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Abstract. We consider rotationé\, B of finite order inSQ(3), about axes separated by

an angle of restricted type, and attempt to classify the possible group relations bé&tween
and B. We show that the relations responsible for the symmetries of Platonic solids have
consequences far beyond that simple geometric setting.

1. Introduction and Results

In two recent papers [1], [3] we classified certain subgroupS@f3), namely, those
generated by two rotations, of ordprandq, respectively, about perpendicular axes.
Presentations were given for these groups, and an interesting feature emerged: for all
these groups the only relators needed were based on symmetries of the cube.
In [4] we generalized these results to pairs of rotations of finite order whose axes are
separated by an angéewhich is a rational multiple ofr—in other words, for which
e’ is a root of unity. Again the only relators needed were based on symmetries of the
cube, and, in particular, there are never any relations between generators of odd order.
This is surprising, since the group of rotational symmetries of the tetrahedron is
generated by two rotations of order 3. Moreover, the group of rotational symmetries
of the icosahedron (or dodecahedron) may be generated in several distinct ways by
two rotations of odd order: either two rotations of order 3, two of order 5, or one
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of order 3 and one of order 5. In each of these cases the angktween the axes
of rotation is not, of course, a rational multiple af Instead,« is in many cases
an angle whose squared trigonometric functions are rational. This meares thist
algebraically simple in a different way. Instead of treateftf = €” as a (square)
root of unity, we can think of it as satisfying a quadratic polynomial with integer
coefficients.

Angles whose squared trigonometric functions are rational are called “geodetic” and
were introduced in [2]. If an angleis geodetic, therm = exp(2i «) is at worst a quadratic
irrational, sincex + x 1 4 2 = 4 coZ(6) is rational. Geodetic angles are denoted by the
squares of their sineg‘(a/c) denotes sin'(,/a/c).

In [2] we found all additive relations between geodetic angles. Equivalently, we
classified all relations between rotations in the plane by geodetic angles. In this paper we
extend this analysis to three dimensions, analyzing relations between rotations of finite
order about axes that are separated by geodetic angles, as in Platonic solids.

A basic feature of our method is to employ only those relators coming from Pla-
tonic symmetry groups. In a sense the main result we report is that although this is
not sufficient for all these groups, it does go surprisingly far. With only a few excep-
tions, the relations that can occur are direct consequences of symmetries of Platonic
solids.

Given a geodetic anglg(a/c), wherea andc are relatively prime positive integers
with a < ¢, we letA = RZ"/P be a rotation about the axis by angle 2/p and let
B= Rf”/q be a rotation about théaxis by 2r/q, where thel axis is in thex—y plane,
itself making an angle af'(a/c) with the x axis.

Theorem 1. The following conditions are necessary for there to be nontrivial relations
between A and B

H1. cis not divisible by any prime greater thé&n

H2. c is not divisible by23, 32, or 52.

H3. If c is eventhen both p and q are even

H4. If ¢ is divisible by3, then p or q is divisible bg.

H5. If ¢ is divisible by3?, then both p and q are divisible 8
H6. If ¢ is divisible by5, then both p and q are divisible &
H7. If p and gq are both oddthen a is divisible byl.

Corollary. There is only a finite set of geodetic anglé&/c) that can support non-
trivial relations between finite-order rotatioAsand B about axes separated lya/c).
These angles hawee {1, 2, 3,4,5, 6,9, 10, 12, 15, 18, 20, 30, 36, 45, 60, 90, 180}.

It is a daunting task to understanding which of the geodetic angles of the corollary
actually do support relations for which valuesmfindq, and to understand what the
relations actually are. However, whpandq are of prime order, a complete classification
is possible:

Theorem 2(The Primordial Theorem). Assume p and g are prime and that the group
generated by A and B is not the free product of the obvious cyclic gratiesollowing
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examples occuand are the only ones possible
(i) a=<%i p=2andorq=2;
(i) a=2s3p=q=3;
(i) o=/3 p=q=>5;
(v) a=s3p=q=2
V) a=25(p.a)=1{23);
(Vi) a=43,p=q=2;
(i) a=/3,p=q=3;
(vii) o =23, {p.a} =1{2.3};
(ix) a=s%3p=qg=2.
Furthermore the relations derive straightforwardly from those exhibited in Platonic
solids

The assumption of prime order in Theorem 2 is essential. Allowing composite orders
we have the additional

Example. Ifc=6, a=5, p=6, andq = 2, then

A’BA’BA’BA'BA’BA'B
is the identity. (This follows from the “accidental” fact th&®B A3B A2 commutes
with B.)

