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connected with the Casimir operators through
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+r(r+1)+2 4+ 0 =2a,
+r(r + 1)o = a(a — 1).

For all the representations considered in this paper
we have r=S=lk)| =+ —a}. Sy=T, is
given by (3.2):

Sso {a,s Koty Jis)
= £[(a — 1 + k) + (ol + m)1E lao; koos jj)-
(A5)
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The time evolution of a class of generalized quantum Ising models (with various long-range interac-
tions, including Dyson’s 1/r2) has been studied from the C*-algebraic point of view. We establish that:
(1) All {4), are weakly almost periodic in time; (2) there exists a unique averaging procedure over time;
(3) the time evolution in the thermodynamical limit can be locally implemented by effective Hamiltonians
in the algebra of quasilocal observables; (4) there exists a specific connection between the spectral
properties of the time evolution of the initial state and the approach to equilibrium; (5) there are
examples in which the time evolution is not G-Abelian.

1. INTRODUCTION

A general class of Ising-type 2-body interactions
on an infinite lattice of spins is considered, with the
time behavior of the model being the object of study.
It is shown that there is a canonical time average on
the states of the system which gives a manageable
prescription for determining the equilibria for time-
developing states. Three subclasses of models are then

singled out for a detailed study of the approach to
equilibrium which they produce—finite-range inter-
actions and infinite-range interactions decreasing
polynomially and exponentially with respect to
distance. With the results of a free-induction relaxa-
tion experiment in mind, a class of physically sig-
nificant states is studied, yielding the corresponding
equilibria and the detailed rate of approach to
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equilibrium for each type of interaction. Finally, the
time behavior of each model is linked to specific
spectral properties of the corresponding effective
Hamiltonians.

The framework for the models is that of the C*-
algebra approach. The theories of invariant means on
groups and asymptotic probability distributions are
also employed.

2. THE GENERALIZED ISING MODEL

At each site i in a »-dimensional lattice Z*, associate
a 2-dimensional complex Euclidean space C? (spin
space). Let F be the set of all finite subsets of Z*. Then,
for each finite volume V € F, consider the direct
product space ®,,, C? of Murray and von Neumann,'
and let A(V) be defined as B(® - C?%), the set of all
bounded operators on &, C2. A(V) is the set of
observables pertinent to the volume V. It is a concrete
C*-algebra with respect to the usual operator norm,
denoted || ||, and adjoint, denoted *. For any two
volumes V, V'eF, satisfying V < V', there is a
natural mathematical way to imbed (V) in A(V’')—
symbolically, for A eAWV) let A=A Q, ;€
A(V'), where I, is the identity operator in (/) and
VI|V={jel|jeV',j¢V} Itiseasy to check that
this imbedding is norm preserving and, in fact, a
s-isomorphism of the C*-algebra (V) onto a sub-
algebra of A(V”). To obtain all local observables, we
follow the prescription of Takeda,* which essentially
involves the construction of a x-algebra A° defined as
the union Upcp A(V) with “equivalent” elements
identified. This normed algebra is not complete, but
upon completion it is a C*-algebra, denoted A,
consisting of the so-called quasilocal observables.> We
denote by & the set of all states on U.

To simplify notation throughout this paper, we
identify () with its image in %° or A and also with
the matrix algebra GL2¥", C), where N(V) is the
number of sites in ¥. For example, ¢¢ € A({) < A <
A for the Pauli matrix g,.

We now turn our attention to the dynamics of the
system.* With each Ve F, we associate an energy
observable Hy € A(V) defined by

Hy=1} 2 euol0],

(,k)EV XV

where ¥ x V is the Cartesian product of ¥ with itself.
To make Hj self-adjoint, we require that e;, be real;
for homogeneity and isotropy we require that ¢;; be a
function only of the Euclidean distance |j— |
between j and k, i.e., 5 = €(|j — k]). To avoid self-
interaction, we assume that e;; = 0 and, for stability,
we require that the total energy at any site due to
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interaction with the entire lattice be finite, i.e.,
ez’ le(| )] < . We call this the generalized Ising
model (GIM).

For 4 € A°, we can give the dynamics as follows.
Consider oY (A4) = exp (iHpt)A exp (—iHpt). It is
easy to see that the «! are x-automorphisms of %° and
form a group with the multiplication

‘ (af - ap)(A) = afi(@ (D) = af,,(4),
ie.,

LA A
Clearly, we need to take the infinite volume limit to
get the full dynamics. Therefore, for a local observable
A € U(V,), consider «¥2(A4) with ¥, © ¥;. By Magnus’
formula,®> we have

@

n!

alH(d) = S Hy,, [ (Hy, 4] ]

