CHAPTER III

EXTENSIONS OF ABSOLUTE VALUES

1. Norm and Trace

Let k be a field and F a vector space of dimension N over k. We write Endy (E) for the
ring of k—linear endomorphisms of E and Aut(E) = Endg(E)* for the multiplicative
group of k—linear automorphisms of E. If by, bs,...,by is an ordered basis for E
as a vector space over k, then this basis determines a unique ring isomorphism from
Endy(F) onto the ring M (N, k) of N x N matrices with elements in k. The restriction
of this map to Auty(FE) is an isomorphism from the multiplicative group Auty(E) onto
GL(N,k) = M(N,k)*. In particular, T in Endg(FE) is mapped to the matrix (t,.n),
where

N
(1.1) T(b,) = Ztmnbm for each n =1,2,..., N.

m=1

If
N
o= Z an by,
n=1

is an element of F expressed as a linear combination of basis vectors, then we have

T{ianbn} - ﬁ{ mi -

=1
N N
{ Z tmnan}bm.
1 n=1

This shows that the action of T' on E corresponds to multiplication of the column vector
a on the left by the matrix (¢,,,). If U is a second element of Endy(E), if

m=

N
U(by,) = Z Umnbm, foreachn =1,2,..., N,
m=1
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then the matrix corresponding to the composition of endomorphisms ToU is the product
matrix (tmn)(Umn)-

Let ¢1,cs,...,cn be a second ordered basis for E as a vector space over k. Then
there exists a matrix V' = (vy,) in GL(NV, k) such that

N
c, = Z Umnbm foreachn=1,2,..., N.
m=1

With respect to the ordered basis ¢y, ca, ..., cny the matrix of T is easily seen to be
(1.2) V= tmn) V.
Therefore we define
det : Endg(F) — k, and trace: Endgy(F) — k,
by
(1.3) det(T) = det{(tmn)}, and trace(T) = trace{(tmn)}-

It follows from (1.2) that these maps do not depend on the choice of basis, hence they
are well defined on Endy(E). We also define a map

X : Endg(F) — k[z]
as follows: if T" is an element of Endy(E) then xr(x) is the polynomial in k[z] given by
xr(x) =det(z1ly — 1),

where 1 is the N x N identity matrix. The polynomial yr(x) is called the characteristic
polynomial of T'. By selecting a basis by, ba, ..., by and using (1.1), we find that xr(x)
has the form

(1.4) xr(r) = 2 —trace(T)z™ ' + - + (=1)V det(T).

If T is in Endg(F) and f(x) is a polynomial in k[z] then we can form the element
f(T) in Endg(FE). In particular, using the characteristic polynomial yr(z) we can form
the element (7). The map f(z) — f(T) is clearly a ring homomorphism from k[z]
into Endy(E). It follows that E is a left k[x]-module with respect to the operation

(f(z),b) = f(z)b= f(T)b.
Also, it is clear that the annihilator
Ann(T) ={f(z) € k[z] : f(T)b=0 for all b € E}

is a proper ideal in k[z], and so generated by a unique monic polynomial pr(x) of positive
degree. The polynomial pr(z) is called the minimal polynomial for the endomorphism
T. We use these observations to prove the following classical result.
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THEOREM 1.1 (CAYLEY-HAMILTON). IfT is an element of Endy(E) then xr(T) =
Oy, where Oy is the zero endomorphism in Endy (E). Moreover, the minimal polynomial
pur(z) divides the characteristic polynomial x7(z) in klx].

PRrROOF. Let 0,,,, = 1% if m = n, and 9,,,,, = 0 if m # n. Define
A= (amn(x)), where apn(z) = 6mn2 — tmn,
so that A is an N x N matrix with entries in the ring k[x]. Then the identity (1.1) can

be written as

N N
(1.5) 0="> (BmnT = tmn)bm = > amn(T)by, for n=12,...,N.
= m=1

m=1

Let A,s be the (N —1) x (N — 1) submatrix obtained from A be removing the r-th row
and the s-th column. Define the N x N matrix

A" = (al,(z)) where al (z)=(—1)"""detA,,.
Then A and A" are N x N matrices with entries in the ring k[z], and satisfy
AA/ = (det A)].N = (XT(:L‘))].N.

That is, we have

for each n =1,2,..., N. Combining (1.5) and (1.6) we get

N N
X (T = - (1) (D ami(T)bw ) =0,
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in F for each n = 1,2,...,N. That is, x7(T) is the zero endomorphism on E. This
shows that yr(z) belongs to the the annihilator Ann(7"). As the annihilator is a principal
ideal generated by pr(x), the last assertion of the theorem is obvious.

Now assume that E is a field and so E/k is a finite extension of fields of degree N.
Then each element 3 in E defines a k-linear endomorphism of E given by multiplication
by (. That is, if 8 is in E then there exists a corresponding element Tz in Endy(E)
such that

(1.7) Ts(y) =py forall e E.

If B # 0 then Tj is in Autg(E). Clearly the map § — T is an embedding of the field
E into the endomorphism ring Endy(E), and § — T} is an injective homomorphism of
the multiplicative group k* into the group Auty(F). We define maps

Normp, : E* — k* and Traceg), : E — k
by
(1.8) Normpg,,(8) = det(Tp) and Traceg,,(8) = trace(Tjs).

It follows that Normp/;, is a homomorphism of multiplicative groups, and Tracegy, is
a homomorphism of additive groups.

As E/k is a finite and therefore algebraic extension, each element 8 in E is a root
of a unique, monic, irreducible polynomial fz(x) in k[z]. The polynomial fg(z) is the
minimal polynomial of 3 over k. Then k C k() C E and the degree of the extension
k(B)/k is also the degree of the polynomial fz. We write [k(f3) : k] for this degree, it is
the dimension of k() as a vector space over k.

LEMMA 1.2. Assume that E/k is a finite extension of fields and let B be an element
of E. Write fg(x) for the minimal polynomial of 5 over k and let Tz be the unique
element in Endy(E) that satisfies (1.7). Then the minimal polynomial for Ty is given

by

and the characteristic polynomial of T is given by
(1.10) X1, (1) = det(zly — Tp) = fg(x)R,

where R = [E : k(B)].

