Some observations on Problems #11, 12, and 13
Kichul Kim

Letn be an odd integer which is not a square and chdoseZ so that(%) = —1. Define,

G ={a=a+b/D € Z/nZ|VD) : Na € (Z/nZ)"}
H:{aeG:anE@ (mOdn)}v

whereNa is the norm ofy, anda is the conjugate af in the ringZ /nZ[+/D]. The definition oG may look
different from what originally appeared in the problem list, but it is easy to observe that they are essentially
the same.

The statement in question iBor any D, a non-square modulo n, G = H if and only if n is prime

Itis clear that whem = p for some prime, Z /pZ[v/D] forms a quadratic extension ov&fpZ and thus
p-th power map is, in fact, a non-trivial automorphismZypZ[v/D], and thusi' = H. So the interesting
part of the question is under what conditions the converse might possibly hold true.

To restate the question, is it possible to finduch thatz = H for any non-squaré®? | find that this
is impossible for a composite. But we can still ask a different question: for a compositeloes a number
D exist such that = H? Here | conclude, if suclv exists,n has to be a Carmichael humber such that
(p+1)|(n+ 1) for all primesp|n. And if suchn exists,G = H.

Lemma 1. If G = H thenn is primeor a Carmichael number.

Proof. It may be seen as a diluted version of the original claim. Observerthat (Z/nZ)", Ns = s* €
(Z/nZ)*. SinceG C H, s" =35 = s (mod n), Vs € (Z/nZ)". Thereforen is either a Carmichael
number or a prime. O

From now, assume is a Carmichael number. | will show that there exiBt$or which G # H.

Letn = p1ps ... pg. By the Chinese Remainder Theorem,
(Z[z)/(z* = D,n))" = (Z[2]/(+* = D,p1))" @ (Z[a] /(2 = D,p2))" ® ... ® (Z[z]/(2* — D,py))"

Letp = p1 and choose such that(£) = 1. Then,

(Z[z]/(2* — D,p))" = Z; & 7,

IndeedZ[z]/(z*> — D,p) = Z, & Z, as rings. To see this, ldd = ¢> mod p and look at the map
Z[z]/(x®> — D,p) — Z, ® Z, given bya + bx — (a + be,a — be).

The norm of(u, v) in Z, ® Z,, is uwv and the conjugate df, v) is (v, ). Thus thep-component of{ is
the subgroup of.; & Z, with u" = v andv™ = u. If we assumer is Carmichael, this simplifies to = v,
SO H is notG.

Now if D is not a square modulo any of the primes dividingvould there exist a number such that
G = H? In this case(Z[z]/(2* — D,p)) = F,2, whereF . is a finite field with characteristip with p
elements. Consider the following homomorphism:

R int *
U.Fp2—>Zp

a— Nao



taking the norm of the elements. The map is onto, since forkaayZ,, there existg + 1 solutions to the
equationz® — Dy* = k in F,. This also leads to the fact theiter o = p + 1. Since we know thaf’, is
a cyclic group, and the kernel is a subgroup of it, we conclude that the kernel is also cyclic. Safiithe
power map sends all elementsﬁg2 to its conjugate we should have

aA"=a=a"',
which is equivalent ta"*! = 1 for all a € ker o. Therefore(p + 1)|(n + 1), for all p|n. If we can find
suchn, thenn is a number for whicltz = H. Such a number has not been found yet.