2. Representations intdPGL(2, C)

The tools for addressing these questions are explicit representations of our rotations in
SQR) ~ PSU?2) c PGL(2, C). The rotationR) is represented by

2 0 0 10
526969

wherev = exp(i6), and where we may choose whichever one of the three equivalent
matrices is most convenient. The rotatigfiis represented by

cog0/2) isin6/2)
i sin(6/2) cog0/2)

(VR0 2 29t 2\ v+l v—-1 5

“\Y2-d3)2 w2+ 0%2))2 v-1 vt1) @

Next we need to represeBt LetC = RE @, so thatB = CRZ/IC~1. Letb =c—a,
and lete = vb +i./a= ./Cexpi Z(a/c)). We represent

-(4 9-(: &)

(6 50) (5 ) <$
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As a result, we can represent rotations abouttagis by
0 -1 _ o2 0 v+ 1 v — 1 ﬁ 0
R =CRC —<o ﬁ)(v—l v+1) o o) @

Now suppose we have a relation involviAgandB. After conjugating by some power
of A or B this relation can always be put in the form

T = AMBY... ANB
RURf - RIR"
= RiCR:C™!...RIFCRNCT?

_(vi+1 vu—-1\(1 O c O
“\vy—1 vi+1 0 \/6 0 1
wi+1 wi—1)\ (1 0)\/JC O
“\wi—1 wi+1)\0 o)\ 0 1
m+1 va—1\/1 O o O
“\von-1 vy+1)\0 Jc)\0o 1
wn+1 wh—1)(1 0\/J/C O
X(wn—l wn~|—1><0 a><0 1)’ ®)
where 1< X < p, 1 < Yk < Q, Ok = 27X/ P, ox = 27Yk /4, vk = exXpibk), and

wk = expigk). Conjugatingr by (OJE 2) we get that a multiple of the identity matrix
can be written as the alternating product of matrices of the form

A — JC 0\ (w+1 w—-1\/1 O

= \lo 1)\w-1 wn+1/\0o
_ \/E(vk + l) C(Uk - 1) (6)
T\ w-1 Jow+1D

B — (© O\ fux+1 we—1\/1 O

k= lo 1)\w—-1 w+1/\0 o
_ (o(w+1D) o?(wg — 1) 7
- wg — 1 oc(wg+1) /-

To understandd, and By better we do a change-of-basis from the standard lﬁ@sis

D to
0=(l) wewrvo(f)

Equivalently, we conjugate byl ~1, where

(o cH+ayc
M_(l ch). ®

and
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We compute

o (= DVEW+0) +20 /B _

~  ( 2cu(c+o) )\
Az = (2\/6Uk(\/6+ o>> = 2ene

. 2
Be = (2206wwkk) = 20wey, )
s o(J/C+ o) (wx —1) 4+ 20./C
Be = (ﬁ“’)( (Ve +o)(wk—1) + 20 )

= (VC+0)?(wk — Der + 20

= 20 (vb+ VO (wi — )&y + 206,

so that in this basigy and By are represented by

i (26 0
Ac=M AkM_(vk—l 2\/Evk>’ o

B = M BM = (Zaowk ZU(x/B—i-E/UE)(wk—l)) - <u())k (\/E—F«/El)(wk—l))_

We will consistently use the last expression Ry Notice that the expressions (10) for
A, andBy involve rational integers, roots of unity, and the square rooksasfdc. These
are all elements of the cyclotomic ring of integé&iig ], where¢y is a primitive Nth
root of unity andN is any common multiple of &, ¢, p, andg. We therefore do all our
analysis in this ring.

