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We continue the proof of the following theorem.

Theorem 1. Let f € Z[x1,...,xy,] be absolutely irreducible (in particular, it is
non-constant). Then for all but finitely many primes p, there is a solution to the
equation f =0 in Zy.

Under the given assumption, we have established the following consequences:
1. f € (Z/pZ)[z1,...,z,] is absolutely irreducible for all sufficiently large primes
p.
2. For all sufficiently large primes p, the variety defined by f = 0 has a smooth
point in (Z/pZ)™.

The final step is to turn the smooth point in (Z/pZ)™ of the variety defined by
f =0 to a p-adic point.

Essentially we want to prove Hensel’s Lemma:

Lemma 1. (Hensel) Suppose f € Zlx] and a € Z is such that f(a) = 0 (mod p)
and f'(a) # 0 (mod p). Then there exists an o € Zj, such that & = a (mod p) and

f(a) =0.

Remark. Note that the assumption f(a) = 0 (mod p) is equivalent to |f(a)|, < 1;
the assumption f’'(a) # 0 (mod p) is equivalent to |f’(a)|, = 1; the conclusion
asserts that there exists an o € Z,, such that |@ —al, < 1 and f(a) = 0. There-
fore Hensel’s Lemma is an analogue to the Newton’s method of finding zeros of
differentiable functions on the real line.

Proof. First we prove by induction on n that there exist a, € Z such that a, =
an—1 (mod p"~1t) for n > 2, and f(a,) = 0 (mod p™) and f'(a,) # 0 (mod p) for
n > 1. Letting a; = a, we have the base case for free. As for inductive steps, we
want to find z € Z such that f(a,_1+2p" ') = 0and f'(a,_1+2p" 1) # 0 (mod p),
therefore we can put a, = an_1 + zp"’l.
Write f(z) = Z?:o c;xt. Observe the equality
_ Sy M (an D (@ _
f((ln71+2pn 1) _ f(anq)-l-f/(anq)zp" 1_'_% %(an l)d.
We claim f(an_1 + 2p"1) = f(an_1) + 2p""Lf (ay_1) (mod p") by showing
k k S . X
% € prr any ¢ € Z and 1 < k < d. Note that % = Zf:k Mﬂci(f—k,
and that l(z_l)kw = (;) € Z, which proves the claim.
Now I want to find z € Z such that f(a,_1) +2p" 1 f (an_1) =0 (mod p"). By
inductive hypothesis f(a,_1) =0 (mod p"~1), we write f(a,_1) = up™~! for some
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u € Z. Therefore we aim to find z € Z so that (u + 2f'(a,_1))p"~* = 0 (mod p"),
ie. u+ zf'(ap—1) = 0 (mod p). By inductive hypothesis f'(an—1) # 0 (mod p),
such z € Z can be therefore found. Since

net1, fP(an-1)

f(an—1+2p""") = f(an—1)+f"(an—1)2p +T(zp"_1)2—|—- .
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and we have shown that fT,(C) € Z for any ¢ € Z and 1 < k < deg f, we con-
)
clude that % € Zfor 2 <k <degf, and f'(an_1+ 2p""1) = f(an_1) #
0 (mod p). Therefore we put a,, = a,_1 + zp"~! and complete the inductive step.
Now we have a sequence {a,},>1 of integers with the stated properties. We

claim {a,}»>1 forms a Cauchy sequence in the p-adic norm. To see this, we apply
the strong triangular inequality: for any n > m,

n—1
|an — amlp = | Z(ai+1 —a;)lp <max{lais1 —ailpm<i<n—-1}<p™™ -0
i=m

as m — 00. So there exists a € Z,, such that a, — o as n — oo, which implies
flan) — f(a) as n — oo since polynomials are continuous. We have also f(a,) =
0 (mod p™), which implies f(a,) — 0 as n — oo, and therefore f(«) = 0.

