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n =
∏

pαi
i with n− 1 = 2rb, b odd.

S = {a ∈ Z/n|ab = 1 or a2jb = −1 for some 0 ≤ j < r}

and
G = {a ∈ Z/n|a(n−1/2) = (

a

n
)}

Theorem S is a subgroup of G if and only if k = 1 or there exists pi ≡ 3 mod 4.
Proof
(⇐) case 1 Suppose that n = pα, p an odd prime.
Lemma The only square roots of 1 are ±1 in Z/(pα).
Proof Suppose x2 ≡ 1, then pα|x2 − 1 = (x − 1)(x + 1). Since p is an odd prime, p|x + 1 or p|x − 1

which implies that pα|x + 1 or pα|x− 1.

Let a1, a2 ∈ S, (a1)b = 1 and (a2)2
jb = −1 for some j. That implies that (a1a2)2

jb = −1. So, assume
that (a1)2

j1b = (a2)2
j2b = −1 and a1a2 ∈ S. Let j =max{ji} then (a1)2

jb(a2)2
jb = (a1a2)2

jb = ±1. If it is
-1, then the theorem holds. But if it is 1, since the only squareroots of 1 are ±1, a1a2 ∈ S.

case 2 Assume that there exists a prime p ≡ 3 mod 4. Without loss of generality call this p1.
Then p1 = 1 + 2b1 with b1 odd. And let a1, a2 ∈ S with ci = (ai)b. Again, if c1 = 1 then a1a2 ∈ S.
Otherwise, there exists j1, j2 such that (c1)2

j1 ≡ (c2)2
j2 ≡ −1 (mod n) ⇒ (c1)2

j1 ≡ (c2)2
j2 ≡ −1 (mod p1)

⇒ (c1)2
j1+1 ≡ (c2)2

j2+1 ≡ 1 (mod p1) which implies that 2j1+1, 2j2+1|p− 1 but that implies that j1 = j2 = 0
because 2 is the highest power of 2 that divides p1 − 1. So (a1)b = c1 ≡ (a2)b = c2 ≡ −1. And thus,
(a1)b(a2)b = (a1a2)b ≡ 1 which implies that a1a2 ∈ S.

(⇒) Proof (contrapositive).
Assume that all the pi ≡ 1 mod 4. That implies that

(
−1
p

αi
i

)
= 1 for all i. That is there exists xi such

that x2
i ≡ −1 mod pαi

i .
Let

x ≡
{

x1 mod pα1
1

−xi mod pαi
i i > 1

y ≡ −xi mod pαi
i

Note that x and y exist by the chinese remainder theorem and that y2 = x2 = −1(n). So y2b = x2b =
−1(n) since b is odd which implies that x, y ∈ S. But (xy)2b = 1(n) and

xy =
{

−x2
1 mod pα1

1

−x2
i mod pαi

i i > 1

=
{

1 mod pα1
1

−1 mod pαi
i i > 1

⇒ (xy)b 6≡ ±1 mod n ⇒ xy /∈ S.
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