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Letn € N be a composite. Defin8 = {a (modn)|a! = 1ora?t = —1 (modn), for (0 < j <
k — 1)}, wheren = 2*¢ andt is odd. Suppose = p{'p5?...p¢ . Furthermore, let(n) denote the largest
integer such tha?”(™ |p;, — 1 for all 1 < < r. (This implies tha2”(™ ||p; — 1 for some;.)

Claim 1. If ¢t = —1 (modn), j < v(n) — 1.

21 = 1 (mod p%), for all i. For eactp?’, the order ofs (mod pt*) is

Proof. "'t = 1 (mod n) impliesa
divisible by 27!, because of the given condition above. Thagig,' | (pS') = p&i~*(p; — 1). Sincepli™*
is odd, this implies tha2’*t|p;, — 1 for all i. Thereforej + 1 < m; where2™i||p; — 1. This proves the

claim. O

Claim 2. The closure (under multiplicatiomod n) of the setA ; = {a (mod n)|a?t = -1 (modn)} is the
setA; = {a (modn)|a?'t = £1 (modn)}, providedA ; # 0.

Proof. It is clear that the closure oA; is contained inA;. Thus what remains to be proven is that
{a (modn)|a®’t = 1(modn)} is generated byA;. Letc € {a(modn)|a®’ = 1 (modn)}. Consider
an element. € A;. Sinceqa, ¢ € (Z/nZ)*, there exists an elemehic (Z/nZ)* such that = ab (mod n).
Then,
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Therefore, we know that’t = —1 (modn), which implies thab € A;. Soc is in the span of the se\ ;.
This completes the proof of the claim. O

It will follow from the computations below thad ; # 0 if j < v(n) — 1. Finally, observe thaf\; C

A, 1. From the claim 1 above, it is clear that= {a (mod n)|a2""" "t = +1 (mod n)} is the closure of
S. To prove that = S iff n is divisible by a prime3 mod 4, we examine the condition for which the size of
the setsS andS. That s, it suffices to show that the size of the two sets are equal if and onlg divisible

by a prime3 mod 4. First | count the size of the séta2”" 't = 1 (modn)}.

[{ala®"™™"t = 1 (modn)}| = [J(2"™ 1 - ged(t, pi — 1))

pln

— 201w T ged(t, p — 1),

wherew(n) is the number of distinct prime factors of

It can be easily computed thé&]a2”(")_1t = —1(modn)} has the same size, using the fact that solutions
toa?”™" =1 (mod p’’) are solutions ta2” ™ ™"t = +1 (mod p/*), since(Z/p}*Z)* is cyclic. To be more
precise, the number of solutionsd® '™t = —1 (mod p*) for eachp’'||n is

2/ . ged(t,p; — 1) — 22071 ged(t,pi — 1) = 22071 ged(t, pi — 1)



Multiplying the result for all primes dividing, we conclude:>”™ 't = —1 (mod n) has the same number
of solutions as:>"™ "t =1 (mod n).
8 =2 20000 T  ged(t,p— 1) @

Using the same method, | first calculate the size of solution set that satisfy each congruence condition
of strong pseudo-primality and sum them up. First, sum the number of solutions to the condfitien
—1(modn), forall j <v(n)—1.
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Similarly, the number of solutions td = 1 (mod n) is [1,, gcd(t,p —1). And thus
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And finally |S| = |S|iff (1) and (2) are the same. It can be concluded |®jat [S| if and only if 2¢(") = 2
or2¥(M-1 =1, That s, ifn is a prime power or is divisible by a pringmod 4).