Sy s
n=0 n! (i1.k1)€V 2 XV 2 (n kn)EVaXV2

XD s [ [ @y A1 1),

where ®,;, = }¢;;070% and [ , ] denotes the commutator.
Itis clear that, if j, and k; € V[V, then [®, ; , A} = 0.
Therefore, we may restrict the relevant summation
index to (i, ky) € Vo X Vy/[(Vy/ V1) X (Vo/V1)]. For
any two subsets W; and W, of Z*, let W, < W, denote
W, X W,|[(Wy/Wy) X (W, W,)], asubsetof Z¥ x Z.
Now consider [®; ;, , 4] in more detail. This operator
can have at most ¢,’s at the sites outside ¥; . Therefore,
if (jo, ko) € (Vao/V1) x (VaofVy), then [@y,., [D;, ),
A]] = 0. By induction, we see that we can restrict all n
summation indices to (j;, k;) €V, + V;. Now we
bring these summation symbols back inside the
brackets to get

2(A) =§@f[ >

n=0 n! (in kn)EV2T V1

(j1.k1)EVZ+TV 1

At this point, we take the infinite volume limit since,
by the stability condition, the net 3, ,opr, .y, @5 has
a norm limit in A as V,— oo, namely Hy =
2.mez” =y, P By Magnus® formula, we get

inkn?

norm- lim «/*(4) = x(4) = exp (iHy 1A
Ve o

X exp (—iHy,1).
To see that {«! (4) | V € F} is Cauchy for all 4 € A, we
use the inequality
CACV RO R CACNEEHEN]
+ e} (4 = Al + Nl (Ao — A,
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Taking A4, € A° and using |«¥|| = 1 gives the result.
At this point, it is easy to show that the «, form a
group of s-automorphisms of A. The fact that
oei(4) — o (Al e 0 for all A € W is easily checked

(on A° first). We collect our results up to this point as

Proposition 1: 1f
Hy =1} E
(3. k)eVXV
isreal, €(|0]) = 0,and 3 ,.,v |e(| j)| < oo, then, for all
A€W, the net of (4) = e'Bvide~Ht has a norm
limit in A as ¥V — oo,denoted o,(A4). The set {«, | € R}
forms a strongly continuous group of x-automorphisms
of U satisfying o, «,, = «, ,, . Furthermore, for any

AeWV), a,(d) = edvige vt

e(lj — kDojo%, e(|j — kI)

where
Ay=% 3 «j— kol
(5.00ez” 7
As an application of this proposition, we obtain
a(cl) = oicos (2P;t) — o, sin (2P;t),
a(ol) = ol cos (2P;t) + ol sin 2P,t),

M
)
where

P, =3 e(lk — j)o*.

k eZv
3. EQUILIBRIUM

We now have a time development and wish to
investigate the approach to equilibrium. A first step in
this direction is to answer the following question:
Given a nonequilibrium state p on %, what should be
the corresponding equilibrium state 5? A useful tool
for investigating this problem is contained in a paper
of Emch, Knops, and Verboven.® We first give some
necessary background.

Let G be a topological group and define the normed
linear space CB(G) as the set of all bounded, contin-
uous, complex-valued functions on G, with pointwise
addition and scalar multiplication and sup norm. A
mean on CB(G) is by definition a linear form M on
CB(G) which satisfies

(i) M(f) = M(f), where the overbar denotes
complex conjugation for all fin CB(G),

(i) inf | f(x)] < M(f) < sup|f(x)| for all real-
zeG 2eG
valued f in CB(G).

This is clearly a mathematical translation of the
heuristic concept that M averages over the group.” M
is called a left invariant mean if M(L,f) = M(f)
for all y € G and all fe CB(G), where the translation
L,fe CB(G) is defined by L,f(x) = f(yx). If U is
a C*-algebra with unit and if {o,|g€G} is a
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strongly continuous® group of x-automorphisms of
9, then,® for any left invariant mean M on CB(G)
and state p on U, the form Mp defined on A by
Mp(A) = M[p(x,A4)] is a state on U, invariant in the
sense that Mp(a,A) = Mp(A4), for all 4 €, x €G.
Using G = R interpreted as time development, we
see that Mp is a time average of the states o} p defined
by o} p(4) = p(«,A). Therefore, each invariant mean?®
M could be used to project a given state onto possibly
different equilibria. Since there are!' many invariant
means on CB(R), the question of the uniqueness of
this prescription arises. We now wish to investigate
this question in the case of the GIM. To do so, we
need some definitions.

