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We’ll do lots of fun problems today, and we’ll learn a 
bit about problem-solving.

To keep this fun and productive for everyone, a few 
suggestions:

•When you have a solution, wait before sharing so 
others can have time to work.
• If you’ve heard a problem before, let others 

experience the joy of finding the solution!



Scheduling a tennis tournament

A single elimination tournament has a bracket, such as 

that used in the NCAA March Madness.  With 4 players:

 



If there is an “uneven” number of players, then Byes are 

used so that there is an “even” number in the 2nd round:



Problem: You are the director of a tennis tournament 
with 50 players.  You are in charge of scheduling the 
courts.  How many total matches will there be in the 
tournament?
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US Open 2012 Men's Singles Championship 

Champion: 
MURRAY, Andy GBR
 7-6(10) 7-5 2-6 3-6 6-2

[1]FEDERER, Roger SUI
YOUNG, Donald USA

(Q)AUTHOM, Maxime BEL
PHAU, Bjorn GER
RAMOS, Albert ESP

(W)GINEPRI, Robby USA
MACHADO, Rui POR

[25]VERDASCO, Fernando ESP
[23]FISH, Mardy USA

SOEDA, Go JPN
DAVYDENKO, Nikolay RUS

(Q)PELLA, Guido ARG
KARLOVIC, Ivo CRO

(Q)WANG, Jimmy TPE
RUSSELL, Michael USA

[16]SIMON, Gilles FRA
[11]ALMAGRO, Nicolas ESP

STEPANEK, Radek CZE
MAHUT, Nicolas FRA
PETZSCHNER, Philipp GER
KAVCIC, Blaz SLO
CIPOLLA, Flavio ITA

(W)SOCK, Jack USA
[22]MAYER, Florian GER
[27]QUERREY, Sam USA

LU, Yen-Hsun TPE
RAMIREZ HIDALGO, Ruben ESP
DEVVARMAN, Somdev IND
ISTOMIN, Denis UZB
ZOPP, Jurgen EST
GOFFIN, David BEL

[6]BERDYCH, Tomas CZE
[3]MURRAY, Andy GBR

BOGOMOLOV JR., Alex RUS
(Q)MORIYA, Hiroki JPN

DODIG, Ivan CRO
BELLUCCI, Thomaz BRA
ANDUJAR, Pablo ESP
HAASE, Robin NED

[30]LOPEZ, Feliciano ESP
[24]GRANOLLERS, Marcel ESP
(W)KUDLA, Denis USA

LACKO, Lukas SVK
(W)BLAKE, James USA

MATHIEU, Paul-Henri FRA
ANDREEV, Igor RUS
GIRALDO, Santiago COL

[15]RAONIC, Milos CAN
[12]CILIC, Marin CRO

MATOSEVIC, Marinko AUS
(Q)BRANDS, Daniel GER

UNGUR, Adrian ROU
(Q)SMYCZEK, Tim USA
(Q)REYNOLDS, Bobby USA
(Q)ANDREOZZI, Guido ARG
[17]NISHIKORI, Kei JPN
[32]CHARDY, Jeremy FRA

VOLANDRI, Filippo ITA
ITO, Tatsuma JPN
EBDEN, Matthew AUS
KLIZAN, Martin SVK
FALLA, Alejandro COL

(Q)BECK, Karol SVK
[5]TSONGA, Jo-Wilfried FRA

R.FEDERER [1]
 6-3 6-2 6-4
B.PHAU

 6-2 4-6 6-4 7-6(5)
A.RAMOS

 6-7(3) 7-5 6-4 6-0
F.VERDASCO [25]

 6-1 6-2 6-4
M.FISH [23]

 7-6(3) 7-6(2) 6-3
N.DAVYDENKO

 7-5 3-6 6-4 6-2
J.WANG

 7-6(4) 6-7(8) 6-1 6-4
G.SIMON [16]

 7-6(4) 3-6 5-7 6-4 6-1
N.ALMAGRO [11]

 6-4 6-7(5) 6-3 6-4
P.PETZSCHNER

 1-6 4-6 6-4 7-5 7-6(3)
F.CIPOLLA

 6-4 7-6(5) 3-6 6-3
J.SOCK

 6-3 6-2 3-2 Ret.
S.QUERREY [27]

 6-7(4) 6-4 6-4 7-5
R.RAMIREZ HIDALGO

 6-3 6-2 3-6 6-4
J.ZOPP

 3-6 6-3 6-3 7-5
T.BERDYCH [6]

