
1. Week One

What is an exponential sum?
We often see things like

S =
N∑
n=1

exp (2πiαn) ,where αn ∈ R

Recall that

exp (2πiα) =
∞∑
n=0

(2πiα)n

n!

=
∑

n=even

(−1)n/2
(2πα)n

n!
+ i

∑
n=odd

(−1)(n−1)/2 (2πα)n

n!

= cos (2πα) + i sin (2πα)

It follows that | exp (2πiα)| = 1, for all α ∈ R.
For α = 1/2, we get Euler’s formula exp (iπ) + 1 = 0.
S ∈ C and |S| ≤ N because each summand has absolute value 1.

Exercise 1. 1. |S| = N ⇔ exp (2πiα1) = exp (2πiαn),∀n ≥ 1

2.
∑N

n=1 exp (2πin/N) = 0( This follows from the geometric series).

The subject of exponential sums seeks to give improved estimates on S from knowledge
of αn. for the most part we will be interested in upper bounds but we will also have
conditions so that |S| 6= 0 or even lower bounds.

Definition 1. If αi ∈ Q then S is called a rational exponential sum.

We will mostly be looking at rational exponential sums i.e αn = an/M where an,M ∈ Z.
Since exp(2πian/M)M = 1 we have that exp(2πian/M) is a root of unity. So S =∑

exp(2πian/M) ∈ Z[exp (2πi/M)]
Now we state a theorem due to Weil.

Theorem 1 (Weil). Let f(x) ∈ Z[x] of degree d < p and p a prime number such that
f(x) mod p is not a constant. then

|
p−1∑
n=0

exp (2πif(n)/p)| ≤ (d− 1)
√
p

This theorem is closely related to the Riemann Hypothesis for curves over finite fields.

Definition 2. The quadratic Gauss sum is defined as follows G =
p∑

n=1

exp (2πin2/p).
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Theorem 2 (Gauss). Let
√
p denote the positive square root of the prime number p,

then

G =


√
p, p ≡ 1 mod 4

i
√
p, p ≡ 3 mod 4

0, p = 2.

We now define the Legendre symbol.

Definition 3.

(
n

p

)
=


0, n ≡ 0 mod p

1, ∃m 6≡ 0 mod p andm2 ≡ modp

−1, otherwise.

Next, let

G′ =

p∑
n=1

(
n

p

)
exp (2πin/p)

=

p∑
n=1

(
n

p

)
exp (2πin/p) +

p∑
n=1

exp (2πin/p)

=

p∑
n=1

(
n

p

)
exp (2πin2/p)

= G.

From Gauss’s Theorem we know for an odd prime p, G2 = (−1)(p−1)/2p. Now G ∈
Z[exp (2πi/p)] For an odd prime q 6= p let us define R = Z[exp (2πi/p)]/(q) and in this
ring we have (x+ y)q = xq + yq. Let G be the image of G in R. Then,

G
q

=

p∑
n=1

((
n

p

))q
ζnq
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where ζ is the image of exp (2πi/p) in R. Note also that as n varies from 1 to p, nq mod p
also varies from 1 to p. We have

G
q

=

p∑
n=1

(
nq−1

p

)
ζn

=

p∑
n=1

(
q−1

p

)(
n

p

)
ζn

=

(
q

p

)−1 p∑
n=1

(
n

p

)
ζn

=

(
q

p

) p∑
n=1

(
n

p

)
ζn

=

(
q

p

)
G

and hence we have (G
2
)(q−1)/2 =

(
q
p

)
which, combined with Gauss’s theorem, gives

(−1)(p−1)(q−1)/4 p(q−1)/2 =
(
q
p

)
mod q.

We also have Euler’s theorem p(p−1)/2 ≡
(
p
q

)
mod q. Hence we have the quadratic

reciprocity law.

(−1)(p−1)(q−1)/4

(
p

q

)
=

(
q

p

)
.

Now we state and prove Euler’s theorem.

Theorem 3 (Euler).
(
n
p

)
≡ n(p−1)/2 mod p.

Proof. It is clear in the case n ≡ 0 mod p. If n ≡ m2 mod p then

n(p−1)/2 ≡ m(p−1) ≡ 1 mod p

Again, (n(p−1)/2)2 ≡ 1 mod p . Since x(p−1)/2− 1 = 0 has at most (p− 1)/2 roots in Z/(p)
all the (p− 1)/2 squares are roots. So there is no room for other roots. �

We shall now generalise the fact
n∑

m=0

exp(2πm(b− a)/n) = n, a ≡ b mod n

= 0 otherwise.

Let C∗ = C−{0} be considered as a group under multiplication. Let T = {z ∈ C : |z| = 1}
and define µn = {z ∈ C : zn = 1}. Then µ =

⋃
n≥1

µn ⊂ T and µn, µ, T are all subgroups of

C∗.

Definition 4. A character of an abelian group G is a homomorphism χ : G→ C∗
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Note that χ(G) ⊆ µ|G|. The character χ0 given by χ0(g) = 1, ∀g ∈ G is called the
principal or trivial character.

If G = (Z/nZ,+), for any a ∈ Z we define χa(m) = exp(2πiam/n) which is a character
since χa(m1 +m2) = χa(m1)χa(m2).

Definition 5. We define the dual Ĝ of G as the set of all characters of G.

Exercise 2. Ĝ is an abelian group under the multiplication χ1χ2(g) = χ1(g)χ2(g) with
identity χ0.

Theorem 4. Ĝ is isomorphic to G for any finite abelian group G.

Corollary 5. The dual of Ĝ is isomorphic to G.

We can give a simple direct proof of the corollary since, unlike the theorem, the iso-

morphism is canonical. For any g ∈ G define a character ψg of Ĝ i.e a map ψg : Ĝ→ C∗

by ψg(χ) = χ(g). It follows that g 7→ ψg is an isomorphism from G to the dual of Ĝ.
The theorem follows by the classification of finite abelian groups once we prove the

following two lemmas.

Lemma 6. Ĝ×H ∼= Ĝ× Ĥ.

Proof. Define a map Ĝ×H → Ĝ × Ĥ by χ → (χ|G,χ|H) and define a map Ĝ × Ĥ →
Ĝ×H by (χ1, χ2) 7→ ((g, h) 7→ χ1(g)χ2(h)). It is easy to check that these are homomor-
phisms and inverses of each other. Hence the lemma follows. �

Lemma 7. If G is a finite cyclic group then Ĝ is isomorphic to G .

Proof. If G is finite cyclic then G ∼= Z/nZ. Define a map G to Ĝ by a 7→ χa, defined
above. Since χaχb = χ(a+b) it follows that the map is a homomorphism. The kernel of

this map is nZ. So Z/nZ ↪→ Ĝ. Now to show this map is surjective, let χ ∈ Ĝ. Look at
χ(1) = ξ. We have

ξn = (χ(1))n

= χ(n)

= χ(0)

= 1

This implies ξ = exp(2πia/n) for some a ∈ Z. So we have,

χ(m) = (χ(1))m

= ξm

= exp(2πiam/n)

= χa(m)

So χ = χa . Hence the map is surjective. �

Theorem 8. The following identities hold

4



a)
1

|G|
∑
g∈G

χ(g) =

{
0 χ 6= χ0, χ ∈ Ĝ
1 χ = χ0

b)
1

|Ĝ|

∑
g∈Ĝ

χ(g) =

{
0 g 6= 1, g ∈ G
1 g = 1

c)
1

|G|
∑
g∈G

χ1(g)χ2(g) =

{
0 χ1 6= χ2, χ1, χ2 ∈ Ĝ
1 χ1 = χ2, χ1, χ2 ∈ Ĝ

d)
1

|Ĝ|

∑
g∈Ĝ

χ(g1)χ(g2) =

{
0 g1 6= g2, g1, g2 ∈ G
1 g1 = g2, g1, g2 ∈ G

Proof. If |z| = 1 then we have that z̄ = z−1. Our first goal will be to reduce b), c) and d)
to a). Now consider the left hand side of c).

1

|G|
∑
g∈G

χ1(g)χ2(g) =
1

|G|
∑
g∈G

χ1(g)χ2(g)
−1

=
1

|G|
∑
g∈G

χ1(g)(χ2)
−1(g)

=
1

|G|
∑
g∈G

χ1(χ2)
−1(g)

Now we observe that c) follows from a) applied to χ = χ1(χ2)
−1. Likewise, d)follows from

b) applied to g = g1(g2)
−1, and b) is a) applied to Ĝ. The two groups have the same

cardinality since they are isomorphic. So it remains to prove a).
If χ = χ0, then it is clear that

1

|G|
∑
g∈G

χ0(g) = 1

If χ 6= χ0 then ∃g0 ∈ G, χ(g0) 6= 1

1

|G|
∑
g∈G

χ(gg0) =
1

|G|
∑
g∈G

χ(g)χ(g0)

=
χ(g0)

|G|
∑
g∈G

χ(g)

(1)

On the other hand, 1
|G|
∑
g∈G

χ(gg0) = 1
|G|
∑
g∈G

χ(g) as g 7→ gg0 is a permutation of G. It

follows that

(χ(g0)− 1)

(
1

|G|
∑
g∈G

χ(g)

)
= 0

and, since χ(g0) 6= 1, we finally get

1

|G|
∑
g∈G

χ(g) = 0.
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2. Week two

Definition 6. C[G] = {F : G→ C : F a function}

LetG = {g1, g2, . . . , gn} with n = |G|. Then F is characterized by its values F (g1), F (g2), . . . , F (gn).
So F 7→ (F (g1), F (g2), . . . , F (gn)) defines a bijection from C[G] to Cn. We will consider
C[G] as a vector space over C. The operations in this vector space are defined as follows:

Let F1, F2 ∈ C[G] and λ ∈ C,

• (F1 + F2)(g) = F1(g) + F2(g)
• (λF1)(g) = λF1(g)

We define an inner product on this vector space:

Definition 7. If F1, f2 be in C[G]. Then,

〈F1, F2〉 =
1

|G|
∑
g∈G

F1(g)F2(g)

This is an Hermitian scalar product on C[G]. An Hermitian scalar product on a complex
vector space V is a function <,>: V × V → C such that ∀v, w, z ∈ V and ∀λ ∈ C then,

• < v + w, z >=< v, z > + < w, z >
• λ < v, z >=< λv, z >
• < v, z >= < z, v >
• < z, z >≥ 0, and, < z, z >= 0 if and only if z = 0.

.

Theorem 9. Ĝ is an orthonormal basis for (C[G], <,>).

Proof. First of all, Ĝ is an orthonormal subset of (C[G], <,>) by the results of last week.

Also, any orthonormal set is linearly independent. Finally #Ĝ = #G = dim C[G], so Ĝ
is a basis. �

Corollary 10. ∀F ∈ C[G] we have F =
∑

χ∈Ĝ < F, χ > χ.

This expresion is called the Fourier expansion of F . For all g ∈ G, we have F (g) =∑
χ∈Ĝ < F, χ > χ(g). The map χ 7→< F, χ > is a function Ĝ 7→ C. This is called the

finite Fourier transform of F .
Let R be a finite commutative ring. We have two groups associated to it:

• (R,+); the additive group of R, which is a finite abelian group.
• (R∗, ·); the group of units of R under multiplication, which is also a finite abelian

group.

Example 1. Let p be a prime number. Then, for Z/pZ,

• a 7→ e2πia/p ∈ ̂(Z/pZ,+)

• a 7→
(
a
p

)
∈ Ẑ/pZ∗
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Let (̂R,+) = {χ : R → C∗|χ(x + y) = χ(x)χ(y)}. We can make (̂R,+) into an R-

module as follows: given a ∈ R and χ ∈ (̂R,+), aχ(x) = χ(ax). Then aχ(x + y) =
χ(a(x+ y)) = χ(ax+ ay) = χ(ax)χ(ay) = aχ(x)aχ(y). So aχ is a character.