The class AP(R) of almost-periodic functions on the
real line can be defined as the subset of CB(R) of all f
such that the set of translates {L,f|¢€R} is pre-
compact in the norm topology. The set of weakly
almost-periodic functions W(R) consists of the subset
of CB(R) of all f'such that {L,f | ¢ € R} is precompact
in the weak topology. Since the weak topology is
weaker than the norm topology, AP(R) < W(R).
W(R) plays an important role in the theory of invari-
ant means since!? all invariant means on CB(R)
coincide on the subspace W(R); furthermore, they can
be taken in the form

T-o

T
Mf = lim T f £(t) dt.
0

In this connection we now prove:

Proposition 2: In the GIM, p[a,(4)] is a weakly
almost-periodic function of ¢ € R, for all 4 €Y and
P €S,

Proof: First, let A" = oft e ol», where [, = x, y,
or z, and all the ji, are distinct sites of the lattice. Then
a(4") = a,(09) - - - «, (o). Using

In
cos (B) = }[exp (iB) + exp (—iB)]
and
sin (B) = [exp (iB) — exp (—iB)]/2i
in (1) and (2), where B € A, we put «,(4’) in the form
of a finite linear sum of terms such as

exp (iQ,1)o?} * - - exp (iQ,1)o",

where, for [, =z, Q, =0 and, otherwise, Q, =
£2P, . We move the exponentials to the right by
noticing that

exp (iQut)o%; = 7} exp (iR 1),

where R,, = 0j*Q,0!*. Note that, independently of
I, R, only has ¢.s in it, ie., R,, = >, a,0/ (a finite
sum with a; € R). Therefore, we also see that all the
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R,, are self-adjoint and commute. By moving all
the exponentials to the right in this way, we obtain
a,(A4") as a finite linear sum of terms of the form
ojt -+ ol exp (iSt) with § self-adjoint. If p € &, by
considering the GNS representation I1, associated with
p, with cyclic vector @, in J,, we see that p[a,(4')]
is a finite linear sum of functions of ¢ of the form

(@,,IL,[0%]- - - I [o)] exp (i1, [S1)D,)
which, upon taking adjoints, becomes

(¥, exp (i11,[S])D,).
But
(¥, exp (i1, [S])D,) € W(R),

since®® {exp (iI1,[S)¢) |t € R} is precompact in the
weak operator topology. Therefore, p[«,(4)] € W(R),
since W(R) is a linear space. For an 4" equal to a
finite linear sum of A’s of the above form, the same
result follows by linearity again. For arbitrary 4 € %,
take 4, — A, as n — oo (norm topology), with 4, of
the latter form. Then we have

lei(4,) — (A = (4, — DIl = |4, — A]l.

Hence, p[a, (4, — A)]— 0, as n — oo, uniformly in
t € R. Therefore, p[a;(A4)] is the limit of a sequence
pla(4,)] of functions in W(R), converging in the
sup norm. Hence, p{a,(4)] € W(R), since! W(R)is a
closed subspace of CB(R). QED

Note that a shorter proof of Proposition 2, which
does not rely on the local implementation of Propo-
sition 1, can be obtained by observing that

exp (iHyt)A' exp (—iHyt) = A’ exp (iA’"H,A't)
X exp (—iHyt)
= A, eXp (ZAIHVA't

However, parts of the given proof are needed below.

We have proven that a canonical time average'® Mp
exists for every initial state p. We use *‘canonical” to
emphasize the uniqueness of M. Given this association
between states and equilibrium states, we consider the
following question: Can one ensure that Mp’ will be

“close” to Mp by taking p’ sufficiently “close” to p?
We answer this for the three simplest topologies.

Lemma 1: In the GIM, with & in its norm topology,
the mapping M:S — & is continuous.

Proof: Let ¢, ¢, € S, with ¢, — ¢, as n — oo, in
norm. For x € U, , the closed unit ball of U,

B (x)] — Pl (x)],
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as n— oo, uniformly in zeR and uniformly in
x € A, . Therefore, given e > 0, there exists N > 0
such that, for alln > N,

[fnula(x)] — dla,(x)]| <€, forall teR, xe,.

Therefore,

1T 1T
[ L[ gutainan =L [gtaon dz'

1 T
S—fedt=e,
T Jo

independently of 7 > 0. Hence, M¢,—~ M, as
n— 00, in norm, i.e.,

lim sup
n— o 2elfy

.1 (T
Thf; T J; ($a[x(x)] — Blos(x)]) dt‘ =0.
QED

Corollary: In the GIM, with & in its weak topology,
the mapping M:S — & is continuous.

The proof is immediate from Dunford and
Schwartz.16

Proposition 3: In the GIM with dimension v = 1,
let e(|j|) = 1/&V1 for j % 0, & > 2. Then, with & in
its w*-topology, the mapping M:& — & is not
continuous.

Proof: A proof by contradiction is immediate from
the following two facts: On the one hand, we exhibit a
state ¢ such that M¢(a9) # 0; on the other hand, we
exhibit a subset U of & which is w*-dense and for
which Mp(0%) = 0 for all p in U. To this end, let p
be the product state &), f;, where f; is the state gn
A(j) defined by any normalized vector f; which
satisfies

Gifj =f]‘ lf J> 0’
olf; = —f;, if j<O,
Ugfo=fo-

Now let ¢ = Mp. Then, ¢ is time invariant and

#(07) = M[p([0g])]
= M[p(c cos [2Pyt] — ol sin [2P,t])].

