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1. BERLEKAMP’S ALGORITHM

Berlekamp’s Algorithm is used to factor a polynomial f(x) over a finite field F,.
Given a squarefree polynomial f(x) € Fy[z] of degree n, the goal is to find distinct
irreducible polynomials g;(x) € F4[z] so that

f(@) = g1(2) ... g, (2).
If a polynomial u(z) € Fy[x] satisfies
(1.1) u(z)? = u(z)mod f(x)
then it can be shown that
I ged(f(2), u(z) - ¢) = f(=)
ceF,

which may provide us with a factorization of f.

Polynomials that satisfy (1.1) form a vector space of dimension r over F, and
are the kernel of a certain linear map on Fy[z]/(f). By computing the n x n matrix
of this map and then reducing it to row-echelon form, we can easily determine a
basis for this subspace and hence polynomials of type (1.1). The ged’s are then
computed with the Euclidean algorithm (since F,[z] is a Euclidean domain).

1.1. Details. Now we describe this process in detail. By the Chinese Remainder
Theorem we have

(1.2)

via the map that sends
u(z) mod f(z)+— u(x) mod gi(x),...,u(x) mod g,.(z)

for any polynomial u(z) € F,[z].
Clearly I embeds into the right hand side of (1.2); in fact at most 7 copies
embed, and Iy is isomorphic to the space spanned by polynomials satisfying (1.1).

Theorem 1.1. The Frobenius map

Fle]  Ffal
(13) Frs ) (@)
(1.4) u — uf

is and Fy-linear map, and ker(Fr — I) =} so in particular
dimg, ker(Fr —1I) =r.
Proof. Linear:
Fr(g+h)=(9+h)? =g+ h?=Fr(g) + Fr(h)

since ¢ is a power of the characteristic of F,.
If X € Fy, then A? = X so

Fr(Ag) = (Ag)? = A\g? = AF'r(g).
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Kernel:
(Fr—1)(h) =0 mod (f)
< (Fr—=I)(h1,...,h;)=(0,...,0) (where h; =h mod g;)
< ((Fr—=Dhy,...,(Fr—=1)h,)=(0,...,0)
< h; el

since elements satisfying h? = h are precisely the elements of ;. So

er(Fr— 1) = AN Fola] . Fgla]
ker(Fr = 1) =g @0 F = 0 O )

]

Next we find a matrix representation of (Fr—1). 1,2, 22, ... 2" !

for Fy[z]/(f(x)), so we compute a;;’s in Fy such that

is an [F4-basis

n—1
Fr(xi):xqi:Zaijxj mod f(z), i=0,...,n—1.
3=0

Then the matrix (aij — 5ij) (where 0;; is the Kronecker delta) is the matrix for
(Fr — I) with respect to this basis.

Note: 27" is an exponentiation in Fy[z]/(f(x)) so it can be computed in polyno-
mial time in nlogglog ¢ < nlogqlogq™ < O((nlogq)®).

Now we want to show how elements of the kernel actually provide us with factors
of f. Suppose u € ker(Fr —1I)\F, (where I, is being viewed as the set of r-tuples,
(c,c,...,c) in Fy with c € Fy) so u = (c1,...,¢), ¢; € Fy not all equal, say ¢; # c;.

Then u — ¢; can be viewed as a polynomial in Fy[z]/(f(x)) via (1.2). By con-
struction, u = ¢; mod g¢; so u—c¢; =0 mod g;, but modulo g;, u—¢; =c¢; —¢; #0
mod g;. Hence gi’u —¢; but g, /fu — ¢; which implies ged(u —¢;, f) # 1, f. Thus u
gives a proper factor of f and we get the following result:

Theorem 1.2. Let f(z) € Fy[z] be monic and squarefree. If u € Fylx] is such that
u!=w mod f but u# c (mod f)VcelF, (ieu€ker(Fr—1I)\F,), then

I gedtw—c,p)=r.
c€l,

(Note: None of the factors are equal to f since we required that u ¢ F,, however
some of the factors might be trivial since not every c is a ¢; in the decomposition
of u from above.)

Proof. As noted, if ¢ # ¢; for any 4 in the decomposition of u, then g; )(u — ¢ for all
i, hence ged(u — ¢, f) = 1 and so we are reduced to showing

IT gcd(u—ci, f)=+.

c; €Fy
where u = (¢, ..., ¢.). From above we have that g; divides u — ¢; and of course g;
divides f, so g; divides ged(u — ¢;, f) hence

r

=119 H ged(u — ¢, f).
1
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On the other hand, for any ¢,¢’ € Fy, ¢ # ¢/, we have ged(u —c,u —¢’) =1
because (u—c) — (u—c') = c—c’ € F} (so there exists k € F, such that k(c—c') =
1=k(u—c)—k(u—~c)). Thus ged(u — ¢, f) and ged(u — ¢, f) are coprime, and
clearly divide f, hence
I gcd(u-— ci,f)’f
ci€Fy

(]

Example. Let ¢ = 2 with F; = {0,1} and let u = (c1,...,¢:). Then by the
theorem above
[ =gcd(u, f) - ged(u — 1, f).
We summarize:

Berlekamp’s Algorithm.

