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1. Berlekamp’s Algorithm

Berlekamp’s Algorithm is used to factor a polynomial f(x) over a finite field Fq.
Given a squarefree polynomial f(x) ∈ Fq[x] of degree n, the goal is to find distinct
irreducible polynomials gi(x) ∈ Fq[x] so that

f(x) = g1(x) . . . gr(x).

If a polynomial u(x) ∈ Fq[x] satisfies

(1.1) u(x)q ≡ u(x)mod f(x)

then it can be shown that ∏
c∈Fq

gcd(f(x), u(x)− c) = f(x)

which may provide us with a factorization of f .
Polynomials that satisfy (1.1) form a vector space of dimension r over Fq and

are the kernel of a certain linear map on Fq[x]/(f). By computing the n×n matrix
of this map and then reducing it to row-echelon form, we can easily determine a
basis for this subspace and hence polynomials of type (1.1). The gcd’s are then
computed with the Euclidean algorithm (since Fq[x] is a Euclidean domain).

1.1. Details. Now we describe this process in detail. By the Chinese Remainder
Theorem we have

(1.2)
Fq[x]
(f(x))

∼=
Fq[x]

(g1(x))
⊕ · · · ⊕ Fq[x]

(gr(x))

via the map that sends

u(x) mod f(x) 7→ u(x) mod g1(x), . . . , u(x) mod gr(x)

for any polynomial u(x) ∈ Fq[x].
Clearly Fr

q embeds into the right hand side of (1.2); in fact at most r copies
embed, and Fr

q is isomorphic to the space spanned by polynomials satisfying (1.1).

Theorem 1.1. The Frobenius map

Fr :
Fq[x]
(f(x))

−→ Fq[x]
(f(x))

(1.3)

u 7−→ uq(1.4)

is and Fq-linear map, and ker(Fr − I) ∼= Fr
q so in particular

dimFq
ker(Fr − I) = r.

Proof. Linear:

Fr(g + h) = (g + h)q = gq + hq = Fr(g) + Fr(h)

since q is a power of the characteristic of Fq.
If λ ∈ Fq, then λq = λ so

Fr(λg) = (λg)q = λgq = λFr(g).
1
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Kernel:

(Fr − I)(h) = 0 mod (f)
⇔ (Fr − I)(h1, . . . , hr) = (0, . . . , 0) (where hi = h mod gi)
⇔ ((Fr − I)h1, . . . , (Fr − I)hr) = (0, . . . , 0)
⇔ hi ∈ Fq

since elements satisfying hq = h are precisely the elements of Fq. So

ker(Fr − I) ∼= Fq ⊕ · · · ⊕ Fq ↪→ Fq[x]
(g1(x))

⊕ · · · ⊕ Fq[x]
(gr(x))

�

Next we find a matrix representation of (Fr−I). 1, x, x2, . . . , xn−1 is an Fq-basis
for Fq[x]/(f(x)), so we compute aij ’s in Fq such that

Fr(xi) = xqi =
n−1∑
j=0

aijx
j mod f(x), i = 0, . . . , n− 1.

Then the matrix
(
aij − δij

)
(where δij is the Kronecker delta) is the matrix for

(Fr − I) with respect to this basis.
Note: xqi is an exponentiation in Fq[x]/(f(x)) so it can be computed in polyno-

mial time in n log q log qp ≤ n log q log qn ≤ O((n log q)c).
Now we want to show how elements of the kernel actually provide us with factors

of f . Suppose u ∈ ker(Fr− I) \Fq (where Fq is being viewed as the set of r-tuples,
(c, c, . . . , c) in Fr

q with c ∈ Fq) so u = (c1, . . . , cr), ci ∈ Fq not all equal, say ci 6= cj .
Then u − ci can be viewed as a polynomial in Fq[x]/(f(x)) via (1.2). By con-

struction, u ≡ ci mod gi so u− ci ≡ 0 mod gi, but modulo gj , u− ci ≡ cj − ci 6= 0
mod gj . Hence gi

∣∣u− ci but gj 6
∣∣u− ci which implies gcd(u− ci, f) 6= 1, f . Thus u

gives a proper factor of f and we get the following result:

Theorem 1.2. Let f(x) ∈ Fq[x] be monic and squarefree. If u ∈ Fq[x] is such that
uq ≡ u mod f but u 6≡ c (mod f) ∀ c ∈ Fq (ie u ∈ ker(Fr − I) \ Fq), then∏

c∈Fq

gcd(u− c, f) = f.