Proor. We will prove (1.9) and leave the proof of (1.10) as an exercise. Because E
is a field we have

Ann(T) = {g(z) € k[z] : g(B)y = 0 for all v € E} = {g(x) € k[z] : g(8) = 0}.

Therefore fz(x) is a monic irreducible polynomial in Ann(7z). As Ann(7}3) is a principal
ideal generated by the monic polynomial 7, (x), the identity (1.9) clearly follows.
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LEMMA 1.3. Assume that E/k is a finite extension of fields and let 3 be an element
of E. Assume that the minimal polynomial fz(x) splits into linear factors in a field
extension K/k, where k C E C K, as

q=1
Then we have
Q R
(1.11) Normp(3) = { [] 6} = (-1)2fa(0)",
q=1
and
Q
(1.12) Traceg,,(8) = RZﬁq,
q=1

where R = [E : k(B)].

PROOF. Because Q = [k(5) : k], it is obvious that QR = [E : k] = N. Using (1.4)
and (1.10) we find that

X1 () = N — TraceE/k(ﬂ)xN_l 44 (—1)N Normp 1 (5)
= fa(x)"

Q Q R
— Q — Q - e _ Q .
ZQR {R;:lﬂq}x Bl 4 (-1) R{qlzllﬁq}

Both identities (1.11) and (1.12) follow from (1.13) be equating coefficients.

(1.13)

Exercises

1.1 Let T and U be elements of Endg(FE). Prove that trace(T' 4+ U) = trace T + trace U
and trace(T o U) = trace(U o T)).

1.2 Prove the identity (1.4).

1.3 Let £ = R and F = C. Find the matrix of an endomorphism 7" in Endg(C) with
respect to the basis {1,:}. If 5 = 81 + (24 is in C, find the matrix of T3 with respect
to the basis {1,7}. Compute both Norm¢ g (3) and Tracec,r(3).

1.4 Prove the identity (1.10).
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2. Norms on Vector Spaces over Complete Fields

We assume that K is a field with a nontrivial absolute value | |, that K is complete,
and that E is a finite dimensional vector space over K. In this setting the absolute
value on K can be extended to a vector space norm on E. More precisely, we say that
a function || || : E — [0,00) defines a norm on E with respect to the absolute value | |
on K if it satisfies the following conditions:

(i) ||lz|| =0 if and only if x =0 in E,
(i) [az|| = |al||z|| for scalars a in K and vectors « in E,
(iii) ||z + y|| < ||| + ||y|| for all z and y in E.
Obviously a norm in this context is different from the map defined in (1.8).
When we work with only one absolute value on K then such a function || || on F

is called simply a norm. If || || is a norm on E then it follows immediately from the
definition that

(z,y) = [z -y
defines a metric. Thus || || induces a metric topology in the vector space E.

THEOREM 2.1. Suppose that both || |1 and || |2 are norms on E with respect to the
nontrivial absolute value | | on K. Then there exist positive constants Cy and Cy such
that

(2.1) Cillzlly < 2]z < Coll[)x

for all  in E. Moreover, the norms || |1 and || ||2 induce the same metric topology in
E, and E 1s a complete metric space.

PrROOF. We argue by induction on the dimension of £ over K. The result is trivial
for vector spaces of dimension 1 over K. Therefore we assume that the theorem holds
for all vector spaces of dimension N — 1, and we assume that E has dimension N over
K. Let by,bo,...,by be a basis for E as a vector space over K. Then define subspaces

E7In = SpanK{bl,bg,...,bm_l,bm+1,...,bN} for m = 1,2,...,N.

It follows that E/, C E is an N — 1 dimensional subspace for each m = 1,2,... N.
Define a map || ||o : £ — [0,00) by

N
"j{:xnbn
n=1

Then || ||« is clearly a norm on E with respect to the absolute value | | on K. Of course
| lloos || |1 and || ||2 are also norms when restricted to one of the subspaces E!, . By

= max{|z,| :n=1,2,...,N}.

o0
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the inductive hypothesis, each subspace E/, is complete in the common metric topology
induced by || ||oo, || |1 and || ||2. In particular, each subspace E!, C E'is a closed subset
of E when FE is given the metric topology induced by || ||;. The translate E!, + b,, is
also closed in F and does not contain the vector 0. Hence there exists a positive real
number J,,, such that

(B! +by)N{xeE: |z <dn}

is empty.
Now define positive real numbers

N
Ay =min{é,, :m=1,2,....N} and B;= Z |61 -
n=1

We note that A; and B; depend on || ||; and on the choice of basis. If
€T = Z Tpby, #0
n=1

we select m so that ||&||ec = |Zm|. Then the vector x_'x belongs to E/, + b,, and we
have

(2.2) Ay <0 < 2tz = || |21
From (2.2) we conclude that

Arzlloo = Arlzm| < [|[l
N
- H anbn
n=1
N

< Jwalllenlh < Billz] o
n=1

(2.3) !

Of course (2.3) is trivial if & = 0. In a similar manner we find that there exist positive
real numbers Ay and By such that

(2.4) Ag|[®]loo < [|]l2 < Ball|/e

for all & in E. We set C; = A;B; " and Cy = A7'By. Then (2.1) follows easily from
(2.3) and (2.4).

Let U C FE be a nonempty open set in the || ||;—topology. Then for each point £ in
U there exists a positive real number € such that

{xeE:||€—x|1 <ef CU.
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Using (2.1) we find that
{(xc E:||€—x|s<Cyle} CU.

Hence U is also an open set in the || ||o—topology. By symmetry the two metric topologies
are the same.

Finally, we must show that F is a complete metric space. From what we have already
established it suffices to show that E is complete with respect to the metric topology
induced by || ||co. Let {xm}5°_1 be a || ||co—Cauchy sequence and write

N
Ty = E TrmnOn-
n=1

Then for each n we have
|~'17mn - xln| S Hmm - wl”oo

It follows that for each n the sequence {z,, }o0_; is | |-Cauchy in K. As K is complete,
each of the limits

lim Zpn = Yn
m— 00

exists in K. It follows that

N N
lim «,, = lim g Lonnbn = E Ynbn
m— 00 m—0o0

n=1 n=1

in . This proves the theorem.

