CHAPTER IV

HEIGHT FUNCTIONS

1. Normalized Absolute Values

Let k be an algebraic number field of degree d over QQ and let v be a place of k. Thus
v is an equivalence class of nontrivial absolute values on k. Then there exists a unique
place u of Q such that v|u. As before the places of Q are conveniently indexed by the
set {00,2,3,5,7,...}. Thus we use u to denote either co or a prime number p. If v is
an archimedean place then v|oco and if v is a non-archimedean place then v|p for some
prime p. We write k, for the completion of k at v and Q,, for the completion of Q at
u. Then k, is a local field and a finite extension of Q,. We write d,, = [k, : Q,] for the
local degree at the place v. As w is uniquely determined by v, we will also write Q, for
the completion of Q at the place u such that v|u. Alternatively, Q, is the closure of Q
in k,. We note the important identities

(1.1) d=>Y d,

vl|u

and, if a is in k,

(1.2) Normy, /g(a) = H Normy, /q, (@),
v|u

where the sum and product are over the set of all places v of k such that v|u.
Next we select two absolute values from the place v. The first is denoted by || ||, and
defined as follows:

(i) if v|oo then || ||, is the unique absolute value on k, that extends the usual
absolute value on Q.,

(ii) if v|p then || ||, is the unique absolute value on k, that extends the usual p-adic
absolute value on Q,.
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2 IV. HEIGHT FUNCTIONS

The second absolute value is denoted by | |, and defined by |z|, = Hx||g“/ “ for all x
in k,. If uis a place of Q then || ||, = | |.. However, for a number field &k of degree
greater than 1 over Q the fraction d, /d is often less than 1, and then || ||, and | |, are
distinct but equivalent absolute values on k,. The absolute values || ||, are usually more
convenient for making calculations and estimates. For example, if v is archimedean then
the triangle inequality using || ||, is sharper than the triangle inequality using | |,. The
absolute values | |, are important because they appear in the product formula. Also, the
absolute values | |, are used to define absolute height functions, that is, height functions
that are well defined on the field Q of all algebraic numbers.

If v is an archimedean place of k and d, = 1, then the pair (k,,| ||,) is isometri-
cally isomorphic to (R, || ||s). If dy = 2 then (k,, || ||») is isometrically isomorphic to
(C, || |loo). If v is a non-archimedean place of k then v|p for some prime number p,
and k,/Q, is an extension of degree d,,. In both cases we know that || ||, has a unique
extension from the local field k, to an algebraic closure k,. Then || ||, has a further
unique extension to a completion €, of k,. Of course the same remarks apply to the
absolute value | |,,, which also has a unique extension to ko, and then to €.

The simplest situation occurs if v is an archimedean place. Then (k,, || ||,) is isomet-
rically isomorphic to (C, || ||eo) and so k, = €2,,.

If v is a non-archimedean place of k then k, is algebraically closed but not complete,
and €, has infinite transcendence degree over k,. Of course 2, is complete with respect
to the metric topology induced by the extended absolute value || ||,,, and we proved in
Theorem 7.1 of Chapter 3 that €2, is algebraically closed. Thus (2, is a non-archimedean
analogue of the complex numbers.

If u is a place of Q then at each place v of k such that v|u we have

(13 Jall, = | Normg, g, @)1/ for x € k.
and therefore
(1.4) |z, = | Normy, /g, (z)|1/? for z € ky.
If @ is in k then « is in k, at each place v of k, and (1.2) implies that
(1.5) [ lal = [Normy,g(e)]./*.
vlu

We say that a property holds for almost all places v of k if it holds for all but finitely
many places v. For example, if o belongs to k™ then Normy () is a nonzero rational
number, and therefore (1.5) implies that

(1.6) ITlal =1
v|u

for almost all places u of Q. In fact rather more can be proved.
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THEOREM 1.1 (THE ProbpuUCT FORMULA). If a belongs to k* then |al, = 1 for
almost all places v of k, and

(1.7) H lal, = 1.

