
Differential Topology
Homework 9: Due April 8

Problem 1. Consider the map f : Sn → Sn given by f(x1, . . . , xn+1) =
(x1, x2, . . . , xn,−xn+1), where x1, . . . , xn+1 are the standard coordinates on
IRn+1.
a) Compute L(f). Note that f is not a Lefschetz map if n > 1. You need to
homotope it into a Lefschetz map f̃ and then study the fixed points of f̃ .
b) Show that f is homotopic to the antipodal map if, and only if, n is even.
c) Show that f is not homotopic to the identity map for any values of n.

Problem 2. Consider the linear map L : IR4 → IR4 given by L(x1, x2, x3, x4) =
(x1, 2x2, 3x3, 4x4). Show that this induces a Lefschetz map: IRP 3 → IRP 3,
much as on the midterm, only with real projective spaces instead of com-
plex. (Why are we using IRP 3? Because it, unlike IRP 2, is orientable.)
Compute the Lefschetz number of this map, and use it to compute the Euler
characteristic of IRP 3.

Problem 3. A Lie Group is a group G that is a smooth manifold, such that
the group operations of multiplication and taking inverses are smooth maps
G × G → G and G → G, respectively. Suppose that G is a connected Lie
Group of dimension n > 0.
a) Show that G is orientable.
b) Using Lefschetz theory, show that the Euler characteristic of G is 0.
c) Show that there exists a non-vanishing vector field on G. (By the Hopf
degree theorem, this also implies that χ(G) = 0).
[Hint for parts a) and c): Use group operations to relate properties of Te(G)
to properties of Ta(G), where e is the identity element and a is an arbitrary
group element.]

Guillemin and Pollack, page 131, problems 2, 3, 8.
Guillemin and Pollack, page 138, problems 2, 16, 17, 18. You may assume
the results of problems 11–14, but you may prefer to work these problems
yourself if the statements aren’t clear.
Guillemin and Pollack, page 144, problems 1, 2. There are hints on pages
145-6, but try to avoid using them if possible.
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