TIME-DEPENDENT QUANTAL HARMONIC OSCILLATOR

The stationary problem has been studied by Calo-
gero,5 who gave the whole set of eigenvalues and
the characterization of the eigenfunctions. Intro-
ducing the mean square radius 7,
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we separate the problem into an angular part inde-
pendent on w(f) and a radial part of the form of
Eq. (2. 2), where the effective coupling constant, as
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in the previous case, depends on the eigenvalues of
an operator acting only on the “angular” variables.

The problems (a) and (b) can then be solved by
using the generating function method.

The raising operator method can be, in principle,
applied to both problems, but the stationary prob-
lems are not yet solved by this method, owing to
their intrinsic complications. The research for the
complete algebra of the raising operators in case
(b), in particular, for the three-body problem

is in progress.
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We give precise conditions sufficient to guarantee that an infinite system will act as a thermal reservoir
for any of its finite parts. In particular we show that these conditions are satisfied for the X-Y model.
Further results on the ergodic behavior and general relaxation properties of the systems considered are
also obtained directly from the C*-algebraic methods used in the main body of the paper.

1. HEURISTIC STATEMENT OF THE PROBLEM

A physical system is ordinarily defined by the
attribution of a Hamiltonian H(2) to every finite
piece Z(2) of it;here © denotes the spatial exten-
sion of T(Q).

Given Z(Q2), we cut out of it a piece Z(Q o) and de-
note by Z(Q\,) the remaining part of E(Q) One
would presume, according to the phenomenological
laws of thermodynamics, that if Q is very large
compared to Q,, then Z(Q\Q ) serves as a thermal
reservoir for Z(Q,). The traditional approach of
statistical mechanics suggests that the mechanical
description of this situation will be mathematically
simpler (and thus more efficient) if the limit of
large systems is taken. To this effect, we shall
first suppose that Z(Q,) is of finite extent and that
Z(R) is of infinite extent in all directions around
§25. We shail then discuss briefly the thermodyna-
mical consequences of letting 2, become very
large.

To formulate more specifically the problem to
which we want to address ourselves, we consider
an initial situation where (i) the system Z(Q,), cut
off from the rest of Z(Q), is in the canonical equili-
brium state cpg 280 corresponding to H(R,) and the
natural temperature B, and (ii) the system Z(Q)
extends over the entlre physical space and Z(2\Q,),
cut off from %(Q,), is in the state ¢,  Obtained as
the thermodynamlcal limit (as ' becomes infinite)
of the states ¢ ying 5, which are defined as the
canonical equilibrium states computed from
H(Q@N\Q,) for the natural temperature § #B45- One
would then expect that this state of the composite
system “relaxes” to the state ¢ s«r,p Obtained as
the thermodynamical limit of the canonical equili-
brium states ¢, ; computed from H(Q'), these
Hamiltonians taking into account the interactions
between Z(2,) and Z(Q\2).

On a more modest level,one would at least expect
that the time average (as well as the space average)
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of the initial state described above is equal to
¢S#R B

If, furthermore, 2 is taken to be large enough, one
would expect that, well inside Q, the system Z(Q,)
would, in the same sense as above, approach i/s
own thermal equilibrium for the natural tempera-
ture S.

These expected properties are clearly of an ergo-
dic character. Pathological cases where they
would not be satisfied are likely to occur as well.
The question to which we want to address our-
selves is rather whether one can prove explicitly
(i.e., without uncontrollable approximations or un-
warranted statistical assumptions) that there are
mechanical models that do exhibit these proper-
ties.

We shall present such a proof. Some related ergo-
dic properties will be proven as well, along the
principal line of argument. We shall then touch
upon the question of an actual (i.e.,pointwise in
time) relaxation to equilibrium. The latter prob-
lem is that of ultimate physical interest. Some re-
sults are already known in this connection.1:2 How-
ever, information on the latter type of problem is
usually obtained through detailed computations
which are restricted to the models analyzed (e.g.,
one makes use of the precise behavior of the exci-
tation spectrum as the thermodynamical limit is
taken). In contrast,the results presented in this
paper are obtained by methods of a more general
character, and as such, stand a better chance to ex-
tend further than the details specific to the models
treated.