We know (̂R,+) ∼= (R,+) as groups. We can ask: is (̂R,+) isomorphic to (R,+)
as an R-module? In other words, does there exist a character χ of (R,+) such that

{aχ|a ∈ R} = (̂R,+)?

Example 2. Let R = Z/nZ. All characters are of the form χa : x 7→ e2πiax/n (so
χa = aχ1).

Let’s look at finite fields. Let Fq = Fpn with p a prime. Recall that TrFpn/Fp(x) =

x+ xp + · · ·+ xp
n−1

.

Theorem 11. (̂Fq,+) is isomorphic to Fq as an Fq vector space, with generator χ1 : x 7→
e2πiTrFq/Fp (x)/p That is, all characters of (̂Fq,+) are of the form x 7→ e2πiTrFq/Fp (ax)/p for
a ∈ Fq.

Proof. (̂Fq,+) is isomorphic to (Fq,+) as abelian groups. So (̂Fq,+) has q elements. Also

(̂Fq,+) is an Fq vector space. Therefore, it has to be 1-dimensional. Any non-zero element

of (̂Fq,+) is a basis for it as an Fq vector space. So I need to show that χ1 6= χ0, i.e. we
need show that TrFq/Fp(x) is not always zero. TrFq/Fp(x) is a polynomial of degree pn−1

so it has at most pn−1 roots. On the other hand #Fq = pn > pn−1. So there exists x ∈ Fq
such that TrFq/Fp(x) 6= 0. �

But in general the answer to the question “is (̂R,+) isomorphic to (R,+) as an R-
module?” is no. Rings that answer “yes” to this question are called Frobenius rings.

Since in what follows, we will refer to the inner product on both C[R∗] and C[R], we
will distinguish them by an appropriate subscript.

Let R be a finite commutative ring. Let χ ∈ (̂R,+). Then χ, when restricted to
R∗, gives us a function for which we can calculate its Fourier expansion in terms of the
characters of R∗: χ|R∗ = 1

|R∗|
∑

ψ∈R̂∗ 〈χ, ψ〉C[R∗] ψ (remember that χ|R∗ is just a function

on R∗, not a character in (̂R∗, ·)).

Definition 8. Given an additive character χ ∈ (̂R,+) and a multiplicative chararcter

ψ ∈ R̂∗ we call G(χ, ψ) = 〈χ, ψ〉C[R∗] =
∑

x∈R∗ χ(x)ψ(x) ∈ C the Gauss sum of χ and ψ.

We would like to extend ψ ∈ R̂∗ to all of R. We can do this by defining ψ(x) = 0
whenever x /∈ R∗. In particular, if R is a field then R−R∗ = {0}. Then all we are doing
is defining ψ(0) = 0 and the identity ψ(xy) = ψ(x)ψ(y) will remain true ∀x, y ∈ R.

Now, we expand this extended ψ in terms of the characters χ ∈ (̂R,+). We get ψ =
1
|R|
∑

χ∈(̂R,+)
〈ψ, χ〉C[R] χ where 〈ψ, χ〉C[R] is the inner product on C[R]. Then 〈ψ, χ〉C[R] =∑

x∈R ψ(x)χ(x) =
∑

x∈R∗ ψ(x)χ(x) = G(χ, ψ), the last equality being true since ψ(x) = 0
if x ∈ R−R∗.
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Theorem 12. Let Fq be a finite field and χ ∈ (̂Fq,+), χ 6= χ0. Then ∀χ ∈ F̂∗q, |G(χ, ψ)| =
q1/2.

Proof.

|G(χ, ψ)|2 = G(χ, ψ)G(χ, ψ)

=

∑
x∈F∗q

χ(x)ψ(x)

∑
x∈F∗q

χ(x)ψ(x)


=

∑
x,y∈F∗q

ψ(x)χ(−x)ψ(y−1)χ(y)

=
∑
x,y∈F∗q

ψ(xy−1)χ(y − x) (take xy−1 = u, then x = yu)

=
∑
u,y∈F∗q

ψ(u)χ(y − uy)

=
∑
u∈F∗q

ψ(u)
∑
y∈F∗q

χ(y(1− u))

y 7→ χ((1− u)y) is an additive character, which is not χ0 if u 6= 1. Then,∑
y∈F∗q

χ(y(1− u)) =

{
0 if u 6= 1
q if u = 1

Then, |G(χ, ψ)|2 =
∑

u∈F∗q ,u 6=1 ψ(u)(−1) + ψ(1)(q − 1) = q −
∑

u∈F∗q ψ(u) = q. �

Exercise 3. Work out G(χ, ψ) when ψ = ψ0 or χ = χ0.

Let Sn =
∑

x∈Fp
e2πix

n/p, n|(p− 1). Let χ1(x) = e2πix/p.

Theorem 13.

Sn =
∑

ψ∈F̂∗q ,ψn=1

G(χ1, ψ)

Corollary 14.

|Sn| ≤ (n− 1)p1/2

Proof. (of the theorem) The map x 7→ xn is a homomorphism with kernel Γ = {x ∈
F∗p|xn = 1}, |Γ| = n. Then Sn = n

∑
c∈(F∗p)n e2πic/p, where (F∗p)n are the n-th powers in F∗p

since (we claim) ∑
ψ∈F̂∗p,ψn=1

ψ(c) =

{
n if c ∈ (F∗p)n
0 if c /∈ (F∗p)n
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We have the following sequence F∗p
π→ F∗p/Γ

ψ→ C∗, where π is the projection over the

quotient F∗p/Γ. Then F̂∗p/Γ ∼= {ψ ∈ F̂∗p|trivial on Γ} ∼= {ψ ∈ F̂∗p|ψn = 1}. Then, (∗) =∑
c∈F∗p

∑
ψn=1 e

2πic/p =
∑

ψn=1

∑
c∈F∗p χ1(c)ψ(c) =

∑
ψn=1G(χ1, ψ). �

Notice that this corollary is a special case of Weil’s theorem. We give an outline of yet
another alternative proof and leave the details as an exercise for the reader .

Exercise 4. i. Sn =
∑

x∈Fp
e2πi(cx)

n/p for any c ∈ F∗p.
ii. p−1

n
|Sn|2 ≤

∑
t∈F∗p

∣∣∑
x e

2πitxn/p
∣∣2

iii. Evaluate the RHS.

3. Week Three

For a prime p, a quadratic Gauss sum is defined by

G =

p−1∑
a=1

(
a

p

)
e2πia/p

where

(
a

p

)
=

 1 if a is a square mod p, a 6= 0
−1 if a is not a square mod p, a 6= 0
0 if a = 0

First day of class: we outlined the proof of quadratic reciprocity, using two additional
facts which were only mentioned. We prove these here:

(2) G2 = (−1)(p−1)/2p

(3) G =

{ √
p if p ≡ 1 mod 4

i
√
p if p ≡ 3 mod 4

Define

η(a) =

(
a

p

)
, η ∈ F̂∗p

χ1(a) = e2πia/p, χ1 ∈ F̂p
Then

G =

p−1∑
a=1

(
a

p

)
e2πia/p = G(η, χ1)

Conjugating,

G =

p−1∑
a=1

(
a

p

)
e−2πia/p =

p−1∑
a=1

(
−a
p

)
e2πia/p =

p−1∑
a=1

(
−1

p

)(
a

p

)
e2πia/p =

(
−1

p

)
G
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Since
(
a
p

)
≡ a(p−1)/2 mod p, we see that

(
−1
p

)
= (−1)(p−1)/2, so

G = (−1)(p−1)/2G

From last week, we know |G| = √p, so:

p ≡ 1 (mod 4)⇒ G = G⇒ G ∈ R⇒ G = ±√p

p ≡ 3 (mod 4)⇒ G = −G⇒ G ∈ iR⇒ G = ±i√p
Note: p = |G|2 = GG = (−1)(p−1)/2G2, proving (1) above.
Now we simply need G = +

√
p or G = +i

√
p

The Fourier Transform is a function from C [Fp] → C
[
F̂p
]
, where the map F → F̂ is

given by

F̂ (χ) =
1

p

∑
x∈Fp

F (x)χ(x)

Our strategy will be to compute the determinant of this transformation in two ways.
But what does determinant mean in this context?

Suppose we choose bases for C [Fp] and C
[
F̂p
]
. Then consider the natural isomor-

phisms:
C [Fp] ∼= Cp by F → (F (0), F (1), . . . , F (p− 1)), and

C
[
F̂p
]
∼= Cp by ϕ→ (ϕ(χ0), ϕ(χ1), . . . , ϕ(χp−1)), where χa(x) = e2πiax/p

By composing these two maps and the Fourier transform, we get a map L : Cp → Cp,
and this map has a determinant.

3.1. Calculating Determinant, Method 1. Consider the canonical basis of Cp : e0, e1, . . . , ep−1

where ej = (0, . . . , 0, 1, 0, . . . , 0) has a 1 in the jth place, 0 everywhere else.
Then

êj(χ) =
1

p

∑
x∈Fp

ej(x)χ(x) =
1

p
χ(j)

because ej(x) = 0 for j 6= x.
Thus

êj(χa) =
1

p
χa(j) =

1

p
e2πiaj/p

Let ζ = e2πi/p. Then

êj =
1

p

(
ζ0j, ζ1j, ζ2j, . . . , ζ(p−1)j

)
so

L =
1

p

(
ζja
)
0≤j,a≤p−1

on the basis e0, . . . , ep−1.
Then this is a Vandermonde matrix, so
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det(L) =
1

pp
det(ζja) =

1

pp

∏
0≤m<n≤p−1

(ζm − ζn)

Let δ = eπi/p, so δ2 = ζ. Then

det(L) =
1

pp

∏
0≤m<n≤p−1

(
δ2m − δ2n

)
=

1

pp

∏
0≤m<n≤p−1

δm+n
(
δm−n − δ−(m−n)

)
Now ∏

0≤m<n≤p−1

δm+n = δ
∑

(m+n) = δ
p(p−1)(p−2)

2 = (−1)
p−1
2

because δp = −1 and p− 2 is odd so (−1)p−2 = −1.
Also, (

δm−n − δ−(m−n)
)

= 2i sin

(
π(m− n)

p

)
which (because m < n) is always a negative number times i. Thus

∏
0≤m<n≤p−1

(
δm−n − δ−(m−n)

)
is the product of p(p−1)

2
negative numbers multiplied by i

p(p−1)
2 .

Therefore, if p ≡ 1 mod 8, then: (−1)
p−1
2 = 1 and p(p−1)

2
≡ 0 mod 4, and thus

det(L) ∈ R+.

Similarly: if p ≡ 5 mod 8, then: (−1)
p−1
2 = 1 and p(p−1)

2
≡ 2 mod 4, and thus

det(L) ∈ R−.

If p ≡ 3 mod 8, then (−1)
p−1
2 = −1 and p(p−1)

2
≡ 3 mod 4, and thus det(L) ∈ iR−.

Finally, if p ≡ 7 mod 8, then (−1)
p−1
2 = −1 and p(p−1)

2
≡ 1 mod 4, and thus det(L) ∈

iR+.

3.2. Calculating Determinant, Method 2. Consider some ψ ∈ F̂∗p, so ψ : F∗p → C.
Then extend ψ to Fp by defining ψ(0) = 0. Now ψ : Fp → C, so ψ ∈ C [Fp]. This gives us

an embedding F̂∗p ⊂ C [Fp] ∼= Cp.

This means we can think of F̂∗p as a basis for the subspace of Cp with 0th coordinate 0.

Thus F̂∗p ∪ {e0} is a basis for Cp.
Then take the Fourier Transform of ψ: (assume a 6= 0)

11



ψ̂(χa) =
1

p

∑
x∈Fp

ψ(x)χa(x)

=
1

p

∑
x∈Fp

ψ(x)χ1(ax)

=
1

p

∑
y∈Fp

ψ(a−1y)χ1(y)

=
1

p
ψ(a−1)G(ψ, χ1)

=
1

p
ψ(a)G(ψ, χ1)

because under the substitution y = ax, y ranges over all of Fp, and we use the definition
of G given earlier.

