- —

Tanaka, S.
Osaka J. Math.
4 (1967), 65 84

CONSTRUCTION AND CLASSIFICATION OF

IRREDUCIBLE REPRESENTATIONS OF SPECIAL

LINEAR GROUP OF THE SECOND ORDER
OVER A FINITE FIELD

SHUN'TcHT TANAKA

(Received February 28, 1967)

1. Introduction

The purpose of the present paper is to construct all irreducible representa-
tions of SL(2, F), where F'is a finite field, closely following the study of H.D.
Kloosterman [9] on the representation of the modular congruence group.  Most
of the results described here are known, however the argument which depends
on theta series and was the starting point for H.D. Kloosterman's work is replaced
by the recent results of A. Weil [11] on a certain projective representation of
symplectic groups, By this construction we hope to give some insight to the
structure of the remarkable irreducible representations of SL (2, F discovered
by LM, Gel'fand and M.I, Graey [7] as an analogue of the discrete series of
SL (2) over a non-discrete locally compact field.

We consider 7, the two dimensional vector space over F and identify its
dual with £ (as an additive group) in two ways, The one is connected with
indefinite quadratic form in two variables and the other is connected with definite
quadratic form {or rather with quadratic extension of ), On the other hand,
4 natural projective unitary representation of the symplectic group Sp{G) as-
sociated with a locally compact abelian group ' was constructed on L6 and
studied by A, Weil [11]. SL(2, F) is imbedded inta SpiF?), 20 we have two
projective representations of S£(2, F), which turn out to be ordinary repre-
sentations,  We call the one associated with indefinite quadratic form the
Fepresentation of the first kind and the other of the second kind,

To decompose these representations, we consider the hyperbolic rotation
group H and the rotation group € operating on F.  The operators induced by
hyperbolic rotations commute with the operators of the representation of the
first kind, and those induced by rotations with the operators of the represen-
tation of the second kind.  So by Fourier transformation with respect to I or O,
these representations are decomposed into direct sums of representations,  Each
Operator of the component representations is expressed by a sum analogous to
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Kloosterman's sum {or to the integral representation of the ordinary Bessel
function) and representations discovered by 1.M. Gel'fand and NI, Graev arc
thus reconstructed, We call the sum Bessel function of the first or the second
kind over a finite field. For a representation of the second kind, the operator

. Ay — 1 . : . . . :
corresponding to| ”] is essentially the Founer transform in two variables,

<o the ahove construction is an analogue of classical construction of Fourer-
Bessel transform.  Bessel functions of the first kind are also obtainable as kernels
of the so-called X-realization [7, P216] of the representations, abtained by de-
composing the quasi-regular representation which 1s naturally defined on the
two dimensional affine space over F.

The author was informed by Professor 1. Voshizawa that since 1963 ].A.
Qhalika had undertaken the problem of determining all irreducible representi-
fons of the modular congruence group with considerable progress. After the
author had finished the present work, he was also informed by Professor e
Kuga about the general outline of J.A, Shalika’s lecture on the similar problem
as considered in thas paper at 1965-A . S.-Summer Institute on algebraic
gruupﬂ_

The representation theory of SL(2, F') was originated by G.F. Frebenius
[3] who calculated the traces of all irreducible representations of SL(Z, F).
Later E. Hecke [8] gave the construction to a half of irreducible representations
(obtained from quasi-regular representation) of this group. 1 connection with
his study of the general theory of modular functions, E. Hecke raised the problem
of determining all irreducible representations and theit traces of the modular
congruence group mod p*. The problem was attacked by H.D. Kloosterman
[91 by means of the transformation formulas under modular substitutions of
certain theta series. He constructed the greater part {in fact, for the case A=1,
all) of irreducible representations,  So all irreducible representations of SL
(2, F} with F=Z/(p) have been constructed by H.I}. Kloosterman.