(Note: None of the factors are equal to f since we required that u /∈ Fq, however
some of the factors might be trivial since not every c is a ci in the decomposition
of u from above.)

Proof. As noted, if c 6= ci for any i in the decomposition of u, then gi 6
∣∣u− c for all

i, hence gcd(u− c, f) = 1 and so we are reduced to showing∏
ci∈Fq

gcd(u− ci, f) = f.

where u = (c1, . . . , cr). From above we have that gi divides u− ci and of course gi

divides f , so gi divides gcd(u− ci, f) hence

f =
r∏

i=1

gi

∣∣∣∣ ∏
ci∈Fq

gcd(u− ci, f).
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On the other hand, for any c, c′ ∈ Fq, c 6= c′, we have gcd(u − c, u − c′) = 1
because (u− c)− (u− c′) = c− c′ ∈ F∗q (so there exists k ∈ Fq such that k(c− c′) =
1 = k(u − c) − k(u − c′)). Thus gcd(u − c, f) and gcd(u − c′, f) are coprime, and
clearly divide f , hence ∏

ci∈Fq

gcd(u− ci, f)
∣∣∣∣f.

�

Example. Let q = 2 with F2 = {0, 1} and let u = (c1, . . . , cr). Then by the
theorem above

f = gcd(u, f) · gcd(u− 1, f).

We summarize:

Berlekamp’s Algorithm.

1. Construct the matrix (Fr − I), (an n× nmatrix over Fq)
2. Compute the kernel (using Gaussian elimination). If dim(ker(Fr − I)) = 1,

then r = 1 and f is irreducible, so stop.
3. If dim(ker(Fr − I)) > 1,findu ∈ ker(Fr − I) \ Fq (linear algebra) and compute

the gcd ’s in Theorem 1.2 (using the Euclidean algorithm) to split f(x).

Remark 1.3. This is a deterministic polynomial time factoring algorithm if q is
small. For q large we have to do something else...

If f(x) splits into linear factors over Fq, then ker(Fr − I) ∼= Fn
q
∼= Fq[x]/(f(x))

and
f =

∏
c∈Fq

gcd(x− c, f).

Example. Let q = 2 and f(x) = x5 +x+1. F2[x]/(f) has as a basis 1, x, x2, x3, x4.
The Frobenius applied to the basis elements gives

Fr(1) = 1
Fr(x) = x2

Fr(x2) = x4

Fr(x3) = x6 = x2 + x

Fr(x4) = x8 = x4 + x3

We need to find a polynomial u ∈ F2[x]/(f) so that Fr(u) = u. Let

u = αx + βx2 + γx3 + δx4

Then

Fr(u) = αx2 + βx4 + γ(x2 + x) + δ(x4 + x3)
γx + (α + γ)x2 + δx3 + (β + γ)x4

so take α = γ = δ = 1, β = 0 and then

u = x + x3 + x4

is in ker(Fr − I).
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Computing the gcd’s gives:

gcd(u, f) = x3 + x2 + 1, gcd(u + 1, f) = x2 + x + 1

so
f = gcd(u, f) · gcd(u + 1, f) = (x3 + x2 + 1)(x2 + x + 1),

and in this case, both of the polynomials above happen to be irreducible, so we’re
done.

Remark 1.4. Note that

x+x3+x4 ≡ x+(x2+1)+(x2+1)x ≡ x+x2+1+x2+1+x ≡ 0 mod (x3+x2+1)

and

x+x3 +x4 ≡ x+(x+1)x+(x+1)2 = x+x2 +x+x2 +2x+1 ≡ 1 mod (x2 +x+1)

which demonstrates the isomorphism between ker(Fr − I) and F2
2.