Thus

ψ̂ =
G(ψ, χ1)

p
ψ

Consider ψ 6= ψ0:
If ψ 6= ψ, then by the formula above,

(
ψ̂

ψ̂

)
=

(
0 G(ψ,χ1)

p
G(ψ,χ1)

p
0

)(
ψ
ψ

)
This will give us 2× 2 submatrices in L. If ψ = ψ, then this simplifies to

ψ̂ =
G(ψ, χ1)

p
ψ

giving us 1× 1 submatrices instead.
Finally, we must consider ψ0 and e0. Now we know that e0 = (1, 0, . . . , 0) and ψ0 =

(0, 1, . . . , 1) by extension. Thus ê0 = (1, 1, . . . , 1) = e0 + ψ0 and

ψ̂0(χa) =
1

p

∑
x∈Fp

ψ0(x)χa(x) =
1

p

∑
x∈F∗p

χa(x) =

{ p−1
p

a = 0
−1
p

a 6= 0

Thus

ψ̂0 =

(
p− 1

p
,
−1

p
, . . . ,

−1

p

)
=
p− 1

p
e0 −

1

p
ψ0

12



Thus L looks like 

(A)
(B1)

. . .
(Bk)

(C1)
. . .

(Cm)


where A is the 2 × 2 matrix corresponding to e0 and ψ0, B1, . . . , Bk, are 1x1 matrices

corresponding to when ψ = ψ, and C1, . . . , Cm, are 2× 2 matrices corresponding to when
ψ 6= ψ.

Now we know exactly what A looks like. Consider the B’s: Suppose ψ = ψ. Then ψ
takes only real values, so it must take values in ±1. Thus ψ2 = ψ0. Since F∗p is cyclic, F̂∗p
is cyclic, so either ψ = ψ0 or ψ is the unique element of order 2, i.e. ψ = η. Thus this
gives us the only B matrix, so L must be of the form:

L =



(
1 1
p−1
p

−1
p

)
G(η,χ1)

p (
0 G(ψ,χ1)

p
G(ψ,χ1)

p
0

)
. . . (

0 G(ψ,χ1)
p

G(ψ,χ1)
p

0

)


Now we calculate det(L). The determinant of A is clearly −1, and the determinant of

B is itself. Consider the C ′
is:

Now

G(ψ, χ1) =
∑

ψ(x)χ1(x) =
∑

ψ(x)χ1(x) =
∑

ψ(−y)χ1(y) = ψ(−1)G(ψ, χ1)

Thus

G(ψ, χ1)G(ψ, χ1) = ψ(−1)G(ψ, χ1)G(ψ, χ1) = ψ(−1)|G(ψ, χ1)|2 = ψ(−1)p

Thus

det(L) = det(A) det(B)
∏

det(Ci) = (−1)
G(η, χ1)

p

∏
ψ,ψ̄,ψ 6=ψ̄

−ψ(−1)p

p2

Now L is a p × p matrix, so the product is over p − 3 characters (all except e0, ψ0, η)
and thus over p−3

2
pairs of characters.

Since all we care about is the sign, we can write

det(L) = G(η, χ1)(−1)(−1)
p−3
2

∏
ψ(−1)(something positive)

13



We need to know whether the product of the ψ(−1) is positive or negative. Let g be
a generator of F∗p. We know all the ψ’s can be written as ψk, where ψk(g) = e2πik/(p−1),
for k = 1, 2, . . . , p− 1. However we want to exclude ψ0 and η, because these are not part
of the product, and we know η is ψ(p−1)/2. Thus we are left with ψk for k = 1, . . . , (p −
3)/2, (p+ 1)/2, . . . , p− 2.

Notice that ψk(−1) = ψk(g
(p−1)/2) = eπik. Thus this is (−1) when k is odd, and (+1)

when k is even.
Now ψk = ψ−k. We are only taking the product of ψ(−1) over pairs ψ, ψ, and we see

that ψk(−1) = ψk(−1) because its real, so it doesn’t matter which choice (ψk or ψk) we
make. Thus we can choose k = 1, 2, . . . , (p− 3)/2. Since ψk(−1) = −1 exactly when k is
odd, all we care about is how many odd choices of k we have.

So p ≡ 1 (mod 8): Then (p− 3)/2 ≡ 3 (mod 4), giving an even number of odd choices
of k.

So p ≡ 3 (mod 8): Then (p− 3)/2 ≡ 0 (mod 4), giving an even number of odd choices
of k.

So p ≡ 5 (mod 8): Then (p− 3)/2 ≡ 1 (mod 4), giving an odd number of odd choices
of k.

So p ≡ 7 (mod 8): Then (p− 3)/2 ≡ 2 (mod 4), giving an odd number of odd choices
of k.

Therefore, ∏
ψ(−1) =

{
1 if p ≡ 1 or 3 (mod 8)
−1 if p ≡ 5 or 7 (mod 8)

Now we combine this together with part 1: Suppose p ≡ 1 (mod 8): Then

det(L) = G(η, χ1)(−1)
p−1
2

∏
ψ(−1)(something positive)

= G(η, χ1)(+1)(+1)(something positive)

Since we know det(L) ∈ R+, we see that G(η, χ1) ∈ R+.
Similarly, suppose p ≡ 3 (mod 8): Then

det(L) = G(η, χ1)(−1)
p−1
2

∏
ψ(−1)(something positive)

= G(η, χ1)(−1)(+1)(something positive)

Since we know det(L) ∈ C−, we see that G(η, χ1) ∈ R+.
Suppose p ≡ 5 (mod 8): Then

det(L) = G(η, χ1)(−1)
p−1
2

∏
ψ(−1)(something positive)

= G(η, χ1)(+1)(−1)(something positive)

Since we know det(L) ∈ R−, we see that G(η, χ1) ∈ R+.
Suppose p ≡ 7 (mod 8): Then

det(L) = G(η, χ1)(−1)
p−1
2

∏
ψ(−1)(something positive)

= G(η, χ1)(−1)(−1)(something positive)

Since we know det(L) ∈ iR+, we see that G(η, χ1) ∈ iR+.
14



Since we already know that |G|2 = p, we have shown that

G =

{ √
p if p ≡ 1 mod 4

i
√
p if p ≡ 3 mod 4

as desired.
We start by comparing the rings Z and Fq[x]. They are very similar - both are Euclidean,

their quotient fields are finite. Consider the parallels:

Z Fq[x]
primes ←→ monic irred. polys
Z+ = N ←→ monic polys

Q ←→ Fq(x)∑∞
n=1

an

ns ←→
∑

h monic
an

(Nh)s

The last line gives the Dirichlet series analog in Fq[x]. Our analog definition comes
from noting that n = #Z/nZ, so we define Nh := #Fq[x]/(h).

But this definition really gives Nh = qdeg h, so the Dirichlet sum becomes∑
h monic

ah(q
−s)deg h =

∑
h monic

ahT
deg h

by letting T = q−s.
We’re not going to worry too much about the convergence of these series.

Definition 3.1. A Dirichlet character is a character χ : Z→ C that is:
1) Periodic: ∃q s.t. χ(n+ q) = χ(n)∀n
2) Multiplicative: χ(mn) = χ(m)χ(n)

3.3. L-functions. Let M = {monic polynomials in Fq[x]}, and let λ : M → C such that
λ is multiplicative. Assume λ(1) = 1.

Definition 3.2. L(λ, T ) :=
∑

h∈M λ(h)T deg h, and consider this as an element of C[[T ]],
i.e. all formal power series in T. Thus we don’t need to worry about convergence.

Proposition 3.3.

L(λ, T ) =
∏
p∈M

p irred

(1− λ(p)T deg p)−1

Proof. 1− λ(p)T deg p ∈ C[[T ]]. Also we note that it’s a unit:

(1− λ(p)T deg p)−1 =
∞∑
n=0

(λ(p)T deg p)n =
∞∑
n=0

λ(pn)T ndeg p

using the geometric series expansion. So we take this over all polynomials:∏
p∈M

p irred

(1− λ(p)T deg p)−1 =
∏
p∈M

p irred

∞∑
n=0

λ(pn)T ndeg p

15



To handle the fact that this is an infinite product, we take this over polynomials with
degree <= D, and let D →∞. Formally,

ordT=0

 ∏
p∈M

p irred
deg p<=D

(1− λ(p)T deg p)−1 − L(λ, T )

→∞ as D →∞

�

Now, consider the expansion of ∏
p∈M

p irred

∞∑
n=0

λ(pn)T ndeg p

Clearly the constant term (degree 0) is 1. The term of degree 1 is
∑

deg p=1 λ(p)T 1, which

is equal to
∑

α∈Fq
λ(x−α)T . Similarly, the term of degree 2 is of the form (

∑
λ(x−α)λ(x−

β)+
∑
λ(x2−ax−b))T 2. We notice that to get terms with small degrees in the expansion,

we only need to look at polynomials p with small degree.
This leads to the conclusion that the product is equal to∑

p1,p2,...

λ(pn1
1 p

n2
2 . . . pnr

r )T n1 deg p1+...+nr deg pr =
∑
h∈M

λ(h)T deg h

and this includes every term exactly once because we have unique factorization in Fq[x].
Now suppose λ(h) = 1 for all h. Then

∑
h∈M

λ(h)T deg h =
∑
h∈M

T deg h =
∞∑
d=0

 ∑
h∈M

deg h=d

1

T d =
∞∑
d=0

qdT d =
1

1− qT

We can also evaluate this sum using the equality from the last section:∑
h∈M

λ(h)T deg h =
∑
h∈M

T deg h =
∏
p∈M

p irred

(1− T deg p)−1 =
∞∏
d=1

(1− T d)−Nd

where Nd is the number of monic irreducible polynomials of degree d. Combining these
results, we get

∞∏
d=1

(1− T d)−Nd =
1

1− qT
By taking the logarithmic derivatives of both sides and simplifying, we get

∑
d|n dNd =

qn. We can then use the Mobius inversion formula to show that Nn = 1
n

∑
d|n µ(d)qn/d ∼

qn

n
. This shows that the number of prime polynomials of degree n is like qn

n
, which is the

prime number theorem for polynomials.
Let f(x) ∈ Fp[x] for prime p. If h is irreducible and monic, and α ∈ Fp is a root of h,

then define
16



λf (h) := e2πiTrFp(α)/Fp (f(α))/p

and λf (1) := 1.
Note: This is well-defined. Since the trace is the sum of the conjugates, this is constant

over all roots, and thus is independent of the choice of α.
For general h =

∏
hni
i , with hi irreducible, define λf (h) :=

∏
λf (hi)

ni . This is the
unique extension to λf : M → C that is multiplicative.

Our next goal is to prove the following:

Theorem 3.4. If p - f(x), then L(λ, T ) is a polynomial of degree at most deg f(x).

From before,

L(λf , T ) = 1 +
∑
α∈Fp

λf (x− α)T + . . .

From the above theorem, we know that L(λf , T ) =
∏

(1 − wiT ). On the other hand,
the coefficient in T of the above expansion is

∑
α∈Fp

e2πif(α)/p by the definition of λf . Thus∑
wi =

∑
α∈Fp

e2πif(α)/p.
Previously, we discussed the following: There exists w1, . . . , wn ∈ C such that for all

m ≥ 1 ∑
α∈Fpm

e
2πiTrFpm/Fp (f(α))/p

= −(wm1 + . . . wmn )

and |wi| = p1/2

This statement is essentially equivalent to the last theorem.

4. Week Four

Let f(x) ∈ Fp[x] of degree d , p - d. Given h(x) ∈ Fp[x] a monic, irreducible polynomial,

define λ(h) := e2πiTrFp(α)/Fp (f(α))/p for any root α ∈ Fp of h(x), and λ(a) := 1, for a ∈ F∗p.
If h(x) ∈ Fp[x], and h(x) 6= 0. h(x) = a

∏
i hi where hi are monic and irreducible.