Now suppose that E is a field and || || on E extends the absolute value | | on K. It
follows that || || is also a norm on the vector space E over K. In this special case the
conclusion (2.1) can be improved.

COROLLARY 2.2. Assume that E is a field and so E/K is a finite extension of fields
of degree N. If || |1 and || ||2 are both absolute values on E that extend the absolute
value | | on K, then

18Iy = I18ll2 for all B € E.

PRrROOF. By Theorem 2.1 the absolute values || ||; and || ||2 induce the same topology
in E/. By Theorem 1.1 of Chapter 2, there exists a positive constant 6 such that

16119 = |8l forall g€ E.

As ||B]l1 = ||B]|2 = |B] for 8 in K, and | | is not trivial on K, we conclude that 6 = 1.
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3. Hensel’s Lemma Revisited

In this section we assume that K is a field with a nontrivial, non-archimedean absolute
value | | and we assume that (K| |) is complete. We write

Og ={a €K :|a| <1}
for the associated local ring, and
Mg ={a€e K :|a| <1}

for its maximal ideal. Then we extend the absolute value | | on K to the polynomial
ring K[z] as follows. If

f@) =apz™ +an_1zV T+ +ay
is a polynomial in K[z] we define

(3.1) |f| = max{|aog|, |ai],...,|an]|}.

It will be convenient to write ¢ : Ox — Og /Mg for the canonical homomorphism.
This extends to a homomorphism ¢ : Og[x] — (O /Mk)|[x] by

plape™ +an_12V "+ +an) = plag)z™ + @(a)zV T + -+ plan).

We note that f in Oglz] is in the kernel of ¢ if and only if |f| < 1. Our objective in
this section is to establish the following algebraic form of Hensel’s Lemma.

THEOREM 3.1 (HENSEL'S LEMMA). Let f be a polynomial in Ok |x] such that |f| =
1. Suppose that v(z) and n(x) are relatively prime polynomials in (O /Mg)[z], v(x)
s a monic polynomial, and

(3.2) o(f) (@) = y(x)n(z).

Then there exist polynomials g(x) and h(zx) in Ok[x] such that

(1) f(z) =g(@)h(z),
(2) ¢(9)(x) =~(z) and p(h)(z) = n(z),
(3) degg = deg~ and g(x) is monic.

PROOF. Select polynomials g1(x) and hy(x) in Ok|z] so that

(3.3) w(g1)(z) =v(x), deggi=degy, @(hi)(z)=mn(z), and degh; = degn.
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As v(x) is monic in (Ok/Mg)[x] and has the same degree as g1(z), it is obvious that
g1(z) is a monic polynomial. Because v(z) and n(z) are relatively prime in (Ox /Mg )[z],
there exist polynomials r(x) and s(x) in Og|x] such that

o(r)(@)y(z) +¢(s)(x)n(x) =1 in (O /M)lx].
It follows that the polynomials
f(@) = gi(x)hi(x) and  r(z)g(x) + s(x)hi(x) — 1
have coefficients in M, and therefore
(3.4) 6 = max{|f — g1hal, |[rg1 + sh1 — 1]} < 1.

If § = 0 then f(z) = g1(z)hi(x) and the theorem is proved. Therefore we assume
throughout the remainder of the proof that 0 < ¢ < 1.

Next we construct two sequences of polynomials {g,(z)}32; and {h,(x)}52, in the
ring Ok [x] such that

(3.5) |f — gnhn| <6 foreach n=1,2,...,
(3.6) l9n — gn_1| <"1 and |h, — hp_1| <0"' foreach n=2,3,...,
(3.7) o(gn) =7 and @(h,)=mn foreach n=1,2,...,

(3.8) deg g, = degy and degg, +degh, <degf foreach n=1,2,....

As g1 (x) and hq(z) are already determined, we assume that g,,(x) and h,,(x) have been
defined for m = 1,2,...,n — 1 and satisfy the conditions (3.5), (3.6), (3.7) and (3.8).
Then we define g, (z) and h,(z) inductively in terms of g,_1(x) and h,_;1(z). Toward
this end we select € in Mg so that |¢| = §. Then we set

(3.9) gn(x) = gn_1(x) + " My 1(z) and A, () = hp_1(z) + € Luy_1 (2),

where t,,_1(x) and u,_1(z) are polynomials in Ok x| to be determined. We note that
(3.9) and the inductive hypothesis already imply that (3.6) and (3.7) hold. Then from
(3.6) and the strong triangle inequality we get

(3.10) lg1 — gn-1| <9 and |hy —h,—1| <§ foreach n=23,...,
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Also, by the inductive hypothesis the polynomial p,,_1(x), defined by

f(.CL’) - gn—l('x)hn—l(m) = en_lpn—l(x)a
belongs to Ok [x] and satisfies
degpn—1 < deg f.
Using the division algorithm and the fact that g;(x) is monic, there exist polynomials

Gn—1(z) and t,_1(x) in Ok[x] such that

Prn—1(2)s(z) = gn_1(x)g1(z) + tn—1(z) and degt,_1 < deggy;.
Now write

M—1+

Pr—1(2)7(2) + gn-1(x)h1(2) = cox™ + c12 et

so that |¢,,| <1 for each m =0,1,..., M. We define

where

(3.11) g :{Cm if6 < Jeml,

0 if |en] < 9.

It follows that
|Dr—17 + @n—1h1 — up—1| <96,

and therefore

|pn—1(rgl -+ Sh1) — J1Up—1 — hltn—l‘
(3.12) = ‘pn—lrgl + qno191h1 + hitn_1 — grun—1 — hltn—1|
- = ’(Pnfﬂ“ + qn-1h1 — Unf1)91‘

< 0.
Combining (3.4) and (3.12) we get the inequality

|Pr—1—g1tn—1 — hitn_1]|
(3.13) < max {|pp_1(1 —rg1 — sh1)|, |pa—1(rg1 + sh1) — grun—1 — haty—1|}
<.
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Using (3.9) and (3.13) we obtain the bound
(314) ‘pn—l —gn—1Un—1 — hn—ltn—l‘ S J.

