
M 380 D 55630 Midterm

Name:

Do two out of the three questions below and please indicate here which questions you

chose:

1. Let K be the splitting field of the polynomial x3−2 over the field Q of rational numbers.

Find a basis for K as a vector space over Q and find a primitive element for K (that is,

an element α in K with K = Q(α)). Justify your answers.

Let K be the splitting field of x3 − 2 over Q. First, let’s show that [K : Q] = 6.

Notice that x3 − 2 is irreducible over Q (either apply Eisenstein or notice it has degree

3 and no root in Q). Let r be the real cube root of 2. So Q(r) has degree 3 over Q.

Now, the polynomial x2 + x + 1 has no real root, so no root in Q(r) so it’s irreducible

over Q(r). Letting z be a root of this polynomial we get that Q(r, z) has degree two over

Q(r), so Q(r, z) has degree 6 over Q. I claim that Q(r, z) = K. Indeed, z is a primitive

third root of unity so r, zr, z2r are the cube roots of 2, this shows one inclusion and by

taking the ratio of two cube roots of two, we get the reverse inclusion. Now, it follows

from the above that 1, r, r2 is a basis for Q(r)/Q and that 1, z is a basis for K/Q(r). Now,

(as in the proof of the multiplicativity of degrees in towers) a linear dependence relation

among 1, r, r2, z, zr, zr2 with coefficients in Q gives a relation between 1, z with coefficients

in Q(r), which is a contradiction. So 1, r, r2, z, zr, zr2 are linearly independent over Q and

since [K : Q] = 6 they form a basis.

To find α, a primitive element for K/Q, it is enough to find α in K such that α

is not on any subfield of K. To determine the subfields, notice that K is the splitting

field of an irreducible cubic so has Galois group A3 or S3, but it has to be S3 because

the degree is 6. From the subgroups of S3 we get that K has three cubic subfields,

which are therefore Q(r),Q(zr),Q(z2r) and a quadratic subfield Q(z). So, for example

α = r + z is in neither of these subfields which can be shown by looking at bases (Q(zr)

has basis 1, zr, (1 + z)r2,Q(z2r) has basis 1, (1 + z)r, zr2.) or by looking at the Galois
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action. Explicitly, if σ is in the Galois group, then σ(α) = zk + zjr and for that to equal

α we must have k = 1, j = 0,i.e. σ = 1.

Although not required for the solution of this problem, the reader may be amused to

know that α is a root of x6 + 3x5 + 6x4 + 3x3 + 9x + 9 and that 9r = 18 + 9α − 6α2 +

6α3 + 3α4 + 2α5 and 9z = −18 + 6α2 − 6α3 − 3α4 − 2α5.

Another choice of primitive element for K/Q is β =
√
−3r which is in K because

z = (−1 +
√
−3)/2 and then β3 = −6

√
−3 and β4 = 18r.

Given a primitive element α, the set 1, α, α2, α3, α4, α5 is a basis for K/Q, which is

another way of doing the first part of the problem.
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2. Let F be a perfect field and K/F be an algebraic extension such that every non-constant

polynomial in F [x] has a root in K. Prove that K is algebraically closed. (You may use

any of the other results proved in class as long as you state them explicitly).

We need to prove that every polynomial with coefficients in K splits in K and it’s

enough to show that irreducible polynomials have degree 1. If an irreducible polynomial

does not have degree 1 then adjoining a root of this polynomial to K gives a non-trivial

algebraic extension of K. It is thus enough to show that any α which is algebraic over K

is already in K. We claim that any such α is algebraic over F . To prove this let L be

the field generated by the coefficients of the minimal polynomial of α over K, then L/F

is algebraic and finitely generated, hence finite. Since α is algebraic over L we get that

α is algebraic over F . Let f(x) be the minimal polynomial of α over F and consider its

splitting field E, which is a finite extension of F . Since, F is perfect, we can apply the

primitive element theorem and conclude that E = F (β). Let β′ ∈ K be a root of the

minimal polynomial of β over F , whcih exists by hypothesis, then F (β) is isomorphic to

F (β′) and therefore f(x) splits in K and this in turn proves that α is in K.

3



3. Show that the Galois group of the splitting field of the polynomial x4− tx2− 1 over the

field Q(t) (rational functions with rational coefficients) is the dihedral group of order eight.

Show that this splitting field contains i and that the splitting field of the same polynomial

over C(t) is the Klein group of order four.

Let α =
√

(t+
√
t2 + 4)/4, β =

√
(t−
√
t2 + 4)/4, then the roots of x4 − tx2 − 1 =

0 are ±α,±β. Also, αβ = i by direct calculation, whcih shows that i ∈ K. So the

splitting field of x4− tx2− 1 over Q(t) is Q(t, i, α). I claim that x4− tx2− 1 is irreducible

over Q(t, i). As
√
t2 + 4 is not in Q(t, i) (t2 + 4 is not the square of a polynomial),

x4 − tx2 − 1 cannot have any roots in Q(t, i). If we have a factorization over Q(t, i) of the

form x4 − tx2 − 1 = (x2 + ax + b)(x2 + cx + d), then by Gauss’s lemma we can assume

that a, b, c, d are polynomials in t. The factorization gives bd = −1 and this forces b, d to

be constants. The factorization gives a+ c = 0 so c = −a and also gives ac+ b+ d = −t,

so a2 − b − d = t and this leads to a contradiction, since if a is constant the right hand

is constant, while the left hand side isn’t, whereas if a is not constant the right hand has

degree at least two, while the left hand side has degree one. So [Q(t, i, α) : Q(t, i)] = 4

and since i /∈ Q(t), [Q(t, i) : Q(t)] = 2 so [Q(t, i, α) : Q(t)] = 8.

The Galois group of Q(t, i, α)/Q(t) is determined by its action on α and ⊂ and for

any σ in the Galois group we must have σ(α) = ±α,±β, σ(i) = ±i, giving at most eight

possibilities and since the degree is eight, they all must occur.

If σ is defined by σ(α) = β, σ(i) = −i and τ is defined by τ(α) = α, τ(i) = −i, then

σ(β) = σ(i/α) = −i/β = −a and τστ = σ−1, τ2 = σ4 = 1 so the group is the dihedral

group. The Galois group of Q(t, i, α)/Q(t, i) is the subgroup that fixes i and is generated

by σ2, στ which is isomorphic to the Klein group of order 4.
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