
DiscreteComputGeom22:321–332(1999) Discr
�

ete& Computational

Geometry
© 1999Springer-VerlagNew York Inc.

On AnglesWhoseSquaredTrigonometric Functions
Ar eRational

�

J.
�

H. Conway,1 C.
�

Radin,2 and� L. Sadun2

1Department
�

of Mathematics,PrincetonUniversity,
Princeton,NJ08544,USA

2
�
Department

�
of Mathematics,Universityof Texas,

Austin,TX 78712,USA

Abstract. W
�

econsidertherationallinearrelationsbetweenrealnumberswhosesquared
trigonometricfunctionshave rational values,angleswe call “geodetic.” We constructa
convenientbasisfor the vectorspaceover � generated	 by theseangles.Geodeticangles
andrationallinearcombinationsof geodeticanglesappearnaturallyin Euclideangeometry;
for illustrationweapplyour resultsto equidecomposabilityof polyhedra.

Intr oduction

Many well-known geometricobjectsinvolve anglesthatareirrationalwhenmeasured
in



degreesor are irrational multiplesof � in



radianmeasure.For instance,we might

mentionthedihedralangle� 
 � 70
� �

31
� �

44� � � of� theregulartetrahedron,whosesupplement� �
109� 28

� �
16� � � is



knowntochemistsasthecarbonvalencebondangle.A goodlynumber

of� theseangleshave the propertythat their six trigonometricfunctionshave rational
squares.� For instance,
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There
V

aremany additive relationsbetweenanglesof this kind; for instance,W and� X
satisfy� Y Z 2[ \ 2] . In thispaperweessentiallyclassifyall suchadditive relations.

T
V
obeprecise,wesaythat̂ is



a“puregeodeticangle”if any one(andthereforeeach)of

its six squaredtrigonometricfunctionsis rational(or infinite), andusetheterm“mixed
geodetic_ angle” to meana linear combinationof pure geodeticangleswith rational
coef" ficients.Themixedgeodeticanglesform a vectorspaceover the rationalsandwe
shall� find an explicit basisfor this space.Finding a basisis tantamountto classifying
all� rational linear relationsamongmixed geodeticangles.By clearingdenominators,
rational` linear relationsamongmixed geodeticanglesareeasilyconvertedto additive
relations` amongpuregeodeticangles.

Anotheraim of this paperis to introduceanelegantnotationfor theseangleswhich
wea hopewill find generalacceptance.Namely, if 0 b rc d 1 is rationalwedefinee

r f sin� g 1 h r i j 3� k
(W
l

efeelfreetowritetheseanglesin eitherdegreesorradians.)Thewell-knownparticular
cases" are:m
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0 � � �
2
� � � 4| �

W
�

eextendthisnotationfor all integersn� ,� by writing
�

n� � 90
0

n� � � n� �
2 �

� �
n� � rc � � � n� � � rc   ¡ 5¢ £

Our
¤

basiscontainscertainangles ¥ p¦ §
d

¨ for prime p¦ and� square-freepositive d
©

. If
p¦ ª 2 o

�
r if p¦ « 2

�
andd

© ¬
7

�
(mod8), then ­ p¦ ®

d
¨ is



definedjust when ¯ d

©
is



congruent
to
&

asquaremodulop¦ and� is foundasfollows.Express4p¦ s° as� a± 2 ² db
© 2 for thesmallest

possible³ positives´ . Then

µ
p¦ ¶

d
¨ · 1

s´ ¸ db
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4
|

p¦ s° ¹ 1

s´ sin� º 1 db
©

2
J

4
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s´ cos" ¼ 1 a± 2
J

4
|

p¦ s° ½ 1

s´ tan
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©
2

J
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The
V

expressionis uniqueexceptwhend
© Â

1 or 3, whenwe make it so by demanding
that
&

b
Ã

be
Ä

even(if d
© Å

3)
�

or divisible by four (if d
© Æ

1). (Someexercisein thenotation
is providedin Tables1 and2, whichshow thefirst few elementsin thebasis.)Ourmain
result` is then

Theor
Ç

em1. Every
È

pure geodeticangle is uniquelyexpressibleas a rational multi-
ple¦ of É plus¦ an integral linear combinationof the angles Ê p¦ Ë

d
¨ . So

Ì
the angles Í p¦ Î

d
¨ ,�

supplemented´ by Ï (
l
orÐ Ñ 1 orÐ 1Ò ),

Ó
form

Ô
a basisfor thespaceof mixedgeodeticangles.

