenpuzzleif anexplicit dissectiorcouldbefound.(We have no ideahow
to dothis.)
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Tomo2m W
5037 502
dyad
Z_<3>57<3>27 4 +<3>57% %<5>17%_%<5>17%
Z —2(3)s, triad pentad
7T—2<3>2 <5>1

$m+ (35 — 5(5)1, 37— (3)5 — $(51

Fig. 2. Anglesbetweeraxesof fixedrotationalsymmetry(shavn at corners) andbetweeraxesof different
rotationalsymmetry(shavn atedges).

Table 3. The Dehninvariantfor the non-snubunit
edgeArchimedearpolyhedra.

Tetrahedron —12(3),
Truncatedetrahedron 12(3)2
Cube 0
Truncatectube —24(3),
Octahedron 24(3)2
Truncatecbctahedron 0
Rhombicuboctahedron —24(3),
Cuboctahedron —24(3)2
Truncateccuboctahedron 0
Icosahedron 60(3)s
Truncatedcosahedron 30(5)1
Dodecahedron —30(5)1
Truncateddodecahedron —60(3)5

Rhombicosidodecahedron 60(3)s5 — 30(5)1

Icosidodecahedron —60(3)5 + 30(5)1
Truncatedcosidodecahedron 0
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4. Angleswith Algebraic Trigonometric Functions

It is naturalto considera generalizatiorof our theorythatgives a basisfor the rational
vectorspacegeneratedby all theangleswvhosesix trigonometricunctionsarealgebraic.
Whatis missinghereis theanaloguef our Splitting TheoremIf suchananaloguevere
found,theidealtheorywould probablygo throughquite easily

We aska precisequestion:Doesthereexist an algorithmthat finds all the rational
linearrelationsbetweerafinite numberof suchangleshenicestanswemwouldbeone
giving anexplicit basis,analogougo our (p)g.
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