Let λ(h) =
∏

i λ(hi) then λ(h1h2) = λ(h1)λ(h2) is true for all h1, h2 ∈ Fp[x]. Let
M = {h(x) ∈ Fq[x], monic, and not 0}.

Finally, let L(λ, T ) =
∑

h∈M λ(h)T deg h ∈ C[[T ]], L(λ, 0) = 1.

Theorem 15. L(λ, T ) =
∏

h∈M, h irr(1− λ(h)T deg h)−1.

Theorem 16. L(λ, T ) is a polynomial in T of degree at most d.

Corollary 17. There exists w1, . . . , wd ∈ C∗ such that for allm > 1 we have
∑

α∈Fpm
e2πiTrFp(α)/Fp (f(α))/p =

−(wm1 + . . .+ wmd ).

Proof. (assuming Theorems 1 and 2). There exists w1, . . . , wd ∈ C∗ such that L(λ, T ) =∏d
i=1(1− wiT ). Then,

L′(λ, T )

L(λ, T )
=

d∑
i=1

−wi
1− wiT

=
∞∑
m=0

(−
d∑
i=1

wm+1
i )Tm (∗)

17



where ′ = d
dT

. Now by Theorem 1,

L′(λ, T )

L(λ, T )
=

∑
h∈M, h irr

λ(h) deg hT deg h−1

1− λ(h)T deg h

=
∑

h∈M, h irr

∞∑
m=0

λ(h) deg hT deg h−1λ(h)mTmdeg h

=
∑

h∈M, h irr

∞∑
m=0

λ(h)m+1 deg hT (m+1) deg h−1

=
∞∑
n=0

(
∑

h∈M, h irr

λ(h)
n+1
deg h deg h)T n

Then,

L′(λ, T )

L(λ, T )
=

∞∑
n=0

(
∑

h∈M, h irr
deg h|(n+1)

λ(h)
n+1
deg h deg h)T n (F)

For m > 1, if α ∈ Fpm , then α has a minimal polynomial over Fp, h(x) ∈ Fpm [x], monic,
irreducible and of degree δ | m; such that every root of h(x) is in Fpm .

Conversely, any monic, irreducible polynomial h(x) ∈ Fp[x] of degree δ | m has roots
in Fpm .

Now,

(F) =
∑

δ|(n+1)

∑
h∈M, h irr

deg h=δ

∑
α, h(α)=0

e2πi(TrFp(α)/Fp f(α))n+1
δ
/p

=
∑

α∈Fpn+1

e2πi(TrFp(α)/Fp f(α))n+1
δ
/p

Now, TrFp(α)/Fp f(α))n+1
δ

= TrFpm/Fp f(α) by the transitivity of the trace. Indeed, if
n+ 1 = m,

TrFpm/Fp f(α) = TrFp(α)/Fp(TrFpm/Fp(α) f(α))

= TrFp(α)/Fp(
m

δ
f(α)) =

m

δ
TrFp(α)/Fp(f(α))

�

Definition 9. Let h(x) ∈ Fp[x] be a monic, irreducible polynomial, then ∂h = TrFp(α)/Fp(f(α)),

and λ(h) = e2πi∂h/p.

Now, h(x) can be written as h(x) =
∏m

i=1(x− αi) , αi ∈ Fpm , then

∂h =
m∑
i=1

f(αi) =
m∑
i=1

f(αi)resx=αi
(

1

x− ai
+
∑
j 6=i

1

x− αi
)

=
m∑
i=1

f(αi)resx=xi

h′(x)

h(x)
18



Also,

∂h =
m∑
i=1

resx=αi
f(x)

h′(x)

h(x)
= −res∞f(x)

h′(x)

h(x)

Let K be an algebraically closed field, and K(x) be a field of rational functions with
coeficients in K. Let R(x) ∈ K(x) and P1(K) = K ∪ {∞}.
Definition 10. The residue of R(x) at α ∈ P1(K), resαR(x)dx, is defined in the following
way:

• For α ∈ K, write R(x) =
∑

n>n0
an(x− α)n, then resαR(x)dx = a−1

• For α =∞ define res∞R(x)dx = res0 − 1
x2R( 1

x
)dx

Now, let us suppose that R(x) = A(x)
B(x)

, where A(x), B(x) ∈ K[x], and (x − α) | B(x).

Then, B(x) = (x − α)kC(x), where C(α) 6= 0, and C(x) ∈ K[x] similarly, A(x) =
U(x)(x− α)k + V (x), where U(x), V (x) ∈ K[x]. So,

R(x) = (U(x) +
V (x)

(x− α)k
)

1

C(x)
Or equivalently,

R(x) = (U(x) +
v0 + v1(x− α) + . . .+ vm(x− α)m)

(x− α)k
)

1

C(x)

Then,

resαR(x)dx =
vk−1

C(α)

Theorem 18. resαR(x)dx 6= 0 for only a finite number of α ∈ P1(K) and
∑

α∈P1(K) resαR(x)dx =
0.

Denote by ρ(R(x)dx) :=
∑

α∈P1(K) resαR(x)dx.

Lemma 19. ρ((R(x) + S(x))dx) = ρ(R(x)dx) + ρ(S(x)dx). In fact, ∀ α ∈ P1(K)
resα((R(x) + S(x))dx) = resα(R(x)dx) + resα(S(x)dx).

Proof. Let R(x) = A1(x)
B(x)

and S(x) = A2(x)
B(x)

, with B(x) = (x − α)kC(x), where C(α) 6= 0,

and Ai(x) = Ui(x)(x− α)k + Vi(x).
Then,

R(x) =
1

C(x)
(U1(x) +

V1(x)

(x− α)k
)

S(x) =
1

C(x)
(U2(x) +

V2(x)

(x− α)k
)

So,

R(x) + S(x) =
(A1(x) + A2(x)

B(x)

=
1

C(x)
(U1(x) + U2(x) +

V1(x) + V2(x)

(x− α)k
)

Then, the lemma follows by definition of residues. �
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Lemma 20. Partial Fractions Decomposition. Let R(x) = A(x)∏m
i=1(x−αi)ni

∈ K(x), A(x) ∈
K[x] and α1, . . . , αm distinct, then there exist A1(x), . . . , Am(x) ∈ K[x] such that R(x) =∑m

i=1
Ai(x)

(x−αi)ni
.

Proof. By induction on m. The case m = 1 is obvious. Suppose true for m < k. Now,
let us prove it for m = k. We have that, gcd(

∏k−1
i=1 (x− αi)ni , (x− αk)nk) = 1, then there

exists U(x), V (x) ∈ K(x) such that

U(x)
k−1∏
i=1

(x− αi)ni + V (x)(x− αk)nk = 1.

So,

R(x) =
U(x)A(x)

(x− αk)nk
+

V (x)A(x)∏k−1
i=1 (x− αi)ni

Then, let Am(x) = U(x)A(x), and by induction we have that V (x)A(x)∏k−1
i=1 (x−αi)ni

=
∑m−1

i=1
Ai(x)

(x−αi)ni

�

Proof. (of Theorem 0.4) it is enough by lemmas 1 and 2, to prove that ρ( A(x)
(x−α)ndx) = 0.

Now A(x) = a0 + a1(x− α) + . . .+ ad(x− α)d, so

resαR(x)dx = an−1

and,

res∞R(x)dx = res0
−1

x2
R(1/x)dx

= res0

−1
x2 (a0 + a1(

1
x
− α) + . . .+ ad(

1
x
− α)d

( 1
x
− α)n

=
∑

res0
−ai(1− xα)

x2+i−m(1− xα)n
dx = −an−1

�

For all h(x) ∈ Fp monic and irreducible.We have ∂(h) = −res∞f(x)h
′(x)
h(x)

dx. Also,

λ(h) = e2πi∂(h)/p. Then λ(h1h2) = λ(h1)λ(h2) , and therefore ∂(h1h2) = ∂(h1)∂(h2). So,

(h1h2)
′

h1h2

=
h′1
h1

+
h′2
h2

Then,

=
∞∑
m=0

(
∑
h∈M

deg h=m

λ(h)Tm)

We want to prove that L(λ, T ) = 0, for m > d = deg f .

Definition 11. h1 ∼ h2 if h1

h2
− 1 has a zero of multiplicity > d + 1 at ∞ (i.e. degree of

denominator − degree of numerator > d+ 1).

Lemma 21. If h1 ∼ h2, then ∂(h1) = ∂(h2).
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Proof.

∂(h1)− ∂(h2) = res∞(f
h′2
h2

− f h
′
1

h1

)dx

= res∞(f
(h2

h1
)′

(h2

h1
)
)dx = 0

because f has a pole of order d at ∞. (h2

h1
)′ has a zero of order > d at ∞ and (h2

h1
) = 1 at

∞.
�

5. Week Five

Recall that f(x) ∈ Fp[x] with deg(f) = d where gcd(d, p) = 1, ∂(h) = −res∞(f dh
h

),

λ(h) = e2πi∂(h)/p for h ∈ M , where M = {h(x) ∈ Fp[x], monic }. Let also, for m ≥ 1,
Mm = {h ∈M | deg h = m}.

We have seen that if
∑

h∈Mm
λ(h) = 0 for m ≥ d+ 1, L(λ, T ) is a polynomial and from

this it follows that ∑
α∈Fpm

e
2πiTrFpm/Fp (f(α))/p

= −(ωm1 + · · ·+ ωmd )

for some ω1, . . . , ωd ∈ C∗.

Definition 12. Let u = 1/x. Then ord∞(h− 1) = m if h(u) = 1 + amu
m + am+1u

m+1 +
· · · , am 6= 0 as a power series in u.

Lemma 22. If ord∞(h− 1) ≥ d+ 1, then res∞(fh′/hdx) = 0.

Proof: One can check that 1
h
dh
dx
dx = 1

h
dh
du
du and that dh

du
has a zero of order at least d at

∞. Hence, at ∞, f has a pole of order d, 1
h

is regular, and dh
du

has a zero of order at least

d. Then ord∞(f 1
h
dh
du

) ≥ 0 so res∞(f 1
h
dh
du
du) = res∞(f h

′

h
dx) = 0.

Note that {h ∈ Fp(x)∗| ord∞(h − 1) > 0} is a group under multiplication and that
Γn = {h ∈ Fp(x)∗| ord∞(h− 1) ≥ n} is a subgroup. We define G = Γ1/Γd.

Lemma 23. G is a finite group of order pd under multiplication. Further, λ induces a
non-trivial character on G.

Proof:

Sublemma 1. Γn/Γn+1
∼= Fp.

Proof: For h ∈ Γn, h = 1 + αun + · · · . Define ϕn : Γn → Fp by h 7→ α. Then

ϕn[(1 + αun + · · · )(1 + βun + · · · )] = ϕn[1 + (α+ β)un + · · · ] = α+ β + · · ·
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so that ϕn is a homomorphism. ϕn is clearly surjective with kerϕn = Γn+1. Hence,
Γn/Γn+1

∼= Fp.

Then by the sublemma, G is a finite group of order pd. By a previous lemma, λ : Γ1 →
C∗ is a homomorphism with λ|Γd+1

≡ 1.

We want to show that λ is non-trivial on G.
If h = 1+xd

xd = 1 + ud, h ∈ Γd\Γd+1, we have

f
dh

h
=
a0u

d + · · ·+ ad
ud

dud−1

1 + ud
=

d
a0u

d + · · ·+ ad
u

1

1 + ud
= d

a0u
d + · · ·+ ad

u
(1− ud + u2d − · · · ) =

dad
u

+ · · · .

Then −res∞(f dh
h

) = ∂(h) = −dad 6= 0 (mod p). Therefore dad/p is not in Z so
λ(h) 6= 1.

Since λ is non-trivial on G,
∑

h∈G λ(h) = 0. Now define ψm : Mm → G by ψm(h) = h
xm

for m ≥ d+ 1.