It
Õ

is easyto find therepresentationof any puregeodeticangleÖ in



termsof thebasis.

Theorem2. If tan
& × Ø Ù

b
Ã Ú

a± Û Ü d
©

for integers a Ý b
Ã Þ

d
©

,� withß square-freepositived and
withß relativelyprimea andb,� and± if theprimefactorizationof a2 à db

© 2 is
á

p1 p¦
2 â â â p¦
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(
l
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á
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Ó

thenä wehaveå æ
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1 ê d
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2
J í

d
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Ô

somerational t .
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Table 1. Basis
ô

elementsõ pö ÷
d

ø for somepö andd
ù

. # indicatesthat ú pö û is
ü

prime in ý d
ø , while * indicates

that
þ ÿ

pö � ramifies.

(W
l

enotethatthedenominatorof tä willa beadivisorof theclassnumberof � � � � d
© �

.)
F
�
or example,for tan� � 5

	
4


 � 3 w
�

e find a± 2 � db
© 2 
 16 � 75

� �
91

0 �
7
� �

13andindeed� �
n� � � � 7� �

3
@ � � 13� 3

@ .
Our
¤

resultshave an outstandingapplication.In 1900Dehn[Deh] solved Hilbert’s
third

&
problem[Sah]by giving anecessaryconditionfor themutualequidecomposability

of� polyhedrain termsof their dihedralangles,from which it follows easilythat there
are� tetrahedraof equalvolumewhicharenotequidecomposable.In 1965Sydlerproved
[Syd] thatDehn’scriterionisalsosufficient.For polyhedrawith geodeticdihedralangles
our� Theorem1 makestheDehn–Sydlercriterioneffective. At theendof this paperwe
apply� ourtheoryto thenon-snubArchimedeanpolyhedra(whosedihedralanglesareall
geodetic)._

1.
�

Angleswith Polyquadratic Tangentsand the Splitting Theorem

The
V

additionformulafor tangentsenablesusto show thatthetangentof any sumof pure
geodetic_ anglesis a “polyquadraticnumber,” that is a numberof theform � a± � � b

Ã � 
c! " # # # ,� with a± $ b

Ã %
c! & ' ' ' rational.` For instance,if tan ( ) * 2
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�
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� /
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�
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Table2. The
U

valuesof somebasiselementsP pö Q
d

ø .
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W
�

enow supposethesumof anumberof puregeodeticanglesis anintegralmultiple
of� R ; let ussayS 1 T U 2 V W W W V X 1 Y Z 2 [ \ \ \ ] m^ _ ,� wherewehavechosenthenotation
so� that the tangentsof ` 1 a b 2

J c d d d are� in e f g d
©

1 h i i i h j d
©

nã k and� thoseof l 1 m n 2
J o p p p are�

in q d
© r s t

d
©

1 u v v v u w d
©

nã x ,� where y d
© z{ | } ~ d

©
1 � � � � � � d

©
nã � . Then,by the additionand

substraction� formulasfor tangents,tan� � 1 � � 2
J � � � � � �

1 � � 2
J � � � � � and� tan� � 1 � � 2

J � � � � ��
1 � � 2 � � � � � willa beof theforma± � b

Ã �
d
©

and� a± � b
Ã �

d
©

wherea a±   b
Ã ¡ ¢ £ ¤

d
©

1 ¥ ¦ ¦ ¦ ¥ § d
©

nã ¨ .
Ho

©
wever, by assumptiona± ª b

Ã «
d
© ¬

0,
n

so a± ­ b
Ã ®

0,
n

from which it follows that¯
1 ° ± 2 ² ³ ³ ³ ´ µ 1 ¶ · 2 ¸ ¹ ¹ ¹ is alsoanintegralmultipleof º . Addingandsubtracting