In order to verify (3.5) we use (3.14) and get

2n—2
tn—lun—l |

|f - gnhn‘ - ’f - gn—lhn—l - 6n_l(gn—lun—l + hn—ltn—l) — €
= ’671_1 (pn—l —gn—1Up—1 — hn—ltn—l) - 6271_2tn—1un—1|
S max {6n_1|pn—1 —9gn—1Un—-1 — hn—ltn—1|7 5271—2}
< 6"

Finally, we must show that g, (z) and h,,(x) satisfy (3.8). We have deg g,,—1 = deg~y
by the inductive hypothesis, and deg g,, = deg g,,_1 holds because degt,,_1 < deggs =
deg . If follows then that degg, = deg~y. Now assume that degh,, > deg f — deg g,.
From (3.9) and the inductive hypothesis we get degu,_1 > deg f — degg,. Hence we
also have

degpn—1 < degf, degf <deggn—1+deguy,—1 and degh,_1+degt,_1 <degf.
As gn—1(x) is monic, it follows that the leading coefficient of the polynomial
Pn-1(2) = gn—1(2)un—1(x) — hp-1(2)tn—1(z)

is also the leading coefficient of —u,_1(z). Because the leading coefficient of —u,,_1(x)
has absolute value greater than ¢, this plainly contradicts the inequality (3.14). We
have shown that degh,, < deg f — deg g,,, and so we have verified (3.8).

Now write

L M
gn(z) = Zal(n)xL_l and  h,(x) = Z i) pM=m
1=0

where a(()n) =1 for each n = 1,2,.... It follows from (3.6) that for each [, 0 <[ < L,
the sequence {al(n)}fle is Cauchy. As K is complete, we define

L
lim al") =A; and g¢g(z)= ZAZJ:L_I.
1=0

We find that g(z) is a monic polynomial in Ok [z], deg g = deg~, and p(g)(x) = v(x).
In a similar manner we define

M
lim b = B,, and h(z)= Z Bpa™M—m,
m=0

n—oo

so that h(z) is a polynomial in Ok[z] and ¢(h)(z) = n(x). Then (3.5) implies that
f(z) = g(z)h(z), and this completes the proof.
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COROLLARY 3.2. Suppose that f(x) is an irreducible polynomial of degree N in K|x]
and
f(z) = apz™ +an_12V¥ "+ +an.

Then we have

(3.15) || = max{laol, ], .., lan[} = max{]ao|, [an]}-

PRroOOF. If (3.15) is false then there exists a smallest positive integer m such that
|f] = |am| > max{|ag|, |an|} where 1<m <N -—1.

It follows that a.!f(x) belongs to Oklx] and satisfies |a,lf| = 1. Write y(x) =
(a1 f)(z) and n(z) = 1. Then y(x) is monic, degy = m and

plam' f)(@) =~(z)n(z) in (Ox/Mk)lx].
By the theorem a.! f(z) factors in Ok [z] as
a f(z) = g(x)h(z) with degg=m.
This contradicts the assumption that f(x) is irreducible in K[z] and the statement of

the corollary follows.

COROLLARY 3.3. Suppose that f(x) is a monic, irreducible polynomial in Og|[z].
Then o(f)(x) is a positive integer power of an irreducible polynomial in (Ox /M )[z].

PROOF. Because f(x) is monic the polynomial ¢(f)(z) is also monic and has positive
degree. Let

o(f)(x) = [T va(a)™
=1

be the factorization of ¢(f)(z) in (Ox/Mk)[x]. That is, my,ma,...,my are positive
integers, and i1 (x),¥2(x),. .., (z) are distinct, monic, irreducible polynomials in
(Ok /Nk)[z] having positive degree. If 2 < L write

L
'Y(l‘) =1 (aj)ml and 77(33) — H¢l($)ml-
=2

Then we have the nontrivial factorization ¢(f)(z) = v(z)n(x) in (Ox/Mk)[z]. By the
theorem there is a nontrivial factorization f(x) = g(z)h(z) in Ok [x] with 1 < degg =
deg~y < deg f. This contradicts the assumption that f(z) is irreducible and shows that
L=1.
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COROLLARY 3.4. Suppose that f(x) is a polynomial in O x| such that o(f)(x) has
a simple root at the point a in O /M. Then there exists a point B in Ok such that

f(B) =0 and p(B) = a.
PROOF. By hypothesis the polynomial ¢(f)(z) factors in (O /Mkg)[x] as

p(f)(x) = (z — a)n(z)

where (z — «) and n(x) are relatively prime. By the theorem there exist polynomials
g(z) and h(z) in Ok [x] such that f(z) = g(z)h(z), g(x) is monic, linear, and ¢(g)(z) =
(x — «). Writing g(x) = (z — ) we must have f(5) =0 and ¢(8) = .

Exercises

3.1 Let p be a prime number. Prove that the polynomial z7~! —1 splits into linear factors
in the field Q,, and show that the roots of zP~1 — 1 in Q, form a cyclic subgroup of
order p — 1.

3.2 Let pp—1 € Q) denote the set of roots of the polynomial 2P~1 —1in Q, . Prove that
the set {0} U p,—1 forms a complete set of distinct representatives for the residue
class field Z, /M, where M, C Z,, is the unique maximal ideal.

3.3 Let pp—1 € Q be as in Exercise 1.2. Write ¢ : Z, — Z,/M, for the canonical
homomorphism. Prove that the restriction of ¢ to the subgroup p,—; is a group
isomorphism from p,_; onto the cyclic group (Z,/M,)*.

3.4 Prove that if « is in the ring Z,, then the limit
(3.16) lim o =T,(a)

m—0o0
exists, and so defines a map T}, : Z, — Zy,.

3.5 Let pup—1 € Q, be as in Exercise 1.2, and let T}, : Z;, — Z, be the map defined by
(3.16). Prove that T}, takes values in the subset {0} U y1,,_1, and the restriction of T},
to the subset {0} U p,—1 is the identity map.

3.6 Assume that K is a field with a nontrivial, non-archimedean absolute value | | and
assume that (K| |) is complete. Let | | be extended to the polynomial ring K|[z]
by (3.1). Prove that f — |f| is a map from K[x] to [0,00) that satisfies the three
conditions

(1) |f] =0 if and only if f =0,

(2) [fgl = |fllg| for all f and g in Klz],

(3) |f + g <max{|f|,|g|} for all f and g in K|x].