Example. f(x) =22 +1, p=>5

ap=a=2

f(2)=5=0 (mod5)

f(2)=4#0 (mod5)

as =2+ 529

F(2+4520) =5+2-2-52z9 + 5225 =5(1 + 422) + 5225 =0 (mod 5%) = 25 = 1
a3:7+5223

F(T+5223) =50+ 275225 + 5422 = 52(2 + 14z3) + 522 = 0 (mod 53) = 23 = 2

Question: How to write negative rational integer as p-adic numbers?
Answer: For example, we have —1 = p"—1 = (p—1)(1+p+p*+...+p" 1) mod p".
Thus as a p-adic number, —1 = (p—1)(1+p+p?+...). Alternatively, using a bomb
to kill an ant, we may apply Hensel’s Lemma to the polynomial x + 1 in order to
write —1 a p-adic number.

To turn a solution (ay,...,a,) € (Z/pZ)™ of f =0 and % # 0 for some 7 into a
p-adic one, simply apply Hensel’s Lemma to f(a1,...,a;-1,2,ai11,...,a,) € Zlx].
Then we have an o € Z, such that (ai,...,a;—1,®, ai41,...,a,) is a p-adic solution

to f = 0. This completes the proof of Theorem 1.

Examining the proof of Theorem 1, we discuss how large the prime p needs to
be in each step.

In Step 1, we want f € (Z/pZ)[x1,...,2,] to be absolutely irreducible. This
require that p is so large that does not divide an integer which depends only on
coefficients of f.

In Step 2, we want a smooth point in (Z/pZ)" of the variety defined by f = 0.
This require that p is so large in terms of the degree of f and the number of its
variables that the Lang-Weil estimate gives a smooth solution of f = 0.
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In Step 3, Hensel’s Lemma can be applied for those primes p € N which a smooth
solution in (Z/pZ)™ is found in Step 2. This does not require the primes to be larger
further.

Next, we investigate the question: How likely is it that an f € Z[z1,...,2,] has
zeros in Zj, for all primes p?

Theorem 2. Foranyn>1,d>1 and H > 1, let Ay, 4. i be the set of polynomials
in Lz, ..., x,] with total degree d whose coefficients are no bigger than H in their
absolute values; let B, 4 g be the set of polynomials in A, q. g such that for any
prime p they have a zero in Z)). Then we have

lim #DBn a1
H—o0 #Amd,H

Proof. We count ”bad” polynomials in each of three steps in the proof of Theorem
1.

>0 ifn>2,d>2 and (n,d) # (2,2).

In Step 3, no bad polynomial is there.

In Step 1, for n > 2,d > 2 and (n,d) # (2,2), the subspace of reducible polyno-
mials has codimension at least 2 in the space of polynomials of total degree d in n
variables. So there are at least 2 numbers that need to be divisible by p in order for
a polynomial in Z[x1, ..., x,] to be reducible in (Z/pZ)[z1, .. .,xz,]. Thus the prob-
ability of a polynomial in Z[z1,...,z,] being bad modulo p is no bigger than 1%‘
Equivalently, the probability of a polynomial in Z[z1, ..., z,] being good modulo p
is no less than 1 — p%. Hence the probability of a polynomial in Z[x1, ..., z,] being

good, i.e., good modulo any primes p € N, is no bigger than ]_[p(l — I%) = % > 0.

Of course this is a heuristic argument.
In Step 2, given fixed n and d, all but finitely many primes p € N are good for all

polynomials in Z[z1,. .., x,] with total degree d. For each ¢ of finitely many good
primes, the probability of a polynomial in Z[z1,...,z,] having a smooth zero is at
least
af 1 1
Prob { f(0,...,0) =0 mod ¢, =——(0,...,0) #0mod ¢ ) = —-(1— =) > 0.
8901 q q

Again, this is a heuristic argument.

Conjecture. Smooth hypersurfaces of degree d in n variables for d <n andn > 4
satisfy the Hasse Principle.

Conjecture. Let A, 4. be as in Theorem 2, and B;z,d,H be the set of polynomials
in Ay, 4.1 which admits o zero in Q™. Then

B Coa>0 ifd<n
lim #A"ﬂz ? fd=n+1
H=oo ffAn.a.n 0 ifd>n+2.
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