 7-5 6-3 6-3
A.MURRAY [3]

 6-2 6-4 6-1
I.DODIG

 6-0 6-1 6-2
P.ANDUJAR

 7-6(5) 3-6 7-6(1) 7-5
F.LOPEZ [30]

 6-3 7-5 6-2
M.GRANOLLERS [24]

 6-3 4-6 6-3 7-6(2)
J.BLAKE

 7-5 6-2 3-6 6-3
P.MATHIEU

 2-6 4-6 7-6(1) 7-6(4) 6-1
M.RAONIC [15]

 6-3 4-6 3-6 6-4 6-4
M.CILIC [12]

 5-7 2-6 6-4 6-2 6-4
D.BRANDS

 7-6(4) 6-4 7-6(5)
T.SMYCZEK

 1-6 6-4 6-2 4-6 6-4
K.NISHIKORI [17]

 6-1 6-2 6-4
J.CHARDY [32]

 6-3 6-4 6-3
M.EBDEN

 7-6(9) 6-3 6-2
M.KLIZAN

 6-4 6-1 6-2
J.TSONGA [5]

 6-3 6-1 7-6(2)

R.FEDERER [1]
 6-2 6-3 6-2

F.VERDASCO [25]
 7-6(4) 5-7 7-6(5) 6-4

M.FISH [23]
 4-6 6-7(4) 6-2 6-1 6-2

G.SIMON [16]
 6-4 4-6 6-4 6-4

N.ALMAGRO [11]
 6-3 5-7 5-7 6-4 6-4

J.SOCK
 6-2 6-2 6-4

S.QUERREY [27]
 6-3 6-4 6-3

T.BERDYCH [6]
 6-1 6-4 6-2

A.MURRAY [3]
 6-2 6-1 6-3

F.LOPEZ [30]
 6-4 6-1 6-7(5) 3-6 7-5

J.BLAKE
 6-1 6-4 6-2

M.RAONIC [15]
 7-5 6-4 7-6(4)

M.CILIC [12]
 6-3 6-2 5-7 4-6 7-5

K.NISHIKORI [17]
 6-2 6-2 6-4

J.CHARDY [32]
 6-4 6-2 6-2

M.KLIZAN
 6-4 1-6 6-1 6-3

R.FEDERER [1]
 6-3 6-4 6-4

M.FISH [23]
 6-1 5-7 7-6(5) 6-3

N.ALMAGRO [11]
 7-6(3) 6-7(4) 7-6(2) 6-1

T.BERDYCH [6]
 6-7(6) 6-4 6-3 6-2

A.MURRAY [3]
 7-6(5) 7-6(5) 4-6 7-6(4)

M.RAONIC [15]
 6-3 6-0 7-6(3)

M.CILIC [12]
 6-3 6-4 6-7(3) 6-3

M.KLIZAN
 6-4 6-4 6-4

R.FEDERER [1]
Walkover

T.BERDYCH [6]
 7-6(4) 6-4 6-1

A.MURRAY [3]
 6-4 6-4 6-2

M.CILIC [12]
 7-5 6-4 6-0

T.BERDYCH [6]
 7-6(1) 6-4 3-6 6-3

A.MURRAY [3]
 3-6 7-6(4) 6-2 6-0

A.MURRAY [3]
 5-7 6-2 6-1 7-6(7)



Today we scratch the surface of 
heuristic, the methods and rules 
of discovery and invention.  This 
applies to problem solving...and 
to research.

George Pólya
(1887–1985)



How to attack a problem?  Inspiration may come 
quickly.  If not, technique helps!

Today we will learn a few techniques and have some 
fun using them in elementary problems.  One of the 
main techniques is experience, and that can only be 
acquired through constant problem-solving.

I highly recommend Pólya’s book as a good starting 
point.



Take breaks.  Take long walks.  Let 
your mind wander.  Here’s a 
famous story of Henri Poincaré 
(1854–1912):

Just at this time I left Caen, where I was then living, to go on a 
geologic excursion under the auspices of the school of mines. 
The changes of travel made me forget my mathematical work. 
Having reached Coutances, we entered an omnibus to go some 
place or other. At the moment when I put my foot on the step 
the idea came to me, without anything in my former thoughts 
seeming to have paved the way for it, that the transformations I 
had used to define the Fuchsian functions were identical with 
those of non-Euclidean geometry. I did not verify the idea; I 
should not have had time, as upon taking my seat in the 
omnibus, I went on with a conversation already commenced, 
but I felt a perfect certainty. On my return to Caen, for 
conscience' sake, I verified the result at my leisure.