PROOF. Let
fa(@) =2 + a1z taz¥ P4 4ay

in Q[z] be the minimal polynomial for a over Q. Obviously the set of primes that occur
in the numerator and denominator of the nonzero coefficients of f, is a finite set. Thus
we have

(1.8) |falp = max{1, |ai[p, [az]p, ..., Jan|p} =1

for almost all prime numbers p. If (1.8) holds for some prime p, then it follows that
|al, <1 for all places v such that v|p. Then (1.6) implies that ||, = 1 for all places v
such that v|p. Thus we get |a|, = 1 for almost all places v of k.

By our previous remark only finitely many factors in the product on the left of (1.7)
are different from 1. Thus there is no question of convergence. We combine (1.5) and
the product formula in Q. In this way we conclude that

rv[|a|v=H{H|a\U}

U v|u

1/d
= {H|N0rmk/Q(o¢)|u} =1,

where ], denotes a product over all places u of Q.

Let [/k be an extension of algebraic number fields. Then each place w of [ determines
a unique place v of k such that w|v and [, /k, is a finite extension of local fields. As
before, the degree of the extension [/k is the sum of the local degrees, or more precisely

(1.9) k] = [« k),

wlv

where the sum is over all places w of [ such that w|v. If « is in [ then, analogous to
(1.2), we have

(1.10) Norm;, (a) = H Normy, /, ().

wlv
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Because || ||, is an extension of || ||,,, the analogue of (1.3) is
(1.11) |z|lw = || Normy, /5, (2 Y| ekl for 2 e 1.

Next we use (1.11) together with

lw: Qo] = [l : ko][kw : Qy] and [1:Q] =[l:k][k: Q).
In this way we obtain the identity
|| ||x|| w:Qu]/[1:Q]

(1.12) = || Normy,, /., (x)||1[]kv:@v]/[l:@}
= | Normy, s, ()| ER for x € 1.

Plainly (1.12) is the analogue of (1.4) for the extension l,,/k,. Combining (1.10) and
(1.12) we find that

(1.13) [ ok = |Normy i ()] B4 for o €1,

w]|v

and this is the analogue of (1.5) for the relative extension [/k. If a belongs to k then
Normy /1, (@) = a*). In this case (1.13) becomes

(1.14) [Tl = laf, for ack.

w|v

THEOREM 1.2. Let a belong to Q and let fo(x) in Q[zx] be the minimal polynomial
for a over Q. Then the following are equivalent:

(1) the minimal polynomial fu(x) belongs to Z|x],
(2) there exists a monic polynomial g(x) in Z|x] such that g(a) = 0,
(3) the ring Z|a] is finitely generated as a Z-module,
(4)

if a belongs to an algebraic number field k, and v is a non-archimedean place of
k, then |al, < 1.

PROOF. It is trivial that (1) implies (2).
Assume that (2) holds, and write

g(x) =M £ oM 4 b2 1 by,

where by, bo, ..., by are integers. Then the Z-module generated by {1, a,a?,...,aM~1}

contains

M

aM = —p oMt —pyaM2 —

-~ bar.
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Using induction on N, we find that the Z-module generated by {1,a,a?,..., o™~}
contains oV for all N > M. This verifies (3).

Assume that (3) holds, and let v be a non-archimedean place of a number field &k that
contains . Let Z[a] be generated by (1, 32,..., 0. Then every element ~ in Z[«a| can

be written as
y=c1P1+cfr+ - +eLbr
with integers c¢1,ca, ..., cr. It follows that
‘7’0 < max{\ﬁﬂv, ‘ﬁZ'U? ce ’ﬁL|v} =B
is bounded for all v in Z[a]. In particular, we get
@], = ol < B

for each positive integer N, and we conclude that |a|, < 1.
Assume that (4) holds, and let

(1.15) fa(z) =2V gV a4+ tay
in Q[z] be the minimal polynomial for a over Q. Let k be the algebraic number field
generated over Q by the roots of f,. Write @ = aq,as,...,an for the roots of f,, so
that
N
(1.16) fale) = [ (= — an)
n=1
in k[z]. Tt follows that each coefficient a,, can be written as
(1.17) an = (-1)" > e,

J1<j2<-<Un
Then for each non-archimedean place v of k we get
(1.18) lan|y < max{|ajaj, - aj vt <jo < <jgn} <L
Finally, for each prime number p the identity (1.5) and (1.18) imply that

|anlp = H |anls < 1.
vlp

That is, each rational coefficient a,, is an integer.

