1. WEEK ONE

What is an exponential sum?
We often see things like

N
S = Z exp (2micy,) , where o, € R

n=1
Recall that
, = (2mia)”
exp (2mia) = Z py
n=0
2ra)t 1y (2ma)”
_ 2 2ma)” -2 2ma)t
n=even n=odd

= cos (2ma) + isin (27a)

It follows that | exp (2mia)| = 1, for all a € R.
For o = 1/2, we get Euler’s formula exp (i7) + 1 = 0.
S € C and |S| < N because each summand has absolute value 1.

Exercise 1. 1. |S| = N & exp (2miay) = exp (2miay,),Vn > 1
2. SN exp (2min/N) = 0( This follows from the geometric series).

The subject of exponential sums seeks to give improved estimates on .S from knowledge
of «,,. for the most part we will be interested in upper bounds but we will also have
conditions so that |S| # 0 or even lower bounds.

Definition 1. If a; € Q then S is called a rational exponential sum.

We will mostly be looking at rational exponential sumsi.e «,, = a,,/M where a,,, M € Z.
Since exp(2mia,/M)™ = 1 we have that exp(2mia,/M) is a root of unity. So S =
> exp(2mia, /M) € Zlexp (2mi/M)]

Now we state a theorem due to Weil.

Theorem 1 (Weil). Let f(z) € Z[x] of degree d < p and p a prime number such that
f(x) mod p is not a constant. then

p—1

> exp (2nif(n)/p)| < (d = 1)v/p

n=0
This theorem is closely related to the Riemann Hypothesis for curves over finite fields.

p
Definition 2. The quadratic Gauss sum is defined as follows G = Y exp (2min?/p).

n=1
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Theorem 2 (Gauss). Let \/p denote the positive square root of the prime number p,
then

VP, p=1mod4
G=141/p, p=3mod4

0, p=
We now define the Legendre symbol.

Definition 3.

0, n =0 mod p
(—) =<1, dm # 0 mod p and m? = modp
—1, otherwise.

Next, let
" /n
G = (—) exp (2win/p)

n=1 p
P P

= Z (—> exp (2min/p) + Zexp (2min/p)
n=1 p n=1
" /n

= (—) exp (27min?/p)
n=1 p

= G.

From Gauss’s Theorem we know for an odd prime p, G?> = (—1)®»"Y/2p. Now G €

Zlexp (2mi/p)] For an odd prime g # p let us define R = Z[exp (27i/p)]/(q) and in this
ring we have (z +y)? = 27 + y?. Let G be the image of G in R. Then,



where ( is the image of exp (27i/p) in R. Note also that as n varies from 1 to p, ng mod p
also varies from 1 to p. We have

_ (2)
p n=1
¢\ x~ (7

L)
p) = \P

— (2) a
p

and hence we have (@2)(‘1*1)/ 2 = (%) which, combined with Gauss’s theorem, gives

(~1)= D@/ pla0/2 = () mod ¢

We also have Euler’s theorem p®—1/2 = §> mod g. Hence we have the quadratic

r()-(0)

Now we state and prove Euler’s theorem.

reciprocity law.

Theorem 3 (Euler). (%) = nP=Y/2 mod p.

Proof. Tt is clear in the case n = 0 mod p. If n = m? mod p then
nP~V/2 = @D = 1 mod p

Again, (n®1/2)2 = 1 mod p . Since x®~1/2 —1 = 0 has at most (p—1)/2 roots in Z/(p)
all the (p — 1)/2 squares are roots. So there is no room for other roots. O

We shall now generalise the fact

Z exp(2rm(b —a)/n) =n, a=bmodn
m=0

= 0 otherwise.

Let C* = C—{0} be considered as a group under multiplication. Let T'={z € C: |z| = 1}
and define p,, = {z € C: 2" =1}. Then p= |J pn, C T and p,, p, T are all subgroups of

n>1
C*

Definition 4. A character of an abelian group G is a homomorphism y : G — C*
3



Note that x(G) C py. The character xo given by xo(g9) = 1, Vg € G is called the
principal or trivial character.

If G =(Z/nZ,+), for any a € Z we define x,(m) = exp(2mwiam/n) which is a character
since xa(m1 + ma) = Xa(m1)xa(msz).

Definition 5. We define the dual G of G as the set of all characters of G.

Exercise 2. G is an abelian group under the multiplication x1x2(9) = x1(9)x2(g) with
identity xo.

Theorem 4. G is isomorphic to G for any finite abelian group G.
Corollary 5. The dual of G is isomorphic to G.

We can give a simple direct proof of the corollary since, unhke the theorem, the iso-
morphism is canonical. For any g € G define a character 1, of Giea map vy : G—C*

by ¥4(x) = x(g). It follows that g — 1), is an isomorphism from G to the dual of G.
The theorem follows by the classification of finite abelian groups once we prove the
following two lemmas.

Lemma 6. m%@xf-\[.

Proof. Define a map GxH—GxH by x — (x|G, x|H) and define a map GxH—

GxH by (x1,x2) — ((g,h) — x1(g)x2(h)). It is easy to check that these are homomor-
phisms and inverses of each other. Hence the lemma follows. 0

Lemma 7. If (G is a finite cyclic group then G is isomorphic to G .

Proof. If G is finite cyclic then G = Z/nZ. Define a map G to G by a — x,, defined
above. Since XoX» = X(atp) it follows that the map is a homomorphism. The kernel of

this map is nZ. So Z/nZ — G. Now to show this map is surjective, let x € G. Look at
x(1) =& We have

This implies £ = exp(2mia/n) for some a € Z. So we have,
x(m) = (x(1))"
= gm
= exp(2miam/n)
= Xa(m)
So x = x. - Hence the map is surjective. 0

Theorem 8. The following identities hold



Z 0 x#x0, x€@
X9 =1, X=X
gEG 0
Z _J 0 g#1, 9€G
X9 =911 424
gEG R
Z _{0 X1 # X2, X1, X2 €G
Xl = 1 o @
geG X1 = X2, X1, X2 €
ng 0 g1 #92, g1.2€G
! 1 g1=92 g1,92€ G
gGG

Proof. If |z| = 1 then we have that z = z~!. Our first goal will be to reduce b), ¢) and d)
to a). Now consider the left hand side of ¢).

|G\ZX1 2(9) |G\ZX1

geG geG

ZXl

gGG

|G| ZXI XQ

geG

Now we observe that c) follows from a) applied to x = x1(x2)~!. Likewise, d)follows from
b) applied to g = ¢g1(g2)"!, and b) is a) applied to G. The two groups have the same
cardinality since they are isomorphic. So it remains to prove a).
If x = xo, then it is clear that

Z Xo(g

gEG

If X # Xo then 3go € G, X(go) #1

ZX 990) ZX

geG geG

= X|(C“C’T,T) > x(9)

geG

(1)

On the other hand, ‘G| > x(990) = % > x(g) as g — ggo is a permutation of G. It
geG geG

follows that

EPA )

geG
and, since x(go) # 1, we finally get

.
-
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2. WEEK TWO
Definition 6. C[G] = {F : G — C: F a function}

Let G = {g1,92,-..,9n} withn = |G|. Then F is characterized by its values F'(g1), F(ga), - . .

So F+— (F(g1),F(g2),-..,F(gn)) defines a bijection from C[G] to C". We will consider
C[G] as a vector space over C. The operations in this vector space are defined as follows:
Let Fy, Fy € C|G] and X € C,

o (F1+ Fy)(g9) = Fi(g) + Fa(g)
o (AF1)(9) = AFi(g)

We define an inner product on this vector space:

Definition 7. If Fy, f5 be in C[G]. Then,

(R, Fy) = |G|ZF1 9)F2(g)

geG

This is an Hermitian scalar product on C|[G]. An Hermitian scalar product on a complex
vector space V' is a function <,>: V x V — C such that Yv,w,z € V and VA € C then,

o < vt w,z>=<v,2>+<w,z>

A<v,z2>=< v,z >

<v,z>=< 2,0 >

< z,2>>0,and, < z,z >= 0 if and only if z = 0.

Theorem 9. G is an orthonormal basis for (C[G], <, >).

Proof. First of all, G is an orthonormal subset of (C[G], <,>) by the results of last week.

Also, any orthonormal set is linearly independent. Finally #G #G = dim C[G], so G
is a basis.

Corollary 10. VF € C[G] we have F'= 3" & < F,x > x.

This expresion is called the Fourier ezpansion of F. For all g € G, we have F(g) =
> vea < Fix > x(g9). The map x —< F,x > is a function G — C. This is called the
finite Fourier transform of F'.

Let R be a finite commutative ring. We have two groups associated to it:

e (R,+); the additive group of R, which is a finite abelian group.
e (RR*,-); the group of units of R under multiplication, which is also a finite abelian

group.
Example 1. Let p be a prime number. Then, for Z/pZ,
e a s e?me/P ¢ (Z%Z\,—i-)
o () <0

s F(gn)-



Let (R,/?) ={x: R - Cx(z+vy) = X( )x(v)}. We can make (R +) into an R-
module as follows: given a € R and x € (R +), ax(z) = x(azx). Then ax(z +y) =
x(a(z+y)) = X(a:ﬁ—l—ay) x(az)x(ay) = ax(z)ax(y). So ay is a character.

We know (R +) = (R,+) as groups. We can ask: is (/R,\H isomorphic to (R, +)
as an R-module? In other words, does there exist a character x of (R,+) such that
{axja € R} = (R.4)?