In recent vears, LM, Gel'fand and M.1. Graev have undertaken the study
of representation theory of Dickson-Chevalley groups over an arbitrary field
(41, [51, (6], [7) In particular, they gave the formulas of representations of the
discrete series of SL{2, K), where K is a non-discrete locally compact field, and
analogous ones for SL(2, F) [7]. But the author of the present paper feels that
the meaning of these formulas remnains rather implicit.

The present paper is closely connected with our previous paper [10]. In
Part I of [10], the discrete series (of SL(2, K}) of LM. Gel'fand and M.1, Graev
were reconstructed by the method described before.  We hope our comstruction
described in Part T of [10] and in this paper make the structure of those represent-
ations clear, In Part 1T of [10], the representations of the modular congruence
group mod g constructed by H. 1), Kloosterman werc reconstructed.  Modifying
the construction, we obtained a new representation which may give some of
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irreducible representations absent in H.ID. Kloosterman’s work.  For the special
case of A—=2, all irreducible representations absent in H.I}. Kloosterman's work
were thus obtained.

We shall proceed to outline the contents of this paper. §2, §3, 44 of this
paper are preliminaries for later constructions,  In §5, the representations of the
first and second kind are constructed depending on results of A, Weil.  De-
compuosition of the constructed representation into invariant subspaces 1s de-
scirtbed in §6 and §7. There are exceptional invatriant subspaces which can be
decomposed further. Description of them are given in §8.  In §9, irreducibility
of the constructed representations are proved and it is shown that all irreducible
representations of SL(2, F') are thus obtained.

2. Properties of a finite field

For general facts about a finite field, see [2]. TLet F be a finite field with
g=p" (p a prime number) elements, Let F' be the additive group of F, F*
its multiplicative group. Let & be a generator of #7%,

Let L be the quadratic extension Fi/ g) of F. For s=x+ gy (x, v F),
define s=x—+/ Ey, S(z)—=z+% and Niz}==z% The set of elements 7 in L
which satisfy N{t)—¢ (c=F*) is called a circle in L. Each circle consists of
g1 elements. Let us denote by €' the circle Nt)=1.

Let F* and C be the character group of F* and (' respectively and =,
(same symbaol for both case) be the identities of #* and ", There are characters
of F¥ or 7 with real values.  Apart from s, there is only one such characters in
each case, which we denote by #, and 7, respectively.  Let ¢, be a generator
of C. =z and =, are characterized by 7 (8)=—1 and #,{t)=—1. Put F¥*=
XEF* gix)= 1 1}, F,=F* 10} and C,= {t=47; miit)= | 1},

Lemma l. =(—1)=—1if and onlv if z,{ —1)=1.

Proof., Let —1—=¢, t=(". Then t4+£—0, so ¢ 15 written as + &b, b= F.
Therefore —1—F—&F, so x(— 1)=nr(6)=—1.  Conversely, let — 1=E&F, b= F.
Putting t=-+/ €5, we have tf= §E=1 and £#=-1.

Lemma 2. For any t= (", there exists an element e= L such that N{e)=&
and Ele=1,

Proof. Let ¢ be an element of L which satisfies N(e')=£ If &'/e’ is
expressible as ¢, +'= (), then we have (¢'t")=¢'t’ and £=N{e')={e't'y, which
contradict the definition of & So é'/e’=#™" for some m. If t=1""", put
e=15"t3'e’,

Let us fix e, which satisfies N{e )=¢ and &, /e,~=1,.

Let us fix a non-trivial character ¥ of F*. For x= F¥, x5+, define

T A iy St LY

S =y

o o o—



RH 5. Tawawra

T(r) = 2 X(x)w(x)

Xe=T

and put 7=7{=;). It -« known that |T(z)|*=gq (sce for instance [1, PZ7-2Y])

and in particular T =g (- 1),
Let &(x) be §-function on Fie dix)=01f x=
F* and € defined by 8(x) =0 if =+, and §(m,)=1.

and consider 7 as a function on F.