If IT, is the GNS representation of U corresponding
to p, with cyclic vector @,, it is easy to see that
I1,(P)®, = 0 from cancellations. Hence, p(Py) = 0
for all ne N, n # 0. Therefore, p[x (09)] = p(a?) =
1 for all +€R. Hence, M¢(c?) = (%) = 1. This
concludes the first part of the proof. Now, from
Dixmier,” we know that the set U of vector states of
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any nonnull representation of the simple, antiliminal'®
C*-algebra U is w*-dense in S. Consider the GNS
representation generated by p = & f;» where
ol f; = f;forall jeZ. Choose the orthonormal basis
for ¥, consisting of {¥';| 1€ F}, where

¥, =3P, for I€F, 1# o,
iel
and
lFQ; = (Dp .
Now «,(0%) = 0?9 cos (2Pt) — o9 sin (2P,t). Note that
Hp(Po)\FI =p/¥;, where p; = Zjez e(ljl)g; and
g =+1, if jeZ,
=-1, if jel
Therefore,
II p(P DY = (p)"™Y;
and
(\P.I’ Hp(PSﬂ)\{!‘a) = 6I.Jp;n'
If Qis a unit vectorin ¥, let Q = > ;.. 0¥, Hence,
(QIL(PNHQ) = X oo ¥, ILPHY,)
I.JeF

=Y ®;0p7.
IeF
Similarly,

(Q, IL,[6,P]) = 3 @7,07p7
IeF

where I, =1/{0} if O0el, I,=1U{0} if O¢L
Therefore,

(Q, IT(a9) cos [2I1 (Py)t]1Q)
_ 2 (in* 0 p2n
- (Q,go Oy TH02PS )Q)

= @7,0; cos (2p;1).
IeF

By taking finite sums in /€ F, we can approximate
h(t) = (Q, I (%) cos [2I1,(Py)t]Q) uniformly in te
R. On the finite sums s1y(¢), since no p; can vanish for
the given interactions, we have Mhy = 0. Therefore,
Mh = 0, since M is continuous on CB(R). Similarly,
MI[(Q, I1 (09) sin (211 ,,[Po)f)€2)] = 0, so that

[MQ](6?) =0

for all vector states  corresponding to the rep-
resentation II,. QED

Note that the above proof can also be used to show
that the GIM is not always G-Abelian in time, i.e.,
need not satisfy the condition
M[¢([x,(4), B])] =0 forall 4, Beq

and all ¢ € &,
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where G; is the set of time invariant states. To see this,
just use the ¢ of the above proof and 4 = ¢9, B = o).
This example reinforces the doubts one might have of
the validity of the assumption that general systems are
G-Abelian in time and, hence, justifies the attempt to
avoid the assumption. Compare in this respect
Knops'® and Emch, Knops, and Verboven.?® See also
Araki.®

Proposition 3 is rather disconcerting in that one has
good reason for taking the w*-topology on & as the
most physical one. The proposition might, however,
be an indication of the fact that & itself is bigger than
actually needed for physical purposes.?? It is, further-
more, conceivable that M is w*-continuous on a
w*-dense subset S, of S, where &, itself contains all
physically accessible states.

4. TEMPERATURE STATES

It is desirable, for the consistency of the approach
used in this paper, to establish the existence of
infinite volume limits of the usual canonical equilib-
rium ensembles since, in the present theory, these
limits should play the role of states describable by a
temperature. Specifically, the question is whether one
can take a limit of the states?® p§ defined on A(V) by

PK(A) = Try (A4 exp [—BHy))[Try (exp [—Hy)),

where Try, is the usual normalized trace state on A(V).
Araki has shown that, for a 1-dimensional lattice and
any finite-range interaction, such a limit does exist.?
By restricting ourselves to ferromagnetic Ising-type
interactions, we obtain the same conclusion for
infinite-range interactions in » dimensions.?

Proposition 4: In the GIM, assume that (| j|)
<0 for all jeZ'. Then, extending the canonical
ensemble pj to the state p} = p§ ey Tr; on
A, we see that there exists a state p7’ on U defined as
w¥-limy,_, , p} .

Proof: The proof consists of reducing the problem
to the finite-volume subalgebras where generalized
Griffiths inequalities can be used. Consider, then, any
three nonempty elements V;, V,, and V; of F such
that V; < V, < V. Introduce the following two
interactions on A(V;):

Hy=1%1 2 «(|j— kDolo}
(F,k)eV Vs
and
Hy=4% 3 «(j— kbojok.
(5, k)EVaXV 2

Note that H; can be obtained from H, by adding
ferromagnetic bonds. If, for each p € S, we define the
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state p | A(V) on A(V) by restriction, then we have