Conclude using Lemma 1.6 of Chapter 2 that f — |f| has a unique extension to a
non-archimedean absolute value on the field of rational functions K (x). Note that
the restriction of this absolute value to the subfield K is not trivial.
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4. Extensions of Absolute Values on Complete Fields

In this section we assume that K is a field with a nontrivial absolute value | |, that
(K, | |) is complete, and that L/K is a finite extension of fields. Then we define a map
I+ L — [0, 00) by
(4.1) 18] = [Normpk (8)['/™,  where N =[L: K].

If 8 is in K then (1.11) implies that ||| = |3|]. Thus 8 — ||3|| extends the absolute
value | | on K to a map on L.

THEOREM 4.1. The map (4.1) defines an absolute value || || on L that extends the
absolute value | | on K. Moreover, || || is the unique absolute value on L that extends
| | on K, and L is complete in the metric topology induced by || ||.

PrROOF. We may assume that N = [L : K] > 1. If | | is archimedean then by
Theorem 2.2 of Chapter 2, (K,| |) is isometrically isomorphic to either (R,]| |%) or
(C,]1%,) with 0 < 6 < 1. However, C is algebraically closed and does not have nontrivial
finite extensions. We conclude that (K, | |) is isometrically isomorphic to (R, | |%.). As
[C : R] = 2 we also conclude that N = 2 and L is isomorphic to C. A basis for C over
R is given by {1,i}. If 5 in C is written with respect this basis as § = 31 + if2, with
(1 and (5 in R, we find that

Norme,g(8) = 87 + 53

It follows from (4.1) that
1811 = 1515

where | | is the usual Hermitian absolute value on C. By Corollary 2.2 this extension
to an absolute value on C is unique and Theorem 2.1 shows that C is complete in the
resulting metric topology. Of course these results about R and C are well known.

We assume throughout the remainder of the proof that | | is nontrivial and non-
archimedean. The function Normy, /i : L™ — K is a homomorphism of multiplicative
groups. From this observation we conclude that

I8l =0 if and only if (=0,

and

leell = llelllA]]-

It remains then to demonstrate that § — ||3|| satisfies the strong triangle inequality.
To accomplish this we will show that

(4.2) sup{[[1+ 6]l : Be L, [|B] <1} =1.
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Let 8 be in L, ||| < 1, and let

fo(x) =29 + a9+ +ag, where Q=[K(B): K],
be the minimal polynomial for 5 over K. As in (1.11) we have

Normy/k(8) = (—1D)9Rf3(0)%, where R=[L:K(B)],

and therefore
(4.3) lag| = |/5(0)] = | Normp /5 (8)| 4/ = (18] < 1.
As fg(x) is a monic, irreducible polynomial in K [z], Corollary 3.2 and (4.3) imply that
fs(z) is in Ok|z]. Plainly the minimal polynomial for 1 + 3 is fg(x — 1). Applying

(1.11) again we get
Normy, k(1 + 8) = (—1)QRfB(_1)Ra

and then
1+ 0] = [ Normy (1 -+ )
= s (-1
= (=) + @ (-1) 7 + -+ ag
< max {1, lai|, |as], . .., ’aQ’}l/Q
=1.

This verifies (4.2). Now if @ and 3 are in L, if ||3]| < ||« then we have

loc + Bl = llellll1 + a8l < ol = max{l|a]], [|8]]}-

We have shown that (4.1) defines an absolute value on L that extends the absolute value
| | on K. It follows from Corollary 2.2 that this is the unique extension of | | on K to
an absolute value on L. By Theorem 2.1 L is complete in the induced metric topology.

It is not difficult to see that the extended absolute value defined by (4.1) depends on
[ but not otherwise on the finite extension L. To make this more precise, let K be an
algebraic closure of K and then let L; and Ly be finite extensions of K such that
KCL;CK and KCLy,CK.
Write Ny = [Ly : K] and Ny = [Ly : K], so that

lofly = |Normp, /5 ()™ and ||B]|2 = | Normp, % (3)]*/*>
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are the unique extensions of | | on K to L; and Lo, respectively. Now assume that 3
belongs to Ly N L. Let fz be the minimal polynomial for 3 over K and assume that
f5 has degree ). Using (1.11) we find that

Normy, /x(8) = (-1)9% f5(0)" and Normy, x(8) = (=1)%" f5(0)"*,

where Ry = [Ly : K()] and Ry = [Lo : K(3)]. It follows that N1 = QR1, N2 = QRo,
and therefore

(4.4) 18Il = 1f5(0)[ /™ = | f5(0)[ /%2 = || 6.

This shows that the absolute value | | on K extends to amap | | : K — [0, 00) as follows:
if 3 is in K, select a finite extension L/K such that 8 isin L and K C L C K. Then
define the absolute value of § by (4.1). In view of the identity (4.4) this is well defined.
Therefore we will write simply

(4.5) 8] = | Normy (B)[VN,  where N =[L: K],

for the extended function | | : K — [0,00). By Theorem 4.1 the restriction of | | to
a finite extension L/K is an absolute value on L. We now show that (4.5) defines the
unique extension of | | on K to an absolute value on K.

THEOREM 4.2. Assume that K is a field with a nontrivial absolute value | |, that
(K,| |) is complete, and that K is an algebraic closure of K. Then | | has a unique
extension to K. If 3 is a point in K, if K C L C K and L/K is a finite extension with
B in L, then the extended absolute value of (B is given by (4.5).

PROOF. Let a and 3 be elements of K. Let L = K(a,3) so that L/K is a finite
extension of fields. By our previous remarks, the restriction of | | on K to the subfield
L is an absolute value on L. Hence the three conditions

(i) || = 0 if and only if o = 0,
(i) lag] = |e|8];
(iif) o + ] < |af + [3],
required of an absolute value are satisfied. We have shown that (4.5) defines an absolute

value on K. The uniqueness of | | as an absolute value on K follows because the
restriction of | | to each finite extension of K is unique. This proves the theorem.