Lemma 24. For g ∈ G, #ψ−1
m (g) = pm−d.

Assuming the lemma,∑
h∈Mm

λ(h) =
∑
h∈Mm

λ(
h

xm
· xm) = λ(xm)

∑
g∈G

∑
ψm(h)=g,h∈Mm

λ(g) = λ(xm)pm−d
∑
g∈G

λ(g) = 0.

Proof of Lemma: If h(x) = xm + · · ·+ b0,
h(x)
xm = 1+ · · ·+ b0u

m ∈ Γ1. Then ψm(h) is the

image of 1+· · ·+b0um in G = Γ1/Γd+1. In G,ψm(h) = 1+· · ·+bm−dud. Therefore ψm(h) =
ψm(g) if and only if h(x) = xm + bm−1x

m−1 + · · · + b0, g(x) = xm + am−1x
m−1 + · · · + a0

with bm−1 = am−1, · · · bm−d = am−d. It follows that #ψm(g) = pm−d.

6. Week Six

We have L(T, λ) is a polynomial.
We have proven:

Theorem 25. Given f(x) ∈ Fp[x], of degree d, 1 ≤ d < p. Then there exists ω1, . . . , ωd ∈
C such that

Sm =
∑
x∈Fpm

e
2πiTrFpm/Fp (f(x))/p

= −(ωm1 + · · ·+ ωmd ).

Now we can say

Lemma 26. a) If |ωi| ≤ B, i = 1, . . . , d, then |Sm| ≤ dBm ∀m ≥ 1
b) If ∃c > 0 such that |Sm| ≤ cBm ∀m ≥ 1, then |ωi| ≤ B ∀i.
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Proof. a). Obvious.
b). Consider ϕ(z) =

∑∞
m=1−Smzm.

By the comparison test, using the hypothesis, then ϕ(z) converges for |z| < 1
B
.

So it is analytic on |z| < 1
B

(has no poles).

But ϕ(z) =
∑∞

m=1

∑d
j=1 ω

m
j z

m =
∑d

j=1
ωjz

1−ωjz
. (geometric series)

This has poles at z = 1
ωj
, j = 1, . . . , d. These poles must be outside the disk of radius 1

B
,

since we said no poles in |z| < 1
B
.

Therefore | 1
ωj
| ≥ 1

B
.

⇒ |ωj| ≤ B. �

Note: In fact, later we will prove that |ωj| = q
1
2 . This corresponds under T 7→ q−s to

Re s = 1
2
. This is a theorem of Weil; corresponds to the Riemann hypothesis of number

fields. (So it’s been proven in function fields, but not number fields.)

Theorem 27 (Hardy-Littlewood-Weyl). Let 1 ≤ d < p. Then

|Sm| ≤ 2q1− 1

2d−1 .

Note: Here B = q1− 1

2d−1 .
This is an improvement over |Sm| < q, since this is < q for q’s big compared to d.

Proof. By induction on d.
When d = 1, we have |Sm| ≤ 2. In fact, when d = 1, Sm = 0 ∀m ≥ 1. This is because∑
e2πiTr(a+bx)/p = e2πiTr(a)/p

∑
e2πiTr(bx)/p = 0.

Note: When d = 2 we get the Quadratic Gauss Sum.
Assume true for deg f < d. Then

|Sm|2 = SmSm

=
∑
x∈Fpm

e2πiTr(f(x))/p
∑
y∈Fpm

e2πiTr(−f(y))/p

=
∑

x,y∈Fpm

e2πiTr(f(x)−f(y))/p Let y = x+ z.

=
∑

x,z∈Fpm

e2πiTr(f(x)−f(x+z))/p

=
∑
z∈Fpm

∑
x∈Fpm

e2πiTr(f(x)−f(x+z))/p

Call this second sum Tz.
Now for fixed z ∈ Fpm , f(x)− f(x+ z) is a polynomial in x of degree strictly smaller than
d.
Assume f(x)− f(x+ z) is nonconstant for z 6= 0. (See below for justification.)

Then |Tz| ≤ 2q1− 1

2d−2 by the induction hypothesis. (Note: if z = 0, then T0 = q.)
23



So

|Sm|2 ≤ q + (q − 1)2q1− 1

2d−2 = 2(q − 1)q1− 1

2d−2 + q

≤ 2qq1− 1

2d−2 + 2q1− 1

2d−2 q

= 4q2− 1

2d−2

⇒ |Sm| ≤ 2q1− 1

2d−1 .

Now, can f(x)− f(x+ z) be constant for z 6= 0?
Let f(x) = xd + a1x

d−1 + · · ·+ ad.
Then f(x)− f(x+ z) = xd − (x+ z)d + a1(x

d−1 − (x+ z)d−1) + · · · = −dzxd−1 + · · ·
The leading coefficient of f(x)− f(x+ z) as a polynomial in x is −dz.
This is nonzero if 1 ≤ d < p, z 6= 0, which is the hypothesis in the theorem.
So our assumption holds, and we’re done. �

(Note: The estimate |Sm| ≤ 2q1− 1

2d−1 is nontrivial for q big compared to d.

If 2

q
1

2d−1

< 1, then q > 22d−1
, so we must get q really big compared to d for this estimate

to make a difference.)

Now let’s modify our notation. Let S =
∑

x∈Fq
e2πiTr(f(x))/p.

Theorem 28 (Mordell). Let deg f = d < p. Then

|S| ≤ 2(dd!)
1
2d q1− 1

2d

(Note: The goal is to get |S| ≤ q1/2, so we’re getting closer...)

Proof.

S =
∑

e2πiTr(f(x))/p

=
∑

e2πiTr(f(x)−f(0)+f(0))/p

= e2πiTr(f(0))/p
∑

e2πiTr(f(x)−f(0))/p

So when we take absolute values, then since |e2πiTr(f(0))/p| = 1, we can say

|
∑

e2πiTr(f(x))/p| = |
∑

e2πiTr(f(x)−f(0))/p|,

So without loss of generality we will assume f(0) = 0 in the rest of the proof.
For all λ ∈ Fq, λ 6= 0, x 7→ λx is a bijection on Fq. So

|Sm| = |
∑
x∈Fq

e2πiTr(f(λx))/p|
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⇒ |S|2d = |
∑
x∈Fq

e2πiTr(f(λx))/p|2d.

Let Λ be a subset of Fq of cardinality at least (q−1)/d such that the λd, λ ∈ Λ are distinct.
(See Lemma 2 below for existence of such a set.)

Then
q − 1

d
|S|2d ≤

∑
λ∈Λ

|S|2d =
∑
λ∈Λ

|
∑
x∈Fq

e2πiTr(f(λx))/p|2d.

(Note: We are just summing over polynomials of degree d and with f(0)=0; and all of the
polynomials are different because of our choice of Λ.)

≤
∑

c1,...,cd∈Fq

|
∑
x∈Fq

e2πiTr(
∑d

j=1 cjx
j)/p|2d

(This is sum over all polynomials of degree d.)

(Remark: In examining the usefulness of this technique, we must keep in mind that
limp→∞(

∑m
i=1 |xi|p)1/p = max1≤i≤m |xi| so in our sum, the biggest term will stand out.)

Now call Sc =
∑
e2πiTr(

∑
cjx

j)/p, where c = (c1, . . . , cd)
Then ∑

c

|Sc|2d =
∑
c

SdcSc
d

=
∑
c

(
∑
x∈Fq

e2πiTr(
∑

j cjx
j)/p)d(

∑
y∈Fq

e2πiTr(
∑

j −cjyj)/p)d

=
∑
c

∑
x1,...,xd∈Fq

y1,...,yd∈Fq

e2πiTr(
∑d

j,k=1 cjx
j
k−

∑d
j,k=1 cjy

j
k)/p

=
∑

x1,...,xd∈Fq

y1,...,yd∈Fq

∑
c

e2πiTr(
∑d

j,k=1 cj(x
j
k−y

j
k))/p

=
∑

x1,...,xd∈Fq

y1,...,yd∈Fq

d∏
j=1

(
∑
cj∈Fq

e2πiTr(cj
∑d

k=1(xj
k−y

j
k))/p)

Now, ∑
cj∈Fq

e2πiTr(cj
∑d

k=1(xj
k−y

j
k))/p = 0

unless
∑d

k=1(x
j
k − y

j
k) = 0, in which case it equals q.

So
d∏
j=1

(
∑
cj∈Fq

e2πiTr(cj
∑d

k=1(xj
k−y

j
k))/p) =

∑
x1,...,xd∈Fq

y1,...,yd∈Fq

∑d
k=1

(x
j
k
−y

j
k
)=0

j=1,...,d

qd
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Now,
∑d

k=1(x
j
k − y

j
k) = 0 for j = 1, . . . , d means

∑d
k=1 x

j
k =

∑d
k=1 y

j
k for j = 1, . . . , d.

But this is true if and only if {y1, . . . , yd} is a permutation of {x1, . . . , xd}, sinced¡p, asfollowsfromtheNewtonidentities.

So we have ∑
c

|Sc|2d ≤ qdqdd!

(The second qd is for the d x’s ∈ Fq, and d! is for the permutation of the d y’s.)

So putting everything together, we get:
((q − 1)/d)|S|2d ≤ d!q2d, so |S|2d ≤ dd!q2d−1q/(q − 1). But q/(q − 1) ≤ 2, so |S|2d ≤

2dd!q2d−1.
Therefore, taking the 2d th root, we get

|S| ≤ (2dd!)
1
2d q1− 1

2d

as was desired. �

Lemma 29. ∃Λ ⊆ F∗q, |Λ| ≥
q−1
d

such that ∀λ1, λ2 ∈ Λ, λ1 6= λ2, we have λd1 6= λd2.

Proof. Take Λ maximal with the property that ∀λ1, λ2 ∈ Λ, λ1 6= λ2.
Now ]{x ∈ F∗q|∃λ ∈ Λ, xd = λd} ≤ d|Λ|, because for each value of λ, we can only find d

x’s such that the equality holds. If |Λ| < q−1
d
, then ∃x ∈ F∗q such that xd 6= λd ∀x ∈ Λ.

Then Λ ∪ {x} has this same property. �

7. Week Seven

Theorem 7.1. Given f(x) ∈ Fp[x] with 1 ≤ deg f < p, then there exists C > 0 such that
for all m ≥ 1

(1)

Sf,m := |
∑
x∈Fpm

e
2πiTrFpm/Fp (f(x))/p| ≤ Cpm/2

What we will prove is:
Given d, 1 ≤ d < p there exists C = C(d) > 1 such that for all m ≥ 1 and for all
f(x) ∈ Fpm [x] with deg f = d, we have

(2) the cardinality of {(x, y) ∈ F2
pm|yp − y = f(x)} ≤ pm + Cpm/2.

Today we will prove that (2) ⇒ (1).
Step 1: (2) ⇒ # {(x, y)|yp − y = f(x)} ≥ pm − C ′pm/2 with C ′ = C ′(d).

Proof. Recall that given α ∈ Fpm , there exists β ∈ Fpm , βp − β = α if and only if
TrFpm/Fp(α) = 0 and that TrFpm/Fp : Fpm → Fp is surjective.

Choose αj ∈ Fpm with Tr(αj) = j, j = 0, . . . , p− 1 and α0 = 0. Then,

p−1∑
j=0

#{(x, y) ∈ F2
pm|yp − y = f(x) + αj} = pm+1.

26



Indeed, given x0 ∈ Fpm , look at Tr(f(x0)) ∈ Fp. Then the equation yp−y = f(x0)+αj
where j = −Tr(f(x0)) has p solutions, and the equations yp − y = f(x0) + αj, j 6=
−Tr(f(x0)) have 0 solutions. Summing over x0 ∈ Fpm gives the result.