An algebraic number a in Q is called an algebraic integer if it satisfies one, and
therefore all, of the four conditions in the statement of Theorem 1.2. If both « and (3
are algebraic integers then it follows using (4) of Theorem 1.2 that o + § and a3 are
algebraic integers. Thus the set of all algebraic integers in Q is a subring, and of course
it contains the element 1. If k£ is a number field we often write Oy, for the set of algebraic
integers in k. In view of Theorem 1.2, we have

(1.19) Or = {a €k :|al, <1 for all non-archimedean places v of k}.

Then it follows from (1.19) that Oy is a subring of k& that contains 1. For example, the
subring of algebraic integers in Q is Z.
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THEOREM 1.3. Let a belong to Q and let fo(x) in Q[z] be the minimal polynomial
for a over Q. Then the following are equivalent:

(1) the minimal polynomial f.(z) belongs to Zlz] and f,(0) = 1,
(2) if a belongs to an algebraic number field k, then « belongs to Oy and
(1.21) Normy, /g () = +£1,
(3) if a belongs to an algebraic number field k, and v is a non-archimedean place of

k, then |af, =1,
(4) both o and = are algebraic integers.

PROOF. Assume that (1) holds and let « belong to an algebraic number field k.
Then « belongs to Oy by Theorem 1.2, and (1.21) follows from (1.11) in Chapter 3.

Assume that (2) holds. By Theorem 1.2 we have |a|, < 1 at each non-archimedean
place v of k. And (1.5) implies that

T el = [Normyg(a)|s = 1.
v|oo

Clearly a # 0. If |a,, < 1 at some non-archimedean place vy of k, then we would have
H laf, < 1.

But this contradicts the product formula (1.7), and it follows that |«|, = 1 at each
non-archimedean place v of k.

If (3) holds then (4) is obvious.

Assume that (4) holds, then the minimal polynomial f,(z) of a over Q belongs to
Z|x] by Theorem 1.2. Similarly, the minimal polynomial f,-1(z) of a~! over Q belongs
to Z[z]. Suppose that deg f, = N. As Q(a) = Q(a™1), we also have deg f,—1 = N. We
find that these polynomials are related by the identity

(1.22) 2N fo(271) = fa(0) famr (z).
In particular, (1.22) implies that
1= fa(0)fa-1(0).
Because both f,(0) and f,-1(0) are rational integers, we have f,(0) = +1.

An algebraic number « in Q is called an algebraic unit if it satisfies one, and therefore
all, of the four conditions in the statement of Theorem 1.3. Clearly the set of algebraic

units in Q is a subgroup of the multiplicative group @X. If k£ is a number field we write
(1.23) Up ={a €k:|al, =1 for all non-archimedean places v of k}.

for the multiplicative subgroup of units in the ring Of. Of course the group of units in
7 is {£1}.
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THEOREM 1.4. Let o belong to the multiplicative group @X. Then the following are
equivalent

(1) « is a root of unity, that is, o is a torsion element in the group @X,

(2) if a belongs to an algebraic number field k, then |a|, = 1 at every place v of k.

PROOF. Suppose that « is a root of unity, so that o™ = 1 for some positive integer
m. If a belongs to an algebraic number field k, then

L= [, = |afy"

at every place v of k. Thus we must have |a|, = 1 at every place v of k.