ORI (A
= Try, (: exp [— BH,))/Try, (exp [—BH,)) | W)
and

pp () | AWy
= Try, (- exp [—BH.])/Try, (exp [—FH,)) | AVY).
We now show that, in fact,

ppiC) | AW
= Try, ( exp [—BH;])[Try, (exp [—BH.)) | W(Vy).
3

To see this, introduce the following orthonormal
basis in ®,p, C2:

a=f10/1® " ®frwy>
&= 10f3® " ®fyvwy,
=100 ®fvwa>
€4=ff®f§®"'®f}wvs),

€873, =f%®f§® e ®f12V(V3),

where f7is a fixed normalized vector in C? satisfying
oift=f1 and oif?= —f2 If AeUV,), then

exp (—pBH,)A € U(V,). Calculating in the above basis

gives, for any B € A(V,), we obtain
Ter (B) — 2N(Va)—N(Vz) TI'Vz (B)

Therefore, (3) follows. Now we need some further
notation before we can continue with the proof. For
each triple A = (4,, 4,, A;) where the A, € F are
pairwise disjoint, define o4 as (T, ., o2)(IT,c 4, O3) X
(ITies, 9, where Ty, B, is defined to be the
identity 1. Note that U° is the linear manifold generated
by the set of all o4. Now, if 4, U 4, # &, then

FACSEN! @)

for all V' € Fsuchthat ¥ © 4, U A, U A4, since in the
above basis the diagonal elements of exp (—SHp)o4
are all zero. Kelly and Sherman? have shown that,
by increasing the number of bonds, we have

ACS PN ACY!
if
A= (2, d,4;) and A3 <V, < V,. 5)
Combining (4) and (5) with another theorem of Kelly
and Sherman, which says that g} (¢4) > 0 if o4 €
A(V) < AWV') and 4 = (2, @, A3), we have, for
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V' > Vand ¢4 € UAV),
0< A (e <1 and pJ(0*) 2 pf(oY),

so that g% (o) is an increasing function of ¥, bounded
above by 1. Therefore, lim g} (<), as ¥ — oo, exists if
V increases by inclusion. Define pj (o) as the limit.
Considering p3 as a functional on the x-subalgebra
A of A, py is clearly linear and bounded, with norm 1.
When pg’ is extended to ¥, it still has norm 1 and
satisfies py (/) = 1. Therefore, it is a state on U.

QED

5. APPROACH TO EQUILIBRIUM

Now that we have shown the existence of a canon-
ical association between arbitrary initial states and
equilibrium states, and also that at least some of these
equilibrium states are reasonable, we would like to
investigate the association in more detail. One reason
for this is to examine the question of recurrences. We
are motivated in this approach by a paper of Emch,?
where the following experiment is considered.

A CaF, crystal is placed in a magnetic field (thus
determining the z direction), and allowed to reach
thermal equilibrium. Then, an rf pulse is applied which
turns the net nuclear magnetization to the x direction.
The magnetization in the x direction is then measured
as a function of time, and the result is an oscillatory
function which damps to the equilibrium value of
zero.?8

Emch assumes an interaction of the form

H, = (% S dlj - Kyciet) — B 3ot

(5. k)eVXV eV
on a finite 1-dimensional volume V. As the state
representing the system after the application of the tf
pulse, he takes the product state p = ®,, ¢;, where

$5() = Tr; ( exp [—yoz])/Tr; (exp [—ya]]).
This choice is justified by an entropy argument.
With the interaction Hy and initial state p, he then cal-
culates the time development of the magnetization in
the x direction, S, = [I/N(V)] 3, ¢, and obtains
without approximation

PV [S.]) = o(S,) (H cos?2e (| jl)t) cos 2Bt. (6)
ey
By taking an infinite volume limit at this point, Emch
shows that interactions with a cutoff give recurrences
(with calculable frequency) and that the infinite
range interaction of the form e(]j|) = 1/2!% gives,
with Vieta’s identity,?

TT cos (_f_) — (sin t)’
n=1 2" t
the nonrecurrent damping exhibited by experiment.
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In this section, we generalize this work in the follow-
ing respects. We consider arbitrary observables and
show what range of behavior is possible with different
choices of the function e. Furthermore, the class of
initial states considered is extended, and the approach
to equilibrium is exhibited in the stronger form of an
initial state decaying into an equilibrium state, rather
than just considering individual expectation values.
To simplify calculations, we assume throughout that
there is no external field. Inspection of (6) shows that
the damping we are looking for comes solely from the
spin-spin interaction of the lattice, not the external
field.

The general result for finite range models, hereafter
denoted Fy, is then:

Lemma 2: In the GIM, if €(|j|) = 0 for all je Z*
such that |j|> L, 0 <L < oo, then pla,(4)] is
almost periodic forall 4 €, p€ &.

Proof: From the proof of Proposition 2 with the
above hypothesis added, we see that the observable S
is only a finite linear sum of ¢,’s. This implies that the
spectrum of S, and hence of II (S), consists of a finite
number of isolated points. Using the spectral theorem
in J€,, we get [x,(4")] in the form

N s

j=1
which is almost periodic. Since 4P(R) is also a closed
linear subspace of CB(R), we get the result for all
A €U as in Proposition 3. QED

It will become apparent later that the full range of
behavior of the GIM due to different choices of the
function e is already predictable from (6). Because of
its importance, therefore, we derive a convenient
generalization of (6).