We give a couple definitions,

Definition 1.5. Any u satisfying the hypotheses of Theorem 1.2 is called a splitting polynomial
for f . The values c ∈ Fq for which gcd(u − c, f) 6= 1 are called splitting values for
f and u.

We will now focus on different methods for computing splitting polynomials and
their splitting values.

Theorem 1.6. If m is an integer such that deg gi

∣∣m∀ i = 1, . . . , r then

Tj := xj + xjq + xjq2
+ · · ·+ xjqm−1

satisfies
T q

j ≡ Tj mod f.

Furthermore ∃ j ≤ n such that Tj is a splitting polynomial (i.e. such that Tj 6≡
c mod f ∀ c ∈ Fq).

Proof. The second part of the theorem is due to McEliece and its proof will be
omitted.

For the first part, observe that

Fq[x]/(gi(x)) ∼= Fqk where deg gi =: k(1.5)

⊆ Fqm ⇔ k
∣∣m(1.6)

so if deg gi

∣∣m then the roots of gi are in Fqm and xqm ≡ x mod gi which we use to
compute:

T q
j ≡ xjq + xjq2

+ · · ·+ xjqm

≡ xjqm−1
+ · · ·+ xjq + xj

≡ Tj mod gi

�

Remark 1.7. To compute the degrees of the gi’s, recall that xqd − x is equal to
the product of all irreducible polynomials in Fq[x] of degree k as k runs through
the divisors of d. This gives a way to find all the factors of f of a certain degree;
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for example gcd(xq − x, f) gives all linear factors of f and gcd(xq2 − x, f) gives all
linear and quadratic factors of f , so

gcd(xq2 − x, f)
gcd(xq − x, f)

gives only the quadratic factors of f . Using this method we can write

f = h1 · · ·hL

where each hi is the product of the irreducible factors of f of degree i (and if
deg hi

∣∣m then so does i).

Here is a method for constructing a splitting polynomial in the special case of
factoring a cyclotomic polynomial f(x) = xl − 1 modulo Fq.

Theorem 1.8. If l is prime, l 6
∣∣q, H is a subgroup of (Z/lZ)× containing q, and

C is a coset of H, then
u :=

∑
c∈C

xc

satisfies
uq ≡ u mod (xl − 1)

Proof.

(1.7) uq =
∑
c∈C

xqc =
∑
c∈C

xc = u mod (xl − 1)

since q ∈ H. �

To apply this theorem we let H be the subgroup of squares in (Z/lZ)×, C1 the
set of nonsquares, and then take

u :=
∑
j∈H

(
j

l

)
xj =

∑
j∈H

xj −
∑
j∈C1

xj .

By the theorem, u satisfies uq ≡ u mod (xl − 1) since it is a linear combination of
elements of the form (1.7). Note that we must have

(
q
l

)
= 1 to use this, (so that q

is an element of H as required by (1.8)).
Alternatively let m be the order of q mod l; then the factors of xl−1 have degree

dividing m and we can write Tj from (1.6) as

Tj =
∑

c∈j<q>

xc

where H :=< q >= {1, q, . . . , qm−1}, and this will also satisfy T q
j ≡ Tj mod (xl−1).

We now turn to the task of computing the splitting values for f .

Theorem 1.9. If f(x) is a monic squarefree polynomial in Fq[x] of degree n and
u is a splitting polynomial for f , then we can compute in deterministic polynomial
time in n log q the polynomial whose roots are exactly the splitting values for u.

Remark 1.10. Note that if f splits into linear factors, then we can take u = x and
then the polynomial whose roots are the splitting values of u is precisely f .

To show how to compute the splitting values we need to use the resultant.