Example 2. Let R = Z/nZ. All characters are of the form y, : z — e
Xa = axl)'
Let’s look at finite fields. Let F, = F,» with p a prime. Recall that Trg , /r, (x) =

n—1

x+af +---+af

2miazx/n (SO

Theorem 11. (FF,, +) is isomorphic to I, as an F, vector space, with generator x; : z —

2™ Tmeq /0 (W)/P That is, all characters of (F,,+) are of the form z — 2T /vy (92)/P fir
acl,

Proof. (F,,+) is isomorphic to (F,, +) as abelian groups. So (F,, +) has ¢ elements. Also
(F,,+) is an IF, vector space. Therefore, it has to be 1-dimensional. Any non-zero element

of (Fy,+) is a basis for it as an [, vector space. So I need to show that x; # xo, i.e. we
need show that Trg, /r, () is not always zero. Trp,/w, () is a polynomial of degree p"~*
so it has at most p"~! roots. On the other hand #F, = p™ > p"~!. So there exists = € F,
such that T'rg, /r, (7) # 0. O

But in general the answer to the question “is (R,+) isomorphic to (R,+) as an R-
module?” is no. Rings that answer “yes” to this question are called Frobenius rings.

Since in what follows, we will refer to the inner product on both C[R*] and C[R], we
will distinguish them by an appropriate subscript.

Let R be a finite commutative ring. Let x € (R,+). Then y, when restricted to
R*, gives us a function for which we can calculate its Fourier expansion in terms of the
characters of R*: x|g = ‘R—ﬂ' Zweﬁ* (X, w>(C[R*] 1 (remember that x|g+ is just a function

on R*, not a character in (R*,-)).

—

Definition 8. Given an additive character y € (R,+) and a multiplicative chararcter
¥ € R* we call G(x,¥) = (X, ¥)cipe) = Dser- X(@)1(2) € C the Gauss sum of x and ¢.

We would like to extend ¢ € R* to all of R. We can do this by defining ¥ (z) =
whenever z ¢ R*. In particular, if R is a field then R — R* = {0}. Then all we are doing
is defining ¢ (0) = 0 and the identity ¢ (xy) = 1 (x)y(y) will remain true Va,y € R.

Now, we expand this extended 1 in terms of the characters x € (R,+). We get ¢ =
ﬁ er(ﬁ,—?) (¥, X)cr X Where (1, X)¢(p) is the inner product on C[R]. Then (¢, X)c(p) =

YowerV(@)x(x) =3 cp ¥(x)Xx(2) = G(x,v), the last equality being true since 1)(z) = 0
if r € R— R*.
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Theorem 12. Let IF, be a finite field and x € (E,:), X # Xo- Then Vy € E‘E, |G(x,¥)| =

2.
Proof.
GG = GOu¥)G(x,¥)
= [ D x(@)i(2) X(@)i(x)
z€Fy z€FY
= ) @2y x)
x,yG]F{;
= Z Y(zy Hx(y — ) (take zy ' = u, then x = yu)
.t,yEIF;
= ) d(u)xly —uy)
u,yE]Fz
= > w(u) Y x(y(1—u)
u€ly y€eFy
y — x((1 —w)y) is an additive character, which is not xg if u # 1. Then,
St —w)={ g itn
Then, |G(x, V) = X yeps ua V(W) (=1) + (1) (g = 1) = ¢ = X yep: ¥(u) = ¢q. O

Exercise 3. Work out G(x, ) when 1) = 1y or x = xo.
Let Sy = ,ep, €7"/7, n|(p — 1). Let xi(z) = >/7.

Theorem 13.
Se= Y Gl
PeF: yn=1
Corollary 14.
Sl < (n = 1)p'”?

Proof. (of the theorem) The map z — 2™ is a homomorphism with kernel I' = {z €
Fyla™ = 1}, I = n. Then S, =n) a0 e?me/? where (IF3)™ are the n-th powers in F,
p

since (we claim)

n if c € (F)"
>, vl)= { 0 ifcd (B



We have the following sequence Fy N /T 4, C*, where 7 is the projection over the
quotient F%/T. Then F:/T = {¢ € Fi|trivial on I'} 2 { € F5|¢" = 1}. Then, (x) =
Zcer anzl e27ric/p = 21/;":1 Zcelﬁ‘; Xl(C)@Z)(C) = Z¢v”:1 G(Xla ¢) |:|

Notice that this corollary is a special case of Weil’s theorem. We give an outline of yet
another alternative proof and leave the details as an exercise for the reader .

Exercise 4. i Sy =g, €T)"/P for any ¢ € .

e it |2
1. pTl’SnP < Zte]F;; >, i /p|
iii. Evaluate the RHS.

3. WEEK THREE

For a prime p, a quadratic Gauss sum is defined by

G o g a 2mia/p
= 5 e

a=1

where
a 1 if a is a square mod p,a # 0
(—) =< —1 ifaisnot asquare mod p,a # 0
p 0 ifa=0

First day of class: we outlined the proof of quadratic reciprocity, using two additional
facts which were only mentioned. We prove these here:

(2) G* = (—1)P"12p
_J /p ifp=1mod4
(3) G_{i\/ﬁ if p=3 mod 4
Define
a —~
n(a) = (];) ,n € Fy
X1 (a) - 627ria/p7 X1 S IE‘p
Then
p—1 a A
G = Z (_) T = G(n, x1)
a=1 p
Conjugating,
P /a b1 a i 1 a 1
a _ “ 6—27ria/p _ (__) 6271'1'(1/]2 _ <__) (_) 627rz'a/]o _ (__> G
;;(p) ;; p ;; p/)\p p



Since <%> = aP~1/2 mod p, we see that (%) = (=1)P=D/2 5o

G = (-1 b2qg
From last week, we know |G| = /p, so:

p=1(mod4)=G=G=GeR=G=+p
p=3(mod4)=G=-G=GeiR=G==+i/p
Note: p = |G]> = GG = (—1)®»~V/2G2, proving (1) above.
Now we simply need G = +,/p or G = +i,/p
The Fourier Transform is a function from C[F,] — C [ﬁ], where the map F — F is
given by
A 1 I
F(x)==)_ F(x)x(z)
p z€elf,
Our strategy will be to compute the determinant of this transformation in two ways.
But what does determinant mean in this context?
Suppose we choose bases for C[F,] and C [FP . Then consider the natural isomor-
phisms:
C[F,] =CP by F — (F(0),F(1),...,F(p—1)), and
C[F,| 2 € by ¢ = (0(x0), (1), 9y 1), where xa(z) = ¢
By composing these two maps and the Fourier transform, we get a map L : C? — CP,
and this map has a determinant.

2miax/p

3.1. Calculating Determinant, Method 1. Consider the canonical basis of C? : ey, e1,...,€,_1
where e; = (0,...,0,1,0,...,0) has a 1 in the jth place, 0 everywhere else.

Then
1 1

&) == Y es()x(@) = —x(j)
pxe]Fp p
because e;(x) = 0 for j # x.
Thus . .
() = Dxald) = e

p
Let ¢ = €?™/?. Then

(C0j7 g1j7 <2j7 e g(P*l)j)

ej:

=

SO

1 )
L=_ (C]a)ogj,agpfl
p
on the basis eq,...,ep_1.

Then this is a Vandermonde matrix, so
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det(L) = ]%det(gja) = ]% I «-¢

0<m<n<p-1

Let § = €™/?, 50 6> = (. Then

det(L) = ip H (527” — 52") _ i H gmtn (5mfn B 67(m7n))

14
p 0<m<n<p—1 p 0<m<n<p—1
Now

H gmtn — 5Z(m+n) — 5717@71;@72) — (_1)%71

0<m<n<p—1

because 6* = —1 and p — 2 is odd so (—1)P72 = —1.
Also,

S P L)

p

which (because m < n) is always a negative number times ¢. Thus

[T (=5t

0<m<n<p-1

p(p—1)

is the product of 221 negative numbers multiplied by "2
2 1

Therefore, if p = 1 mod 8, then: (—1)7 = 1 and ’@
det(L) € R*.

Similarly: if p = 5 mod 8, then: (—1)% = 1 and @ = 2 mod 4, and thus
det(L) e R™.

If p = 3 mod 8, then (—1)"= = —1 and Z@ = 3 mod 4, and thus det(L) € iR".

Finally, if p = 7 mod 8, then (—1)% = —1 and @ = 1 mod 4, and thus det(L) €
iRT.

0 mod 4, and thus

3.2. Calculating Determinant, Method 2. Consider some @) € ]ﬁ, so¢ : Fy — C.
Then extend ¢ to F,, by defining ¥(0) =0. Now ¢ : F, — C, so ¢ € C[F,]. This gives us
an embedding Fs C C[F,] = CP.

This means we can think of ¥ as a basis for the subspace of C” with 0th coordinate 0.
Thus @ U {eo} is a basis for CP.

