
This is the solution to Problem 7 by Bach Bui, Kevin Hughes, and Rob
Seilheimer.

Let n be an odd number with n − 1 = 2rb with b odd. Define w(n) be
the number of prime factors of n (let k = w(n)) and v(n) to be the largest
power of 2 that divides pi − 1 for all i. So n =

∏k
i=1 pαi

i where the pi are
primes. Similarly pi − 1 = 2ribi for all i. (a,b) means the gcd(a,b).

Define S = {a ∈ Z/n|ab = 1 or a2jb = −1for some0 ≤ j < r} and
G = {a ∈ (Z/n)∗|a

n−1
2 = ( a

n)}. We know that S ⊂ G ⊂ (Z/n)∗.

Theorem #S - #G ⇔ S is not a subgroup of G.
(⇒) This is a result of group theory.

(⇐) We know the sizes of S, G.

#S =

(
2w(n)v(n) − 1

2w(n) − 1
+ 1

)∏
i

(b, pi − 1)

#G = δ
∏

i

(
n− 1

2
, pi − 1

)
δ =


2 if min{ri} = r
1
2 if ∃ri < r
1 otherwise

And we know by another theorem that S is a group if and only if k =
w(n) = 1 or there exists pi ≡ 3(mod 4). So we are assumiing that S is not
a group which implies that k > 1 and pi ≡ 1(mod 4) for all i (thus ri ≥ 2
for all i).

Then

2w(n)v(n) − 1
2w(n) − 1

+ 1 = 1 + 2k + 22k + · · ·+ 2k(v(n)−1) + 1

= 2 + 2k + · · ·+ 2k(v(n)−1) ≡ 2(mod 4)

and thus #S = 2x
∏

(b, pi − 1) with x odd and the product is over all pi

such that i = 1, · · · , k or equivalently p|n (this is true for all the products
below).

Also, note that (n−1
2 , pi − 1) = (2r−1, pi − 1) ∗ (b, pi − 1) = (2r−1, 2ri) ∗

(b, pi − 1).
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Combining these, we see that

#G

#S
=

δ
∏(n−1

2 , pi − 1
)

2x
∏

(b, pi − 1)

=
δ
∏

(2r−1, 2ri)(b, pi − 1)
2x
∏

(b, pi − 1)

=
δ
∏

(2r−1, 2ri)
∏

(b, pi − 1)
2x
∏

(b, pi − 1)

=
δ
∏

(2r−1, 2ri)
2x

=
2m

2x

And since k > 1 and r > 1, m ≥ 1.

#G

#S
=

2m−1

x
/∈ Z

So #S - #G and the theorem holds.
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