F* and 8(0)=1. We also

introduce function &(=) on

Given == F¥, we define =(0)=0

3. Quasi-regular representation

T.et © be the iinte dimensional Hilbert space consisting of all functions on

F F— (0, 0} with the inner product (f., fa =22 flx ,\;?]'fz(,-;'," x,). For

i Pe L
I3 -—tﬁ ""g\]f—_ﬂ"?f.{z, F), define the operator T{g) on £ by the formula

T[-E:Ifl::fl ’ :"'::} - _f[-'f-l-'-ru S JE'.-rrl E."i':,.:l .

Then T{g) is a unitary representation of SL{Z, F). For n=F¥, we call f=D
which satisfies f{nx,, axg)=m{ Aflx,, x), AEFT, a homogeneous function of
Let &, be the subpsace of # which consists of all homogeneous

degree .
functions of degree m. Dy 18 the invariant subspace of the representation

[T(g), P} and let us write Tl g)=T(g) D=
For f=9,, define (%) =f(1, x), x=F, and ajr( =
of Telg) on 18 written as follows, If o1,

)=f{1, 17. Induced action

e

) ¢ B !
Tl 2 )r(x) = 1'Irtiz-'|_ix]ﬂhx bay,  (x#E—0)
T . -

T g l:‘ a ‘:I _ ;r{;-- ..I...-}ﬂ.r-(.h.x:-}_l

L, ne S T

if =1,
Tfl:.l-.r}"\:-"f“'nl] — 'Ll[r[;ﬁx lIJ‘N‘| rzl:rﬂ ’

¥ S

Tl gyl (o0) = m{@)r (o).

Let ==, and put

of T, g} expressed on functions e V) Pl

by the formula in §7. which we shall obtain by another method,

T, (g) is equivalent to direct sum of T.2(g) (

§9.) and an identity representation.

(¥} = 2 e {x) X0 v, gle )=o), Realization
FEF ' ' '

) is called % -realization and written

which will be introduced 10

X
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4. Summary of results of A. Weil

This section contamms summary of definitions and results in Chapter 1. of
[11] which we need later.

Let 7 be a commutative locally compact group and &% be its dual group.
For u= (7 and #*= G¥, put <w, 0¥ >=u®u). For notational convenience, we
assume {7 is a finite proup with n elements. Let 2 be the finite dimensional
Hilbert space consisting of all functions on , with inner product (&, $,)—

n SV eb (), (i), For e 9, define its Fourier transform &% by

L=t

DF*) = n V2 D () S, w*

HER

Let ¢ and H be commutative finite groups. If w—wer is a homomorphism of
G into H, there exists a homomorphism af of H* into % such that <ue, o% >
—u, oFa® for any ne (G and v*e H¥ I H¥=( and —=a®, a0 is called a
symmetric homomaorphism.
Let w—we be an automorphism of & (7%, Putting w=(u, &¥), ¢ can
be represented by matrix:
, ¥ !
(i %) == G )7 ) = (-, uB+u)
where o, 4, v and & are homomorphism of ¢ into {7, of (7 into &%, of %
mto ¢ and of &% into % respectively.  An automorphism of (7 G% is called
symplectic if oo’—=1 where
o = o)

—n® ¥

The group of all symplectic automorphism is denoted by Sp(().

Let T be the multiplicative group of the complex numbers of modulus 1.
Put e, w,)=wu,, uf> for w,=(u, «f)=G=G¥ (i=1, 2). Let A(G) be
the group whose underlying space is = ¥ T, with the multiplication rule
defined by (20, £,)w,, &,)=(w,}+w, Flw, w)tt,). We call the group A(() the
Hetsenbery proup associated with &, It's center is {(0, ¢), t=T}. Define the
unitary operator Lz, 1) in £ by the formula '

Ulw, 8y P (v) = t®(v4u)y, u¥> (PeD)

Ufm, #) is an irreducible unitary representation of the Heisenberg group A{().