1. Construct the matriz (F'r — I), (an n X n matric overF,)

2. Compute the kernel (using Gaussian elimination). If dim(ker(Fr —1I)) =1,
thenr = 1 and f is irreducible, so stop.

3. Ifdim(ker(Fr —1I)) > 1, findu € ker(Fr — I) \ F, (linear algebra) and compute
the ged ’s in Theorem 1.2 (using the Euclidean algorithm) to split f(x).

Remark 1.3. This is a deterministic polynomial time factoring algorithm if ¢ is
small. For ¢ large we have to do something else...

If f(z) splits into linear factors over Fy, then ker(Fr — I) 2 F! =2 F,[z]/(f(z))
and

f= H ged(z —¢, f).

c€el,

Example. Let ¢ = 2 and f(z) = 2° +2+1. Fa[2]/(f) has as a basis 1, x, 22, 23, 2*.
The Frobenius applied to the basis elements gives

Frl) =1

Fr(z) =2

Fr(z?) =a!

Fr(z®) =a2%=242
Fr(z) =a°=2%42°

We need to find a polynomial u € Fa[z]/(f) so that Fr(u) = u. Let
u = azx+ fz? + vz + ozt
Then
Fr(u) = oaa®4 pat +~(2® +z) + 6(z? + 2°)
¥z + (a+7)2” 4 62° + (B + )2
so take a =y =4§ =1, =0 and then
uw=ax+z>+z*

is in ker(F'r — I).



Computing the ged’s gives:
ged(u, f) = 2 + 2% + 1, ged(u+1,f) =22+ +1
S0
f=ged(u, f)-ged(u+ 1, f) = (2% + 2% + 1)(2* + 2+ 1),

and in this case, both of the polynomials above happen to be irreducible, so we’re
done.

Remark 1.4. Note that
r+dtat = o+ @2+ D)+ @+ Dz =42 +14+2°+142=0 mod (2> +22+1)
and
43+t =4+ @+ D)+ (x+1)? =+ +or+22+224+1=1 mod (22 +z+1)
which demonstrates the isomorphism between ker(Fr — I) and F3.

We give a couple definitions,

Definition 1.5. Any u satisfying the hypotheses of Theorem 1.2 is called a splitting polynomial
for f. The values ¢ € F, for which ged(u — ¢, f) # 1 are called splitting values for
f and u.

We will now focus on different methods for computing splitting polynomials and
their splitting values.

Theorem 1.6. If m is an integer such that dcggi|mVi =1,...,r then
T, = a’ + 279 4 21 i
satisfies
T} =T mod f.
Furthermore 35 < n such that T; is a splitting polynomial (i.e. such that T; #
cmod fVecelFy).

Proof. The second part of the theorem is due to McEliece and its proof will be
omitted.
For the first part, observe that
(1.5) Folz]/(gi(x)) = Fgp where degg; =: k
(1.6) C Fem  ©klm
so if deg g; |m then the roots of g; are in Fgm and 29" =2 mod g; which we use to
compute:
Tq = qu + :quz 4+ qum

. om—1 . .
xJq +,,.+mJQ+x]

rfj mod gi

O

Remark 1.7. To compute the degrees of the g;’s, recall that 29" — 7 is equal to
the product of all irreducible polynomials in F,[z] of degree k as k runs through
the divisors of d. This gives a way to find all the factors of f of a certain degree;
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for example ged (29 — x, f) gives all linear factors of f and gcd(acq2 —x, f) gives all
linear and quadratic factors of f, so

ged(z? — x, f)

ng(zq -, f)
gives only the quadratic factors of f. Using this method we can write
f=hi---hyg

where each h; is the product of the irreducible factors of f of degree i (and if
deg h;|m then so does i).

Here is a method for constructing a splitting polynomial in the special case of
factoring a cyclotomic polynomial f(z) = 2! — 1 modulo F,.