Then take the Fourier Transform of ¢: (assume a # 0)
11



Z¢ ) Xa(T

a:EIFp

== Zw 2)xa (az)
zGIFp

= - Z¢ (@ 'y)xiy
yEIE‘

= ];@D(G‘I)G(@/),xl)
= %WGW? Xl)

because under the substitution y = ax, y ranges over all of IF,,, and we use the definition
of G given earlier.
Thus

— G(wa Xl)a
p

S

Consider ¢ # 1y:
If 1) # 1), then by the formula above,

@Z] _ p G(%Xl) ( % )
E G(U;;Xl) 0 P

This will give us 2 x 2 submatrices in L. If 1) = 1, then this simplifies to

q[) _ G(wa Xl)'@b
p

giving us 1 x 1 submatrices instead.
Finally, we must consider ¢y and eg. Now we know that ¢y = (1,0,...,0) and ¢y =
(0,1,...,1) by extension. Thus éy = (1,1,...,1) = eg + ¢y and

el =0
1Y e = 1 Y ) _{é e

;EEIF acEIF*

Thus

- -1 -1 —1 -1 1
p P



Thus L looks like

(Bk)
(Ch)

(Crm)

where A is the 2 x 2 matrix corresponding to ey and g, B, ...,
C,,, are 2 x 2 matrices corresponding to when

corresponding to when =1, and C, ...,
v F .

By, are 1x1 matrices

Now we know exactly what A looks like. Consider the B’s: Suppose ) = t. Then (&

takes only real values, so it must take values in +1. Thus 1)?

= 1)o. Since F is cyclic, Fy

is cyclic, so either v = 1)y or v is the unique element of order 2, i.e. ¥ = n. Thus this

gives us the only B matrix, so L. must be of the form:

(

0

G(val)

p

G(¢7X1)

p

0

)

Now we calculate det(L). The determinant of A is clearly —1, and the determinant of
B is itself. Consider the CJs:

Now
¢>X1 Z¢ z)x1(z Z¢ z)x1(z Z¢ = (-1)G(¥, x1)
Thus
G(¥, X1)G(@a x1) = (=1)G(, x1)G (¥, xa) = Y(=1)|G(¥, Xl)|2 = ¢(=1)p
Thus
det(L) = det(A) det(B H det(C;) = )% H w

RN

Now L is a p X p matrix, so the product is over p — 3 characters (all except eg, 19, 7)
and thus over 7%3 pairs of characters.
Since all we care about is the Sign we can write

det(L) = G(1. x1)( H (=

1)(something positive)



We need to know whether the product of the 1)(—1) is positive or negative. Let g be
a generator of 5. We know all the ¢’s can be written as ty, where ¥4(g) = *™/(=1),
for k=1,2,...,p— 1. However we want to exclude vy and 7, because these are not part
of the product, and we know 7 is 9(,—1)/2. Thus we are left with ¢, for k =1,...,(p —
3)/2,(p+1)/2,...,p— 2.

Notice that 1(—1) = bx(g?~1/2) = €™, Thus this is (—1) when k is odd, and (+1)
when £ is even.

Now ¢, = 1_. We are only taking the product of ¢(—1) over pairs 1, ), and we see
that ¥y, (—1) = ¥(—1) because its real, so it doesn’t matter which choice (1, or ¥y) we
make. Thus we can choose k =1,2,...,(p — 3)/2. Since ¢;(—1) = —1 exactly when k is
odd, all we care about is how many odd choices of k we have.

Sop=1 (mod 8): Then (p—3)/2 = 3 (mod 4), giving an even number of odd choices
of k.

So p = 3 (mod 8): Then (p —3)/2 = 0 (mod 4), giving an even number of odd choices
of k.

So p =5 (mod 8): Then (p —3)/2 =1 (mod 4), giving an odd number of odd choices
of k.

So p =7 (mod 8): Then (p — 3)/2 = 2 (mod 4), giving an odd number of odd choices
of k.

Therefore,
Hw 1 ifp= 1or 3 (mod 8)
—1 ifp= 5or 7 (mod 8)
Now we combine this together with part 1: Suppose p = 1 (mod 8): Then
det(L) = G(n, x1)( Hw )(something positive)

=G(n,x1) (—I—l) (+1)(something positive)

Since we know det(L) € RT, we see that G(n, x1) € R*.
Similarly, suppose p = 3 (mod 8)‘ Then

det(L) = G(n, x1)( Hw )(something positive)
= G(n, Xl)(—l)(—i—l)(somethmg positive)

Since we know det(L) € C~, we see that G(n, x1) € R*.
Suppose p = 5 (mod 8): Then

det(L) = G(n, x1)( Hw )(something positive)
= G(n, Xl)(—i—l)(—l)(somethmg positive)
Since we know det(L) € R™, we see that G(n, x1) € R*.
Suppose p = 7 (mod 8): Then
det(L) = G(n, x1)( H@b )(something positive)
= G(n, Xl)(—l)(—l)(somethmg positive)

Since we know det(L) € iR™, we see that G(n, x1) € iR™.
14



Since we already know that |G|” = p, we have shown that

G- VP if p=1mod 4
| iyp if p=3mod 4

as desired.
We start by comparing the rings Z and F,[z]. They are very similar - both are Euclidean,
their quotient fields are finite. Consider the parallels:

Z Fy[z]
primes <«— monic irred. polys
ZT =N «+— monic polys

Q A Fy(z)

Z;.Lozl Z_Z A h monic ﬁ

The last line gives the Dirichlet series analog in Fy[xz]. Our analog definition comes
from noting that n = #Z/nZ, so we define Nh := #F [z]/(h).
But this definition really gives Nh = ¢%9" so the Dirichlet sum becomes

Z ah(q—s)degh: Z athegh

h monic h monic
by letting T'= ¢*°
We’re not going to worry too much about the convergence of these series.

Definition 3.1. A Dirichlet character is a character x : Z — C that is:

1) Periodic: 3¢ s.t. x(n+¢q) = x(n)Vn

2) Multiplicative: x(mn) = x(m)x(n)
3.3. L-functions. Let M = {monic polynomials in F,[z]}, and let A : M — C such that
A is multiplicative. Assume A\(1) = 1.

Definition 3.2. L(\,T) := Y, .,y M(R)T%¢", and consider this as an element of C[[T]],
i.e. all formal power series in T. Thus we don’t need to worry about convergence.

Proposition 3.3.

LAT) =[] 0= A@)Ter)™

pEM
p irred

Proof. 1 — \(p)T4°e? € CJ[[T]]. Also we note that it’s a unit:

(1 o /\(p)Tdegp)—l _ Z( Tdegp Z/\ Tndegp
n=0
using the geometric series expansion. So we take this over all polynomials:

II a-awrisn) " =[] Z)\ Y mdesp

peEM pEM  n=0
pirred pirred
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To handle the fact that this is an infinite product, we take this over polynomials with
degree <= D, and let D — oo. Formally,

ordr—g H (1= Xp)T9eP)™t — L\, T) | — 0o as D — o0

peEM
p irred
degp<=D

Now, consider the expansion of

H Z)\ Tndegp

pEM n=0
pirred

Clearly the constant term (degree 0) is 1. The term of degree 1is Y., A(p)T", which
isequal to ) ,cp, A(z—a)T. Similarly, the term of degree 2 is of the form (3 Az —a)A(z—
B)+>" Mx? —azx—b))T?. We notice that to get terms with small degrees in the expansion,
we only need to look at polynomials p with small degree.

This leads to the conclusion that the product is equal to

Z )\ pl p2 o )Tn1 degpi+..+nydegpr _ Z )\(h)Tdegh

P1,P2,-- heM

and this includes every term exactly once because we have unique factorization in IF,[z].
Now suppose A(h) =1 for all h. Then

o o 1
degh __ degh __ d __ drpd __
D AMTHEr = T =D | ) 1| T=D (T =
heM heM d=0 \ heM d=0
We can also evaluate this sum using the equality from the last section:
Z )\(h)TdEgh _ Z Tdegh _ H (1 Tdegp) H(]- . Td)
heM heM pEM d=1

pirred

where N, is the number of monic irreducible polynomials of degree d. Combining these
results, we get

- 1
[[Ja-79)N =
1—qT
d=1
By taking the logarithmic derivatives of both sides and simplifying, we get > din dNy =

q". We can then use the Mobius inversion formula to show that N,, = %de p(d)g™?d ~

%. This shows that the number of prime polynomials of degree n is like %, which is the
prime number theorem for polynomials. o
Let f(z) € F,[z] for prime p. If h is irreducible and monic, and a € F), is a root of h,

then define
16



Af(h) = 2™y (@) /i, (f(@) /P
and A\s(1) := 1.
Note: This is well-defined. Since the trace is the sum of the conjugates, this is constant

over all roots, and thus is independent of the choice of a.
For general h = [[ A}, with h; irreducible, define Af(h) := [[As(h;)™. This is the

7 )

unique extension to Ay : M — C that is multiplicative.
Our next goal is to prove the following:

Theorem 3.4. If pt f(z), then L(\,T) is a polynomial of degree at most deg f(x).

From before,
L/\f, —1+Z>\fl’—0é

From the above theorem, we know that L(Af,T) = [[(1 — w;T"). On the other hand,
the coefficient in T" of the above expansion is ZQGFP >/ (@)/P by the definition of A 7. Thus

Sw; =3, €2l

Previously, e discussed the following: There exists wy,...,w, € C such that for all

m>1

Z eZWiTr]Fpm/ﬂrp(f(a))/P — _(win + ... w;n)
a€lf,m

and |w;| = p'/?
This statement is essentially equivalent to the last theorem.

4. WEEK FOUR

Let f(z) € Fp[z] of degree d , p 1 d. Given h(z) € F,[z] a monic, irreducible polynomial,
define A(h) := e*™ Tewt@)/m (H@D/P for any root oo € F, of h(zx), and A(a) := 1, for a € .

If h(z) € Fplz], and h(z) # 0. h(z) = a]]; h; where h; are monic and irreducible.