wea deducethatthetwo subsums» 1 ¼ ½ 2
J ¾ ¿ ¿ ¿ and� À

1 Á Â 2
J Ã Ä Ä Ä are� integralmultiples

of� Å Æ 2.
�

Combiningthisargumentwith inductiononn� wea obtain

Theorem3 (The
l

SplittingTheorem). If thevalueof a rational linear combinationof
pur¦ e geodeticanglesis a rational multipleof Ç ,� thenä sois thevalueof its restrictionto
thoseä angleswhosetangentsare rationalmultiplesof anygivensquare root.

W
�

e remarkthat thesamemethodcanbeusedto show thatany anglewhosetangent
is



polyquadraticis a mixed geodeticangle.For supposeÈ is



an anglewhosetangent

is polyquadratic,with tanÉ Ê Ë d
©

0
Ì Í Î Ï d

©
1 Ð Ñ Ñ Ñ Ð Ò d

©
nã Ó . So tanÔ Õ zÖ 1 × zÖ 2 Ø d

©
nã ,� where

zÖ j
Ù Ú Û d

©
0

Ì Ü Ý Þ d
©

1 ß à à à ß á d
©

nã â 1 ã . Chooseä å such� that tan æ ç è zÖ 1 é zÖ 2
J ê d

©
nã ,� anddefineë ì í î ï ð and� ñ ò ó ô õ ö . It follows that
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Repetition
$

of this techniquejustifiesour claim. We leave to the readerthe exercise
of� applyingthis techniqueto thecaseof tan % & ' 6

x ( )
3

� * +
2
� ,

1, obtaining4- ./ 0
1 1 441



457 2 3 4 432



457 5 6 96

 
457 7 8 2592

J
4113.

2. Størmer Theory and Its Generalization

The Splitting Theoremreducesthe studyof the rational linear relationshipsbetween
angles� of theformtan9 1 : : bÃ ;

a± < = d
© >

to
&

thosewith afixedd
©

.Theseanglesarethearguments
of� algebraicintegersa± ? b

Ã @ A
d

©
,� andtheir theoryis essentiallythefactorizationtheory

of� numbersin B d
¨ ,� thering of algebraicintegersof C D E F d

© G
[Pol]. Themethodwasfirst

usedH by Størmer[Stø] (in thecased
© I

1) who classifiedtheadditive relationsbetween
the

&
arctangentsof rationalnumbersusingtheuniquefactorizationof Gaussianintegers.

(See
l

also[Con].) We recallStørmer’s analysisof thecased
© J

1 andthengeneralizeit
to

&
arbitraryd

©
,� whichwill proveTheorems1 and2.

It
Õ

is known thattheGaussianintegershave uniquefactorizationup to multiplication
by

Ä
thefour units:1 K L 1 M i

á N O
i

á
. It is alsoknown how eachrationalprime p¦ factorizes

in



theGaussianintegers.Namely:(1) if p¦ P Q 1 (mod4), then p¦ remains` prime;(2) if
p¦ R S 1 (mod4), thenp¦ T a± 2 U b

Ã 2 is theproductof thedistinctGaussianprimesa± V ib
á
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and� a± W ib
á

(for
l

uniquenesswechoosea± odd,� b
Ã

eX ven,bothpositive);and(3)2 Y Z i
á [

1\ i
á ] 2

“ramifies,” thatis to sayit is (aunit times)thesquareof aGaussianprime.
No

^
w let _ ` a 1 b 2

J c
3

@ d d d be
Ä

the prime factorizationof a Gaussianinteger e . Then
plainly³ arg f g h i ar� g j k 1 l m ar� g n o 2 p q ar� g r s 3

@ t u v v v (mod
l

2w ).
Ó

So the argumentsof
Gaussian
x

primes(togetherwith y )
Ó
spanthesubspaceof mixedgeodeticanglesgenerated

by
Ä

thepuregeodeticangleswith rationaltangent.However,

(1)
l

If p¦ z 4
|
k

{ |
1, thenarg } p¦ ~ � 0

n
andcanbeignored.

