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Let n ∈ N be a composite. DefineS = {a (modn) | at ≡ 1 or a2jt ≡ −1 (modn), for (0 ≤ j ≤
k − 1)}, wheren = 2kt andt is odd. Supposen = pe1

1 pe2
2 . . . per

r . Furthermore, letν(n) denote the largest
integer such that2ν(n)|pi − 1 for all 1 ≤ i ≤ r. (This implies that2ν(n)‖pj − 1 for somej.)

Claim 1. If a2jt ≡ −1 (modn), j ≤ ν(n)− 1.

Proof. a2j+1t ≡ 1 (modn) impliesa2j+1t ≡ 1 (mod pei
i ), for all i. For eachpei

i , the order ofa (mod pei
i ) is

divisible by2j+1, because of the given condition above. That is,2j+1|ϕ(pei
i ) = pei−1

i (pi − 1). Sincepei−1
i

is odd, this implies that2j+1|pi − 1 for all i. Therefore,j + 1 ≤ mi where2mi‖pi − 1. This proves the
claim.

Claim 2. The closure (under multiplicationmodn) of the setAj = {a (modn)|a2jt ≡ −1 (modn)} is the
setAj = {a (modn)|a2jt ≡ ±1 (modn)}, providedAj 6= ∅.

Proof. It is clear that the closure ofAj is contained inAj . Thus what remains to be proven is that
{a (modn)|a2jt ≡ 1 (modn)} is generated byAj . Let c ∈ {a (modn)|a2jt ≡ 1 (modn)}. Consider
an elementa ∈ Aj . Sincea, c ∈ (Z/nZ)∗, there exists an elementb ∈ (Z/nZ)∗ such thatc ≡ ab (modn).
Then,

c2jt = (ab)2
jt = a2jtb2jt

≡ (−1)b2jt (modn)
≡ 1 (modn)

Therefore, we know thatb2jt ≡ −1 (modn), which implies thatb ∈ Aj . Soc is in the span of the setAj .
This completes the proof of the claim.

It will follow from the computations below thatAj 6= ∅ if j ≤ ν(n) − 1. Finally, observe thatAj ⊂
Aj+1. From the claim 1 above, it is clear thatS = {a (modn)|a2ν(n)−1t ≡ ±1 (modn)} is the closure of
S. To prove thatS = S iff n is divisible by a prime3 mod 4, we examine the condition for which the size of
the setsS andS. That is, it suffices to show that the size of the two sets are equal if and only ifn is divisible
by a prime3 mod 4. First I count the size of the set{a|a2ν(n)−1t ≡ 1 (modn)}.

|{a|a2ν(n)−1t ≡ 1 (modn)}| =
∏
p|n

(2ν(n)−1 · gcd(t, pi − 1))

= 2(ν(n)−1)ω(n)
∏

gcd(t, p− 1),

whereω(n) is the number of distinct prime factors ofn.
It can be easily computed that{a|a2ν(n)−1t ≡ −1 (modn)} has the same size, using the fact that solutions
to a2ν(n)t ≡ 1 (mod pji

i ) are solutions toa2ν(n)−1t ≡ ±1 (mod pji
i ), since(Z/pji

i Z)∗ is cyclic. To be more

precise, the number of solutions toa2ν(n)−1t ≡ −1 (mod pji
i ) for eachpji

i ‖n is

2ν(n) · gcd(t, pi − 1)− 2ν(n)−1 · gcd(t, pi − 1) = 2ν(n)−1 · gcd(t, pi − 1)
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Multiplying the result for all primes dividingn, we concludea2ν(n)−1t ≡ −1 (mod n) has the same number
of solutions asa2ν(n)−1t ≡ 1 (mod n).

|S| = 2 · 2(ν(n)−1)ω(n)
∏

gcd(t, p− 1) (1)

Using the same method, I first calculate the size of solution set that satisfy each congruence condition
of strong pseudo-primality and sum them up. First, sum the number of solutions to the conditiona2jt ≡
−1 (modn), for all j ≤ ν(n)− 1.

ν(n)−1∑
j=0

2j·ω(n)
∏
p|n

gcd(t, p− 1) =
(

2ω(n)ν(n) − 1
2ω(n) − 1

)
·
∏
p|n

gcd(t, p− 1)

Similarly, the number of solutions toat ≡ 1 (modn) is
∏

p|n gcd(t, p− 1). And thus

|S| =
(

2ω(n)ν(n) − 1
2ω(n) − 1

+ 1
)
·
∏
p|n

gcd(t, p− 1) (2)

And finally |S| = |S| iff (1) and (2) are the same. It can be concluded that|S| = |S| if and only if 2ω(n) = 2
or 2ν(n)−1 = 1. That is, ifn is a prime power or is divisible by a prime3 (mod 4).
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