6

1.2. Resultants. Let K be a field, f(x) = a0 + a1x + · · · + anxn, and g(x) =
b0 + b1x + · · ·+ bmxm both in K[x]. The resultant of f and g, denoted Res(f, g) is
defined as the determinant of an (n + m)× (n + m) matrix as follows,

Res(f, g) = det

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

an an−1 an−2 · · · a0 0 · · · 0
0 an an−1 · · · a1 a0 · · · 0
...

...
...

0 · · · · · · 0 an · · · · · · a0

bm bm−1 bm−2 · · · b0 0 · · · 0
0 bm bm−1 · · · b1 b0 · · · 0
...

...
...

0 · · · · · · 0 bm · · · · · · b0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
One of the most important results regarding the resultant is that

Res(f, g) = am
n bn

m

n∏
i=1

m∏
j=1

(αi − βj)

where α1, . . . , αn, β1, . . . , βm are the roots of f , g respectively. From this we can
conclude,

Res(f, g) = 0 ⇔ f and g have a common root
Now we can prove Theorem 1.9,

Proof. Let
h(y) := Resx

(
u(x)− y, f(x)

)
∈ Fq[y].

We claim that the roots of h(y) are precisely the splitting values of u (with respect
to f) : Let c ∈ Fq, then

h(c) = 0 ⇔ Resx

(
u(x)− c, f(x)

)
= 0

⇔ u(x)− c and f(x) have a common root
⇔ u(x)− c and f(x) have a common (nontrivial) factor
⇔ c is a splitting value.

h can be computed by linear algebra in Fq[y] and hence in polynomial time. �

Here is a better way to compute h(y) (in the case n + 1 ≤ q): Choose distinct
c1, . . . , cn+1 ∈ Fq, and compute h(ci) = Resx

(
u(x) − ci, f

)
. This is just linear

algebra in Fq (as opposed to Fq[y]).
Since deg h ≤ r ≤ n (there are at most r splitting values), n + 1 is guaranteed

to be enough ci to find an appropriate polynomial h, which we construct using
Lagrange interpolation:

h(x) :=
n+1∑
j=1

h(cj)
n+1∏

i=0,i 6=j

x− ci

cj − ci
.

Here is the ”best way” to compute h (due to Zassenhaus):

Theorem 1.11. h(y) is the monic polynomial of smallest degree such that

h(u(x)) ≡ 0 mod f(x)

Proof. We’ll prove this later in the course. �
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Since h(u(x)) is a polynomial in u(x), we want to find the smallest k such that

1, u(x), u(x)2, . . . , u(x)k

is a linearly dependent set modulo f , and then apply the theorem to show this
linear combination is equal to h.

Example. Let f(x) = x4 + 3x2 + 2 in F7[x]. First we try T1 = x + x7 but it turns
this is not a splitting polynomial since

x7 ≡ x4x3 ≡ (4x2 + 5)x3 ≡ 4(4x2 + 5)x + 5x3 ≡ 21x3 + 20x mod f

so
x7 + x = 21x3 + 21x ≡ 0 mod f

(and 0 ∈ Fq).
Next we try T2 = x2 +x14. Since x4 ≡ 4x2 +5, we have x8 ≡ 2x4 +5x2 +4 ≡ 6x2

so
x14 ≡ x2x8x4 ≡ x2(6x2)x4 ≡ 6x8 ≡ 36x2 ≡ x2 mod f

therefore
T2 ≡ 2x2 mod f

is a splitting polynomial. We now compute h. The set {1, u} are linearly indepen-
dent but the set

{1, u, u2} = {1, 2x2, 4x4}
satisfies

2u2 + 5u + 2 ≡ 0 mod f.

Multiply through by 4, i.e. 2−1, to make this monic, then

h(y) := y2 − y + 1

is our h. Its roots, c1 = 3/2 ≡ 5 mod 7 and c2 = −1/2 ≡ 3 mod 7 are the splitting
values and when we compute the gcd’s we get,

gcd(2x2 − 5, f) = x2 + 1, gcd(2x2 − 3, f) = x2 + 2.

Both factors are clearly irreducible mod7 (the only squares mod7 are 1, 2, and 4),
and multiply to f as wanted.