(2)
l

If p¦ � 4k
{ �

1 � a± 2 � b
Ã 2,� then arg � a± � bi

Ã � �
ar� g � a± � bi

Ã � �
0.

n
We define�

p¦ �
1 � ar� g � a± � bi

Ã � � �
ar� g � a± � bi

Ã �
.

(3)
l

arg � 1 � i
á � � � �

4.
(4)
l

Theargumentsof theunitsaremultiplesof � � 2,
�

andsoaremultiplesof arg � 1   i
á ¡

.

Thustheargumentof any Gaussianintegeris anintegral linearcombinationof ¢ £ 4 and
the
&

angles¤ p¦ ¥
1,� with p¦ ¦ 1 (mod4).

It is also easyto seethat § and� the ¨ p¦ ©
1’s are rationally independent.Otherwise

some� integral linear combinationof the ª p¦ «
1’s would be an integral multiple of ¬ .

However, supposefor instancethat2 ­ p¦
1 ® 1 ¯ 3

� °
p¦

2 ± 1 ² 5
¢ ³

p¦
3

@ ´
1 µ 0.

n
The left-handside

is



theargumentof ¶ 2
1 ·¸ 3

@
2 ¹ 5

º
3

@ whicha mustthereforebea realnumberandhenceshouldbe
equalX to its conjugate»¼ 2

J
1 ½ 3

@
2 ¾¿ 5

º
3

@ ; but thiscontradictstheuniquefactorizationof Gaussian
integers.

The
V

analogueof theStørmertheoryfor thegeneralcaseis complicatedby the fact
that
&

someelementsof À d
¨ may not have uniquefactorization.However, the idealsdo.

Instead
Õ

of assigningargumentsto numbers,wesimplyassignanangleto eachideal Á by
Ä

the
&

rule

ar� g Â Ã Ä Å ar� g Æ Ç È if É Ê Ë Ì Í is principalÎÏ
1Ð s´ Ñ ar� g Ò Ó s° Ô

if

 Õ

is



notprincipalÖ
×
10Ø

wherea s´ is



thesmallestexponentfor which Ù s° is



a principal ideal,and Ú Û Ü denotes
Ý

the
principal³ idealgeneratedby Þ . Recallthat for every d

©
the
&

idealclassgroupis finite, so
such� ans´ eX xistsfor everyideal,ands´ di

Ý
videstheclassnumberof ß d

¨ . Sincethegenerator
of� a principal ideal is uniqueup to multiplicationby a unit, we take theargumentof an
ideal



to bedefinedonly modulotheargumentof a unit dividedby theclassnumberofà
d

¨ . Thisambiguityis alwaysa rationalmultipleof á .
Let

â
c! d

¨ be
Ä

theclassnumberof ã d
¨ . For every ideal ä ,� principalor not,wehavethatthe

ideal



argumentarg å æ ç is



equalto 1è c! d
¨ times

&
the(ordinary)argumentof thegeneratorof

the
&

principalideal é cê d ,� up to theambiguityin thedefinitionof idealarguments.It follows
that,
&

for generalidealsë and� ì ,�
ar� g í î ï ð ñ ar� g ò ó ô õ ar� g ö ÷ ø ù 11ú

(modulo
l

theambiguity),sincethe(ordinary)argumentof thegeneratorof û ü ý þ cê d is



the
ar� gumentof thegeneratorof ÿ cê d plus³ theargumentof thegeneratorof � cê d (mod

l �
).

Ó
Thus

the
&

argumentof any ideal(andin particulartheprincipalidealgeneratedbyany algebraic
inte



ger) is anintegral linearcombinationof theargumentsof theprimeideals(modulo
the
&

ambiguity).Whatremainsis to determinethenontrivial argumentsof primeideals.
As
�

in thecased
© �

1, therewill beonesuchanglefor eachrationalprime p¦ for
�

which�
p¦ � splits� astheproductof distinctideals.
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W
�

e illustratetheprocedureby working in � 5
º ,� for which the ideal factorizationsof

the
&

first few rationalprimesare:�
2	 
 � 2 � 1 
 � � 5

¢ � 2 �
�
3

� � � �
3
� �

1 � � � 5
¢ � �

3
� �

1 � � � 5
¢ �  

!
5

¢ " # $ % &
5
¢ ' 2

J (
)
7

� * + ,
7
� -

3
� . / 0

5
¢ 1 2

7
� 3

3
� 4 5 4

5
¢ 6 7

8
119 : ; 11< = (12)

l
>
13? @ A 13B CD
17E F G 17H IJ
19K L M 19N OP
23Q R S 23T 22 U 3

� V W
5
¢ X Y

23Z 22 [ 3
� \ ]