Let A(h) = [[; AM(h;) then A(hihe) = A(h1)A(hg) is true for all hy, hy € F,[z]. Let
M = {h(z) € F,[z], monic, and not 0}.

Finally, let L\, T) = ", o0 A(h)T8" € C[[T]], L(X,0) =

Theorem 15. LA\, T) = [Tenr p s (1 — A(Rh)Tdeah)~1
Theorem 16. L(\,T) is a polynomial in 7" of degree at most d.

Corollary 17. There exists w1, ..., wq € C* such that for all m > 1 we have ZaeF i Ty /my (H@))/P —
—(wi + ...+ w).

Proof. (assuming Theorems 1 and 2). There exists wy, ..., wy € C* such that L(\,T) =
[T, (1 — w,T). Then,

L’)\T d > K
Zl wZT Z_O lelHT *)

=1

17



where ' = diT. Now by Theorem 1,

L'\T) Z A(h) deg hTdeeh—1
LINT) 1 — A(h)Tdegh

heM, h irr

— Z Z )\(h) deg thegh—l/\(h)medegh

heM, h irr m=0

= Z Z )\(h)m—l—l deg hT(m+1)degh—1

heM, h irr m=0

=570 S An)FF degh)T"

n=0 heM, h irr
Then,

LI'OT) & nt1
= A(h)an deg h)T™ (%)
L<)\’ T) nz% hGJW,Zhirr
deg h|(n+1)

For m > 1, if & € Fym, then o has a minimal polynomial over Fp, h(x) € Fym[z], monic,
irreducible and of degree ¢ | m; such that every root of h(x) is in Fym

Conversely, any monic, irreducible polynomial h(x) € F,[z] of degree d | m has roots
in Fpm

Now,

Z Z Z 27” (Trry (a)/Fp flo N /p

§|(n+1) heM, h irr o, h(a)=0
deg h=6

Z 627T7,’(’I‘I‘]Fp(a)/IF‘p f(a))nTH/p

aGFpn+1

Now, Trg, (a)/F, f(c)z))”TJrl = Trg,./r, f(a) by the transitivity of the trace. Indeed, if
n+l=m
Trg, . /r, f() = Tre, @)/, (TUFm /5, (0) f (@)

= Tre, a5, (5 £(@)) = = T oz, (£())
0

Definition 9. Let h(z) € F,[x] be a monic, irreducible polynomial, then 0h = Trg, (o) /r, (f (),
and A\(h) = e2™0h/p,

Now, h(z) can be written as h(z) = [[*,(z — ;) , a; € Fpm, then

oh=>" fla) =3 floresea(——+ 3 )
i=1 i=1 L ) t
= Zlf(ai)resx “h(a)



Also,

Oh = ;respaif(x)};;g)) - _resmf(x)};ll((g

Let K be an algebraically closed field, and K(z) be a field of rational functions with
coeficients in K. Let R(z) € K(z) and P!(K) = K U {cc}.

Definition 10. The residue of R(z) at a € P}(K), res,R(z)dz, is defined in the following

way:
e For a € K, write R(x) = ), o, an(r — )", then res,R(x)dr = a_,
o For oo = 0o define resooR(x)dm =res) — 5 R(1)dx
Now, let us suppose that R(z) = ), where A(x), B(x) € Klz], and (z — «) | B(x).
Then, B(z) = (v — a)*C(z), Where Cla) # 0, and C(x) € Klz] similarly, A(z) =
U(z)(x — )k + V(x), where U(x),V(z) € K|z]. So,
V(x) 1

Or equivalently,

Then, ”
res,R(x)dr = Ck(;él)

Theorem 18. res, R(z)dx # 0 for only a finite number of o € P*(K') and > acpi(x) TeSaR(z)dr =
0.

Denote by p(R(z)dz) 1= 3 cp g Tesa R(z)dz.

Lemma 19. p((R(z) + S(z))dx) = p(R(x)dx) + p(S(z)dz). In fact, V a € PY(K)
res,((R(z) + S(x))dx) = res,(R(z)dz) + res,(S(z)dx).

Proof. Let R(x) = Al—x) and S(z) = 2% with B(z) = (z — )*C(z), where C(a) # 0,

B(x) B(z) ’

and A;(z) = U(x)(z — a)* + Vi(z).
Then, @

1 Vi(z

1 Va(x

’ (Ay(x) + Ag(x)
Ria) + S(a) = G
L i V) + V()

Then, the lemma follows by definition of residues. O
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Lemma 20. Partial Fractions Decomposition. Let R(x) = Hll‘a(—f)am € K(x), A(z) €
K[z] and a4, .. ., a,, distinct, then there exist A;(x),..., A, (x) € Kz| such that R(z) =
Proof. By induction on m. The case m = 1 is obvious. Suppose true for m < k. Now,
let us prove it for m = k. We have that, ged(T]/=, (z — a;)™, (x — ay)™) = 1, then there
exists U(x), V(z) € K(z) such that

k-1

U) [[(z = a)™ + V(@)@ — ax)™ = 1.

i=1
So,
U(x)A(x) V(x)A(z)
(& =)™ [T (= ap)m
Then, let A,,(z) = U(z)A(z), and by induction we have that % = (ﬁio(f))m

O

Proof. (of Theorem 0.4) it is enough by lemmas 1 and 2, to prove that p(—~2l_dz) = 0.

o)
Now A(z) = ap+ ai(x — a) + ... + ag(z — a)?, so

R(z) =

res,R(z)dr = a,—;
and,
resy R(x)dx = resog—ZlR(l/x)d:c
;—;(ao —i—al(% —a)+... —l—ad(% —a)?

— 1e%0 (£ —a)n

O

For all h(x) € F, monic and irreducible. We have d(h) = —resy f(a:)’;;((f)) dz. Also,
/\(h) = 627ri8(h)/p' Then /\(hlhg) = )\(h1>/\(h2) s and therefore 8(h1h2) = 8(]11)8(]12) SO7
(hs) _ 14 14
hyhs hy ~ hy

Then,
=2 (2 AmT™
m=0 heM
deg h=m

We want to prove that L(A\,T) =0, for m > d = deg f.

Definition 11. h; ~ hy if % — 1 has a zero of multiplicity > d + 1 at oo (i.e. degree of
denominator — degree of numerator > d + 1).

Lemma 21. If hy ~ hy, then d(hy) = 0(hs).
20



Proof.
d(hy) — O(hg) = resoo(f@ f=

because f has a pole of order d at oo. (Z—j)’ has a zero of order > d at co and (h—Q) =1 at
0.

O

5. WEEK F1VE

Recall that f(z) € Fplz] with deg(f) = d where ged(d,p) = 1, (h) = —ress(fL
A(h) = ¥ W/p for h € M, where M = {h(z) € F,[z], monic }. Let also, for m >
M,, ={h € M | degh = m}.

);
1,

We have seen that if ), ), A(h) =0 for m > d+1, L(A,T) is a polynomial and from
this it follows that

Z 627TiTT]P‘pm/Fp(f(a))/p _ —(Win e WZzn)

OéE[Fpm

for some wy,...,wy € C*.

Definition 12. Let u = 1/z. Then orde(h — 1) = m if h(u) = 1 + @, u™ + @y u™ ™ +
,am 7 0 as a power series in u.

Lemma 22. If ord(h — 1) > d + 1, then res(fh'/hdx) = 0.

Proof: One can check that 1 dh rdr = 1 dh du and that dh has a zero of order at least d at
0o. Hence, at oo, f has a pole of order d is regular, and dh has a zero of order at least

d. Then ord.( ,IIZZ) > 0 S0 resy ijﬁdu) = resoo(fh dm) =0.

Note that {h € F,(z)*|ords(h — 1) > 0} is a group under multiplication and that
Iy ={h € Fy(x)*| orde(h — 1) > n} is a subgroup. We define G =T';/Ty.

Lemma 23. G is a finite group of order p? under multiplication. Further, A induces a
non-trivial character on G.

Proof:
Sublemma 1. T, /T = F,,.

Proof: For h € I'),, h =1+ ou™ + - --. Define ¢, : I',, = F, by h +— «a. Then

onl(l+ou™+ - )1+ pu" +-- )] =l + (a+B)u" + - | =a+ S+
21



so that ¢, is a homomorphism. ¢, is clearly surjective with ker¢y, = I',.;. Hence,
L/ =F),.

Then by the sublemma, G is a finite group of order p?. By a previous lemma, \ : '] —
C* is a homomorphism with Alp,,, = 1.

We want tdo show that A is non-trivial on G.
If h = Hx—ff =1+u?, h € T4\['q;1, we have

fdh B apu® + - -+ + ag dut? B
h ud L +ud
u 1+ ud u u
Then —rese(f%) = 9(h) = —dag # 0 (mod p). Therefore day/p is not in Z so
A(h) # 1.

Since A is non-trivial on G, 3, . A(h) = 0. Now define ¢, : M,, — G by ¢, (h) = 2=
form > d+ 1.

Lemma 24. For g € G, #¢..1(g) = p™ <.

Assuming the lemma,

S A= A =AY Y M) =AY A =0,
he€Mp, heMm 9€G Y (h)=g,h€E M, geG
Proof of Lemma: If h(z) = 2™+ - - + by, % =1+---+bu™ €I';. Then 1, (h) is the
image of 1+---+bpu™ in G =T /T4r1. In G, (h) = 1+ - -+ by, _qu?. Therefore 1, (h) =
Y (g) if and only if h(z) = 2™ + by 12™ - + Do, g(x) = 2™ + @y T+ -+ ag
With by 1 = Gm_1,"**bn—q = Am_q. 1t follows that #,,(g) = p™ <.