The basic technique today is: Vary the problem

There are many variations: generalization, 
specialization, decomposition, auxiliary elements, ...

Generalization and specialization are easy to do if there 
is a number (or numerical variable) in the problem.



Here is a problem from a contest at 
the new math museum in New York:

Problem: 12 people are seated in a row.  They stand, 
permute, and sit again.  In how many ways can they 
rearrange themselves if each person moves at most one 
seat?  

1 2 3 4 5 6 7 8 9 10 11 12



When you solve a problem, it is important to look back. 
Here’s a list of questions from Pólya: 
• Can you check the result?  Can you check the 

argument?
• Can you derive the result differently?  Can you 

see it at a glance?
• Can you use the result, or the method, for some 

other problem?

And, on our theme of variation:

• Can you pose a new problem suggested by the 
previous problem, result, or method?

This is how you begin the “research patter”.



Problem: 12 people are seated in a circle.  They stand, 
permute, and sit again.  In how many ways can they 
rearrange themselves if each person moves at most one 
seat?  

7
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8
910

11

12



Problem: Here’s another variation.  12 people are seated.  
They stand, permute, and sit again.  In how many ways 
can they rearrange themselves if each person does not sit 
where he/she started?  

1
2

3 4
5

6

7
8
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12



Problem:  A tropical island near Bora Bora has 60 
inhabitants.  Each has blue eyes, but somehow doesn't 
realize it.  That's a good thing since local custom 
demands that on the day a person finds out he/she has 
blue eyes, then he/she must evacuate the island at 
midnight.  Another local custom is the daily noon lunch 
gathering, where all of the inhabitants mingle and see 
each other.  Now one beautiful May 1 a stranger arrives 
on the island and, at the noon gathering, announces 
``Someone on this island has blue eyes''.  For the first 
time each inhabitant begins to think seriously about the 
possibility that his/her own eyes are blue.  What happens?  



Problem: How can we estimate the volume of water in a 
reasonably small, irregularly shaped, shallow pond?



This problem is open-ended and there is not a definite 
right answer.  (Previous problems have a right answer, 
but not a “right” method of solution.)

Still, problem-solving techniques apply.

In this case, we introduced an auxiliary element into the 
problem.  Often that is a good step, but it takes some 
inspiration to find the right one.

Let’s look over Polya’s summary chart:







These same principles apply on a grander scale.  

Consider how the notion of ‘space’ has evolved and is 
still evolving:

The Greeks codified ideas about 2- and 3-dimensional 
spaces.  (They developed the basic mathematical 
framework of definitions, axioms, and theorems.)

Almost immediately a question: What happens if we 
drop the parallel postulate?

Eventually (early 1800s) new geometries emerged: 
spherical and hyperbolic geometry.



The sphere is defined by a polynomial equation:
x2 + y2 + z2 = 1

What about geometric shapes defined by different 
polynomials?  Different functions?  Different numbers 
of dimensions?

More radical ideas: What about geometry over different 
number systems?  What if     and     are complex 
numbers?  Numbers in clock arithmetic?

x y

Modern geometry has even more radical notions of 
space, all the result of the “research patter”.

What is surprising and intellectually satisfying is how 
these ideas—even many outrageous ones—apply to 
science and technology.



Problem: Given points A, B, and C in the plane, 

construct the line containing A which is equidistant from 

B and C and passes between them.

Problem: In a triangle let    be the radius of the inscribed 

circle,     the radius of the circumscribed circle, and    

the longest altitude.  Show that                     .  (There is a 

nasty twist here...)

r
R H

H � r + R

Problem: Two trains 200 miles apart are moving toward 

each other; each one is going at a speed of 50 miles per 

hour. A fly starting on the front of one of them flies back 

and forth between them at a rate of 75 miles per hour. It 

does this until the trains collide and crush the fly to 

death. What is the total distance the fly has flown?

 



John von Neumann
(1903–1957)



Summary
What have we learned?

• Problem-solving techniques are helpful
• Develop the “mathematical patter” as a mode of thought
•When you finish a problem you’re not finished
• Let your mind work subconsciously
• Have fun with mathematics!