Assume that (2) holds. If I/k is an extension of algebraic number fields then it is
clear that (2) also holds with k replaced by I. Let [ be a splitting field for the minimal
polynomial f,(x) of a over Q. Then [/k is an extension of algebraic number fields. Let
the minimal polynomial f,(x) be written as in (1.15), (1.16), and (1.17). Of course
fa(x) belongs to Z[z] by (2) and Theorem 1.2. Using (2) and (1.18) we find that

N
lanlw < >, 1< <n> <2V
J1<g2<<Jn
at each archimedean place w of [. That is

(1.21) lanlloo < 2%

for each n = 1,2,..., N. Thus the minimal polynomial f,(z) is contained in a finite

collection of at most (22V + 1)N polynomials in Z[x]. Tt follows that there are at most
finitely many elements 3 in the field & that satisfy the condition

(1.23) |Bl, =1 for all places v of k.

Because « satisfies (1.23) it is obvious that o! satisfies (1.23) for every positive integer
[. Thus we must have a! = o™ for distinct positive integers { and m. This shows that
a is a root of unity.

2. The Galois Action on Places

In this section we assume that [/k be a Galois extension of algebraic number fields.
Then we write G = Aut(l/k) for the Galois group. Thus each element of G is an
automorphism o : | — [ that fixes k, |G| = [ : k] and

I={acl:ca=a}=k.
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Let v be a place of k and w a place of [ with w|v. Then each ¢ in G determines a map
(2.1) a— |lo el

that is easily seen to be an absolute value on [. Because o fixes k, the absolute value
(2.1) extends the absolute value || ||, on k. Therefore (2.1) determines a unique place
of [ and we write ow for this place. Obviously we have cw|v. Alternatively, ow is the
unique place of [ such that

(2.2) lo™ allw = [|a|lew for all a € L.
Next we observe that for 0 and 7 in G and all « in [ we have
el (oryw = l(07) " t]luy
=l o allw
= o~ allrw
= llallo(ra)-

This shows that w — ow defines a group action of G on the set of all places w of [ that
satisfy w|v. That is, if we define

Wy, =W, (l/k) = {w : w is a place of k, and w|v},
then the Galois group G = Aut(l/k) acts on W,,.
If w belongs to W, then the stabilizer or decomposition group of w is the subgroup
Gy ={0€G:ow=w}.
We note the important identity
Grpw ={0€G:omw=rTW}
(2.3) ={occG:77'0r € Gy}
= 7GWT L.
If o is in G and a1 and ay are in [, then from (2.2) we have
locn = oaellow = [lon — @zfw-

Thus the automorphism
o (L1 w) = G low)

is an isometry with respect to the metric topologies induced by || ||, and || ||5w. Obvi-
ously the same remark applies to

o (L low = (0] [lw)-
It follows that ¢ has a unique extension to a continuous automorphism

(2.4) 7 (Lus || [lw) = Uows || [low)-

As o fixes k, it is clear that & fixes the closure k, of k in [,. If o belongs to the
decomposition group G, then 7 is an element of the Galois group Aut(l,/k,) and so
o0 — @ defines an injection of G, into Aut(l,,/k,).
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THEOREM 2.1. Letl/k be a Galois extension of algebraic number fields and v a place
of k. For each place w in W, the finite extension l,,/k, is Galois and the map o — &
is an isomorphism of G, onto the Galois group Aut(ly/ky). Moreover, G = Aut(l/k)
acts transitively on the set W,, = W, (l/k).

PROOF. At each place w in W,, we have
(2.5) |Gw| < [Aut(ly/ky)| < [l @ kol

Now select a place w in W, and then let 01,09,...0; be a complete set of distinct
representatives for the left cosets of G in G. Then

{ojw:5=1,2,...,J}

is a collection of J = [G : Gy] distinct elements of W,. In view of (1.6) and (2.3) we
have

J
Gl =[G : GallGal = ) |Goal
j=1

(2.6)

<

J

J
Loy ko) < > [lw ko] = [1: k] = |Gl.

