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Heights

Recall: To complete our proof of the Mordell-Weil Theorem, we need a
function

h:A(K)— [0,00)
such that
(i) For all ¢ > 0, {P € A(K) : h(P) < ¢} is finite,
(ii) h(mP)=m?h(P)+ O(1),
(ili) VP, € A(K),3e(Py) > 0,h(P + Py) < 2h(P) + c(Py).

By definition, an abelian variety is in projective space, so it is natural to
start with heights defined on projective space P*(K). For the remainder of
these notes, let K denote a global field (i.e. a finite extension of Q or F,(z))
and let Mg be the set of places of K. Then for each v € My we choose an
absolute value | - |, and number n, such that the product formula holds for
all x € K*. This means that for all x € K*,

[Tl =1.

v

If a € P*(K), write a = (ag : - -+ : a,). Then we define
= va logorg%);ﬂai\v}.

Remark: Sometimes the function

H max {|a;|, }™

0<i<n

is used. These heights are related by h(a) = log H(a).
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Lemma: If a ~ b, then h(a) = h(b).
Proof: By definition, a ~ b if there exists some A € K* such that a; = \b;
for each i. We then observe that
max {]ag|,} = £%§{|)\|v|bi\v}

0<i<n
= [\ e {ll

Summing each side over all v € Mg, we have
h(a) = h(b) + ) _n,log|A,.
However, the sum on the right vanishes by the product formula:

va log |Al, = log (H A Z)

=logl =0.

Example: K = Q.

Every point a € P"(Q) can be represented by a = (ag : -+ : a,) with
a; € Z,ged(ag, .. .,a,) = 1. If p is prime, then we have that, for this repre-
sentation,

fax {Jail,} = 1.

To see this, note that there must be some a; not divisible by p. For this a;,
la;|, = 1. For the rest, we note that each other a; is of the form a; = p*m
with p fm and s > 0, so |a;| = p~® < 1. Hence we see that

h(a) = log max {|aifoc}.



Theorem: If K is a global field, given integers n,c > 1, the set
{a e P(K) : h(a) < ¢}

is finite.

Before we give the proof of this theorem, the following two propositions
are left as exercises:

Proposition 1: Define h(a) = h(1 : ) for @ € K. Then, for ay,...,a, € K
we have

max {h(a;)} <h((1:ap: - :a,)) <h(ag) + -+ h(a,).

0<i<n

Proposition 2: For p/q € Q, ged(p,q) =1

h(p/q) = max{log |p|es, 108 |q|sc }-

We also adopt the following notation:
Notation: log" z := log max{1, z}.

Proof of Theorem: We handle the case where K is a finite extension of Q
(the case for function fields is similar). Using the first proposition, we may
reduce the problem to demonstrating that each set

{a € K : h(a) <c}

is finite. If o € K, let m,(z) € Z[z] be its minimal polynomial. It is then
enough to show a bound for the coefficients of m,(z) if h(a) < ¢. Since each
finite extension of QQ is contained in some Galois extension, we may assume
that K/Q is Galois. Then m,(x) divides the polynomial

[ @-ot)

oeGal(K/Q)



It is then enough to bound the heights of the coefficients of this polynomial,
i.e. the symmetric functions in {o(a) : o € Gal(K/Q)}. Defining

:‘ Z 07;1<Oé>~"0¢k(04),

we note that

We then estimate each |3],. If v|p, then

18lp = 1510

Since the function |0, (+)], is yet another absolute value restricting to |- [, on
Q, label it | - |Uij. Continuing our estimates,

Z iy ()], -+ oy ()], = Z a

i1 <<, i1 <<y

< (Z) max{L, |alu,. .., |a|, }*.

o,

By the strong triangle inequality, we don’t need the combinatorial coefficient
in the non-archimedean case. Combining the estimates at each place,

h(B) =Y log" |8,

p<oo

n
S (k) +k210g max {17|alvl7"'7|a|vn|}

ol ViyerryUn |D

< (Z) + kh(a).



There is a stronger version of the theorem due to Northcott:

Theorem: For fixed integers d,n > 1, the set
{a €P"(Q) : [Qa) : Q] < d,h(a) < c}

is finite.

In defining the height h on P*(Q), it is necessary to make the right choice
of | - |y, n, such that if @ € P"(K) and L/K, then h(a) is the same value
regardless whether it is computed in K or L.

Theorem: Suppose K is a global field, ¢y,..., ¢, € Klzg,...,x,] are ho-
mogeneous all of degree d. Then, on the set of a € P*(K) such that some
¢i(a) # 0, define the function ® by

O (ag:---:ay)— (Pola):---:¢r(a)) € PT(K).

Then h(®(a)) < h(a)+ O(1).

Proof: By definition,

h(®(a)) = _ n,log max |¢;(a)l,.

0<i<r

If we write ¢;(a) as



then we have

10g\¢i(a)!u§10g< > .. dn\v!ao|ﬁ°“-|an|ﬁ")

di+--dp=d

<logk, + dlog (maéx{|ai|y}> + log (n ji_ d)

0<17
Here k, = max|cy 4], It is clear that, for all but finitely many v,
log k, = 0. As before, the combinatorial term is not necessary in the non-
archimedean case. The result follows by summing over v. ]

Remark: If (¢o,...,¢,) = (g, ..., z,)", then h(®(a)) = dh(a) + O(1).