2. THE X-Y MODEL

We consider a one-dimensional lattice-spin sys-
tem. To every site i in Z is attached a spin-3
particle o;, and hence a copy &, of the C*-algebra
of the 2 x 2 matrices. The observables attached
to each finite region Qin Zare therefore the Her-

mitian elements of the C*-algebra 39:1@9 @,, and

the C*-algebra of quasilocal observables on the
infinite lattice is the C*inductive limit:
a-= QU GQ .

cz

<

=

To every interval [a,b] = {i€ Zla <i < b} of Z we

attribute the Hamiltonian

-1

Ho .=— + E
{a.8) El (A +80jo5y + (1 —8) 005y,
a=.

the time evolution o, , (¢) defined by
@y 5 () [A] = exp(— iH, 5 )A exp(iH |, ()
forall A€ Q ),

and the canonical equilibrium state ¢, , defined
by

(¢[a,b] jA) = Tr[exP(_ BH[a,b])A]/Tr[exP(_ BH{,, b])]
for all A ¢ a[a’b] .

C. RADIN

From the fact that the interaction from which the
Hamiltonian H, ,) is built is of finite range, we
know3,4 that a time evolution and a Gibbs state can
be naturally defined for the infinite system des-
cribed by @. Specifically there exists a one-para-
meter, strongly continuous group of automorphisms
a(t) of @ and a state ¢ on @ such that, for every
finite R in Zand A € @ ,

li,gl»eo ler(e) [A] - Qg5 ® [All = o,
oo [ (B34) = (0, 5501 = 0.

lim
a--og,b—
Furthermore, ¢ is uniformly clustering, i.e., for

every A € @ and € > 0 there exists a finite N such
that

[{¢; AB) — (¢; A)(¢; B)| < €l Bl

for all B in @,y yyy- Moreover, ¢ satisfies the
KMS boundary condition with respect to a(t) (for
definitions see Ref.5). As a consequence® of the
uniform clustering of ¢, ¢ is? extremal with res-
pect to the KMS condition; so ¥ KMS and ¥ < A¢
together imply ¥ = ¢.

We now define the automorphism y of @ by means
of

y

X
yloil=07;v[0;] = — o; [0} .

]::_Ui

for all { in Z. Let us denote by &, the C*subalge-
bra of @ consisting of its “even” elements,i.e.,

@, = {A < Gl,[4] = 4}.

Clearly H, , belongs to@®,. As a consequence,y
commutes with each @ o(f) and hence with{a ()¢ € R};
also, ¢ is even (i.e., {(¢;y[A] = (¢;A) for all A ¢
Q). Hence ¢ is determined by its restriction ¢,
to@,, and o (f) maps @, onto itself. Let o, (f) de-
note the restriction of a(f) to @,. From the corres-
ponding properties of ¢,one concludes immediately
that ¢, is KMS with respect to a,(¢) and is uni-
formly clustering on @,. One then checks that the
arguments of Ref. 6, Properties 2.2 and 2. 3, go
through for @, and hence one concludes that ¢, is
extremal KMS on @, .

The arguments developed so far apply to any one~
dimensional lattice-spin system with even, finite-
range, lattice-invariant interaction. We now use a
specific ergodic property of the X-Y model. As is
well known, the Jordan—-Wigner transformation?
brings Hy, ,, into a form which is quadratic in
Fermi operators. It can be seen that in this form
the interaction satisfies the assumptions of theo-
rem II in Ref. 8, so that {a, (t)/# € R} acts as a
strongly asymptotically Abelian group of automor-
phisms of @,,i.e.,

lli‘m I[A4,e,¢)[B]]| =0 forall A,BinQ,.
t{-roc0

Therefore, if 7 is any invariant mean on R, we have

1$¢.; C*[4, e, ()[B]IC) =0
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for all A,B and C in @,. Consequently,® the state
¢, on @, is not only extremal KMS, but also extre-
mal time invariant. Hence ¥, < x¢, and ¥, time
invariant together imply ¥, = ¢,. In particular,

if ¥ is even on @, time invariant, and satisfies ¢ <
A¢d,we can conclude that ¥ = ¢,a fact that we shall
use repeatedly in the next section.