Let ¢ be any state which satisfies ¢(a4) = 0 for all
A such that 4; # @. Consider ¢[o,(¢%)] in the GIM.
As shown in Proposition 1,

a,(69) = norm-lim o/ (0?), where V €F,
V-
a¥ (0% = oZ cos (ZtER,-) — o sin (2t2R,-),
iev =4

and R; = ¢(| j|)o? . Using the conditions on ¢, we have

[l (o)) = ¢[a°w cos (2t > R,-):l.

i€V

)
We show by induction on the number of sites in ¥ that

lay (02)] = ¢(a3) TT cos [2¢(]i1]. ®

(24
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For V = {j}, cos (2tR;) = cos[2te(| j|)], since (o?)*" =
1 for all neN and (8) follows from (7). Now
assume (8) for ¥ having N sites with site /¢ V. Then

c/){ag cos [Zt(gVR,- + R,):\}

= ¢|:a‘; cos (212 Rj) cos (tR))

jey
— oY sin (2tzR,.) sin (2tR,):|.
iev
The second term on the rhs vanishes since, in the
series expansion of the sines, every term has at least

one “unmatched” o, in it which is annihilated by ¢.
Again, cos (2¢R,;) = cos [2te(]!])], so that

$lo} V(0] = $(a3) - TT cos [2¢(1j)t]-
jepul
By induction, we have (8) for all Ve F, V = &. To
take the volume limit, we first define ]z a;,
where a,€C, as the limit, if it exists, of the net
I1,o a;- We make no exceptions for zero factors or
convergence to zero. Since D . le(|j)] < oo, we
must have (] j])j_,—w>0, so that it is clear that the

limit exists® for the net [T, cos [2t(] j|)]. Hence,

Plo(o2)] = $(og) T cos [2€(1jD1].

jezy

(6"

A natural means of investigating the influence of a
particular choice of ¢ is thus determining the resulting
behavior of J]Z_, cos [e(n)f]. As mentioned above,
Vieta’s formula shows that the choice e(} j|) = 1/2!"!
produces nonrecurrent behavior. More generally, one
might inquire into the time behavior resulting from
e(ljl) =1/, &> 1. The model with e(|j|) =
(891 for j# 0, where &> 1, for stability, is
called the exponential model E,. We have® that

TI cos (é) —>0, for £>1,
n=1

i—+

if and only if £ ¢ S/{2}, (9)

where S is the countable set of all algebraic integers
over the rationals with conjugates having moduli
strictly less than one. From this, we see that the
qualitative behavior of the model is discontinuous in &.
For this reason, and because of certain results concern-
ing phase transitions by Dyson,% we also consider the
following form for e:e(| j|) = 1/j!* for j # 0, where
is assumed greater than the dimension » for stability.
We call this the Dyson model D,. The nonrecurrent
time behavior of the Dyson models is shown by the
following lemma.
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Lemma 3.

Hcos (

)—>0 forall o > 1.
Jj*

Proof: Define

o= froe ) i~ (4]

Assume that f(z) does not have limit zero as ¢ — co.
Then there exists a 6 > 0 and a sequence #, > 0 such
that ¢, — co and f(z,) > & for all n € N. Now & >
1 4 x for all x € R. Therefore, if 1 + x; > 0,

N N
TIe® > 110 + x)).
i=1 j=1

Therefore,

Hexp [—sm ( ):| > 6 foralln.
J*

j=1

Taking logarithms, we obtain

— Ssin? (t_) > In 6.
i=1 Jj*

Hence,

S sin? (‘_) < —Iné, forall neN. (10)
-~ ]oz

Let N, be the number of solutions m in N of the
expression sin? (¢,/m*) > }. Clearly, N,, is greater than
or equal to the number of solutions m in N of

m L t,m* < §m
or

m@EmY* < (£,)V* < m(Emye. (11

Therefore, N, - oo as ¢, — co. This contradicts (10).
Hence, f(f) > 0 as t — 0. QED

We now combine the above facts to prove the
following proposition.

Proposition 5: With dimension v =1, let the
interaction be that of any exponential model E,,
where £ is transcendental, or any Dyson model. Let
¢ be any state which satisfies ¢(oc4) = 0 for all 4
such that 4; # &. Then M¢ = ®,, Tr;.

