M 325 K 55165 First Midterm

name:

Write on the space alloted for each question and continue on the back of the page if
necessary.

1. Write a truth table to show that ~ (pV q) is logically equivalent to ~ p A ~ q.

p q ~p ~q ~pAN~q pVqg ~(pVq)
T T F F F T F
T F F T F T F
F T T F F T F
F F T T T F T

As the collumns corresponding to ~ (pV ¢q) and ~ pA ~ ¢ are identical, the two are
logically equivalent.

2. A sequence a,, of real numbers has limit 4o0 if the following statement is true:

VM > 0,dng,Vn > ng,a, > M.

Write a statement (without using the symbol ~ ) that says that the sequence a,
does not have limit +o0.

AM > 0,Vng,In > ng,a, < M

3. Prove that if A, B,C are sets, then C — (AUB) = (C — A)n(C — B).

Two solutions. First using logic. z € C' — (AU B) means that xt € C Az ¢ (AU B).
Now = ¢ (AU B) is the same as ~ (z € AVx € B), which is the same as x ¢ ANz ¢ B by
de Morgan’s law (problem 1). Putting all these together we get that x € C — (AU B) is the
same as x € C ANx ¢ ANz ¢ B which is now the sameasz € CANz ¢ ANz e CAx ¢ B,
thatisx € C — ANz € C — B whichis z € (C — A) N (C — B), as was to be shown.

The second solution uses set equations. C' — (AUB) =CN(AUB)¢ =CnN(A°N B°)
by de Morgan’s law for sets. Now C' N (AN B¢) = C N AN C N B¢ and the latter is
(C—-A)n(C - B).

4. Prove by induction that Y., i? < n? for all n > 1.

Base case n = 1: 23:1 i? =12 <13

Induction step: If 327 3% <3 then M2 = 3" 2 + (n+1)2 < n? 4 (n+1)2
by the induction hypothesis.

So if we show that n3 + (n + 1)? < (n + 1)3, then we can conclude that Z?:Jrll i? <
(n+1)3 Well, (n+1)> =n3+3n?+3n+1and n®> + (n+ 1)2 = n + n? + 2n + 1. The
difference between the former and the latter is n3+3n2+3n+1—(n3+n2+2n+1) = 2n2+n
which is positive for n > 1, so indeed n3 + (n +1)? < (n + 1)3.