=1 weW,,

It follows that there is equality throughout the inequality of (2.6) This shows that there

is equality in the inequalities (2.5) for each extension [, /k,. Hence these extensions

are Galois and ¢ — @ is always an isomorphism. The fact that there is equality in the

second inequality of (2.6) verifies the assertion that G acts transitively on W,.

COROLLARY 2.2. Let l/k be a Galois extension of algebraic number fields and v a
place of k. Then for each place w in W, for each o in Aut(l/k) and each o in I, we
have

(2.7) o7 )y = |agw-

PROOF. By the theorem the two local degrees [l,, : k| and [l,, : k] are equal.
Therefore the identity (2.7) follows immediately from (2.2).
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3. The Absolute Weil Height

We return to the general situation in which [/k is an extension of algebraic number
fields, but not necessarily a Galois extension, and v is place of k. It will be useful to
have a slight modification of (1.11), namely,

(3.1) [[max{1, |afw} = max{1,|al,} for a € k.

wlv

To verify (3.1), observe that if |a], < 1 then |a|, < 1 for all places w of [ such that
w|v, and so (3.1) is trivial. If 1 < |a|, then 1 < |al,, for all places w of [ such that w|v,
and (3.1) follows from (1.11). In view of (3.1) we have

(3.2) [[max{1,|afw} = [ max{1,|al,} for a €k,

where the product on the left of (3.2) is over all places w of [, and the product on the
right of (3.2) is over all places v of k. Therefore we define the absolute Weil height (or
simply the height)

h:Q — [1,00)

as follows: if av is an algebraic number we select an algebraic number field k that contains
«, and then we define

(3.3) h(a) = [ [ max{1, |al,}.

For example, we may select k = Q(«). If [ is an algebraic number field that also contains
a, then [/k is an extension of number fields, and (3.2) shows that h(«) is well defined.
In particular, the right hand side of (3.3) does not depend on the field k. That is, h(«)
can be computed using (3.3) and any algebraic number field that contains «.

The function h defined by (3.3) is a multiplicative height. We will sometimes find it
convenient to use the additive version, which is simply log A(«) in our notation. Thus

we have
log h(a) = log* |al,

for all o in Q. If « is not zero then another expression for the height of « is

(3.4) 2logh(er) = [loglal.| ..
This follows by adding together the two identities

Z‘log |a|”’oo = Z { log™ la], + log™ |oz\v}

v v
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and

0="> loglal, =Y {log* |al, —log™ |al,}.
As an immediate application of (3.4) we get
(3.5) log h(a™) = |m|x log h(a) where o # 0 and m € Z.
In particular we note the special case
h(a™!) = h(a).

It is easy to compute the height of a rational number. Suppose, for example, that
a =r/s, r and s are integers, gced(r, s) = 1, and 1 < s. Using the product formula in Q

we find that
h(r/s) = Hmax{l, |7/s|u}

— (H |s|u> (H max{1, |7°/S|u})
= Hmax{|7“|u, Ele

Because of the condition ged(r, s) = 1, we have max{|r|,,|s|,} = 1 at each finite place
u = p. It follows that

(3.6) h(r/s) = max{|r|so, |$|oo }-
LEMMA 3.1. If ay,qq,...,an are algebraic numbers, then
N
(3.7) h(ag + az+ -+ ay) <N [] hlon).
n=1
and
N
(3.8) h(ajas...an) < H h(aw,).
n=1
PROOF. Let k£ be an algebraic number field of degree d over Q that contains all of
the numbers aq, as,...,ay. At each finite place v of k we have
max{1l,|a; + a2 + -+ + an|}o} < max{1l, max {|ou |y, |az]v, ..., |an|s}}
(3.9)

N
< I maxf1, Janlo}-
n=1
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If v is an infinite place of k then

max{l, [lar +az + - +an|o} <max{l,[lofl, +llagflo +--- + lanlo}

N
<N H max{1, [[ay[v}-
n=1

Therefore

N
(3.10) max{L, o1 + az + -+ + anl} < N®/ ] max{1, [on].},

n=1

where d, = [k, : Q,] is the local degree. The bound (3.7) follows now using (1.1), (3.9)
and (3.10).
The inequality (3.8) is an immediate consequence of the local inequalities

max{l, |ayas...an|,} < H max{1, |ay,|,}

which plainly hold at each place v of k.