5
¢ ^ _

`
29a b c 3� d

2e f 5
¢ g h

3
� i

2j k 5
¢ l m

(This
l

list maybeobtainedusingTheorems5 and6,below.) Here n xo p yq r denotes
Ý

theideal
generated_ by xo and� yq . Thereaderwill seethat(2) ramifiesasthesquareof anonprincipal
ideal



and(5) asthesquareof a principal ideal, (3), (7), and(23) split into productsof

nonprincipalideals,(29) splits as the productof distinct principal ideals,while (11),
(13),

l
(17),and(19) remainprime.Noticethat,astheexampleshows,every idealof s d

¨
can" begeneratedby atmosttwo numbers,and t p¦ u can" bewrittenasaproductof atmost
tw

&
o primeideals,for any rationalprime p¦ .
As
�

in theStørmercasetheprincipal idealsgeneratedby rationalprimesthatremain
prime³ have argumentzeroandcanbe ignored.We alsoignorethosethat ramify, since
their

&
angleswill berationalmultiplesof v . Otherwisewedefine w p¦ x

d
¨ to

&
betheargument

of� oneof thetwo idealfactorsof y p¦ z ,� makingit uniqueby requiring0 { | p¦ }
d

¨ ~ � � 2 if
the

&
factorsof � p¦ � are� principaland0 � � p¦ �

d
¨ � � � 4

|
if not.

To illustratethis we determine� 3� �
5

º . The ideal factorsof (3) arenonprincipalsowe
square� them: �

3
� �

1 � � � 5
¢ � 2 � � 3� 2 � 3

� �
1 � � � 5

¢ � � �
1 � � � 5

¢ � 2 �
  ¡ 90 ¢

3
� £

3
� ¤ ¥

5
¢ ¦ §

4
| ¨

2
� © ª

5
¢ « ¬

(13)
l

whicha reducesto ­ 2� ® ¯ ®
5
¢ °

. Similarly, ± 3� ²
1 ³ ´ ³ 5

¢ µ 2
J ¶ ·

2
� ¸ ¹ º

5
¢ »

. So ¼ 3½ ¾
5

º ¿
1
2

À arÁ g Â 2 Ã Ä Å 5
¢ Æ Ç 1

2
À tan

È É 1 Ê 1
2

À Ë 5
¢ Ì Í 1

2
À Î 5

º
9

 .
In
Õ

the generalcase(d
©

anÁ arbitrarysquare-freepositive integer) the previously de-
scribedÏ procedureassignsanangle Ð p¦ Ñ

d
¨ to

È
every rationalprime p¦ for

Ò
which Ó p¦ Ô splitsÏ

asÁ the productof two distinct prime ideals Õ andÁ Ö . Let s´ be
×

the smallestinteger for
whichØ Ù s° (and

Ú
thereforeÛ s° )

Ü
is principal.Recallthat theelementsof Ý d

¨ areÁ of theform
a± Þ 2 ß à bÃ á

2â ã ä d
å

,æ whereaç andÁ b
è

areÁ rationalintegers.If d
å éê 3

½
(mod4), thenaç andÁ b

è
mustë beeven; if d

å ì
3
½

(mod4), thenaç andÁ b
è

areÁ eitherbothevenor bothodd.We can
therefore

È
write í sî ï aç

2
ð b

è
2

ñ ò
d

å ó ô sî õ aç
2 ö b

è
2

÷ ø
d

å ù ú
14û
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whereØ we candistinguishbetweenü andÁ ý by
×

supposingthataç andÁ b
è

areÁ positive. We
tak
È

e

þ
pÿ �

d
� � 1

s� tan
È � 1 b

è
aç

�
d
å � 1

s� � b
è 2

À
d
å

aç 2
À �

b
è

2
À
d
å 	

The above definesthe angles 
 pÿ �
d

� uniquely� for all d
å

other
 than1 and3, because
then
È

theonly unitsare � 1, sothattheonly generatorsof � sî andÁ � sî areÁ thefour numbers�
aç � 2 � � bè �

2� � d
å

. Whend
å �

1 we have theadditionalunit i
�

whichØ effectively allows
us� to interchangeaç andÁ b

è
: wethenachieveuniquenessby demandingthatthegenerators

of
 � be
×

aç � bi
è

withØ aç andÁ b
è

positi� ve integerswith b
è

e� ven. In the cased
å �

3
½

the field
has
�

six unitsandthecorrespondingconditionis thatthegeneratorsof  shouldÏ have the
form aç ! b

è " #
3

½
whereaç andÁ b

è
areÁ positive integers.

Theor
$

em4. F
%
or fixedsquare-freepositived,æ consider& thesubspaceof mixedgeodetic

anglesç generatedby arctangentsof rational multiplesof ' d
å

. Thissubspaceis spanned
by
è (

andç thenonzero anglesof theform ) pÿ *
d

� ,æ wher+ e p rangesover therationalprimes
for

,
which - pÿ . splits� asa productof distinctidealsin / d

� .

Proof. Theproofisessentiallythatof theStørmerdecomposition,onlysubstitutingthe
arÁ gumentsof idealsfor theargumentsof algebraicintegers.

Combining
0

Theorem4 with theSplittingTheorem,andby therationalindependence
of
 1 andÁ the 2 pÿ 3

d
� ’s for any fixed d

å
(the

Ú
independencecanbeproved similarly aswas

shoÏ wn in thecased
å 4

1), weobtainTheorem1.

Proofof Theorem2. Recall that if 5 is any ideal (principal or not) in 6 d
� ,æ then 7 89 is

aÁ principal ideal with a positive integer generatorthat we call the norm of : ,æ andthat
normsaremultiplicative [Pol]. Fromthis it follows that theprime idealsareprecisely
the
È

factorsof ; pÿ < ,æ with pÿ ranging= over the rationalprimes,andthatevery prime ideal
that
È

is notgeneratedby a rationalprimehasrationalprimenorm.
No

>
w supposethattan? @ A B C bè D

aç E F d
å

withØ square-freepositived
å

andÁ with relatively
prime� aç andÁ b

è
. Considerthe factorizationof the principal ideal G H I aç J b

è K L
d
å M

. IfN O P
1 Q 2

À R R R S
nT ,æ whereeachideal U i is

V
prime, thennoneof the W i ’s aregeneratedby

rationalprimes,insofarasaç andÁ b
è

areÁ relativelyprime.ThuseachX i satisfiesÏ Y
i Z[

i \ ] q^ i _
for somerationalprimeq^ i . On theotherhand,wehave

`
pÿ

1 a b pÿ
2 c d d d e pÿ

nT f g h aç 2 i b
è 2d

å j k l mn o p
1 qr

1 s s s t nT uv
nT w x 15y

So,
z

after a suitablepermutationof the indices1 { | | | { n} on
 the right side of (15) we
ha
�

ve ~ i ��
i � � pÿ

i � ,æ andso the argumentof � i is
V � �

pÿ
i � d

� ,æ for every i
�
. However, � �

arÁ g � aç � b
è � �

d
å � �

arÁ g � � � is
V

the sum of the argumentsof the � i ’s, up to a rational
multiple of � that

È
comesfrom the ambiguity in the definition of the argumentof an

ideal.
V

All
�

thatremainsis to identify thepairs � pÿ � d
å �

for
Ò

which � pÿ �
d

� is
V

defined.Thefollowing
theorems
È

givethecriteria.Thesecriteriamaybeeasilyimplemented,byhandfor smalld
å
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andÁ pÿ ,æ andby computerfor largervalues.Thetheoremsthemselvesarestandardresults,
andÁ we leave theproofsto thereader.