Proof: We show that M¢ and ®,., Tr; coincide on
the set of all ¢, which by linearity and continuity will
give the full result. Note that ®,., Tr; (04) = 0 for
all 4 7 (3, &, @). For 4 = (&, &, 4,), a,(c?) =
a4 s0 that ¢[a,(64)] = d(04), and the coincidence is
obvious. Hence, for the rest of the proof, we assume
that 4, U 4; 5 . As in the proof of Proposition 2,
a,(0%) can be put in the form of a finite linear sum of
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terms, such as

Ik d
G ko- k+1 .,

i1, .. Ik ;
Uz lk+1 COlin exp (lSt)’

k+n

where S = 3., a;0%, and for j€ Z such that |j| >
W = max,_1... , {| jum|} We have

te(lj —frral) £ - £ €|l = jusal)-

To show that M¢(c4) = 0, we first notice that M(s4)
is a finite linear sum of terms of the form

2“5

lim — f (y[alEin - - 01Dy, exp [i114(S)t]Dy) dt.

Tsw T

By von Neumann’s ergodic theorem,® the above
expression equals (¥, P®,), where

II!'¢ =11 [0"”“’" . e Gi‘](b¢

and P is the projection defined by the strong operator
limit,

— E(9)],

where {E(4) | A€ R} is the resolution of the identity

corresponding to IT,(S). We will show that PO, = 0,
and this will complete the proof:

POyl = (g, PD,)
lfT(®¢, exp [i[T1,(S)11®,) dt.
0

lim [E(0)
€—>0—

=1lim T~

T= o0

By arguing as in the proof of (6), we get
(D4, exp [il1,(S)1]®,) = ]e—z[ cos (a,t).
All we need to do now is show that

cos (a;t) — 0.
1 coste (1)
For the exponential models, we have for all large
enough || that
1 1
gl £ g

Therefore, if & is transcendental, it is clear that a; does
not vanish. Then,since a; can be factored,

+ &7,

fa; =+

ta, = El [+&" + for j 0,

= 517 [£& £+ &7, for jKO,

a simple change of variable in (9) gives (12). For the
Dyson models, we use a different argument. First, we
need to show that a; does not vanish for all sufficiently
large | j|. There are two cases to be treated separately:
(1) a; does not have an equal number of +2 and —2

coefficients for the 1/|j — f1|*; (2) it does have an
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equal number. In case 1, it is clear that the sign which
appears more often gives a; that same sign for all
large enough | j|. Case 2 follows from the fact that the
functions of a complex variable defined by

1 1

4o
(z =J)* (z = Jju)*

az) =
and
1 1
T EL
(.]1 - Z) (Jn - Z)
are both analytic at infinity, so that there is a compact
set K which contains the zeros of both functions.

An argument similar to Lemma 3 then yields (12).
QED

ax(z) = +

In addition to the result stated in the proposition,
we point out that the above proof not only determined
the equilibrium value of all local observables, but also
showed that this equilibrium value is actually ap-
proached for large . In fact, we have proven the
following:

Corollary: With dimension » = 1, let the interaction
be that of any exponential model E, with & tran-
scendental or of any Dyson model. Let ¢ be any state
which satisfies ¢(04) = 0 for all 4 such that 4, .
Then

ploe(O)] —> Mp[6]
for every local observable 6.

We conclude this section with an example which
shows that one cannot expect the models to be so well
behaved on all initial states. In particular, we exhibit
a state which shows recurrences for all ferromagnetic
Ising-type models.

Define €S as ®jezv f;, Where ol f; = f; for
J#0, and 6% f, = fy. Then, in the GIM, we have
from (1) that

Bla0%)] = Lo’ cos (2Pt) — of sin (2P0

But ﬂ,(ag) = 0, and so the second term on the rhs
vanishes. Hence,

0 < (it)zn 2n 2n
Plafa)] = X ~—— $(P") - 2
n=0 (2n)'
= cos (2pt),
where
jeLY
6. RATE OF DECAY TO EQUILIBRIUM

Most of the proofs in previous sections depended
on properties of functions of the form

£t = TT cos (a0,

p =2 ().
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We now want to comment on the essential connec-
tion of this function with our problem. We show, in
particular, that f'is the Fourier transform of a certain
measure u of physical origin and that investigation of
the structure of this measure can give detailed informa-
tion about the behavior of the system. Before we can
discuss this further, we need some definitions and
facts.

Let u be a Borel probability measure, hereafter
abbreviated Bpm. We denote Borel sets with Lebesgue
measure zero by Z, and countable sets by C. Then u
is called

(1) absolutely continuous if u(Z) = 0 for all Z,

(2) singular continuous if u(Z) =1 for some Z
and u(C) = 0 for all C,

-(3) discontinuous if u4(C) = 1 for some C.

An equivalent classification is obtained by using the
function u(Z,) of x € R, called the distribution function
of u, where I, = {y eR |y < x}. Then p is

(1) absolutely continuous if and only if u(Z,) is an
absolutely continuous point function,

(2) singular continuous if and only if w(l,) is
continuous and du(Z,)/dx = O for almost all x,

(3) discontinuous if and only if the range of u(l,)
is a countable set.