6. WEEK SIX

We have L(T, \) is a polynomial.
We have proven:

Theorem 25. Given f(z) € Fylx], of degree d, 1 < d < p. Then there exists wy,...,wq €
C such that
S = Z e27riTr]Fpm/JFp(f(x))/p _ —(w{” RN wgm)
(EGFpm

Now we can say

Lemma 26. a) If |w;| < B,i=1,...,d, then |S,,| <dB™ Vm >1
b) If 3¢ > 0 such that |S,,| < ¢B™ Vm > 1, then |w;| < B Vi.
22



Proof. a). Obvious.

b). Consider p(z) => | —S,2™.

By the comparison test, using the hypothesis, then p(z) converges for |z| < %.

So it is analytic on |z| < & (has no poles).

But p(z) =Y, Z?Zl W™ = Z;l:l lffjjz (geometric series)

This has poles at z = wij, j=1,...,d. These poles must be outside the disk of radius %,

since we said no poles in [z] < .
Therefore || > +.
J

Note: In fact, later we will prove that |w;| = q%. This corresponds under 7" +— ¢~* to
Res = % This is a theorem of Weil; corresponds to the Riemann hypothesis of number
fields. (So it’s been proven in function fields, but not number fields.)

Theorem 27 (Hardy-Littlewood-Weyl). Let 1 < d < p. Then

Sl < 24777

1

Note: Here B = qlfzdi—l.
This is an improvement over |S,,| < g, since this is < ¢ for ¢’s big compared to d.

Proof. By induction on d.
When d = 1, we have |S,,| < 2. In fact, when d = 1, S, = 0 Vm > 1. This is because
Z 627riTr(a+bx)/p — e27riTr(zz)/p Z eQwiTr(ba:)/p = 0.

Note: When d = 2 we get the Quadratic Gauss Sum.

Assume true for deg f < d. Then

1Sm|? = SmSm
_ Z 2T (f(2))/p Z e2miTr(=f(y))/p
2€Fpm yEFym
_ Z e2miTr(f(2)—f(y))/p Lety =x + 2.
z,y€F ym
_ Z p2miTr(f(2)—f(2+2)) /p
,2EFym

— Z Z eQﬂiTr(f(x)—f(a:+z))/p

2€F,m z€F,m

Call this second sum 7.
Now for fixed z € Fym, f(x) — f(z + 2) is a polynomial in = of degree strictly smaller than
d.
Assume f(z) — f(x + 2) is nonconstant for z # 0. (See below for justification.)
Then |T.| < 2¢' 272 by the induction hypothesis. (Note: if z = 0, then T = q.)
23



So
__1 __1_
[Sml* <+ (q—1)2¢" 27 =2(¢ = 1)g" 7 +¢
< 2g¢" "7 4 2¢ 7
91 _
— 4q 2d—2
= [S,| < 2¢" T,

Now, can f(x) — f(xz + z) be constant for z # 07
Let f(z) = 2% + a1z ' + - + aq.

Then f(z) — f(z+2) =2 — (z+2)? +ay(2¥ ' — (z+2)T ) + - = —dzad ! + - -

The leading coefficient of f(z) — f(z + z) as a polynomial in x is —dz.
This is nonzero if 1 < d < p, z # 0, which is the hypothesis in the theorem.
So our assumption holds, and we’re done.

(Note: The estimate |S,,| < 2q1_2d%1 is nontrivial for ¢ big compared to d.

O

If 2— <1, then ¢ > 22d71, so we must get q really big compared to d for this estimate

2d 1
to make a difference.)

Now let’s modify our notation. Let S =3 2T (f@)/p,
Theorem 28 (Mordell). Let deg f = d < p. Then

1

5] < 2(dd) g3

(Note: The goal is to get |S| < ¢'/2, so we're getting closer...)

Proof.
S — Z e2milr(f(z))/p
— Z e2miTr(f(x)—f(0)+£(0))/p

2miTT(£(0)/p Z e2miTr(f(2)=£(0))/p

2miTr(

So when we take absolute values, then since |e F0)/ P| =1, we can say

| Z 627riT7‘(f($))/p| = | Z BQWiTT(f(I)—f(U))/pL

So without loss of generality we will assume f(0) = 0 in the rest of the proof.

For all A € F,, A # 0, z — Az is a bijection on F,. So
|Sm| _ | Z eQwiTr(f()\x))/pl

z€ly
24



- |S|2d _ | Z 627riTr(f(>\x))/p|2d.

z€Fy

Let A be a subset of F,, of cardinality at least (¢g—1)/d such that the A%, A € A are distinct.
(See Lemma 2 below for existence of such a set.)

Then
q—1 15]24 < Z 15]24 = Z | Z eQwiTr(f()\m))/p|2d'
AEA AEA  z€F,

(Note: We are just summing over polynomials of degree d and with f(0)=0; and all of the
polynomials are different because of our choice of A.)

< Z | Z 627F’L‘T7’(Ej:10jl’j)/p|2d

c1,..,a€Fg  w€Fy

(This is sum over all polynomials of degree d.)

(Remark: In examining the usefulness of this technique, we must keep in mind that
lim, oo (D1, |2;[P)'/P = max; ;< |74 S0 in our sum, the biggest term will stand out.)

Now call S, = 3. 2™ Tr(Ee)/p where ¢ = (cq,. .., ¢q)

Then
Z ’S |2d Z Sd
' — Z Z eZﬂ'zTr > cjx])/p Z e27r1Tr c]yj)/p>

c z€lfy y€lFy
— E E 27”T7" _]k) 1‘315% ij 1CJyk)/P
TY,enny zq€Fq
Y1,-- 7ydEFq

— Z Z€2m'Tr(z;-{k:1cj(ri;fyi»/p

TY,eny zg€Fq 4
yla“'aydqu

- Z ﬁ( Z e2miTr(c; Zzzl(ﬂfi—yi))/p)

T]yeeny z4€Fq ]21 Cje]Fq
Y1,--,YdE€Fq

Now, o
Z o2miTr(c; i (@ ~u)) /P —
c;jelfy

unless Y0 _, (] — y2) = 0, in which case it equals ¢.

So
f[( Z 627riTr(Cj EZ:I(Ii—yi))/p) — Z qd

‘7:1 CjE]Fq T yenes a:dequZk l(zk yk:> 0

Y1,--Ya€Fq  j=1,....d
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p , . . PR P .
Now, > 5 _ (x}, —y))=0for j=1,...,dmeans ) ,_,ax, =>, _,y, forj=1,....d.
But this is true if and only if {y1, . . ., y4} is a permutation of {z1, . .., 24}, sincedip, as follows fromtheN ewt

So we have
§ |Sc|2d S qdqdd'
C

(The second ¢% is for the d 2’s € F,, and d! is for the permutation of the d y’s.)

So putting everything together, we get:

((¢ = 1)/d)[S]* < dlg*, so |S]** < ddlg*"q/(q — 1). But ¢/(q—1) <2, s0 |S]** <
2dd!q? 1.

Therefore, taking the 2d th root, we get

5] < (2ddl)aag' 2

as was desired. U
Lemma 29. JA C F:, [A| > 1 such that VA;, Ay € A, Ay # A, we have A{ # M.
Proof. Take A maximal with the property that YA, Ay € A, A1 #£ Ag.
Now f#{z € F;|3X € A, 2% = M} < d|A|, because for each value of A, we can only find d

x’s such that the equality holds. If |A] < q%dl, then Jz € F; such that x? £ NV € A.
Then A U {z} has this same property. O

7. WEEK SEVEN

Theorem 7.1. Gwen f(z) € F,[z] with 1 < deg f < p, then there exists C > 0 such that
forallm >1

(1)
Sfm = ’ Z 627”'T7']Fpm/le(f(x))/P| < Cpm/2

Z’EFpm

What we will prove is:
Given d, 1 < d < p there exists C' = C(d) > 1 such that for all m > 1 and for all
f(z) € Fym[z] with deg f = d, we have
(2) the cardinality of {(z,y) € F2u|y? —y = f(z)} < p™ + Cp™/2.
Today we will prove that (2) = (1).
Step 1: (2) = # {(z, 9|y —y = f(x)} > p™ — C'p™* with C" = C'(d).

Proof. Recall that given o« € Fpm, there exists § € Fym,” — 8 = « if and only if
Trg,mr, () = 0 and that Trg ,, /k, : Fpm — F, is surjective.
Choose a; € Fym with Tr(a;) = 4,7 =0,...,p— 1 and oy = 0. Then,

p—1
Z#{(ﬂf,y) € F§m|yp —y=f(z)+a;} = pm—i-l.
=0
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Indeed, given x¢ € Fym, look at T'r(f(zo)) € F,. Then the equation y* —y = f(x¢) +
where j = —Tr(f(zo)) has p solutions, and the equations y» —y = f(xo) + «;, j #
—Tr(f(xo)) have 0 solutions. Summing over xy € F,m gives the result.

Now apply (2) to y? —y = f(z) +aj,j=1,...,p—1

#y' —y = f@) +ag} <p"+CpmEVG =1
So

Ml —y= @) =™ = S~y = F(2) + )

p—1

> pm+1 _ Z<pm + Opm/Q)

j=1
=p" —(p—1p™ — (p— 1)Cp™/?
=p" — (p—1)Cp™?