Theorem5. Let p be an oddrational prime. Theideal � pÿ � of� �
d

� splits� asa product
of� distinctidealsif andonly if wecanwrite

4
�

pÿ sî  
aç 2

À ¡
b

è 2
À
d
å ¢

16£
for

¤
integersa andb (

Ú
neither¥ a multipleof p)

Ü
andç for anexponents thatdividestheclass

number¥ of ¦ d
� . If

§
d ¨© 3

½
(mod4),or� if d ª 3,

½
then« thefactorof 4

�
is

¬
unnecessary,æ andç the

criterion­ for splitting reducesto

pÿ sî ®
aç 2 ¯ b

è 2d
å ° ±

17²
for

¤
a andb nonzero (mod

Ú
pÿ ).

Ü
The
³

ideal ´ pÿ µ is
¬

primein ¶ d
� if

¬
andonly if · d

å
isnotequal

to« a squaremodulop. If ¸ pÿ ¹ is
¬

notprimeanddoesnot split,æ then« º pÿ » ramifies.

Theorem5 givescriteriafor all oddprimes.Theprime pÿ ¼ 2 issomewhatdifferent.
Since

z
both0 and1 aresquares,every ½ d

å
is

V
congruentto a squaremodulo2. However,

there
È

arevaluesof d
å

for which ¾ 2¿ is prime.

Theorem6. If d ÀÁ 3
½

(mod4), then« Â 2Ã ramifiesin Ä d
� . If d Å 3

½
(mod8), then« Æ 2Ç is

¬
primeÿ . If d È 7

É
(mod8), then« Ê 2Ë splits� andwecanwrite a powerof 2 asç a2

À Ì
bd
è 2

À
.

3.
Í

Applications to the Dehn–SydlerCriterion of Ar chimedeanPolyhedra

The
Î

Dehninvariantof apolyhedronwhosei
¬
th
È

edgehaslengthÏ i andÁ dihedralangleÐ i is
V

the
È

formalexpression i Ñ i V [ Ò i ]
Ó

wherethe“vectors”V [ Ô i ]
Ó

aresubjectto therelations

V [rÕ Ö × s� Ø ]
Ó Ù

rVÕ [ Ú ]
Ó Û

sV� [ Ü ]
Ó Ý

V [rÕ Þ ]
Ó ß

0
à á â

18ã
for

Ò
all rationalnumbersrÕ andÁ s� . The V [ ä ]’

Ó
s satisfy the samerational linear relations

satisfiedÏ by the angleså in the rationalvectorspacethey generate,togetherwith the
additionalÁ relationV [ æ ]

Ó ç
0;

à
however, we allow their coefficientsto bearbitraryreal

numbers.
If
è

everydihedralangleé of
 apolyhedronis geodeticwecanwrite

ê ë
r ì í r1 î pÿ

1 ï d
�

1 ð ñ ñ ñ ð r j
Ù ò pÿ

j
Ù ó

d
�

j
ô õ 19ö

for rationalnumbersr ÷ r1 ø ù ù ù ø r j
Ù , sæ o

V [ ú ]
Ó û

r1V [ ü pÿ
1 ý d

�
1]

Ó þ ÿ ÿ ÿ þ
r j

Ù V [ � pÿ
j

Ù �
d

�
j

ô ]
Ó � �

20�
If

è
theedgelengthsof thepolyhedronarerationalitsDehninvariantwill thenbearational

linearcombinationof theV [ � pÿ �
d

� ]’
Ó

s.
It
è

canbeeasilycheckedthateachfaceof anArchimedeanpolyhedron(otherthanthe
snubÏ cubeandsnubdodecahedron)is orthogonalto arotationaxisof oneof thePlatonic
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Fig. 1. Cosinesof anglesbetweenaxesof fixedrotationalsymmetry(shown at corners),andbetweenaxes
of differentrotationalsymmetry(shown atedges).