3. ERGODIC BEHAVIOR

Let [c,d] be a finite interval in Z. For each finite
interval [¢,b]in Z suchthata<<c—1landb >d +
1, we define

C
Hy, oy = Hyg ooy ¥ Hieo) * Hugor,0) = Hg iy + V5

with V independent of @ and 5. We then define the
state cp[ca_b] on @, , by

(b 5134 = Trlexp(— BH, ,))AY Tr(— H, ,)

Using Araki's proofs,? it has been shownlO that a
state ¢ exists on & such that

[{(p;4) — (¢ ;A =0

lim @.b]’

a—--00, b= +c0
for all 4 in @, and all finite ,. Hence ¢° can be
interpreted as the Gibbs state corresponding to the
modified infinite chain obtained by cutting off the
interaction between ¢ — 1 and ¢ and between d and
d + 1. Moreover, there exists!0 a real constant A
such that ¢° < A¢. Let us now write

as :a[c,d], aR =GZ\ e, di*

Since @ is isomorphict! to @; ® @, and since
¢;(resp. ¢§), defined as the restriction of ¢¢ to
@ (resp.Q,), is the Gibbs state of the system

z Z\[c,d])fresp. 2{[c, @])) for the temperature g,
we have ¢°= ¢5® ¢j. Since ¢§ is faithful on
Qg (i.e.,(¢5; A"A) = 0 implies A = 0) and since
@ is finite dimensional, there exists a real con-
stant A5 depending only on ¢ such that Y3 <Ag¢§
for all states ¥ on Q5. It then follows easily that

Y=9,® ¢p <Agd° <A

for all Y3 on@,. Since ¢ is invariant with respect
to {a(t)|t ¢ R}, we have further that, for any in-
variant mean 7 on R, the state n{ defined by

(mp; A) = ni; a(e) [AD

also satisfies 7Y < AgA¢. In particular, (79), <
AgAd,. Since ¢, is extremal time invariant,

(ny), = ¢,. Now suppose that ¥ is even on Gg and
therefore that  is even on @. Since y commutes
with {a(t)|f € R}, ny is also even. We have thus
proven that, for any even state {5 on G, and any
invariant mean n on R,

s ® o%) =0¢

as states on the whole algebra Q. Incidentally,
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M s ® dz); A can be computed to be

.1 T
Jim % [ W ® ¢z ) [A])dt.
We emphasize in particular that for any natural
temperature B, the corresponding canonical equi-

librium state ¢ 8, 00 G5 is even. Consequently,
for any natural tempera’curescﬁ0 and f,the tirgle
average of the initial state ¢, = b5 3 @ Pz 4 On
the cut system S + R is equal%o the canonical equi-
librium state ¢, of the joint system for the tem-
perature j, independently of 38,. (Since ¢ 8 is4
extremal lattice invariant, the same result using
space averages is easy to prove.)

Hence the first ergodic property mentioned in Sec.
1 is given a precise meaning, and is proven to hold
for the model considered: The time average {and
space average) of ¢>§ ,p coincides with ¢, for all
finite temperatures B% and B.

It has been shownl10 that the Gibbs state y/, corres-
ponding to a situation where H[a' p1 is modified by

a certain type of perturbation, exists and satisfies
Y < a¢. This is in particular the case for the X-Y
model and any local, fixed perturbation. If these
perturbations are, moreover, even (such as

=— 2 Bo;

iele, dj

. [Z)d] [(1 + Ci)U:U;I + (1 - Ci)oi'yo';ﬂl])’

or

and switched off at { = 0, then we notice that an
argument analogous to that developed above shows
that the time average over positive times (as well
as the space average) of the corresponding Gibbs
states Y coincides with ¢.

We now turn to the case where Q, can be taken to
be very large (but still finite). Let Q, be any finite
interval in Z. We know that on @, and hence «
Sortiori on Qg , ¢, converges to ¢ in the weak*-
topology as Q tends to infinity. Since Q, is finite,
@3, is a finite-dimensional linear space,and so

its weak™~ and norm-topologies coincide. Conse-
quently, given € > 0 and 9, , there exists a finite
25 2 ©, such that for all & 2 Q,

tony;4) — 9;4) ] < e llAl

for all Ain@; andall states ¥ considered above.
Hence we can conclude that well inside Q, (namely
in ©,) ¥ is as close as one wants to the canonical
equilibrium of Z(Q,) for the temperature £.