So ¢ = (p—1)C and
— pm . C/pm/Z

and we have Step 1.

Step 2 How does this connect with exponential sums?

Zscfm—#{xy)eF |yp—y:f($)}

Proof.
p—1
SEVIES ) oE
c=0 c€Fp z€lF,m
_ Z Z 627ricTr(f(x))/p
and .
ZeZWicTr(f(z))/p _Jo i Tr(f(x)) #0
p fTr(f(x))=0
So

Zscf,m = Z #{(l’,y) € IF10m|yp —Yy= f(ZL‘)}

LL‘G]Fpm
as needed. Now

p—1 p—1
Z Scf,m = Z Scf,m +pm
c=0 c=1

So
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and now (2) =
p—1
> Sesml < C'p™2
c=1
We know from the fact that the L-function is a polynomial that there exists wy(c), ..., wq(c) €
C such that for all m > 1

Sepm = —(wi(c)™ + -+ wa(c)™).

So we get
p—1 d
| w; ()™ < C'p™? Vm > 1.
=1 j=1
= [w;(0)| < p'? Vi
from prior results.
d
= [Spml = | = Y w; ()™ < dp™?.
j=1

Step 3 We want to investigate

v —y=J() (@) €Fmlldesf=d1<d<p
Rough idea: We will construct a polynomial Wy (z) € F,[z] with ¢ = p™ (with smallest

possible degree) and Wy (x) # 0 which will have a zero of multiplicity k at all x € F, with
Tr(f(x)) =0. Then we will get

#p —y = (o)} < poB s

k

Example:

m—1

Tr(f(z)) = f(z) + f(2)’ + -+ fz)" = Wi(z)
deg Wi (z) = p™~'d and #{y* —y = f(x)} < p™d.

d
Walw) =y —y =~ (a" ).
But
Yooy =g =y T g T Ry ey P =y —y
m—1 m—2
== +W-y -y -y
= Wi(z)
and J
P, — _ Y —_—
yoy=fla)= o= f2)

So Wy(x) = Wi(z) + f'(x)(x? — z).

Claim 7.2. Wy(z) has double zeros at roots of Wi(x).
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Proof. Wi(x) = f'(z)+ f'(x)(=1)+ f"(z)(x? — z) = f"(x)(2? — x), which vanishes for all
z €, U

So,
deg W,
#{yP —y = flx)} <p eg2 2

< pmaX{(pm_ld), (" +d—1)}
2
" +d—1
= % since d < p.
Back to investigating y? —y = f(x) over F,, a finite field,q = p™, f(z) € F,[z],deg f =
d,1 <d<np.
We want to eventually consider #{(z,y) € F|y* —y = f(z)}. Let’s think of y as an

algebraic function of x:
K = Fl](x? y)

Fy(x)

(Adjoin a root of y» — y — f(z) = 0). This is a cyclic Galois extension of degree p. Let
a€lF, t=x—aand form F,((¢)). (field of fractions of the ring of formal power series
in ¢, the ring of formal power series in t is denoted F[[t]]) Now F (x) — F,((t)) is an
injection.

Lemma 7.3. If there exists b € Fy such that b” —b = f(a), then there exists an embedding
LK —F((1))
extending the embedding

Fo(z) — Fo((1))
where x — t+ a. such that l(y) =b+--- € F[[t]].

Proof. By Galois theory, we just need to produce some element y; of F,[[t]] of the form
y1 = b+ ... satisfying v —y1 = f(t + a). Let g(t) = f(t + a) — f(a), then we want to
find z € F[[t]] such that z = a;t + ... (with no constant term) such that z¥ — z = g(?).
Now y; = 2z + b and

-y =2"—z+0 —b=yg(t)+ fla) = f(t +a).

So if we find such a z, we're done. Consider
2= =gty = g(&) + glt) + g(O)” + ...
j=1

Note that g(¢) has degree d and g(0) = 0. Well,
P = gty + gt +..)

so 2P — z = g(t) as required. O
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Informally, consider the following

Fo(z, y)~Fq((2))
IE‘q(x)/(

dx dx dx
3) & =
There is a unique extension of this operator to Fy(x,y).
v —y=f(z)

So we need —% = % Also, there is a unique continuous extension of this operator in
F,((t)) and it turns out to be .
Let’s define higher derivatives (for looking at the order of vanishing). Note: zP has a
multiplicity p zero at zero but ‘ij =
dPz™
dxP
but one of those coefficients is zero which we don’t want. So let’s use
LdP2" nn—1)...(n—p+1La"? (n\ ,
H de? p! a (p)m
i.e. for all m > 1 define D™ : F () — F,(r) as the unique operator such that D™ is
1) F,-linear
2) D™ (uv) = >t DUy D=y
3) DmMgn = (Z):L‘”_m n
“Morally” D™ = L 4%

m! dz™ *

0 for all ¢ > 1. So we need to modify:

=nn—-1)...(n—p+1)z"?

Theorem 7.4. a) D™ has a unique extension to K satisfying 1), 2) and 3)

b) D' has a unique continuous extension to F,((t)) satisfying 1), 2), and 3).
Moreover, if ¢ : K — F,((t)) is injective with ¢(x) =t + a then D™ ¢(u) = ¢(D™u)

forallu e K.

The proof will be given next week.

8. WEEK EIGHT

Definition 13 (Hasse Derivation). A Hasse Derivation on a field F' is a collection of
operators D : F — F satisfying:
(1) D' (u+v) = DMy + D™y,
(2) D™uw = Y77 DUy D=y,
(3) D@ o Dim) — (n;m)D(ner)_
Morally, in the context of finite fields, we may think of it as “D(™) = # (D(l))m 7.
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Theorem 30. (1) There exists a unique Hasse derivation on F, () satisfying D™z" =
(Z)x”*m for all n,m > 1.
(2) There exists a unique continuous Hasse derivation on F,((z)), satisfying D™ z" =
)x” " for all n,m > 1.
(3) 'K = Fy(z,y), where y — y = f(z), f(x) € Fy(x), deg(f) = d, (dq) = 1
there exists a unique Hasse derivation extending the one in 1. Moreover, under
the embedding K — F,((x)) the derivations from 2, 3 coincide.

Proof. We first prove 2:
Recall the definition of F,((z)):

F,((z)) = {Z a7l |n €7, aj € Fq} .

Jj=n

We see immediately that the uniqueness of the derivation in 2 is clear: there can only be
one way to satisfy the constraints of the Hasse derivation, and that of the theorem. We
must check existence by showing that the conditions are satisfied for the operator defined

by D™ S ajad =3 (1) ayad .

e D™ (y +v) = D™y + D™y: This is clear, as power series are added term by
term.

o DMyy = > it DUy Dm=7)y: We write uv as a sum of products, and compare
terms to reduce to the case:

D™ (yp) = Z DUy DM=0y =" v = 2k,
=0

Now DM gngk = (":Lk)x”*k_m, and

ZD(j)xn D(m=i)  k < ) n—j pk—(m—j)
=0 -

:0( )5

The equality now follows from the following identity:
(-2 0)65)
m )~ \j)\m—j)

IThis may be proved, for instance, by noting that a Hasse derivative may be defined over C(z) by
D(m) = L 4" 4nq computing in this field.

m! dx™

Ms Ms
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o DM o DMy = (”jnm)D(”er): Again we may reduce to checking for z*:

D o pimgk (’f) (k - m) ——
m n

pltm) b _ ( k )xk_n_m_

n—+m

The result then follows from the following identity?:

EN(k—m\ (n+m k
m n U m n+m)
1 follows from 2 by restriction.

To show the existence of 3, one needs to show that the derivative of y in IF,(()) remains
in K (viewed inside F,((z))). Uniqueness in 3 follows the usual argument. So, regard
y? —y = f(x) as an equation in F,((z)). Taking its derivative (in F,((z))) then gives:

DMyp — DMy, — D(m)f(x).
On the other hand, using induction and property 2 of the Hasse derivative, one obtains

Dmyp — Z DMy - D)y,

mi+...+mp=m

Now, the m’th derivative of y only appears on the right as y?~* D™y, and occurs p times,
so that we may write D™y as

D(m)yp — Z D(ml)y o D(mp)y.

mi+...+mp=m
0<my,...,mp<m

Now, using induction we may define D™y? in terms of D™ f(x) and lower derivatives
of y, which finally allows us to get D"™)y. In particular, we have:

D™y = —DMf(x), m<p,
DWy = —DWf(z)— (Df(x))P.

Theorem 31. For all u € F,[[z]] we have u? —u = >.°°_ DMy (29 — z)™.

m=1

Proof. Note that this series converges, as the lowest term of (z? — x)™ is 2™, so there are
only finitely many terms for each x7.

2A triviality:

<Z) (k ;m> B m!(kki m)! n!(lik—_mmz!n)! = minl(k ]—C!m —n)

(” ;m) <”fm) - (nﬂ;:;)! (n+ m)!(:!— m—n)  mhl(k f!m —n)!’
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Both sides are linear, so it is enought to prove the proposition for © = x™, n > 0:

LHS = 4 —u

— M xn7
= /n
H — n—-m/(,.q __ .\m
RHS m221 <m)x (z? — x)
" /n
— nN—m(,.q __ ,.\M
2 (m>x (x? —x)
= o+ (@ —a)" - (g)x"
= " — 2"

Recall, we want a bound on

N=|C|, C={(z,y) eFlp* —y=f(z)}.