Now apply (2) to yp − y = f(x) + αj, j = 1, . . . , p− 1

#{yp − y = f(x) + αj} ≤ pm + Cpm/2 ∀j ≥ 1

So

#{(x, y)|yp − y = f(x)} = pm+1 −
p−1∑
j=1

#{yp − y = f(x) + αj}

≥ pm+1 −
p−1∑
j=1

(pm + Cpm/2)

= pm+1 − (p− 1)pm − (p− 1)Cpm/2

= pm − (p− 1)Cpm/2

So C ′ = (p− 1)C and

= pm − C ′pm/2

and we have Step 1.
�

Step 2 How does this connect with exponential sums?
p−1∑
c=0

Scf,m = #{(x, y) ∈ Fpm|yp − y = f(x)}

Proof.
p−1∑
c=0

Scf,m =
∑
c∈Fp

∑
x∈Fpm

e2πiTr(cf(x))/p

=
∑
x

∑
c

e2πicTr(f(x))/p

and ∑
c

e2πicTr(f(x))/p =

{
0 if Tr(f(x)) 6= 0
p if Tr(f(x)) = 0

So ∑
c

Scf,m =
∑
x∈Fpm

#{(x, y) ∈ Fpm|yp − y = f(x)}

as needed. Now
p−1∑
c=0

Scf,m =

p−1∑
c=1

Scf,m + pm

So
p−1∑
c=1

Scf,m = #{(x, y) ∈ Fpm|yp − y = f(x)} − pm
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and now (2) ⇒

|
p−1∑
c=1

Scf,m| ≤ C ′pm/2

We know from the fact that the L-function is a polynomial that there exists w1(c), . . . , wd(c) ∈
C such that for all m ≥ 1

Scf,m = −(w1(c)
m + · · ·+ wd(c)

m).

So we get

|
p−1∑
c=1

d∑
j=1

wj(c)
m| ≤ C ′pm/2 ∀m ≥ 1.

⇒ |wj(c)| ≤ p1/2 ∀j, c
from prior results.

⇒ |Sf,m| = | −
d∑
j=1

wj(1)m| ≤ dpm/2.

�

Step 3 We want to investigate

yp − y = f(x) f(x) ∈ Fpm [x], deg f = d, 1 ≤ d < p

Rough idea: We will construct a polynomial Wk(x) ∈ Fq[x] with q = pm (with smallest
possible degree) and Wk(x) 6= 0 which will have a zero of multiplicity k at all x ∈ Fq with
Tr(f(x)) = 0. Then we will get

#{yp − y = f(x)} ≤ p
degWk

k

Example:

Tr(f(x)) = f(x) + f(x)p + · · ·+ f(x)p
m−1

= W1(x)

degW1(x) = pm−1d and #{yp − y = f(x)} ≤ pmd.

W2(x) = “yq − y − dy

dx
(xq − x)”.

But

yq − y = yp
m − ypm−1

+ yp
m−1 − ypm−2

+ yp
m−2 − · · · − yp2 + yp

2 − yp + yp − y

= (yp − y)pm−1

+ (yp − y)pm−2

+ · · ·+ (yp − y)p + (yp − y)
= W1(x)

and

yp − y = f(x)⇒ −dy
dx

= f ′(x)

So W2(x) = W1(x) + f ′(x)(xq − x).

Claim 7.2. W2(x) has double zeros at roots of W1(x).
28



Proof. W ′
2(x) = f ′(x) + f ′(x)(−1) + f ′′(x)(xq − x) = f ′′(x)(xq − x), which vanishes for all

x ∈ Fq. �

So,

#{yp − y = f(x)} ≤ p
degW2

2

≤ p
max{(pm−1d), (pm + d− 1)}

2

=
p(pm + d− 1)

2
since d < p.

Back to investigating yp − y = f(x) over Fq, a finite field,q = pm, f(x) ∈ Fq[x], deg f =
d, 1 ≤ d < p.

We want to eventually consider #{(x, y) ∈ F2
q|yp − y = f(x)}. Let’s think of y as an

algebraic function of x:
K = Fq(x, y)

Fq(x)

(Adjoin a root of yp − y − f(x) = 0). This is a cyclic Galois extension of degree p. Let
a ∈ Fq, t = x − a and form Fq((t)). (field of fractions of the ring of formal power series
in t, the ring of formal power series in t is denoted Fq[[t]]) Now Fq(x) → Fq((t)) is an
injection.

Lemma 7.3. If there exists b ∈ Fq such that bp−b = f(a), then there exists an embedding

l : K → Fq((t))

extending the embedding

Fq(x)→ Fq((t))
where x→ t+ a. such that l(y) = b+ · · · ∈ Fq[[t]].

Proof. By Galois theory, we just need to produce some element y1 of Fq[[t]] of the form
y1 = b + . . . satisfying yp1 − y1 = f(t + a). Let g(t) = f(t + a) − f(a), then we want to
find z ∈ Fq[[t]] such that z = a1t + . . . (with no constant term) such that zp − z = g(t).
Now y1 = z + b and

yp1 − y1 = zp − z + bp − b = g(t) + f(a) = f(t+ a).

So if we find such a z, we’re done. Consider

z = −
∞∑
j=1

g(t)p
j

= g(t) + g(t)p + g(t)p
2

+ . . .

Note that g(t) has degree d and g(0) = 0. Well,

zp = −(g(t)p + g(t)p
2

+ . . . )

so zp − z = g(t) as required. �
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Informally, consider the following
Fq(x, y)

Fq(x)

Fq((t))-

�
��

d
dx

: Fq(x)→ Fq(x) is such that

1) Fq-linear

2) d(uv)
dx

= u dv
dx

+ v du
dx

3) dx
dx

= 1

There is a unique extension of this operator to Fq(x, y).
yp − y = f(x)

So we need − dy
dx

= df
dx

Also, there is a unique continuous extension of this operator in

Fq((t)) and it turns out to be d
dt

.
Let’s define higher derivatives (for looking at the order of vanishing). Note: xp has a

multiplicity p zero at zero but dixp

dxi = 0 for all i ≥ 1. So we need to modify:

dpxn

dxp
= n(n− 1) . . . (n− p+ 1)xn−p

but one of those coefficients is zero which we don’t want. So let’s use

1

p!

dpxn

dxp
=
n(n− 1) . . . (n− p+ 1)xn−p

p!
=

(
n

p

)
xn−p

i.e. for all m ≥ 1 define D(m) : Fq(x)→ Fq(x) as the unique operator such that D(m) is

1) Fq-linear
2) D(m)(uv) =

∑m
j=0D

(j)uD(m−j)v

3) D(m)xn =
(
n
p

)
xn−m ∀n

“Morally” D(m) = 1
m!

dm

dxm .

Theorem 7.4. a) D(m) has a unique extension to K satisfying 1), 2) and 3)
b) D(m) has a unique continuous extension to Fq((t)) satisfying 1), 2), and 3).

Moreover, if φ : K → Fq((t)) is injective with φ(x) = t+ a then D(m)φ(u) = φ(D(m)u)
for all u ∈ K.

The proof will be given next week.

8. Week Eight

Definition 13 (Hasse Derivation). A Hasse Derivation on a field F is a collection of
operators D(m) : F → F satisfying:

(1) D(m)(u+ v) = D(m)u+D(m)v,
(2) D(m)uv =

∑m
j=0D

(j)uD(m−j)v,

(3) D(n) ◦D(m) =
(
n+m
m

)
D(n+m).

Morally, in the context of finite fields, we may think of it as “D(m) = 1
m!

(
D(1)

)m
”.
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Theorem 30. (1) There exists a unique Hasse derivation on Fq(x) satisfyingD(m)xn =(
n
m

)
xn−m for all n,m ≥ 1.

(2) There exists a unique continuous Hasse derivation on Fq((x)), satisfying D(m)xn =(
n
m

)
xn−m for all n,m ≥ 1.

(3) If K = Fq(x, y), where yp − y = f(x), f(x) ∈ Fq(x), deg(f) = d, (d, q) = 1,
there exists a unique Hasse derivation extending the one in 1. Moreover, under
the embedding K ↪→ Fq((x)) the derivations from 2, 3 coincide.

Proof. We first prove 2:
Recall the definition of Fq((x)):

Fq((x)) =

{
∞∑
j=n

αjx
j |n ∈ Z, αj ∈ Fq

}
.

We see immediately that the uniqueness of the derivation in 2 is clear: there can only be
one way to satisfy the constraints of the Hasse derivation, and that of the theorem. We
must check existence by showing that the conditions are satisfied for the operator defined
by D(m)

∑
αjx

j =
∑(

j
m

)
αjx

j−m.

• D(m)(u + v) = D(m)u + D(m)v: This is clear, as power series are added term by
term.
• D(m)uv =

∑m
j=0D

(j)uD(m−j)v: We write uv as a sum of products, and compare
terms to reduce to the case:

D(m)(uv) =
m∑
j=0

D(j)uD(m−j)v, u = xn, v = xk.

Now D(m)xnxk =
(
n+k
m

)
xn+k−m, and

m∑
j=0

D(j)xnD(m−j)xk =
m∑
j=0

(
n

j

)
xn−jxk−(m−j)

=
m∑
j=0

(
n

j

)(
k

m− j

)
xn+k−m.

The equality now follows from the following identity1:(
n+ k

m

)
=

m∑
j=0

(
n

j

)(
k

m− j

)
.

1This may be proved, for instance, by noting that a Hasse derivative may be defined over C(x) by
D(m) = 1

m!
dm

dxm and computing in this field.
31



• D(n) ◦D(m)u =
(
n+m
m

)
D(n+m): Again we may reduce to checking for xk:

D(n) ◦D(m)xk =

(
k

m

)(
k −m
n

)
xk−m−n,

D(n+m)xk =

(
k

n+m

)
xk−n−m.

The result then follows from the following identity2:(
k

m

)(
k −m
n

)
=

(
n+m

m

)(
k

n+m

)
.

1 follows from 2 by restriction.
To show the existence of 3, one needs to show that the derivative of y in Fq((x)) remains

in K (viewed inside Fq((x))). Uniqueness in 3 follows the usual argument. So, regard
yp − y = f(x) as an equation in Fq((x)). Taking its derivative (in Fq((x))) then gives:

D(m)yp −D(m)y = D(m)f(x).

On the other hand, using induction and property 2 of the Hasse derivative, one obtains

D(m)yp =
∑

m1+...+mp=m

D(m1)y . . . D(mp)y.

Now, the m’th derivative of y only appears on the right as yp−1D(m)y, and occurs p times,
so that we may write D(m)yp as

D(m)yp =
∑

m1+...+mp=m

0<m1,...,mp<m

D(m1)y . . . D(mp)y.

Now, using induction we may define D(m)yp in terms of D(m)f(x) and lower derivatives
of y, which finally allows us to get D(m)y. In particular, we have:

D(m)y = −D(m)f(x), m < p,

D(p)y = −D(p)f(x)− (Df(x))p.

�

Theorem 31. For all u ∈ Fq[[x]] we have uq − u =
∑∞

m=1D
(m)u(xq − x)m.

Proof. Note that this series converges, as the lowest term of (xq − x)m is xm, so there are
only finitely many terms for each xj.

2A triviality: (
k

m

)(
k −m

n

)
=

k!
m!(k −m)!

(k −m)!
n!(k −m− n)!

=
k!

m!n!(k −m− n)!
,(

n + m

m

)(
k

n + m

)
=

(n + m)!
m!n!

k!
(n + m)!(k −m− n)!

=
k!

m!n!(k −m− n)!
.
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Both sides are linear, so it is enought to prove the proposition for u = xn, n ≥ 0:

LHS = uq − u
= xnq − xn,

RHS =
∞∑
m=1

(
n

m

)
xn−m(xq − x)m

=
n∑

m=1

(
n

m

)
xn−m(xq − x)m

= [x+ (xq − x)]n −
(
n

0

)
xn

= xqn − xn.

�

Recall, we want a bound on

N = |C|, C = {(x, y) ∈ Fq|yp − y = f(x)} .