4. RELAXATION PROPERTIES
To prove nY = ¢, we used a very much weakened
form of the strong asymptotic Abelian character of
the action of {a,(f}1¢ € R} on G, namely

nép,; C*A,a () [B]IC)=0

for all A, B and C in @, and for the restriction
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¢, of the Gibbs state ¢ to @,. The strong asymp-
totic Abelian character of the evolution is evi-
dently much more stringent a condition (and, as
such, is less likely to hold in general). It never-
theless does hold for the X-Y model, so that we
can considerably strengthen the results of the
previous section. These further results will be
obtained by means of a generalization of an argu-
ment published by Kastler,12 which we now
describe.

For any representation 7 of @, in some Hilbert
space JC, we denote by 3 the von Neumann algebra
7@,)" N 7(@,)'. Its commutant 3/ is the von Neu-
mann algebra generated by 7(@,)” and 7(Q,)’, and
hence by 7(®,) and 7(@,)’. Consequently, given
any element B in 3/,any €> 0,and any ¥, (i =1, 2)
in JC, there exists B, = 251 7(4,)B,, with 4, in
@, B, in 7(@ )’ and n finite, such that

1B — By, <e, 1,2.
Using now the strong asymptotic Abelian character
of {o, (1)1t € R} on @, we see that for each A in
@, there exists a positive number T such that

I[Bg, m(a, (H[AD]] < €

for all ¢ with |¢| = T. From these inequalities, we
conclude that

[(¥,, (B, wla, ()[AD1¥,) | < € @14l + 1) e, 0,

which is to say that,for anyB in ¥ and AinQ,,
[B, (o, () [AM tends to zero in the weak operator
topology as |{| tends to infinity. Let now 7 be pri-
mary and [ ¥, = I¥,]l = 1. We form the states
¥, = 1,2, defined on @, by

<1Pi; A) = (¥, 7 (A)¥,)

and notice that there exists a unitary operator U in
®(3C) = 3! such that ¥, = U¥, and hence

<¢1;0‘e O[AD — W/z;ae 0[AD
= (¥y, [U, (2, O)[AD]¥,).
We conclude from this that for any twovector

states ¥, and ¥, on 7(@,), which is assumed to be
primary, we have

|1ti|m [y, (O[A]D) — Was o, O[AD] =0

forallAinQ,.

C. RADIN

In particular, if ¢, is extremal KMS, if 7 is the
representation of @, associated to ¢, (and is thus
primary),and if ¥, < x¢,, then

lim
| th—o0

W, a,(O[AD = (s, 4)

forall AinQ,.

Thus for the states y considered in the preceding
section, which are even, we have not only 7y = ¢,
but actually

lim @;a(@)[A]) = ;4

[t} »c0

for all A in @, i.e.,these states actually relax to
the canonical equilibrium state ¢.

5. CONCLUSION

We have provided a positive answer to the ques-
tion to which we addressed ourselves: Thermal
baths can indeed work in the sense set forth in
Sec.1. We also mention that the methods used to
prove this result apply to some other situations.
Indeed, the essential ingredients are (a) the time-
evolution acts in an asymptotically Abelian man-
ner on the even subalgebra @, and (b) the initial
state ¢y 5 satisfies the following two properties:
(1) ¢, g is even, (ii) ¢ 8 < Py for some posi-
tive number ¢. These conditions also hold10 when
(a’) a uniform magnetic field B in the z direction
is adde%/to the X-Y Hamiltonian and (b’) the initial
state ¢, is the canonical equilibrium state corres-
ponding to 8 and B’({) = B(f) for all but a finite
number of sites i ¢ Z. Hence ¢ ,f () relaxes to the
equilibrium state ¢§, in agreement with results
obtained by Abraham et «l.1 and Tjon.2 The exact
solubility of the X-Y model also enabled these
authors to analyze in detail the excitation spectrum
as the thermodynamic limit is taken;they then use
this analysis to campute the rafe at which equili-
brium is reached. The purpose of the present paper
was, rather, to emphasize some immediate conse-
quences of general ergodic properties, which we
illustrate with the X-Y model.
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