3. Some Algebraic Facts about Cyclotomic Rings of Integers

Lemma 1. Let p,(2) be the minimal polynomial for a primitiveimroot of unityn > 2.
Then
_|P, if n is a power of a rational prime P

Pn(D) = {1, otherwise (11)
Proof. If nisaprime, therpy(z2) = 1+z+---+2""1sop,(1) = n. If nis composite,
thenpn(2) = L+ 2+ --- 4+ 21 /Tpm(2), where 1< m < n andm ranges over the
factors ofn. The two formulas fomp, (1) whenn is composite then follow by induction
on the number of factors of. O

Lemma 2. If z and Z are both primitive h roots of unitythen z— 1 and Z — 1 divide
one another irZ[¢y], for any multiple N of n

Proof.  Sincez andZz are both primitiventh roots of unity, there exist integersands
such tha = 7z andz = Z°. However, thert — 1= (z— 1)(1+z+---+Z 1) and
z-1=Z -DA+7Z+---+2°h). O
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Lemma 3. LetnN and let, be a primitive rth root of unity If n has distinct prime
factors then¢, — 1is a unit in the ringZ[¢n]. If n = P, P a rational prime then
[n — 1]P~P" = Px (unit).

Proof. pn(1) = IT; (1 — v;) = £IT; (v; — 1), wherey; ranges over all the primitiveth
roots of unity. Ifn has distinct prime factors, thgm (1) = 1 and¢, — 1, which divides
Pn(1), is a unit. Ifn = PX, by Lemma 2 and induction each of ti& — P~ terms
in the productll; (1 — vj) are equal, up to multiplication by a unit, $ = py(1) =
(cn — PP x unit. O

For each rational prim@® which dividesN choose the largest powkisuch thatP*
dividesN. ¢px — Lisirreducible irZ[¢n], so for each element € Z[¢n] we associate a
unique power ofP as follows. Lety be the largest rational integer such tlgi — 1)Y
dividesx and associate t® the powery/(P¥ — P¥-1) of P, sometimes described by
sayingx is divisible byy/(Pk — P¥~1) powers ofP.

4. Proof of Theorem 1

We are now ready for the proof of Theorem 1. We show that if any of the conditions
H1-H7 is not met it is impossible for a produgt= AB; - - - A, B, to be a multiple

of the identity. The strategy is the same for each condition: assuming the condition is
violated, we find a rational prime such that the matrix elemefy; is divisible by fewer
powers ofP than ist11, SOT2 # 711, SOT is hot a multiple of the identity, and neither

is . In particular, we show that the term

(AD21(BD12- - - (A21(Bo1z = Wb+ O P (ok — D(wk — 1) (12

in the expansion of,; is divisible by fewer powers oP than any other term, and fewer
than any term in the expansion@f.. The point is that all other terms in the expansion of
722, and all terms in the expansionff;, take the same form as (12) but with pairs of off-
diagonal matrix elements replaced by diagonal matrix elements. Each such replacement
exchanges a factor ¢f/b + \/C) (v — 1)(w; — 1) for 2,/C times a unit (eithepy or wy).

So to prove the theorem we need only show that if any of the conditions is violated,
then 2/cis divisible by more powers dP than is(v/b + /C) (vx — 1) (w; — 1), for every
possiblevk andwy. In other words, the comparison is always

(Vb + /O (v — D)(w — 1) versus 2/c. (13

Suppose that is divisible by a rational primé. Sincea andc are relatively prime
in Z, the Euclidean algorithm shows thais not divisible by any powers dP. Then
(V¢ — vb)(/c+ vb) = c — b = a implies the same fot,/c + vb). If p (orq) is
divisible by P, thenvx — 1 (orw, — 1) has at most A(P — 1) powers ofP, while if p
(orq) is not divisible byP, thenvy — 1 (orw; — 1) has no powers oP.

If P > 5, then the left-hand side of (13) has at mogtR2— 1) < 3 powers ofP,
while the right hand has at least half a powerP{since P|c), and there cannot be a
relation. This establishes condition H1.
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If P < 5 there is still a limit to the number of powers Bfon the left-hand side of
(13). If the right-hand side exceeds this number, then there can be no relafios: §
there is at most half a power of 5 on the left-hand side, but diGidesc there is at least
one power ofP on the right. If P = 3 there is at most one power of 3 on the left, but
if 3% dividesc there are at least one and a half powers on the rigiR. 4 2 there are
at most two powers of 2 on the left, but if Bividesc there are at least two and a half
powers on the right. This establishes H2.