solids,Ï andtherotationgroupsof all thePlatonicsolidsarecontainedin thecubegroup�
andÁ icosahedralgroup� . It follows thatthedihedralanglesof all thesepolyhedraare

found
Ò

amongthesupplementsof theanglesbetweentherotationaxesof 	 andÁ 
 .
W

�
e now concentrateon � . Let 
 � � 1 � � 5

� � �
2 and � � � � 1 � � � 1. The 12

v� ectorswhosecoordinatesarecyclic permutationsof 0 � � 1 �  ! lie
"

alongthepentadaxes.
Similarly
#

the20vectorsobtainedbycyclicly permutating$ 1 % & 1 ' ( 1and0 ) * + , - . lie
along/ thetriadaxes,andthe30cyclic permutationsof 0 2

1 2
0

à 3
0
à

and4 1 5 6 7 8 9 : lie
;

along
the
<

dyadones.Thecosinesof theanglesbetweentheaxeshave theform = > ? @ A B C C D E
whereF G and/ H are/ chosenfromthesevectors.Thesecosinesareenumeratedin Fig.1.The
angles/ thatcorrespondtothemarethoseshownin Fig.2,togetherwith theirsupplements.

Table3 givesthecomponentsof theDehninvariantsfor thenon-snub
Archimedean
I

polyhedraof edgelengths1. For instancethedihedralanglesof thetrun-
catedJ tetrahedronareK L 2 M 3N O

2 at/ 6 edgesand2 P 3N Q
2 at/ theremaining12,sothatits Dehn

in
R

variantis

6
S
V [ T U 2 V 3N W

2]
Ó X

12V [2 Y 3N Z
2]

Ó [
12V [ \ 3N ]

2]
Ó ^ _

21̀

sincea V [ b ]
Ó c

0.
à

WeabbreviateV [ d pÿ e
d

� ] t
Ó

o f pÿ g
d

� .
W

�
enotethattheDehninvariantsof theicosahedron,dodecahedron,andicosidodec-

ahedron/ with unit edgelengths,namely60h 3N i
5

º j k 30
N l

5
� m

1,n and30o 5� p
1 q 60

S r
3
N s

5
º ,n respec-

ti
<
vely, have zerosum,soSydler’s theoremshows thatit is possibleto dissecttheminto

finitely many piecesthatcanbereassembledto form a largecube.This might make an
intriguing
R

woodenpuzzleif anexplicit dissectioncouldbefound.(Wehaveno ideahow
to
<

do this.)
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Fig
t

. 2. Angles
u

betweenaxesof fixedrotationalsymmetry(shown atcorners),andbetweenaxesof different
rotationalsymmetry(shown atedges).

Table 3. The Dehninvariant for the non-snubunit
edgeArchimedeanpolyhedra.

Tetrahedron v 12w 3x 2

T
y

runcatedtetrahedron 12z 3{ 2
|

Cube 0
T

y
runcatedcube } 24~ 3� 2

|
Octahedron 24� 3� 2

T
y

runcatedoctahedron 0
Rhombicuboctahedron � 24� 3� 2

Cuboctahedron � 24� 3� 2
|

Truncatedcuboctahedron 0

Icosahedron 60� 3� 5
�

Truncatedicosahedron 30� 5� 1

Dodecahedron � 30� 5� 1

T
y

runcateddodecahedron � 60� 3� 5
�

Rhombicosidodecahedron
�

60� 3� 5
� � 30� 5� 1

Icosidodecahedron
� �

60� 3� 5
� � 30� 5� 1

Truncatedicosidodecahedron 0
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4.
 

Angleswith Algebraic Trigonometric Functions

It
¡

is naturalto considera generalizationof our theorythatgives a basisfor therational
v¢ ectorspacegeneratedby all theangleswhosesix trigonometricfunctionsarealgebraic.
What
£

is missinghereis theanalogueof ourSplittingTheorem.If suchananaloguewere
found,theidealtheorywouldprobablygo throughquiteeasily.

W
£

e aska precisequestion:Doesthereexist an algorithmthat finds all the rational
linearrelationsbetweenafinite numberof suchangles?Thenicestanswerwouldbeone
gi¤ ving anexplicit basis,analogousto our ¥ pÿ ¦

d
� .
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