Let B, () be the group of all automorphisms of Heisenberg group A(G)
which fix the elements of the center of A(G). For s= B(G), define the repre-
sentation 7 of Heisenberg group by 0w, f)=U{(w, #"). It can be shown
that £/* and {7 are equivalent, so there exist unitary operators, unique up to the
constant factors, which define the equivalence. We fix one of them and denote

|
i
1
|
|
1]
I
i
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it by F(s). The mapping s—F(s) is a projective unitary representation of

B (G). If w—2u is an automorphism of €, a natural injective homomorphism

o=( 2\ (o, £,) of S,(G) into ByG) exists, where

folu, w¥) = <, 2 L 3¥ < 27 uF ey B, wt o u¥ey, uid s

(7 o) 15 ri-ilﬂlﬂ}’ denoted by .
and p be an automorphism of (7, an isomorphism of 6% on G

Let o,
Define unitary

and a symmetric homomaorphism of into ¥ respectively,
operators o [ o), () and 2(p) by formulas

d (o) P(u) = D)
d, (v )Diu) = D uy*) (P=)
£,(p)D(w) — B(u) 1, 2”up>

-

g i [ 1 | e F . ]. b :
I'hen F ('ﬁ }T_, ]- [ [“:1’ [; ‘] and I L[] If.s:l are equal to d,(o), d,(7) and #,(p)

up to constant factors.

5. The representations of the first and second kind

Let us now proceed to construction of the reprerentations of the first and
second kind of SL(2, F).  Assume that the characteristic p of Fbe odd.  Let &
be the additive group of the two-dimensional vector spcae F: over F. Now let

s define two functions on & % ¢ which define self-duality of . Put

Ly Ty T I{.u'.?'l:'—l' ”tﬁll}

and
W, Ty — Y[EEH,EH I ':'?”rﬂ.e\..,] -

efined by <, >, and <, »; arc called of the first kind
and of the second kind respectively. Let L be the quadratic extension £ W E )
of F. 'The sclf-duality of the second kind is canonically associated with L. We
identify (7 and L by G S(u,, wu —~u, 1+ & w,= F and then <u, v0,=X(S(ud)).

ases simultancously, so we omit the suffices and
= IF =—

The self-dualities of & d

First we consider both ¢
[ et o= F and the homomorphism of (7 defined by u
Then each element of SL{2, F) can be

, '} can be imbedded homomorphical-

write <, .
(rene,, ey} be denoted also by e
considerd as an element of Sp((), so SL(2
Iy into B{G).

P I

If 1), = (i; 'E'} is expressed uniquely as

‘e f 10—ty gl 8y
= (“ =00 6T

e

i -
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Define the operator rig) by the formula

rog) = & ey e G )k dy )
or, in an explicit form, by

rg)b(u) = 3 k(glu, v)d(e),

where

) ; -l |'3 -\.E.-J g 0o
Rig|u, v) = Z}:L”‘I w0 .{‘ = 2y )

L Ly

’

)
Let gog,—g,, 8: = |l f J:"i

:?{g,, ggjr._.{g._}, 1Le.
S k(g s @)h(g e w) = clg, g k(g u w).

) and v, =0 (i=1, 2, 3). Then r,(g)r,(g)=—

Putting n—ew=1, we have

1 ~— : - .
20 X (v, 27 e, oo X ire 27, v

g oasa

€= (g §a) = -

—

= = 2T Y 2 v),

g =

Now let us consider the two cases separatelv.  We have

J. - %
2Ry s 2T e Ty

i rew
1
= — E I':T:-"ff]"fi_]"—-';'f_’z:'
g “Ea
2 | ] 1 e
~ A + E X{Ffa?ll?dlﬂs?lj
q l:l!r |:'|__|'_.-.|.IL|'2_|_|'.
21 g1 R R
S I S (i)
if i mA
Fep— _
2g—1 g ....1.{ 1) =1
o o

We also have

Xiv,yi vt 270, o)

-1,1 2 X{vT v v V()
g g==

- L2t sx (it
g g =

1 __.'i"|'1..[_t}_ 1.
g q