If u, and u, are Bpm’s, the set function defined by

i+ () = Lm(A — %) di)

is a Bpm called the convolution of p, and u,. If u
is a Bpm, the point function defined by

) = [ e duo

is called the Fourier transform of u. We then have the
following connection: If u; and u, are Bpm’s, then
UL % Ha(t) = fy(t)fie(t). Furthermore, the Fourier
transform is a means of determining continuity
properties of Bpm’s since® if y is greater than the
positive integer p, then

A(t) = O_(|t[”") implies that u(I,) e C*. (13)

Here, we use the notation that a function g(¢) satisfies
g(®) = O, [h()]if there exist positive constants ¢ and
d such that [g(#)| < ch(¢) for all # > d. Also, ge C?
means that g has continuous derivatives through
order p.

We now come back to p[a,(c9)]. From Proposition
1, we have

%,(03) = exp [iHyt]og exp [—iHy),
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where Hy = 09, v e(lk|)o*. It is then easy to
obtain

ple(02)] = p(o) exp [i2Hqt]).
Defining # as the spectral measure of I (2H,)
corresponding to the form p(o? <) = (I, (¢))®,, - ),
we have from Stone’s theorem that

plafog]) = 4. (14)
By a simple generalization of (13) to complex meas-
ures, we have

Proposition 6: In the GIM, if p[a,(¢9)] = O (|¢|7")
for any y greater than the positive integer p, then
u(I;) € C% where p is the spectral measure of IT,(H,)
corresponding to the form p(o? -).

To show that the available range for the rates of
decay into equilibrium is wide enough to be of
interest, we investigate the situation discussed in
Sec. 5. Therefore, restricting ourselves to dimension
v = | and states p which satisfy p(¢4) = 0 for all 4
such that 4, % 0, we have, as in (6),

pla(oD)] = p(a2)ple %)

= p(ad) ]ojlcos2 [2¢(n)t].

We therefore need to classify the measures uj, u;,
and u, which have Fourier transform

TT cos [2¢(m)1],
n=1

with € coming from the finite-range, exponential, and
Dyson models, respectively:

(A) For the finite-range models, it is easy to see
that u is discontinuous, producing recurrent behavior.

(B) For the exponential model E, with & > 2, it is
known?® that 4, is singular continuous so that 4, ¢ C*
and, therefore, from (13) that

Hcos

n=1

( )¢Oi(ltl‘7) forany y >2 if £§>2.

In fact, it is further known3 that u, * u, is singular
continuous for § > 3 so that

H cos®
n=1

(C) For the Dyson model D,, the following lemma
shows that, for some ¢ > 0,

Hcos ( ) < exp [—c |1*'%]

n=1

( );éOi(ltI"), forany y>1 if £>3.

so that u, € C*.
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Lemma 4: If o > 1, there exists a ¢ > 0 such that

( )) < exp [—c f7].

Proof: For 0 < x < 1, we have 0 < cosx < 1 —
¢x? for some ¢ > 0, and 1 — x < e~ Therefore, for
t > 0 we have

j>ala j

The transition to negative ¢ then gives the full result.
QED

The above classification shows by example how wide
a range of rates of decay is attainable. To complete the
picture, we note® that for no form of interaction in
the GIM is there a ¢ > 0 such that

ﬁ cos® [2e(n)t] = O (e~*'").

7. CONCLUSIONS

The analysis presented in this paper leads to an
explicit statement on the relation, in the thermo-
dynamical limit, between the spectrum of the “Hamil-
tonian” and the time behavior of the expectation
values for local observables. In particular, Proposition
6 shows that, for generalized Ising interactions, the
degree of continuity of the spectrum of local Hamilton-
ians, considered in the Hilbert space generated by any
initial state, limits the rate at which that initial state
can approach equilibrium.
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Classical thermodynamics is developed in a rigorous and quite general form. The approach is similar
to Carathéodory’s in that entropy and temperature are defined in terms of quantities which are more
directly measurable, but Pfaffian forms and quasistatic processes do not appear. The mathematics used
is elementary, apart from a small amount of symbolic logic and a very little topology.

1. INTRODUCTION

The second law of thermodynamics is still often
stated in the manner of Kelvin: It is impossible to
construct a system that, operating in a cycle, will
produce no effect other than the extraction of heat from
a reservoir and the performance of work on a mechanical
system. Such formulations have a comfortingly
operational sound, but they are unsatisfactory as a
basis for a physical theory. Their most serious defect
is that they are incomplete. For example, they give no
indication of what processes are possible for a physical
system. One is forced to rely on intuitive judgements,

which makes it impossible to construct a logically
sound theory. To make matters worse, the processes
required in traditional applications of the second law
are often ‘“‘quasistatic”” or ‘“‘reversible,” and can be
defined only by subtle limiting procedures.
Carathéodory! was the first to attempt an axiomatic
formulation of thermodynamics. Although his theory
is not completely general, it does apply to a large
class of systems. Heat, entropy, and temperature are
defined in terms of measurable quantities, and the
assumptions of the older theory are made more
explicit and simplified. Despite these considerable
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