COROLLARY 4.3. Assume that K is a field with a nontrivial absolute value | |, that
(K, | |) is complete, and that K is an algebraic closure of K. If L/K is a finite extension
of fields, and || || on L extends the absolute value | | on K, then there exists an isometric
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embedding o : L — K that fizes K, and satisfies the identity ||3| = |o(8)| for all 3 in
L.

PROOF. Because L/K is an algebraic extension of fields, and K is an algebraic closure
of K, there exists a field embedding ¢ : L — K that fixes K. It follows that the map
B — |o()| defines an absolute value on L, and this absolute value extends | | on K. By
Theorem 4.1 an extension of | | on K to an absolute value on L is unique, and therefore
we have ||3]| = |o(8)] for all 5 in L.

We recall that two points 3; and (3, in K are conjugate over K if they have the same
minimal polynomial over K. In this case, if fg,(x) = f,(z) is the common minimal
polynomial with degree IV, we have

(4.6) 1B1] = 13, (0)'N = | £5,(0)[/N = |Ba].

We now prove a useful generalization of (4.6).

LEMMA 4.4 (KRASNER'S LEMMA). Assume that K is a field with a nontrivial, non-
archimedean absolute value | |, that (K,| |) is complete, and that K is an algebraic

closure of K. Suppose that 81 and (B2 are in K and conjugate over K. Then each point
~v in K satisfies

(4.7) |81 — B2] < [B1 — | = B2 — .

Proor. We have

161 — Bo| = |(Br — ) + (v = Ba2)| < max{|B1 —~l,182 — 71}

Now (31 —~ and [ — 7 are both roots of the monic irreducible polynomial f3, (z+v) =
fa,(x +7) in K[z]. Hence 1 — v and (2 — 7 are conjugate over K. Then (4.6) implies
that

181 =] =162 =,
and this verifies (4.7).

We note that Lemma 4.4 has an obvious archimedean analogue. If 8; and (35 are
complex numbers, conjugate over R, and ~ is in R, then

(4.8) 5181 = Baloo <161 = Vloo = 182 = V|oo-
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5. Extensions of Absolute Values on Incomplete Fields

We assume that [/k is a finite, separable extension of fields, and | | is a nontrivial
absolute value on k. In this section we do not assume that k is complete. Our objective
is to determine how | | on k can be extended to an absolute value on I.

Let (K,| |) be a completion of (k,| |), and write K for an algebraic closure of K.
Because [ /k is a finite extension and K is an algebraically closed field containing k, there
exist N distinct field embeddings o, : | — K that fix k, where n = 1,2,..., N, and
N = [l : k]. To determine these embeddings let « in [ generate [ as a simple extension
of k, and let f,(z) in k[x] be the minimal polynomial of «. Write (1, 32, ..., By for the
roots of f, in K. As[/k is a separable extension, the polynomial f, has N distinct roots
in K. Each root 3, determines an embedding o,, : [ — K that fixes k by 0, (a) = 3.,
and in general by

On(bN_laN_l + bN_QOzN_Q +---F bo)

(5.1)

=bn_1B8Y "t +by_aBY 2+ + by,
where bg,by,...,by_1 are elements of k. Then each map v — |0, (7)| determines an
absolute value on [ that extends | | on k. In this section we will show that every

absolute value on [ that extends | | on k has this form. We will also show that the maps
v — |lom(7)| and v — |0, ()| determine exactly the same absolute value on [ if and
only if ,, and (3, are are conjugate over K. In particular, suppose that f, factors in
Klz| as

(5.2) falz) = T ().

where each factor ¢, is a monic irreducible polynomial in K[z| with positive degree.
Then (,, and 3, are conjugate over K if and only if they are both roots of the same
irreducible factor. Thus there are exactly R different extensions of the absolute value
| | on k to an absolute value on .

LEMMA 5.1. Assume that 1/k is a finite, separable extension of fields, and | | is a
nontrivial absolute value on k. Let (K,| |) be a completion of (k,| |), and write K for
an algebraic closure of K. Forn=1,2,...,N let 0,, : | — K be the embedding defined
by (5.1). Then the maps v — |om ()| and v — |o, ()| determine the same absolute
value on 1 if and only if B,, and 3, are conjugate over K.

PROOF. Suppose that 3,, and (3,, are conjugate over K, and let

¥ = bN_loéN_l + bj\[_g()éN_2 R
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be an element of [, where by, bq,...,by_1 are elements of k. Then
bnv_1BN P by aBN T2+ by and by 1 BN T+ by 2B T2+ 4 by

are conjugate over K. It follows using (4.6) that

|0-m(’7)| = |bN—16n]\1]_1 + bN_Qﬂfx_2 4+ bO|
= [bry—1 BN+ by 2B T2+ + by
= lon ()]

Now assume that 3,, and [3,, are not conjugate over K, and let
o) =zl +eix? P+ ey

be the minimal polynomial for f,, in K[z]. Then we have ¢(3,,) # 0. Select 6 > 0 so
that

(5.3) dmax{l, G|}~ < l(Bn)| — S max{1, |8a [},
Because k is dense in K, there exist aq,a9,...,a; in k such that
J
(5.4) > laj — ¢l < 6.
j=1
Then let

V() =z +az? P+ +ay

be the corresponding polynomial in k[z]. It follows using (5.4) that
|w(5m)‘ = W}(ﬁm) - Qp(ﬁm)’
J
(5.5) < laj = ¢jl max{1, [ B[}

j=1
< dmax{1, |Bm|}‘]_1,

and similarly,

|90(ﬂn)| < |§0(5n) - ¢(6n)| + |¢(5n)|

(5.6) < Smax{1, 8|} + |¥(Bn)]-
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Combining (5.3), (5.5) and (5.6) leads to the inequality

[ (Bm)| < [9(Bn)]-

It follows that if n in [ is given by
n=ao’ +aa’ 4+ +ay,

then
lom (M| = [¥(Bm)| < [¥(Bn)] = |on(n)].

This proves the lemma.