If cis even, then there are at least one and a half powers of 2 on the right. However,
if either p or q is odd, then there can only be one power of 2 on the left. This establishes
H3.

If cis divisible by 3, then the right has at least half a power of 3, and we need either
p or q divisible by 3 to obtain half a power of 3 on the left.dis divisible by , then
the right is divisible by 3, and we need bgbhrandq divisible by 3 to obtain one power
of 3 on the left. This establishes H4 and H5.

If cis divisible by 5, then the right has at least half a power of 5. Sipce 1 and
w; — 1 each have at most a quarter of a power of 5, to get half a power of 5 on the left
requires bothp andq to be divisible by 5. This establishes H6.

Finally, supposep andq are odd, so thaty — 1 andw, — 1 are not divisible by
any powers of 2. The right-hand side has an explicit power of 2 (regardleys @b
to obtain relations we must havg/c + +/b) divisible by 2. However, in that case
Je—+b = /c++b—2bis also divisible by 2, sa = (,/c+ v/b) (/¢ — v/b) must
be divisible by 4. O

5. Platonic Relations and the Angle-Dividing Trick

Let G, (p, q) be the subgroup o8Q(3) generated by rotationd and B of order p

andq, respectively, about axes separated by an angM/e say an angle supports
relationsif, for some integergp andq, the groupG, (p, q) is not the free product of

the obviousZ, andZq subgroups. The corollary to Theorem 1 says that only a finite
number of geodetic angles support relations. In this section we consider the angles
that do.

We begin with the Platonic relations known since antiquity. The symmetry group of
each Platonic solid is finite (and in particular not free), so the angle between any two
axes of symmetry must support relations.

The tetrahedron has an axis of threefold symmetririéad) through each vertex,
passing through the middle of the opposite face. It also has axes of twofold symmetry
(dyadg passing from the middle of each edge through the middle of the opposite edge.
The triad axes make anglesng with one another and% with the dyad axes. The dyad
axes are perpendicular to one another.

The cube has triad axes through each pair of opposite vertices, founfed) (axes
through opposite faces and dyad axes through opposite edges. Theahgle$, /&,

4%, and 4% appear as dyad-triad, quad-triad, triad-triad, dyad-dyad, and dyad-quad
angles, respectively. The angLé§ andég appear both in the tetrahedron and the cube.
This reflects the fact that one can embed a tetrahedron in a cube, making the tetrahedral
group a subgroup of the cube group.
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In the icosahedron one finds the angles from the tetrahedron repeated once again, and
the additional angles §, 22, and/2, corresponding to dyad-dyad, pentad-pentad and
triad-triad angles, respectively. The angles between other pairs of axes support relations,
of course, but are either not new or not geodetic, and so are not listed.

The angles appearing in Platonic solids form a short list, but from them we can
construct many angles that support relations, thanks to

Theorem 3(The Angle-Dividing Trick). Ifthe anglax supports relationghen so does
a/n for every positive integer.n

Proof. SupposeG, (p’, ') is not a free product and lgt = o/n, n > 2. Letp =
g = 2p'q’. We will show thatGg(p, q) is not a free product of the obviol, andZ,
subgroups.

The groupGg(p, g) contains rotations of ordgrabout thex and¢ axes. Sincegp = ¢
is even, it contains a rotatioB%/? by = about the? axis. ThenC = BY2AB%? is a
rotation of orderp about an axig’ making an angle 2 with the x axis. Conjugating
B by CP/2 gives a rotatiorD of order p about an axig” making an angle 8 with the
x axis. See Fig. 1. Continuing in this way we construct a rotaoof order p about
an axis making an angle off = « with the x axis. However, by assumption there are
relations betweeZ?P and A%, hence relations betweekhandB. O

Note that, although the proof usgd= q = 2p'q’, smaller values will typically
suffice. In particular, itr supports relations between two rotations of orgethenca /2
supports relations between a rotation of orgeand a rotation of order 2. For example,
/& supports triad-triad relations, whilé: = £/8 supports a triad-dyad relation.

Rotation Z

¢ axis; Rotation D

¢ axis; Rotation €

¢ axis; Rotation B

o axis; Rotation A

Fig. 1. Some rotations.
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6. Proof of Theorem 2

We know from Theorem 1 that, fof(a/c) to support relations; must be of the form
25354, where 0<s <2, 0<t<2 0<u<l1.