To this end, we wish to construct a non-zero polynomial Wj(z) which has a zero of
multiplicity at least k at each x € P,C, where P, is the canonical projection onto the first
coordinate. Recall that the existence of such a polynomial shows

N < pdeng(JJ).
k
One possible candidate for Wy (z) is given by
k-1
(4) Wi(z) =y'—y— Y DMy’ —x)™.
m=1

We have already shown that this is a polynomial in =, and it obviously has the correct
multiplicities at its zeroes (if it is non-zero), but we still need to show that it is, in fact,
NON-ZEro.

Writing ¢ = p", we get

k—1
Wi(z) = y'—y—> DMy —az)"

m=1

r—1 k—1

= S (@) = Y Dyt )
j:l m=1
Now
§=0



SO
DMy = Z (Dm/ij(a:))p , m>p
plim
so that we see that, in fact, D™y € F[z], for m > 1. Now
, m
degD™y < max p’ (d - —.) <m(d—-1),
pilm o
SO
degD™y (29 — 2)™ < m(d — 1) + mgq
which then shows

degWy(z) < max {%, (k—1)(d—1+ q)} .

This finally gives a bound for the number of points on the curve:

Ng%max{%,(k—n(d—uq)}.

What would a good k be? Increasing k decreases the importance of % relative to (k—1)(d—

14q). So the best k would be exactly that & where % becomes less than (k—1)(d—1+¢q).
If k were a real parameter, this would be at

dq
k= —————+1.
p(d—=1+q)
We must thus compare LﬁJ + 1, Lﬁ—‘ + 1. We may, however, allow k to be

real if we simply wish to understand the behaviour of our bound. We see

p dq

< £ 01

N < TR
p(d+q—1)

dgp(d+q—1)

dg+p(d+q—1)
When is this good? If ¢ is large, we see that

B~ P
d+p

which is not at all good (recall that we have bounds of pq, dg for free). However, if d ~ p,
we have

B~
2

We still need to check that the Wi (z) # 0. From the expression for Wy(x) (Eq. 4), and
using

D (D"™y(z? —z)™) = —D™ym(2? — )" + (z + 1) D"y (27 — 2)™,
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we see that
k-1
DW, = —Dy-— Z (mD™y(z? — 2)™' — (m + 1) D"y (27 — 2)™)
m=1
= —Dy+ Dy — kDWy(z9 — z)k!
= —EDWy (g9 — z)k L,
Of course, Wi(z) # 0 if DWy(x) # 0. We certainly have (z? — )™ # 0. Thus, if we
can determine when —kD®y # 0 we may find a sufficient condition for Wj(z) being
non-zero. Of course, we need k£ #% 0 mod p. This is no problem, as we have two almost

optimal values for k, and at least one of those will be non-zero mod p. We now make the
computation:

p®y — p® _Z(D(m/pmf(x))pj

pilm

50, if p does not devide k, and D™ f(z) # 0, then W, (x) # 0. But f(z) = agz? + ..., so
that

DW f(z) = <Z) aprF ...

Thus it is enough for (Z) #0 mod p (k < d if k is optimal).

8.1. An improvement on Wy(x). Let us consider
n = #{ap + bd|a,b > 0, (a,b) # (0,0), b < p, ap+bd < M}

One may show

(p—1)(d-1)

n=M-—
2

if M > (p—1)(d—1). Now define
ooz} = (%P0, b > 0, (a,5) £ (0,0), b < p, ap -+ bd < M},

Then the z; are F,-linearly independent as elements of F,(z,y). We consider the deter-
minant:

A=z 2=z o 21—z,
Dz Dzy -+ Dz,
(5) W = det : . :
FoC PR D),

We shall see subsequently that this has all the properties required of a candidate W. We
may relate it to the previous W by noting that, if M = d, then

M
d

ap + bd

& ap + bd
35
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Whichistrueiffb:1,a:Oorb:O,a§1%. Thus

{z1,..., 20} = {y,x,x2, o ,m(d/p)}

and we recover the original Wy (x) (exercise).

9. WEEK NINE

Lemma 32. (1) If z,...,2, € F,[[z]], then W has a zero of multiplicity at least n at
x=0.

(2) If z; has a zero of order exactly j at + = 0 for j = 1,...,n then W has a zero of
exactly order n at x = 0 and, in particular, W is not identically zero.

Proof: Use u? —u = > D™y (29 — )™ from last class to substitute for 2] —z;in W.
Thus

S DMz (2 — )™ .o Y2 DMz, (29 — )™

m=1 m=1
DMz, DMz,
W = det ) )

D1, D1,

Now multiply the j* row for j = 2,...,n — 1 by —(27 —2)U~ and add it to the first row.
This cancels the first n — 1 terms of each infinite sum. Thus,
S DOzt — )™ L Y DMy (27— 2)™

" pg, L pay,
W = det ) )

D1z, D1z,
We can then factor out (z? — x)" out of the first row and the determinant giving that

S DMz (xf — )™ L Y% DMy, (27 — )™

" py, LT poy,
W = (27— z)" det : :

D1, D1,

Note that this shows that W has a zero of multiplicity at least n at x = 0 proving (1).

Now (27 — x)" = 2™(297! — 1)" has a zero of order exactly n, so if the determinant
of the last matrix above does not vanish at x = 0 then we will have proven (2). We
can now use the additional hypothesis that z; = a;z? + ... for j = 1,...,n with a; # 0.
Thus, D™ z; = a;(7)a9=™+ ... The last term of the first row is > oo D™z, (27— )™,
When x = 0, this becomes D™z, (0) = a,,. On the second row, DMz, (0) = a; when x = 0
and all the other entries are zero. On the third row, the second entry D®) z(0) = ay is
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nonzero when z = 0; all later entries are 0. We can see the pattern of DY z;(0) = a; and
D(’“)zj =0 for j > k when x = 0. Thus by reordering the rows,

aq 0 0 .. 0
* A9 0 ... 0
W==2det| * * a3 .. 0
¥ % %X . Gy

W = +ajasas...a, # 0 by hypothesis. Thus, W has a zero at z = 0 of order exactly n,
proving (2).

If z; = ZZ:1 a;rzr with aj;, € F, and you make the determinant with the z;, then
W = det(aj)W. If zy,...,2, all vanish at # = 0, ord(z;) = min ord z;, then replace
29y eoey Zn With 29 —a91 21, ..., 2, —ayp121. Now the orders will be increasing but not necessarily
consecutive. The lemma (2) does not necessarily hold.

x4 —x Pl — 2P

For example, let n = 2, p > 3, 21 = x and 2o = 2P. Then, W = det ( 1 0 )
has order p, not n = 2! For another example, let n = 3,21 = x,29 = 2P, and z3 = P’
Then,

20— Pl — P gPPa P
W = det 1 0 0 =0.
0 0 0

Exercise: If z; = a;29 + ... where € < e < ... then ord W > n + 377 (¢; — 7).

Again, y? —y = f(z) in Fy, deg f = d and (d,q) = 1. We want an upper bound for
the number of solutions (z,y). We need only look at when ¢ is square so assume g = p™
where m is even. Consider the set {2%° | 0 < a,b, (a,b) # (0,0),b < p—1,ap+bd < V)
This is a set of \/q — ®=DWE=D fynctions. Any subset of these functions will work fine for

2
part (1) of the lemma, but applying part (2) is difficult. However, at x = co. ..

Theorem 33. Every integer £ > (p—1)(d— 1) has a unique representation as k = ap+bd
where 0 < a,band b < p—1.

Elementary number theory gives this theorem. If we have two representations for
k = agp + bod = a1p + bid then a; = ag + sd and by = by — sp for some s. The fact that
k> (p—1)(d—1) gives that there is at least one solution in the first quadrant of the a, b
plane. The restriction that b < p — 1 ensures the uniqueness.
Thus, for j =1,...,\/g— (p—1)(d—1) we can find (a, b) satisfying 0 < a,band b < p—1
such that ap +bd = \/g — j and a corresponding z; = 2%y". Let n = \/g— (p—1)(d — 1)
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2=z 2=z,

DMz ... DM
and 21, ..., 2z, have been chosen. Again, W = det ) , . Note, as

D=V, .. DD

we limit 7, we are only using the higher powers of  and y. As we are throwing out some
functions from W, it is no longer a polynomial of just z. Now W € F (z,y) = K where
y is a solution to y? —y = f(x).

F,(z) C K and F,(z) embeds into F,((t)) with the embedding given by ¢t = z — a with
a € F,. If there exists b such that b —b = f(a), we can extend the embedding to K. We
want the embedding such that the image of z,y ¢ F [[t]].

Consider x = at™" + ... and y = [t=° + ... with r,s > 0 (z,y with poles). Then
yP —y = BPt P+ .. and f(x) = apa® " + ... so we need ps = rd. Since (p,d) = 1, p|r
and d|s. The simplest case would be p =r,d = s.

Lemma 34. There is an embedding of K into F,((¢)) such that the image of z and y
satisfy x = at™? + ... and y = Bt~ + ... where af3 # 0.

Proof: Postponed.