It will be convenient now to index the roots 1, s, ..., On of fo in K so that 3, is a
root of the irreducible factor o, (z) for r =1,2,..., R. Then each of the maps

(57) B h/‘?“ = |0-""(7)‘7 where r = 1727"'7R7

defines an absolute on [ that extends the absolute value | | on k. By Lemma 5.1, the
absolute values | |, are distinct for r = 1,2,..., R, and account for all the absolute
values on [ that are defined by the maps v — |0, (7)| for n =1,2,..., N.

LEMMA 5.2. Assume that [/k is a finite, separable extension of fields, and | | is a
nontrivial absolute value on k. Let (K,||) be a completion of (k,| |), and write K for an
algebraic closure of K. Let || || be an absolute value on I that extends the absolute value
| | on k, and write (L, || ||) for a completion of (I, || ||). Then there exists an isometric

embedding 7 : L — K that fizes k, and satisfies the identity ||v|| = |7(v)| for all v in L.

PRrROOF. Let K’ be the closure of k in L. By Exercise 2.4 in Chapter 2, the set K’ is
a subfield of L and (K, || ||) is a completion of (k, || ||) = (k,| |). Because I/k is a finite,
separable extension, there exists « in [ such that [ = k(). Obviously « is algebraic
over k, and therefore « is algebraic over K'. It follows from Theorem 4.1 that K'(«) is
complete. As
| C K'(a) CL,

we conclude that K'(«) = L.

Since (K',|| ||) and (K, | |) are both completions of (k, | ||) = (k,| |), it follows from
Theorem 2.1 that there exists a unique isometric isomorphism 7 : K’ — K such that
Toog = Ok, where o/ : k — K’ and o : kK — K are isometric embeddings. As
k C K’ and k C K, we find that 7 fixes k. Obviously 7 extends to a ring isomorphism
7 : K'[x] — K[z| by letting 7 act on the coefficients of polynomials. In particular, let

go(z) =29 + 01297 + - ag
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be the minimal polynomial of a in K'[x]. Write
7(ga)(x) = 29 + 7(a1)x% ™ + - + 7(ag)

for the image of g, in K{z]. _Clearly, T(ga) is a monic, irreducible polynomial in K|x].
Let 8 be a root of T(ga) in K. Then 7 : K/ — K extends to an isomorphism

7: K'(a) = K(B)
given by

7(co-1a97  + e 20?2 + - 4 )
= 7(cQ-1)89 " +7(cq2)B°? + -+ 7(c0).

It follows that the map v — |7(7)| determines an absolute value on K'(«a) that extends
the absolute value || || on K’. By Theorem 4.1 the extension of || || on K’ to an absolute
value on K'(«) is unique, and therefore we have [|v|| = |7(7)]| for all v in K'(a)) = L.

We are now in position to combine Lemma 5.1 and Lemma 5.2 and so determine all
absolute values on [ that extend | | on k.

THEOREM 5.3. Assume that l/k is a finite, separable extension of fields, and | | is
a nontrivial absolute value on k. Let o in | generate | as a simple extension of k, and
let fo(x) in klz] be the minimal polynomial of a. Assume that fo factors into monic,
irreducible factors in K|x] as in (5.2), and let | |, for r = 1,2,..., R, be the distinct
absolute values on | defined by (5.7).

(1) If || || is an absolute value on | that extends the absolute value | | on k, then
[l =1l for some r.

(2) If (Ly,| |») is a completion of (I,] |.), and K, is the closure of k in L,, then
(K. 1) is a completion of (k| |,) = (k.| |)

(3) For eachr =1,2,..., R, we have [L, : K,] = degy,, and therefore

R
(5.8) d (Lo K] =1:k].

r=1

PrOOF. Let (K, | |) be a completion of (k, | |), write K for an algebraic closure of K,
and write (L, || ||) for a completion of (|| ||). By Lemma 5.2 there exists an isometric
embedding 7 : L — K that fixes k, and satisfies the identity ||| = |7(7)| for all 7 in
L. Hence the restriction of 7 to [ maps the generator « to one of the roots 3, in K.
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That is, 7 restricted to [ is one of the maps o, : [ — K defined by (5.1). Select r in
{1,2,..., R} so that 3, and f3, are conjugate over K. By Lemma 5.1 we have

Y= (N = lon (V)| = lor (V] = |7l

for each 7 in [. This verifies (1).

The assertion (2) follows from Exercise 2.4 in Chapter 2.

For each r in {1,2,..., R} we apply Lemma 5.2 to the absolute value | |,. on . Thus
there exists an isometric embedding 7, : L, — K such that |y|, = |7.(y)| for all v in
L,. By Theorem 2.1 the restriction of 7. to K, is an isometric isomorphism from K,
onto K. It follows that

Ly« K] = [K(Br) : K] = deg o,

for each r, and then

R R
Z L, : K] = Zdeggpr =deg fo = [l : k]
r=1 r=1

This proves (3).

THEOREM 5.4. Assume that l/k is a purely inseparable extension of fields, and | | is
a nontrivial absolute value on k. Then | | has a unique extension to an absolute value
on l.

ProOOF. Clearly we may assume that k is a field of characteristic p > 0 and therefore
| | is a non-archimedean absolute value on k. It will be convenient to use a corresponding
nontrivial valuation v : K — R U {oo}, which we define by v(a) = —log |a| for all a in k.
Thus we must show that v has a unique extension to a valuation on .

If o # 0 is in [ then there exists a nonnegative integer m such that o?” = a is in k.
Suppose that n is also a positive integer such that a?” = b is in k. We may assume that
1 < m < n and then conclude that

(5.9) b=o?" = (ozpm)p =aP
Now (5.9) implies that

(5.10) p "wv(a) = p "v(b).
Therefore we extend v to a map w : I — R U {oo} by setting w(0) = co and

(5.11) w(a) =p "v(a).
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The identity (5.10) shows that the extended map w is well defined. If « is in k then we
may use (5.11) with m = 0. It follows that w on [ extends the map v on k.

Suppose that a # 0 and 8 # 0 belong to [. Let m and n be nonnegative integers
such that both o?” = a and 517” = b belong to k. If 0 < m < n then we have

(5.12) (@B = (") (B =a" "D
Using (5.12) we get
(5.13) w(eB) =p "v(a? "b) =p ™v(a) + p v (b) = wla) + w(B).