(@) If c = 1, thena = 1 and the axes are orthogonal. Sircis not divisible by 4,
either p or g is even (hence equal to 2) and the group in question is a finite dihedral
group. This can be viewed as coming from the cube group by the angle-dividing trick.

For the remainder we can assume 1.

(b) If u = 1, thenp = g = 5, soc = 5 anda = 4. Angleé‘g‘ is indeed an angle
between two pentad axes of the icosahedron.

For the remainder we can assume- 0.

(c) If s # 0, thenp = q = 2 andc = 2 or 4, givingZ/3 = n/4, /2 = /3,
andzz—l1 = /6. The first is a quad-dyad angle in the cube group, the second is a dyad-
dyad angle in the cube group, and the third is half the second, hence obtainable by the
angle-dividing trick.

For the remainder we can assume 0, soc = 3 or 9.

(d) If c = 3, thenp or q = 3. If the other was odd, thesa= 4 and we would have a
contradiction & > c). So one ofp, q is 3, the other is 2, and the two possible angles are
4% andé%. Each is a dyad-triad angle, the first from the cube and the second from the
tetrahedron.

(e)Ifc =9,thenp=q = 3,soa =4or8. Angleég is the angle between two
triad axes of the icosahedron, WhLK% appears as the angle between two triad axes of
the tetrahedron (also of the cube and of the icosahedron). O

7. Which Angles Support Relations?

Theorems 1-3 largely determine which rational or geodetic angles can support relations.
All rational angles support relations, and the relations are simple: they derive from
the symmetries of the cube, extended by the angle-dividing trick. By contrast, only
a finite number of geodetic angles support relations. Some of these relations come
from symmetries of Platonic solids, while others (such as the exampl%/gwdo not
appear to.

The question naturally arises of how to understand which angles in general can support
relations. We present here two results that illuminate the scope of the problem:

Theorem 4. If the anglex supports nontrivial relationgthen &¢ is algebraic

Proof. Let N = pg. Every element of the grou@®,(p, ) can be built from the
rotationsRZ"™/ N, R¢, andR;“, which we represent as

N+l n—1 z 0 10
<§N—1 §N+1)’ (o 1)’ and (o z)’ 14

respectively, where = €“. The matrix elements of any purported relat@re therefore
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polynomials inz with coefficients inZ[¢n]. T is a multiple of the identity if and only if
z satisfies the polynomial equations

11— T =T12=T121=0. (15

If ¢ is a nontrivial relator, them;; — 122, T12, andt,; cannot all be the zero polynomial,
as we know that there are some angles (eég%,) that do not satisfy (15). Thus(and
thereforez?) is algebraic. O

Although every angle that supports relations is algebraic, the relations themselves,
and thus the minimal polynomials, can be arbitrarily complicated:

Theorem 5. Fix p and g and lett be an arbitrary (but fixed word in A and B
rotations of order p and grespectivelyabout axes separated ly For a dense set of
anglesu € [0, 2], a power oft is a relator

Proof. Foranyw, 7 is a rotation by some angfeabout some axis. The angle@lepends

real analytically orw, and can be recovered from the trace pfepresented as a matrix

in SO(3). Whenevep is a rational multiple ofr, a power ofr is a rotation by a multiple

of 27, hence is the identity. H is not constant ag varies, the denseness of #s that

give rationald’s follows from the denseness of the rational numbers and the analytic
dependence @f ona. If 6 is constant, it equals the value f@r= 0, which is a multiple

of 27 /pg. In that case a power afis a relation for alkx. O

8. Conclusions

We have been discussing the group relations that exist between a pair of elements of
SO(3), more specifically, a pair of rotations of finite order about axes separated by
an anglex of restricted type. Our method for analyzing such group relations involves
algebraic relations a#?®. In previous papers we solved all cases wheteis a root of

unity, and in this paper we consider the next simplest situation, wReéres a quadratic
irrational—a class with natural geometric significance.

It is plausible that this effort could be extended to algebraic angles of higher order,
but Theorem 5 suggests that progressively higher orders will yield progressively more
complicated (and more difficult) results. In principal it seems to us unlikely that an
understanding of such groups could be attained for arbitrabyt that other reasonable
subclasses might be profitably attempted.
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