LEMMA 3.2. Assume that k be an algebraic number field of degree d over Q and let
S be a subset of places of k. If a is an element of k> then

(3.11) h(a)™ < ] lel < ()

veS

If a1 and ag are distinct elements of k then

(3.12) (2h(a1 Ozg < H |Oz1 — a2|v ~ (2h(a1) (ag)).

veS

PROOF. The upper bound in (3.11) is immediate from

[T leds < T max{1,|al,} < h(a).

veS veS

Then the lower bound in (3.11) follows because

[T le e < ha™) = h(a).

veS
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Finally, (3.12) is a consequence of (3.7) and (3.11).

It is instructive to restrict the domain of the map a — log h(«) to the multiplicative
group @X. Then we have
logh: Q" — [0,00).

It follows from Theorem 1.4 that
{ae Q" :log h(a) =0} = Tor(@x)
is the torsion subgroup of Q. From the definition (3.3) we find that
log h(a) = log h(a()
whenever a belongs to @X and ¢ belongs to Tor (@X) This shows that
(3.13) a — log h(«)

is well defined on cosets of the quotient group @X /Tor (@X ) Write G = @X /Tor (@X),
so that logh : G — [0,00) is well defined and satisfies log h(a) = 0 if and only if « is
the identity element in G. Then it follows from (3.8) that the map

(3.14) (a, B) — log (6" )

defines a metric on the group G. Obviously this metric induces a metric topology in
(. By arguing in a manner similar to that which was used to establish the existence
of completions, we can also show the existence of an Abelian topological group G such
that G C G is a dense subgroup, the map (3.13) extends to a continuous map on G, and
the extended map (3.14) defines a metric on G that induces its metric topology.

4. Projective Heights

Let k be an algebraic number field of degree d over Q. At each place v of k we write
k, for the completion of k at v and d, = [k, : Q,] for the local degree. Our objective
here is to define a system of norms on the finite dimensional vector spaces QY+1! for
each positive integer N. As before, €, is the completion of an algebraic closure k, and
we recall that 2, is both a complete metric space and an algebraically closed field. Let

Zo
X1

TN
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denote a (column) vector in QY. Then we define || ||, : QYT — [0, 00) by

max ||z, || if v {0
n

4.1 v = N
-y =l (3 leal?)” it .
n=0

It is obvious that || ||, is a norm on QY *! with respect to the absolute value || ||,. It
will be convenient to define a second norm | |, : QN1 — [0, 00) with respect to the
absolute value | |, by setting

)y = (lll,) "

We have used the same notation for norms and absolute values, but this should not
cause confusion because norms are applied to vectors and absolute values are applied
to scalars.

If £ # 0 is a vector in KV +1\ {0} then & belongs to KN+ C QN+1 at each place v of
k. As € has finitely many coordinates and at least one coordinate is nonzero, it is clear
that |£], = 1 at almost all places v. Therefore, we define the height function

H: N1\ {0} — (0,00)

by

(4.2) H(g) =]] ¢l

v

If @ # 0 is in k then from the product formula we get the basic identity

(4.3) H(ag) = [T la¢l. = (TTlal) (TT 1€l ) = H(E).

Of course (4.3) shows that H is well defined on the N-dimensional projective space

PN (k). Since we may select a representative of each vector in PV (k) that has at least
one homogeneous coordinate equal to 1, we also find that

H :PN(k) - [1, 00).
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5. Heights on Polynomials

In this section we consider several functions that measure the size or complicatedness
of a polynomial in different ways. We restrict our attention here to polynomials in one
variable, but later we will consider similar questions for polynomials in several variables.
To begin with we define a local measure of size at each place v of the number field k.
Then we define corresponding global measures of complicatedness for polynomials with
coefficients in k by taking a product over all the local measures. Because of the way we
have normalized the absolute values | |,, the global functions are absolute. That is, they
do not depend on the choice of an algebraic number field within which these measures
can be computed. Thus they are well defined on the polynomials in Q(T).