10. WEEK TEN
Lemma 10.1.
q . q
A=z G 1 . -
1) . (1) oo Y
W = det b ) B b . o =+det |0 DWz .. DWyg,
D! )21 . DS )Zn 0 D(n—l)z1 ce D(”_l)zn

Proof. On the second determinant, subtract the second row from the first, then eliminate
the first column and second row. O

Lemma 10.2. For any functions zg, ..., zn, h # 0 :

Zg e Z;’]L (hzo)q (hzn>q
ZO ... Zn hZO DT hzn
RO det DWz .. DWWz | _ det | DW(hz) - D(l)(hzn)
DDz, ... Dby, D(”‘l)(hzo) . D(”‘l)(hzn)
Proof. e (hz;)? = hiz] so factor h? from first row.

e hz; = hz; (duh!) so factor h from second row.

e D(hz;) = hDz; + (Dh)z; so subtract from third row the second row times Dh/h
and then factor out h.
In general, D™ (hz;) = hD™)z; + linear combination of D™ z;, 7 < m, so a linear
combination of rows 2 to m can be added to this row to change it to hD(™ z;.

O
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Taking h = 2,1, 2 = 1,

(1/21) 1 (z2/21)" e (2n/21)?
1/ 1 29/ 21 Zn/ %1
W=+20"det | DP(1/21) 0 DW(z/z1) -+ DU(z,/z)
D(”_l):(l/zl) 0 D(”_I):(zQ/zl) e D(”_l):(zn/zl)

Or with u; = zj41/z1 (1 <j<n—1), u, =1/z,

wl —wuy oo ul —u,
DDy, e DMy
W = +£27"" det o o
DDy, ... DDy,
With z; =t/ Vi + -+ we get
e — Vit VI _ il
TtV "

and wu, =7 VI 4
Using the identity uf —u; = Y707 D™y (¢4 — )™,

Doz DMy (88 — ) e 3TN DU, (#4 — )
N DMy, e DWWy,
W = £20"(t7—t)" det . .
DDy, . D1y,

Using

1\ 1 pG—1—m
N (s S S R
holomorphic in t m > \/q ’

the upper right entry of F' is

00 Va1
-1
I Dol G E

If m < n, D0y, = (\/‘Z;l)’yl—lt\/a_l_m + -+ 80

ordtZOD(m)un >Veg—1-m>,\/q—1—-n.

= £ (t1—t)"F.

So any term in the expansion of the determinant F' involving a D™u,,, m < n, will have

order of vanishing at ¢ = 0 strictly bigger than \/g —1 —n.
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We want to evaluate F/tVi~1=" at t = 0:

Duy = 72 +---F#0att=0.
g
Duj vanishes at t = 0,7 > 1.
0 if m < 7,
D™u;(0) = S v /1 A0 m=j
* m > j

so F/tVa=1=n at t = 0 is

£k £ (Vi)
Yo/ M 0 0 0 0
dot x  y/m 0 0 0
¢ * x Y/ 0 0
* * * coo Yne1/m 0

This immediately gives the following theorem.
Theorem 35. If V< ! (\/(777;1) % 0 (mod p) then
ordiegW =g—1—n+n—(/g—1)(¢g+n)
=-(Va-Dlg+n—-1)

and in particular, W is not identically 0.

If SV ( Va~1) = 0 (mod p) then we trade n for n — 1. Then we have to worry about
Z;{nl(q ) (V2") # 0 which is true by
Lemma 36. (“fk 1) #0 (modp)if 0 <k <\ /g—1.
Proof. \/g=p" forsomer; \Jg—1=p —1=(p—1)+plp—1)+---+p " '(p—1), and

3 (VI et = s e

k=0

r—1

==+ 1) (by above comment)
=0

= H (2 +1)P (mod p)

p—1
(&)
; b
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but by + bip + --- + b,_1p" ! is the base p expansion of some k < p" so by uniqueness

H;;é (pb_jl) is the coefficient of z*. Therefore (VL) = 1= (p 1) # 0 (mod p). O

Let K = Fy(z,y), y* —y = f(2).

Last week: KC—>F(( )),t=z—a

Tuesday: K — F ((¢)),z=at™P+--,y=pt"7+

All the analysis so far used derivatives with respect to ¢ for the appropriate t. Denote
the derivative with respect to t by ng) and the derivative with respect to = by D™,
If t = 2 — a then D™ = DU Vm. What if t # z — a?
Chain rule: D{" = D"z . D{! ) (same as 4 = 9£4) What about higher derivatives?
Let T be a new variable. Define «,,; by

<Z D™y . Tm) = anT" € F ()T, ank € Fy((1))

It follows that

0 k<n

1% — (D(l) n —
nk ;) =n
some horrible polynomial in D,El)a:, . D(k)x k>n

Theorem 10.3. Ift € K, then for allu € K,

k
ng)u = Z ankD;”)u
n=1

We postpone the proof. Here are a couple of examples:

k=1:D"u=a;DWu =DMz DMy

k=2: D§2)u = ozlng)u + QQQD:(D Iy = DE )p . D; u + (D,gl)m)2 D@y,

du _ dedu
dt ~— dt dz’

1 d?u B 1 dPx (dm>2 1 d?u

or in conventional notation, by differentiating

2d 24z \dt) 2da®
Using the above formula we can return to our calculation of W.
Let W; = determinant for W with D = D;. Let W, = likewise with D = D,,.

24—z e 24 — z,
n—1 a111D(1) alllD(l)Z” —1 1
Wt = H ALk det : : = H ol Wz = (Dg )x)n(n—l)/QWx
1 D(nfl)zl o +D(n71) a

QOn—1,n—1 t An—1,n—1 t

because the k-th row of of the displayed determinant is equal to the k-th row of W,

plus a linear combination of rows 2 through k& — 1 for £ > 2. We summarize:
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n—1)/2

Theorem 37. W, = (i—f)n( W,.

Now we will prove the formula for the D, in terms of the D,.
The reader can easily check, using the defining properties of the Hasse derivatives, that
the map

Di: K = K((T))ur 3 DMul™ (sot =t +1)
m=0
is a field homomorphism.
(Exercise: prove D, is the unique injective homomorphism K — K ((T')) mapping ¢
to t + 1)
Similarly define

D,: K — K((X)),u— Y DIuX™ z z+X

I want to define an isomorphism of K-algebras ® : K((T")) — K((X)) such that ®oD, is
an injective homomorphism from K to K ((X)) sending  to x+7". Once @ is constructed,
by uniqueness of D,, we get ® o D, = D,.

We know that ®(Dyt) = ®(t +T) = t + ®(T) and that Dt = S.°°_ DIt . x™
Equating these two expressions yield ®(7) = > _, D™t - X™ and this determines ®.

Now we use ® o D, = D, evaluated at an arbitrary wu:

S DMu- X™ = Dyu = S(Dyu) = b (Z DMy - Tn) => DMy - ®(T)" =

m=0 n=0 n=0
i DMy - (i D™t - Xm> = i D"y f: o X* = i i D"+ X*
n=0 m=1 n=0 k=0 k=0 n=0
and so

n=0 n=1

because aq,, = 0,m > 0 and «,,,, = 0 for n > m. ]

11. WEEK ELEVEN

Again, y?» —y = f(z) in Fy, deg f = d and (d,q) = 1. We want an upper bound for
the number of solutions (x,y). We need only look at when ¢ is square so assume ¢ = p™
where m is even. Consider the set {2°y" | 0 < a,b, (a,b) # (0,0),b < p—1,ap+bd < /q}.
This is a set of |/q — w functions.

Thus, for j =1,...,/g— (p—1)(d—1) we can find (a, b) satisfying 0 < a,band b < p—1
such that ap+bd = /q — j and a corresponding z; = x%yb . Let n = Vi—(p—1)(d—-1)
and zi,...,2, have been chosen. We will work with this n or, if necessary replace n by
n — 1 as above.

With our choice of the z’s, the determinant W, will not necessarily be a polynomial in

xz. Now W, € F,(x,y) = K where y is a solution to y» —y = f(x). We will use below
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that W, has as many zeros as poles, with multiplicity. Alternatively we can count zeros
and poles of the polynomial in z given by the K/F,(z)-norm of W,.
To complete the analysis of the poles of W, we need to consider what ¢ is.

Lemma 38. There is an embedding of K into F,((¢)), where ¢t = 2%y* with up+vd = —1
such that the image of x and y satisfy z = at P+ ... and y = Bt~¢ + ... where a3 # 0 and
ord;—gdz/dt = (p— 1)(d — 1).

Proof. Let t = x"y" where up + vd = —1. By writing the equations y?» — y = f(x) and
t = 2% in terms of ¢, z = tPz, w = t%y we can recursively find coefficients z,, w,,n > 0,
such that z = > 2z, t",w = > o, w,t". To compute ord,—dx/dt, look at dt/dx =
2y"(u/x — vf'(x)/y). Then u/z does not have a pole at t = 0, while vf’(x)/y has a pole
of order (d — 1)p — d. The result follows.

Now, W, = £z{"™"(t? — t)"F and F has a zero of order \/g —1 —n at t = 0, so
ordig Wy =/G—1-n+n—(¢g+n)(\/7—1) = —-(/7—1)(¢+n—1). So ordi—g W, =
ords—o((dt/dz)" " V2PW,) = —(\/g — 1)(g+n—1) — (p— 1)(d — 1)n(n — 1)/2. We also
proved earlier that each pair (a,b) € ]Fc21 with y? —y = f(z) contributes a zero of order n
to W,. Thus the total number of such pairs, N say, satisfies nN < (/g —1)(g+n—1) +
(p —1)(d — 1)n(n — 1)/2 and taking into account that n is either \/g — (p — 1)(d — 1) or
Vi—(p—1)(d—1) =1, yields N < ¢+ O(,/q), which completes the proof of our main
theorem. 0
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