As [ has characteristic p we also have

n—m

(a+ )P =a + 57" =a " +0,
and therefore

w(a+ ) =p "v(a? " +b)
> p~ " min {pn_mv(a), v(b)}
= min {p_mv(a),p_”v(b)}
= min{w(«a), w(f)}.

(5.14)

Then it follows from (5.13) and (5.14) that w defines a valuation on I.
Finally, we assume that w is also an extension of v to a valuation on [. If o # 0 is in
I and m is a nonnegative integer such that o?” = a is in k, then we have

m oy

w(a) =p "v(a) =p~ w(apm) = w(a).

This shows that w is the unique extension of v to a valuation on k.

Exercises

5.1 Assume that [/k is a finite extension of fields, and let | |y denote the trivial absolute
value on k. Prove that the only absolute value on [ that extends | |y on k is the trivial
absolute value on [. (Recall that we showed in section 7 of Chapter 2 that there exist
nontrivial absolute values on k(z) that extend the trivial absolute value on k.)
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6. Absolute Values on Algebraic Number Fields

By an algebraic number field we understand a finite extension k of the rational field
Q. If || || is a nontrivial absolute value on k, then by Exercise 5.1 the restriction of | ||
to an absolute value on Q is also nontrivial. Hence the restriction of || || to an absolute
value on Q is equivalent to exactly one of the absolute values in the set

{l |OO? ’|27 ||37 ‘ |57 ||77 }7

as discussed in Theorem 5.1 of Chapter 2. Then Theorem 5.3 of the present chapter
enables us to determine all the absolute values on k that extend one of the nontrivial
absolute values on Q.

It will be convenient to reformulate these observations in terms of the places of k and
Q. Let v denote a place of k, and write k, for the completion of k at the place v. If
the restriction of an absolute value from the place v to the subfield Q is equivalent to
| |oo, then v is an archimedean place and we write v|oo. In this case the completion k,
is isomorphic to either R or C, and so the local degree [k, : Qo] is either 1 or 2. If the
restriction of an absolute value from the place v to the subfield Q is equivalent to | |,
for some prime number p, then v is a non-archimedean place and we write v|p. In this
case the local degree [k, : Q] is finite. By (5.8) the local degrees and the global degree
[k : Q] are related by the basic identities

(6.1) > [k : Qo) =[k:Q] and Y [ky: Q] =[k:Q),

v|oo v|p

where the sums run over the (finite) set of all places v of k such that v|oo and v|p,
respectively.

Exercises

6.1 Prove that for each positive integer N and prime number p the ring Z[x] contains a
polynomial of degree N that is irreducible in Q,[z].

7. The field (2,

Let p be a prime number and Q, the field of p-adic numbers. By Theorem 4.2 the
p-adic absolute value | |, on Q, has a unique extension to an algebraic closure @p. Then
by Theorem 2.1 of Chapter 2, | |, has a further extension to a completion of QTp. Let
), denote the completion of Q, with respect to | |,. Obviously (£,,] |,) is a complete
metric space. Evidently we can now form an algebraic closure of 2, but in fact we
will show that (2, is already algebraically closed. This is the p-adic analogue of the
fundamental theorem of algebra, which asserts that the field C is algebraically closed.
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THEOREM 7.1. Let Q, be an algebraic closure of Q,, and let ), be the completion
of@p with respect to | |,. Then the field Q, is algebraically closed.

PROOF. Write
Op ={a€Qy:al, <1}

for the local ring in €2,. Then let
(7.1) fx) =2 + a2 Faga™ P+ tay

be a monic, irreducible polynomial in Op[z]. Write Disc(f) for the discriminant of f(z).
Because €, has characteristic zero and the coefficients of f(x) belong to O,, we find
that

0 < |Disc(f)], < 1.

Let
g(x) = 2N + bVt bV 4 by

be a monic polynomial in Q,[z]. Because Q,, is dense in €2, we can select the coefficients
b1,...,byx so that

lan, — bylp < |Disc(f)|]29 foreach n=1,2,... N.

As @ is algebraically closed there exists a point 3 in (QTp such that g(8) = 0. Clearly
we must have |b,|, < 1 and therefore |3|, < 1. It follows that

[f(B)lp = 1£(B) — 9(B)p
= ‘(CH — b1)ﬂN_1 + (az — bz)ﬁN_Q +---+ (an — bN)|p
< max{|a1 — bi|p,|az — ba|p,...,|an — On|p}
< | Disc(f)[2.

(7.2)

Using the fact that the discriminant of f(x) can be expressed as the resultant of f(z)
and f’(x), we find (see [2], Theorem 2, section 7.4, or [3], Exercise 30, section 14.6) that
there exist polynomials r(x) and s(z) in O,[x] such that

r(@)f(z) + s(z)f'(x) = Disc(f).

As
r(B)F(B)]p < [F(B)]p < |Disc(f)[2 < | Disc(f)]p,

we conclude that

(7.3) | Disc(f)lp = [s(B)f (B)lp < 1f/(B)lp-
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Combining (7.2) and (7.3) leads to the inequality

F(B)]p <11 (B)I.

Thus we may apply Theorem 3.1 of Chapter 2, and conclude that f(a) = 0 at some
point « in O,. We have shown that the monic, irreducible polynomial f(x) in O,[x]
must be linear.

Now suppose that f(x) is a monic irreducible polynomial in Q,[z] given by (7.1). For
nonnegative integers m define

Fm(m) meNf(p_mx) — I’N +a1pme_1 +a2p2me—2 4. +aNme-

If m is sufficiently large then F,,(z) is a monic polynomial in O,[z]. We also have

fl@) =p "N F,(p" ).

Thus F,,(z) is irreducible in ,[z] because f(z) is irreducible in €,[z]. By the case
already considered F,,(x) is linear, and therefore f(z) is also linear. This shows that
2, is algebraically closed.

Exercises

1.1 Let p be a prime number. Write O,, for the local ring in 2, and
M, ={aeQ,:|a|, <1}

for its unique maximal ideal. Let I, denote the finite field with p elements and
write I, for an algebraic closure of F,. Prove that the residue class field O,/M, is
isomorphic to [Fy,.
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