Let v be a place of the algebraic number field k, and

(5.1) f(T) =agT* +a,T* ' +...ap 1T +ap, where ag # 0,

a polynomial in the ring ,[T] that is not identically zero. Because €2, is algebraically
closed, f factors in Q,[T] as

(5.2) f(T) = ao H(T — ),
=1

where a1, s, ...,a  are the not necessarily distinct roots of f in €2,. We define the
local Mahler measure of f by

L
(53) HU(f) = |a0|vaaX{1u|al|v}'
=1

It follows immediately from (5.3) that the local Mahler measure is multiplicative. That
is, if f and g are not identically zero polynomials in €, [7T], then

(5.4) 1o (f9) = po(f)1u(9)-

Another obvious measure of the size of f(T) is the norm of its vector of coefficients. We
therefore define the local height of the polynomial f(T") by

mlax]al|v if v 100

L N\do/2d
(3 laal2) ™ if el
=0

where d,, = [k, : Q,] is the local degree and d = [k : Q] is the global degree. A further
useful measure of size is the local sup-norm on the unit ball of €2,,, which we define by

(5.5) Hy(f) =

(5.6) vy(f) = sup{|f(2)|o : 2 € Q, and |z], < 1}.
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Finally, we will find it convenient to define
(5.7) N(f)=>_1

1=0

a;#0

so that N(f) is the number of nonzero coefficients of f.

LEMMA 5.1. Let f be a polynomial in Q,[T] that is not identically zero. If v { oo
then
(5.8) po(f) = Hy(f) = vu(f),
and if v|oo then
dy
59) log Hy(f) — — deg(f) log 2 < log 11, (f) < log H,(f)
5.9
dy
< logwy(f) <log Hy(f) + 57 log N(f).
PROOF. Assume that v{oo. For m =0,1,2,...,L, let
em(ti e, st) = Y taytn,cotn,
nE<ng<--<NMm
denote the m-th elementary symmetric polynomial in variables ¢1, s, ..., t7,. Then (5.2)

implies that

L
(510) f(T) = ao Z(_l)lel(ala ag,. .. 7aL)TL_l‘
1=0
For each m =0,1,2,..., L we have
|am|o = |aolv|em (a1, o, ... ap)ly
< |aply max{|am, Oy -+, o 11 <M < s < npy b

L
< lagly | [ max{1, |eulv}
=1

= Ko (f)7
and therefore H,(f) < p,(f). Next we define

Ro=4{2€Q:|z], <1} and M, ={z€Q,:|z], <1}
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Then R, is an integral domain, M, is the unique maximal ideal in R,,, and the residue
class field R, /M, is infinite. As the set of roots of f in €, is finite, there exists a unit
¢ in R, such that

I — aq]y, = max{1,|qy|,} foreachl=1,2,... L.

It follows that
po (f) < 1F (O] < w(f).
Of course for any point z in R, we have
1£(2)]o = |aozt +a12z" "t + .. .ap_1z 4+ arl,
< max{|aoz” |y, a1z Yy, ... 210}
<max{|a|, : {=0,1,2,..., L}
= H,(f),

and this shows that v, (f) < H,(f). Thus we have established the successive inequalities

Hv(f) < ,uv(f) < Vv(f) < Hv(f)v

and this proves (5.8).
For the remainder of the proof we assume that v|co. Then for each integer m =
0,1,2,..., L we have

lem(an, 0, an)le € S0 @ - o

ny<ne < <N

IA

L
. max{ ||, an, -, o i1 <ng < o < My}

< (i) lljma"“’ el

Using (5.10) we get

L L
S Nl = laolz Y llem(ar, az, - an)|?
=0 m=0

(5.11) < (i (;)Q)Haou?,ﬁmax{l,Hauz}

m=0

2L 2 = 2
o Jllaoll? T [mas{L. fla3}.
=1
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and then (5.11) implies that