To this end, we wish to construct a non-zero polynomial Wk(x) which has a zero of
multiplicity at least k at each x ∈ P1C, where P1 is the canonical projection onto the first
coordinate. Recall that the existence of such a polynomial shows

N ≤ p
degWk(x)

k
.

One possible candidate for Wk(x) is given by

(4) Wk(x) = yq − y −
k−1∑
m=1

D(m)y(xq − x)m.

We have already shown that this is a polynomial in x, and it obviously has the correct
multiplicities at its zeroes (if it is non-zero), but we still need to show that it is, in fact,
non-zero.

Writing q = pr, we get

Wk(x) = yq − y −
k−1∑
m=1

D(m)y(xq − x)m

=
r−1∑
j=1

(f(x))p −
k−1∑
m=1

D(m)y(xq − x)m.

Now

y = −
∞∑
j=0

f(x)p
j

,
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so

D(m)y =
∑
pj |m

(
Dm/pj

f(x)
)pj

, m ≥ p

so that we see that, in fact, D(m)y ∈ Fq[x], for m ≥ 1. Now

degD(m)y ≤ max
pj |m

pj
(
d− m

pj

)
≤ m(d− 1),

so

degD(m)y(xq − x)m ≤ m(d− 1) +mq

which then shows

degWk(x) ≤ max

{
dq

p
, (k − 1)(d− 1 + q)

}
.

This finally gives a bound for the number of points on the curve:

N ≤ p

k
max

{
dq

p
, (k − 1)(d− 1 + q)

}
.

What would a good k be? Increasing k decreases the importance of dq
p

relative to (k−1)(d−
1+q). So the best k would be exactly that k where dq

p
becomes less than (k−1)(d−1+q).

If k were a real parameter, this would be at

k =
dq

p(d− 1 + q)
+ 1.

We must thus compare
⌊

dq
p(d−1+q)

⌋
+ 1,

⌈
dq

p(d−1+q)

⌉
+ 1. We may, however, allow k to be

real if we simply wish to understand the behaviour of our bound. We see

N .
p

dq
p(d+q−1)

+ 1

dq

p

=
dqp(d+ q − 1)

dq + p(d+ q − 1)
= B.

When is this good? If q is large, we see that

B ∼ dpq

d+ p
,

which is not at all good (recall that we have bounds of pq, dq for free). However, if d ∼ p,
we have

B ∼ dq

2
.

We still need to check that the Wk(x) 6= 0. From the expression for Wk(x) (Eq. 4), and
using

D
(
D(m)y(xq − x)m

)
= −D(m)ym(xq − x)m−1 + (x+ 1)D(m+1)y(xq − x)m,
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we see that

DWk = −Dy −
k−1∑
m=1

(
mD(m)y(xq − x)m−1 − (m+ 1)D(m+1)y(xq − x)m

)
= −Dy +Dy − kD(k)y(xq − x)k−1

= −kD(k)y(xq − x)k−1.

Of course, Wk(x) 6= 0 if DWk(x) 6= 0. We certainly have (xq − x)m 6= 0. Thus, if we
can determine when −kD(k)y 6= 0 we may find a sufficient condition for Wk(x) being
non-zero. Of course, we need k 6= 0 mod p. This is no problem, as we have two almost
optimal values for k, and at least one of those will be non-zero mod p. We now make the
computation:

D(k)y = D(k)

−∑
pj |m

(
D(m/pj)f(x)

)pj


= −D(k)f(x),

so, if p does not devide k, and D(k)f(x) 6= 0, then Wk(x) 6= 0. But f(x) = a0x
d + . . ., so

that

D(k)f(x) =

(
d

k

)
a0x

d−k + . . . .

Thus it is enough for
(
d
k

)
6= 0 mod p (k < d if k is optimal).

8.1. An improvement on Wk(x). Let us consider

n = #{ap+ bd|a, b ≥ 0, (a, b) 6= (0, 0), b < p, ap+ bd ≤M}
One may show

n = M − (p− 1)(d− 1)

2
if M > (p− 1)(d− 1). Now define

{z1, . . . , zn} = {xayb|a, b ≥ 0, (a, b) 6= (0, 0), b < p, ap+ bd ≤M}.
Then the zi are Fq-linearly independent as elements of Fq(x, y). We consider the deter-
minant:

(5) W = det


zq1 − z1 zq2 − z2 · · · zqn − zn
Dz1 Dz2 · · · Dzn

...
. . .

...
D(n−1)z1 · · · D(n−1)zn


We shall see subsequently that this has all the properties required of a candidate W . We
may relate it to the previous W by noting that, if M = d, then

ap+ bd ≤ M

⇔ ap+ bd ≤ d
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which is true iff b = 1, a = 0 or b = 0, a ≤ d
p
. Thus

{z1, . . . , zn} = {y, x, x2, . . . , x(d/p)}

and we recover the original Wk(x) (exercise).

9. Week Nine

Lemma 32. (1) If z1, ..., zn ∈ Fq[[x]], then W has a zero of multiplicity at least n at
x = 0.

(2) If zj has a zero of order exactly j at x = 0 for j = 1, ..., n then W has a zero of
exactly order n at x = 0 and, in particular, W is not identically zero.

Proof: Use uq − u =
∑∞

m=1 D(m)u(xq − x)m from last class to substitute for zqj − zj in W .
Thus

W = det


∑∞

m=1 D(m)z1(x
q − x)m ...

∑∞
m=1 D(m)zn(x

q − x)m
D(1)z1 ... D(1)zn

...
...

D(n−1)z1 ... D(n−1)zn

 .

Now multiply the jth row for j = 2, ..., n− 1 by −(xq − x)(j−1) and add it to the first row.
This cancels the first n− 1 terms of each infinite sum. Thus,

W = det


∑∞

m=n D(m)z1(x
q − x)m ...

∑∞
m=n D(m)zn(x

q − x)m
D(1)z1 ... D(1)zn

...
...

D(n−1)z1 ... D(n−1)zn

 .

We can then factor out (xq − x)n out of the first row and the determinant giving that

W = (xq − x)n det


∑∞

m=n D(m)z1(x
q − x)m−n ...

∑∞
m=n D(m)zn(x

q − x)m−n
D(1)z1 ... D(1)zn

...
...

D(n−1)z1 ... D(n−1)zn

 .

Note that this shows that W has a zero of multiplicity at least n at x = 0 proving (1).

Now (xq − x)n = xn(xq−1 − 1)n has a zero of order exactly n, so if the determinant
of the last matrix above does not vanish at x = 0 then we will have proven (2). We
can now use the additional hypothesis that xj = ajx

j + ... for j = 1, ..., n with aj 6= 0.
Thus, D(m)zj = aj

(
j
m

)
xj−m+ ... The last term of the first row is

∑∞
m=n D(m)zn(x

q−x)m−n.
When x = 0, this becomes D(n)zn(0) = an. On the second row, D(1)z1(0) = a1 when x = 0
and all the other entries are zero. On the third row, the second entry D(2)z2(0) = a2 is
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nonzero when x = 0; all later entries are 0. We can see the pattern of D(j)zj(0) = aj and
D(k)zj = 0 for j > k when x = 0. Thus by reordering the rows,

W̃ = ± det


a1 0 0 ... 0
∗ a2 0 ... 0
∗ ∗ a3 ... 0
...

...
∗ ∗ ∗ ... an

 .

W̃ = ±a1a2a3...an 6= 0 by hypothesis. Thus, W has a zero at x = 0 of order exactly n,
proving (2).

If z̄j =
∑n

k=1 ajkzk with ajk ∈ Fq and you make the determinant with the z̄j, then
W̄ = det(ajk)W. If z1, ..., zn all vanish at x = 0, ord(z1) = min ord zj, then replace
z2, ..., zn with z2−a21z1, ..., zn−an1z1. Now the orders will be increasing but not necessarily
consecutive. The lemma (2) does not necessarily hold.

For example, let n = 2, p ≥ 3, z1 = x and z2 = xp. Then,W = det

(
xq − x xpq − xp

1 0

)
has order p, not n = 2! For another example, let n = 3, z1 = x, z2 = xp, and z3 = xp

2
.

Then,

W = det

 xq − x xpq − xp xp
2q − xp2

1 0 0
0 0 0

 ≡ 0.

Exercise: If zj = ajx
εj + ... where ε1 < ε2 < ... then ord W ≥ n+

∑n
j=1(εj − j).

Again, yp − y = f(x) in Fq, deg f = d and (d, q) = 1. We want an upper bound for
the number of solutions (x, y). We need only look at when q is square so assume q = pm

where m is even. Consider the set {xayb | 0 ≤ a, b, (a, b) 6= (0, 0), b ≤ p−1, ap+bd ≤ √q}.
This is a set of

√
q− (p−1)(d−1)

2
functions. Any subset of these functions will work fine for

part (1) of the lemma, but applying part (2) is difficult. However, at x =∞ . . .

Theorem 33. Every integer k ≥ (p−1)(d−1) has a unique representation as k = ap+bd
where 0 ≤ a, b and b ≤ p− 1.

Elementary number theory gives this theorem. If we have two representations for
k = a0p + b0d = a1p + b1d then a1 = a0 + sd and b1 = b0 − sp for some s. The fact that
k ≥ (p− 1)(d− 1) gives that there is at least one solution in the first quadrant of the a, b
plane. The restriction that b ≤ p− 1 ensures the uniqueness.

Thus, for j = 1, ...,
√
q−(p−1)(d−1) we can find (a, b) satisfying 0 ≤ a, b and b ≤ p−1

such that ap+ bd =
√
q− j and a corresponding zj = xajybj . Let n =

√
q− (p− 1)(d− 1)
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and z1, ..., zn have been chosen. Again, W = det


zq1 − z1 ... zqn − zn
D(1)z1 ... D(1)zn

...
...

D(n−1)z1 ... D(n−1)zn

. Note, as

we limit j, we are only using the higher powers of x and y. As we are throwing out some
functions from W , it is no longer a polynomial of just x. Now W ∈ Fq(x, y) = K where
y is a solution to yp − y = f(x).

Fq(x) ⊂ K and Fq(x) embeds into Fq((t)) with the embedding given by t = x− a with
a ∈ Fq. If there exists b such that bp − b = f(a), we can extend the embedding to K. We
want the embedding such that the image of x, y /∈ Fq[[t]].

Consider x = αt−r + ... and y = βt−s + ... with r, s > 0 (x, y with poles). Then
yp − y = βpt−ps + ... and f(x) = a0α

dt−rd + ... so we need ps = rd. Since (p, d) = 1, p|r
and d|s. The simplest case would be p = r, d = s.

Lemma 34. There is an embedding of K into Fq((t)) such that the image of x and y
satisfy x = αt−p + ... and y = βt−d + ... where αβ 6= 0.

Proof: Postponed.

10. Week Ten

Lemma 10.1.

W := det


zq1 − z1 · · · zqn − zn
D(1)z1 · · · D(1)zn

...
...

D(n−1)z1 · · · D(n−1)zn

 = ± det


1 zq1 · · · zqn
1 z1 · · · zn
0 D(1)z1 · · · D(1)zn
...

...
...

0 D(n−1)z1 · · · D(n−1)zn


Proof. On the second determinant, subtract the second row from the first, then eliminate
the first column and second row. �

Lemma 10.2. For any functions z0, ..., zn, h 6= 0 :

hq+n det


zq0 · · · zqn
z0 · · · zn

D(1)z0 · · · D(1)zn
...

...
D(n−1)z0 · · · D(n−1)zn

 = det


(hz0)

q · · · (hzn)
q

hz0 · · · hzn
D(1)(hz0) · · · D(1)(hzn)

...
...

D(n−1)(hz0) · · · D(n−1)(hzn)


Proof. • (hzj)

q = hqzqj so factor hq from first row.
• hzj = hzj (duh!) so factor h from second row.
• D(hzj) = hDzj + (Dh)zj so subtract from third row the second row times Dh/h

and then factor out h.
In general, D(m)(hzj) = hD(m)zj + linear combination of D(r)zj, r < m, so a linear
combination of rows 2 to m can be added to this row to change it to hD(m)zj.

