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Homogeneous Boltzmann Equation (HBE)

The HBE is given by

gi = Q(f,f) in (0,+00) x R" (1)

where f(v, t) represents the density of molecules of the gas
traveling with velocity v at the time t.
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Collision Operator

The Collision Operator Q(f, g) is given by the bilinear form

Q(f,9) = // {f(V)g('vi) — f(v)g(vi)} B(V — Vi, 0)dod,.
RN sn1
(2)
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Collision law

Two molecules with velocities v and v, interact by the following
law that relates the post-collisional velocities with the
pre-collisional ones

V=i (Ul ). V= 2(ule-u) @)

where u = v — v, is the relative velocity.
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Collision kernel

We use the variable hard potential collision kernel

B(v—v.o)=|v—Vv|*h(l-0) and 0=

with a € (0, 1] and & is the renormalized relative velocity. It is
assumed that the angular cross section h(-) has the following
properties

(i)  h(z) > 0is nonnegative on (—1, 1) such that

h(z) + h(—z) is nondecreasing on (0, 1)
(ii)
0 < h(z)(1 — 22)"/2 < Cfor z € (—1,1)
where ;< n—1and C > 0 constant.
Last property implies the Grad cutoff assumption.
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Properties of the Collision Operator

The collision operator enjoys the properties:
(P1) Conservation of mass, momentum and energy

Q(f, f)(a+b v+c |v|?)dv = 0 for any a, b, ¢ € R.
Rn

(P2) Differentiation formula. For any multi-index n

ot =" ( Z > Q8" f, " ).

v<n
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Regularity

Assume that h(-) has the properties discussed. Then for a
solution of the HBE
(1) If f satisfies [, fo exp(ro|v|?)dv < oo for some
rp > 0, then there exist r < ry such that
SUP 1>0 Jgn FEXP(r|V[?)dv < <.

(2) If fy < Kyexp(—ro|v|?) for some Ky, ry > 0 then
there exist r < ry such that f < K exp(—r|v|?) for
all t > 0 and some positive constants K.

R. Alonso Maxwellian weighted bounds for derivatives of any order



Known Results

Results Main Results

Outline

© Results

@ Main Results

R. Alonso Maxwellian weighted bounds for derivatives of



Known Results

Results Main Results

L' Maxwellian propagation

Let » any multi-index and assume that

[n],1 [l
fo e Wy, N H(|n77|—1)(1+oz/2)'

In addition, assume that for any v < n one has
/ 18" fy| exp(ro|v[?)dv < oo
er
for some rp > 0. Then

sup | |90”flexp(r|v|?)dv < o
t>0 JRrn

for all v < n and some r < .
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L> Maxwellian propagation

Define M, := exp(—r|v|?). Let  any multi-index and assume
that .
n

fo & Hpj-1)(1+a/2)

In addition, assume that
o1/ {(1 + IV2)1/2My b € L

for some ry > 0. Then, there exist r < ry such that

su 0711 < K
o (1+ vP)2m, =

»10

for all v <7, where K, ,, is a positive constant depending on 7,
ro and the kernel h(-).
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L — L' CO comparison

Control of the moments of the CO derivatives

Assume h(z) fulfills all the conditions discussed, then for every
p > 1 and multi-index 7

a"Q(f, £)sgn(@" 1) V[P dv < —(1—p)kad" My 0 /24707 Sp
Rn

+o7 (moz/ZmP) +4o7 (momp+a/2) (4)

where k,, is a positive constant depending on « but not on p,
and

§"mp :—/ 01| |v|?Pdv and yp ~ 1/p°
Rn
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L — L' CO comparison

System of ODE’s for the normalized moments §"z,

The normalized moments

o"m
n —_ P
8"zp : o+ b)

satisfy the following infinite system of ODE'’s.
d(6"zp)

at
< ki p®/2TP §1Z, + kop®/257 (Mo Zpias2) + 67 (Maj22p)  (5)

+ (1 = o)kl (p + b)*/2P6 my /2P (81 25) 1 +e/2P

for all p > 1, with kg, ky > 0 and k. universal positive constants.
The term §7Z, only depends on derivative moments q < p and
v <.
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Induction using the system of ODE’s

@ Since the term "2, only depends on moments of previous
derivatives one can use an induction argument in the
multi-index order on the system (5). The first step of the
induction is given by the known result on the moments for
the solution f.

@ It follows that the result on the derivatives of f is as strong
as the first step of the induction, i.e. is as strong as the
result on f.
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For the L™ result

L>° — L' CO comparison

Once the L' Maxwellian propagation is proved, it is possible to
use the following comparison principle in the CO (Gamba,
Panferov & Villani).

Theorem
Assume B(u, o) = |u|*h(i- o) with h(-) satisfying the conditions

Stated in the introduction. Then for any measurable function
g>0,

H Q* (g9, M)
M; L1

for some positive constant K depending on « and r.

g
< K| =
Lo HMr
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