INTEGRATION TECHNIQUES

DAVID BEN MCREYNOLDS

I have decided to put to paper what was reviewed in discussion on
Thursday.

1. INTEGRATION BY PARTS

We use .LL.A.T.E. when we perform integration by parts. Recall,
that

(1) /udv = uv — /Udu

or equivalently, we have

@) [ H@)g @i = fgle) - [ ol

You can always remember this by taking the product rule
d
S(F@g@) = £ @)g(@) + f(@)g'(2)

Then integrating

/dd<f dx—/f dx+/f

which becomes

[ H@g @i = fgle) - [ 1l

Now, LLL.A.T.E. tells you what choice you should make for u in
Equation (1). We have

inverse
logarithmic
algebraic
trigonometric
exponential

/ zetdx

=) 3| | | —

So that if we had
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we see that x is algebraic and e” is exponential. So
u=x dv=e"dr

du=dxr v=2¢"

/ xsin~t xdx

we see that x is algebraic and sin™'(z) is an inverse, so

If we had

u=sin"'z dv=zdr

1 x?
d — —d = —
u Tou=3

vV1—22
2. PARTIAL FRACTION DECOMPOSITION

The idea of partial fraction decomposition is to split something like
1

(x —ar)(z —ag)(z—as)...(z—ay)

mto

A A A A
1 + 2 + 3 IS n
r—a; T—ay T —as x— an,
or if you have an irreducible quadratic factor Q(x), the piece associated
with this term would be

Az + B
Q(z)
Notice that if every polynomial had all of its roots in the real num-
bers, then we would never have to consider this quadratic piece. So
part fraction decomposition over the complex numbers is much simpler
(practically everything is simpler over the complex numbers, which is
strange since we call them ”complex”).
So I will work an example:

Example 2.1. Consider
1
(r —2)(x 4+ 2)x

We want
A+ B L C
T r—2 x+2

Now, we have
A(x —2)(z +2) + Ba(x + 2) + Cx(x — 2) 1
z(x —2)(x +2) z(r —2)(x +2)
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So that since the denominator is equal in both fractions, the numerator
must be equal. So that

Az —=2)(x+2)+ Bx(z +2) + Ca(z —2) =1

Now, this holds for all z. So we choose a few, as to obtain some
algebraic equations:

x =0, —4A=1
r = —2, —8C =1

So that we have solved for A, B, and C, and we get
1 1 1

_4 8 8
T +x—2+x+2

UNIVERSITY OF TEXAS AT AUSTIN, DEPARTMENT OF MATHEMATICS
E-mail address: dmcreyn@math.utexas.edu