2L\ "/ doL/d
mn< (L) ml <2 ),

and this verifies the first inequality on the left of (5.9). Next we write
U, ={z2€Q,:]|z], =1}

for the compact, multiplicative group of units in €2, and let A, denote a Haar measure
on this group normalized so that A(U,) = 1. From Jensen’s formula, Jensen’s inequality
and Parseval’s identity, we have

L

log [laollo + ) log™ [, = / log [|f(2)llv dAv(2)

=1 Uy

IA

sioa( [ IIE an2)

- glog(i Jau]2)
=0

< log(sup{|| f(2)||o : z € Up}).

(5.12)

Thus (5.12) shows that

log 11, (f) <log H,(f) < logu,(f).

The remaining inequality on the right of (5.9) follows from Cauchy’s inequality:

supFIE = €t} < (3 laill)
(5.13) =0

L
<N Nl
1=0

and then raising both sides of (5.13) to the power d,/2d.

Again let f be a polynomial in €, [T given by (5.1) and (5.2). For each nonnegative

integer n we write
d\"
D — !*1<—) .
)\ ar
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for the corresponding differential operator. And we note the simple identity

(5.14) (D" fU(T) = ial(l):ﬂ—”.

n
l=n

Now suppose that f is given by (5.1) and (5.2), and f has coefficients in k. Then
f belongs to Q,[T] at all places v of k. As the set of coefficients of f is a finite set of
algebraic numbers, it follows that H,(f) = 1 for almost all v. Then (5.8) shows that
o (f) = vu(f) = 1 for almost all v. Therefore we define the global Mahler measure p(f),
the global height H(f), and the global sup-norm v(f) by

(5.14) u(f) =[]m(f), H)=]]H (). and v(f)=]]w(f)

respectively. Because of the way we have normalized the absolute values || ||, and | |4,
the global functions 1, H and v do not depend on the number field k that contains the
coefficients of f. Thus we may regard them as positive real valued functions defined on
the not identically zero polynomials in Q[T)]. If « is a nonzero algebraic number then it
follows from the product formula that

plaf) = p(f), H(af)=H(f), and v(af)=wv(f).

Hence each of the functions p, H and v is well defined on finite dimensional projective
spaces over Q, where we identify a polynomial with its vector of coefficients.

LEMMA 5.2. Let f be a not identically zero polynomial in Q[T]. Then we have

(5.15) log H(f) — deg(f)log2 <logu(f) <log H(f) <logv(f) < 2log H(f).

ProoF. By summing the inequalities in Lemma 5.1 over all places v of k, we find
that

log H(f) — deg(f)log2 < log pu(f) < log H(f) <logv(f) <log H(f) + 3log N().
To complete the proof we will show that
(5.16) slog N(f) <log H(f).

. From the product formula we have

L L

(5.17) N =S (TTHal?) < { TT o 3 (TT aal?)

= vfoo =0 wloo
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Since ), ., dv/d = 1, we may use Hélders inequality to obtain

ZLXH |al|3> < H(Zm 24/ >dv/d

(518) =0 wl|oo vloo 1=
- H(Z fali2)” = TT (2
vljoco I= v|oo

Now (5.16) follows by combining (5.17) and (5.18).

If « is an algebraic number and k£ is an algebraic number field then there exists
a unique monic, irreducible polynomial f,(z) in k[x] with f,(a) = 0. Suppose that
deg(fo) = L, write @ = a; and let g, ag, ..., denote the remaining roots of f, in a
splitting field [/k. In view of (2.7) we have

h(ay) = h(az) =--- = h(ayg).

Therefore the height of o and the global Mahler measure of f, are connected by the
basic identity:

log p(fa) = Y log puo(fa) = ZZlog el

<

(5.19)

h

Zlog h(a;) = deg(fo)log h(a) = [k(a) : k]log h(«).
=1
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