�
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Taking h = z−1
1 , z0 = 1,

W = ±zq+n1 det


(1/z1)

q 1 (z2/z1)
q · · · (zn/z1)

q

1/z1 1 z2/z1 · · · zn/z1

D(1)(1/z1) 0 D(1)(z2/z1) · · · D(1)(zn/z1)
...

...
...

...
D(n−1)(1/z1) 0 D(n−1)(z2/z1) · · · D(n−1)(zn/z1)


Or with uj = zj+1/z1 (1 ≤ j ≤ n− 1), un = 1/z1,

W = ±zq+n1 det


uq1 − u1 · · · uqn − un
D(1)u1 · · · D(1)un

...
...

D(n−1)u1 · · · D(n−1)un

 .

With zj = γjt
j−√q + · · · we get

uj =
γj+1t

j−√q+1 + · · ·
γ1t1−

√
q + · · ·

=
γj+1

γ1

tj + · · ·

and un = γ−1
1 t

√
q−1 + · · · .

Using the identity uqj − uj =
∑∞

n=1 D(m)uj(t
q − t)m,

W = ±zq+n1 (tq−t)n det


∑∞

m=n D(m)u1(t
q − t)m−n · · ·

∑∞
m=n D(m)un(t

q − t)m−n
D(1)u1 · · · D(1)un

...
...

D(n−1)u1 · · · D(n−1)un

 = ±zq+n1 (tq−t)nF.

Using

D(m)un =

{(√
q−1
m

)
γ−1

1 t
√
q−1−m + · · · m <

√
q − 1

holomorphic in t m ≥ √q
,

the upper right entry of F is

∞∑
m=n

D(m)un(t
q − t)n−m =

√
q−1∑

m=n

(√
q − 1

m

) γ−1
1 t

√
q−1−n + · · ·

If m < n, D(m)un =
(√

q−1
m

)
γ−1

1 t
√
q−1−m + · · · so

ordt=0D
(m)un ≥

√
q − 1−m >

√
q − 1− n.

So any term in the expansion of the determinant F involving a D(m)un, m < n, will have
order of vanishing at t = 0 strictly bigger than

√
q − 1− n.
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We want to evaluate F/t
√
q−1−n at t = 0:

Du1 =
γ2

γ1

+ · · · 6= 0 at t = 0.

Duj vanishes at t = 0, j > 1.

D(m)uj(0) =


0 if m < j,

γj+1/γ1 6= 0 m = j

∗ m > j

so F/t
√
q−1−n at t = 0 is

det



∗ ∗ ∗ . . . ∗
∑√

q−1
m=n

(√
q−1
m

)
γ2/γ1 0 0 . . . 0 0
∗ γ3/γ1 0 . . . 0 0
∗ ∗ γ4/γ1 . . . 0 0
...

...
...

. . .
...

...
∗ ∗ ∗ . . . γn−1/γ1 0

 .

This immediately gives the following theorem.

Theorem 35. If
∑√

q−1
m=n

(√
q−1
m

)
6≡ 0 (mod p) then

ordt=0W =
√
q − 1− n+ n− (

√
q − 1)(q + n)

= −(
√
q − 1)(q + n− 1)

and in particular, W is not identically 0.

If
∑√

q−1
m=n

(√
q−1
m

)
≡ 0 (mod p) then we trade n for n− 1. Then we have to worry about∑√

q−1
m=n−1

(√
q−1
m

)
=
(√

q−1
n−1

)
6≡ 0 which is true by

Lemma 36.
(√

q−1
k

)
6≡ 0 (mod p) if 0 ≤ k ≤ √q − 1.

Proof.
√
q = pr for some r;

√
q − 1 = pr − 1 = (p− 1) + p(p− 1) + · · ·+ pr−1(p− 1), and

√
q−1∑
k=0

(√
q − 1

k

)
xk = (x+ 1)

√
q−1

=
r−1∏
j=0

(x+ 1)(p−1)pj

(by above comment)

≡
∏

(xp
j

+ 1)p−1 (mod p)

=
∏
j

(
p−1∑
b=0

(
p− 1

b

)
xp

jb

)

=

p−1∑
b0,...,br−1=0

(
r−1∏
j=0

(
p− 1

bj

))
xb0+b1p+···+br−1pr−1
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but b0 + b1p + · · · + br−1p
r−1 is the base p expansion of some k < pr so by uniqueness∏r−1

j=0

(
p−1
bj

)
is the coefficient of xk. Therefore

(√
q−1
k

)
≡
∏r−1

j=0

(
p−1
bj

)
6≡ 0 (mod p). �

Let K = Fq(x, y), yp − y = f(x).
Last week: K ↪→ Fq((t)), t = x− a
Tuesday: K ↪→ Fq((t)), x = αt−p + · · · , y = βt−d + · · ·
All the analysis so far used derivatives with respect to t for the appropriate t. Denote

the derivative with respect to t by D
(m)
t and the derivative with respect to x by D

(m)
x .

If t = x− a then D
(m)
t = D

(m)
x ,∀m. What if t 6= x− a?

Chain rule: D
(1)
t = D

(1)
t x ·D(1)

x (same as d
dt

= dx
dt

d
dx

). What about higher derivatives?
Let T be a new variable. Define αnk by(

∞∑
m=1

D
(m)
t x · Tm

)n

=
∞∑
k=1

αnkT
k ∈ Fq((t))[[T ]], αnk ∈ Fq((t))

It follows that

αnk =


0 k < n

(D
(1)
t x)n k = n

some horrible polynomial in D
(1)
t x, . . . ,D

(k)
t x k > n

Theorem 10.3. If t ∈ K, then for all u ∈ K,

D
(k)
t u =

k∑
n=1

αnkD
(n)
x u.

We postpone the proof. Here are a couple of examples:

k = 1 : D
(1)
t u = α11D

(1)
x u = D

(1)
t x ·D(1)

x u

k = 2 : D
(2)
t u = α12D

(1)
x u+ α22D

(2)
x u = D

(2)
t x ·D(1)

x u+ (D
(1)
t x)2 ·D(2)

x u

or in conventional notation, by differentiating du
dt

= dx
dt
du
dx

,

1

2

d2u

dt2
=

1

2

d2x

dt2
+

(
dx

dt

)2
1

2

d2u

dx2
.

Using the above formula we can return to our calculation of W .
Let Wt = determinant for W with D = Dt. Let Wx = likewise with D = Dx.

Wt =
n−1∏
k=1

αkk det


zq1 − z1 · · · zqn − zn
1

α1,1
D

(1)
t z1 · · · 1

α1,1
D

(1)
t zn

...
...

1
αn−1,n−1

D
(n−1)
t z1 · · · 1

αn−1,n−1
D

(n−1)
t zn

 =
n−1∏
k=1

αkk ·Wx = (D
(1)
t x)n(n−1)/2·Wx

because the k-th row of of the displayed determinant is equal to the k-th row of Wx

plus a linear combination of rows 2 through k − 1 for k > 2. We summarize:
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Theorem 37. Wt =
(
dx
dt

)n(n−1)/2
Wx.

Now we will prove the formula for the Dt in terms of the Dx.
The reader can easily check, using the defining properties of the Hasse derivatives, that

the map

Dt : K → K((T )), u 7→
∞∑
m=0

D
(m)
t uTm (so t 7→ t+ T )

is a field homomorphism.
(Exercise: prove Dt is the unique injective homomorphism K → K((T )) mapping t

to t+ T .)
Similarly define

Dx : K → K((X)), u 7→
∑

D(m)
x uXm, x 7→ x+X

I want to define an isomorphism of K-algebras Φ : K((T ))→ K((X)) such that Φ◦Dt is
an injective homomorphism from K to K((X)) sending x to x+T . Once Φ is constructed,
by uniqueness of Dx, we get Φ ◦ Dt = Dx.

We know that Φ(Dtt) = Φ(t + T ) = t + Φ(T ) and that Dxt =
∑∞

m=0 D
(m)
x t ·Xm.

Equating these two expressions yield Φ(T ) =
∑∞

m=1 D
(m)
x t ·Xm and this determines Φ.

Now we use Φ ◦ Dt = Dx evaluated at an arbitrary u:
∞∑
m=0

D(m)
x u ·Xm = Dxu = Φ(Dtu) = Φ

(
∞∑
n=0

D
(n)
t u · T n

)
=

∞∑
n=0

D
(n)
t u · Φ(T )n =

∞∑
n=0

D
(n)
t u ·

(
∞∑
m=1

D(m)
x t ·Xm

)n

=
∞∑
n=0

D
(n)
t u

∞∑
k=0

αnkX
k =

∞∑
k=0

∞∑
n=0

D
(n)
t u · αnkXk

and so

D(m)
x u =

∞∑
n=0

αnmD
(m)
t u =

m∑
n=1

αnmD
(m)
t u

because α0m = 0,m > 0 and αnm = 0 for n > m. �

11. Week Eleven

Again, yp − y = f(x) in Fq, deg f = d and (d, q) = 1. We want an upper bound for
the number of solutions (x, y). We need only look at when q is square so assume q = pm

where m is even. Consider the set {xayb | 0 ≤ a, b, (a, b) 6= (0, 0), b ≤ p−1, ap+bd ≤ √q}.
This is a set of

√
q − (p−1)(d−1)

2
functions.

Thus, for j = 1, ...,
√
q−(p−1)(d−1) we can find (a, b) satisfying 0 ≤ a, b and b ≤ p−1

such that ap+ bd =
√
q− j and a corresponding zj = xajybj . Let n =

√
q− (p− 1)(d− 1)

and z1, ..., zn have been chosen. We will work with this n or, if necessary replace n by
n− 1 as above.

With our choice of the z′s, the determinant Wx will not necessarily be a polynomial in
x. Now Wx ∈ Fq(x, y) = K where y is a solution to yp − y = f(x). We will use below
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that Wx has as many zeros as poles, with multiplicity. Alternatively we can count zeros
and poles of the polynomial in x given by the K/Fq(x)-norm of Wx.

To complete the analysis of the poles of Wx we need to consider what t is.

Lemma 38. There is an embedding of K into Fq((t)), where t = xuyv with up+vd = −1
such that the image of x and y satisfy x = αt−p + ... and y = βt−d + ... where αβ 6= 0 and
ordt=0 dx/dt = (p− 1)(d− 1).

Proof. Let t = xuyv where up + vd = −1. By writing the equations yp − y = f(x) and
t = xuyv in terms of t, z = tpx,w = tdy we can recursively find coefficients zn, wn, n ≥ 0,
such that z =

∑
n≥0 znt

n, w =
∑

n≥0wnt
n. To compute ordt=0 dx/dt, look at dt/dx =

xuyv(u/x− vf ′(x)/y). Then u/x does not have a pole at t = 0, while vf ′(x)/y has a pole
of order (d− 1)p− d. The result follows.

Now, Wt = ±zq+n1 (tq − t)nF and F has a zero of order
√
q − 1 − n at t = 0, so

ordt=0Wt =
√
q − 1− n+ n− (q + n)(

√
q − 1) = −(

√
q − 1)(q + n− 1). So ordt=0Wx =

ordt=0((dt/dx)
n(n−1)/2Wt) = −(

√
q − 1)(q + n − 1) − (p − 1)(d − 1)n(n − 1)/2. We also

proved earlier that each pair (a, b) ∈ F2
q with yp − y = f(x) contributes a zero of order n

to Wx. Thus the total number of such pairs, N say, satisfies nN ≤ (
√
q− 1)(q+ n− 1) +

(p− 1)(d− 1)n(n− 1)/2 and taking into account that n is either
√
q − (p− 1)(d− 1) or√

q − (p − 1)(d − 1) − 1, yields N ≤ q + O(
√
q), which completes the proof of our main

theorem. �
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