Theorem 1.8. If 1 is prime, | /fq, H is a subgroup of (Z/IZ)* containing q, and
C is a coset of H, then
u = Z x¢

ceC
satisfies
u? = umod (2! — 1)
Proof.
(1.7) ul = quc:ZzC:umod (! — 1)
ceC ceC
since g € H. O

To apply this theorem we let H be the subgroup of squares in (Z/IZ)*, C; the
set of nonsquares, and then take

(1) -5e-T
JjEH JjEH jeC
By the theorem, u satisfies u? = v mod (2! — 1) since it is a linear combination of
elements of the form (1.7). Note that we must have (%) =1 to use this, (so that ¢
is an element of H as required by (1.8)).
Alternatively let m be the order of ¢ mod I; then the factors of ! — 1 have degree
dividing m and we can write T; from (1.6) as

Tj = Z Jic
cej<g>
where H :=< q >={1,q,...,q™ '}, and this will also satisfy T]‘.] =T, mod (2! —1).

We now turn to the task of computing the splitting values for f.

Theorem 1.9. If f(z) is a monic squarefree polynomial in Fylx] of degree n and
u 18 a splitting polynomial for f, then we can compute in deterministic polynomial
time in nlog q the polynomial whose roots are exactly the splitting values for .

Remark 1.10. Note that if f splits into linear factors, then we can take u = x and
then the polynomial whose roots are the splitting values of u is precisely f.

To show how to compute the splitting values we need to use the resultant.
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1.2. Resultants. Let K be a field, f(z) = ag + a1z + -+ + an2™, and g(z) =
bo + b1z + -+ -+ bypx™ both in K[z]. The resultant of f and g, denoted Res(f, g) is
defined as the determinant of an (n +m) x (n 4+ m) matrix as follows,

anp, Ap_1 Up—2 e ag O e 0

0 anp, Ap—1 .. a1 ag e 0

. 0 0 ap ag
Res(f,g) = det b b1 bmo -+ by O o 0
0 by b1 -+ by by -+ 0

0 .- 0 by, --- --- by

One of the most important results regarding the resultant is that

n m
Res(f,g) = ay'by, H H(ai - B;)
i=1j=1
where a1, ...,an, B1,..., 0y are the roots of f, g respectively. From this we can
conclude,
Res(f,g9) =0 < fand ghave a common root
Now we can prove Theorem 1.9,

Proof. Let

h(y) == Ress (u(z) —y, f(x)) € Fqly].
We claim that the roots of h(y) are precisely the splitting values of u (with respect
to f) : Let ¢ € Fg, then

h(c)=0 < Resy(u(z) —c, f(z)) =0
< u(z) — cand f(z) have a common root
< u(x) — cand f(z) have a common (nontrivial) factor

& cis a splitting value.
h can be computed by linear algebra in Fy[y] and hence in polynomial time. O
Here is a better way to compute h(y) (in the case n + 1 < g): Choose distinct
1,-- - ¢np1 € Fy, and compute h(c;) = Resy(u(z) — ¢;, f). This is just linear
algebra in Fy (as opposed to Fy[y]).
Since degh < r < n (there are at most r splitting values), n + 1 is guaranteed

to be enough ¢; to find an appropriate polynomial h, which we construct using
Lagrange interpolation:

n+1 n+1

) =Y hie) ] %

j=1 i=0,i#j € ¢
Here is the "best way” to compute h (due to Zassenhaus):
Theorem 1.11. h(y) is the monic polynomial of smallest degree such that
h(u(x)) =0 mod f(z)
Proof. We'll prove this later in the course. [
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Since h(u(x)) is a polynomial in u(z), we want to find the smallest k such that
Lu(z),u(x)?, ... u(x)"

is a linearly dependent set modulo f, and then apply the theorem to show this
linear combination is equal to h.

Example. Let f(z) = 2* 4 322 + 2 in F7[z]. First we try T = x + 27 but it turns
this is not a splitting polynomial since
27 = 2t2® = (42?2 +5)2® = 4(42® + 5)z + 52 = 212° + 202 mod f
SO
27+ 2 =212% + 21z = 0 mod f
(and 0 € Fy).
Next we try Th = 2+ 2. Since 2* = 422 +5, we have 2% = 22% + 522+ 4 = 622
SO
o1 = 222821 = 2%(62°) 2" = 62° = 3622 = 22 mod f
therefore
Ty = 222 mod f
is a splitting polynomial. We now compute h. The set {1,u} are linearly indepen-
dent but the set
{1,u,u?} = {1,222, 42}
satisfies
2u® + 5u+ 2 =0 mod f.
Multiply through by 4, i.e. 27!, to make this monic, then

h(y) ==y* —y+1

is our h. Its roots, ¢; = 3/2 =5 mod 7 and ¢o = —1/2 = 3 mod 7 are the splitting
values and when we compute the ged’s we get,

ged(22? — 5, f) = 22 + 1, ged(22? — 3, f) = 2% + 2.

Both factors are clearly irreducible mod7 (the only squares mod?7 are 1,2, and 4),
and multiply to f as wanted.



