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DIAGONAL EQUATIONS OVER FUNCTION FIELDS

José Felipe Voloch

Abstract: Let & be a function field in one variable over € and
-:::1,...,.zm1E: non=-zerg elements of &, swuch that b is linearly
independent from o .....,a ~ over . We show that for =
sufficiently large, the equation En.r -:::,:c:E = b has no non=-

=1 i
comstant solutians in  E.

§1. Introduction

Let ¥ be a fumction field in one variable aver &. In
[51, Silverman proved that, if 4,b,e, are non-zero elements
of X then for max{m,n} sufficiently large the Cassels-Catalan
equation am”+bym = e has no non-constant solutions in . This
result was generalized by Newman and Slater to equations
1.“'1?” :11..:: = h, for m arbitrary, when ¥ = £(t). The main result
of this paper is Theorem 1 below which generalizes the results
mentioned above to m arbitrary and £ arbitrary. We also prove
two other results by the same method which deal, respectively,
with diagonal equations for subrings of integral functions of K

and unit equations.

For = € X, = £ ¢ we define deg = = [K:@({x)], and if
r E L we put deg # = 0. Thus deg = 1is the number of zeros
{or poles) of = counted with multiplicities.

The results are the following

Theorem 1. Let X be a function field in one variable aver

and  a,y..

.,.::_q+.’.'a non-zero elements of X, such that & is
linearly independent from @ yeeead,  DVEr £, If wn is
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EQUATIONS OVER FUNCTION FIELDS 31

The proof of the above results will he given in §3. It is
2 generalization of the methods of [yg]. where they employ
Wronskians of E]mr,,...ﬂmxz. for solutions £y aeeaz o of (1),
In our case we use the theory of Weierstrass points of projective
embeddings as is given for example in [r] or [s¥V]. The results
of this theory are proved by using Wronskians; however, by wsing
only the results we avoid explicit mentian af Wronskians in this
paper. The results we need on Weierstrass points will be stated
in §2.

§2. Weierstrass points

In this section we state the results fram the theory of
Weierstrass points we need. Proofs far these results can be found
in [z] or [5]. We follow the notation of [5V].

Let ¥ be as in §1 and let ¥ be the algebraic curve [or
compact Riemann Surface) with X as function field., If P EX we
denote by UF the valuation of & . associated to P.

Let 4: X + F be a morphism, which we assume to be non-

degenerate; i.e., ¢(X) is not contained in a hyperplane. By
1=l

choosing coordenates in ™, 4 1s given by (f]:...:fﬁj, with

fi E ¥ for all <. So if p 6 ¥ and + is local parameter at p,
2 @

#lp) = (e Pr (pdior £ Pro(p)) where e, - min{e (), (5,0

We define the divisor & on ¥ by E = é ¢ p, This
L

¥ F
depends only on ¢ and we define deg ¢ = deg F = E e_. If
pExy F

¢ 1s an embedding, deq ¢ = deg () (the degree of 4(x) as

a curve on .thl}.
m
Far p E X, the set {upf Pons Pe)| a; € m} consists
T

of » dntegers 0 = d, = j] £ . J < deg 4. ([The ji depend
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EQUATIONS OVER FUNCTION FIELDS i3
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&§3. Proof of the results

We start by proving Therem 2. Let & be as in §2,

Tyweccaz A solution of (1) satisfying the hypotheses of Theorem 2,
and ¢: ¥ + "' the morphism given by [a]xT:...: nnx:} which is
nan-degenerate by hypothesis. The plan of the proof 1; ¥1r5t to
find lower bounds for u¢{p] for p E ¥ and then deduce Theorem 2
from (3).

Te find lower bounds for H¢iFJ assume first that p E &5,
and let I — {1,...,m} be the set for which = [Ei] =0 if and
only if < € r. It follows from (§) that

w¢fP] > ﬁgr inup{mii + Ep-im-:}] -

&

e
) n=m+ilo (z.1 + [T |e_ = -m+ijy_(z.)] + |T_|e_.
z 'I:'-éf_ { ) p[ ij . F'l p iE]{n m+ 1) p':;'l:_l!-] . pl o
F
Since |I_ | «m we get
P
[l
w,lp) 2 (n-me1) igl vole;) & me (6)

If p & 5, define <{p) such that
n M .
Yl (p)®i(py) E Pplagmils TS

To bound m¢{p] for p B & we make a change of

coordinates in P™ ' such that ¢ is given by {ﬂlm?h..rhh..:%;E
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EQUATIONS OVER FUNCTION FIELDS 35

- ”éﬁh’p[-?:]l to..* ﬂpl:ﬂm] + up{E.-}]' =deq 7 + .., + deg a +deg b = g,
we obtain
tr s
-|lm=-1 F T:_J - 5 o n PR Wi fa 9y P .
l: Jpﬁ;}' =1 ple! E,ES er[ ilp) ;‘[p}} - (2g-2+lzl) + &

To complete the proof of Theorem 2 its suffices now ta

prove that
[r.:-ri'.‘ {m=1 :Ij max deg _th. =
n v I
< =(ma=1) Poumlx) - 2oL, ', + u. 8
) uéﬁ T vk s ! i(p)%2(p)) * ! (8)
To prove (&) let J be such that deg z_ > deg ..
- A T
L= by, ... A% E v {z.) < deg =. we have ¥
nEs FOOF t
? Lo (e ) <m degs, . {9)
1 g

i=l pgy F
By definition of <{p) we have

¥ Lo
Pp 8T € P (A ey )

Let 5, be the subset of & where =. has poles. Then

il

nodegas = - w (2h) = - F u (g™ ¢ 1 v (a,
4 PEs. ot bEg, LP a;.':':;l} PES PI: ;.'] <
< = ?ora, z" I
- Pgﬂl P': 1-I:,F-':| T'{.F']} + pggl Lﬁ{'ﬂj] (10)

Let &. = E 5 ) .=t 0 -
< P |Lptq1{1ﬂ}tfp3]i boand 5, -85, then

[

!
€

» -ﬂg:l:zi{p}ril:p?] fpé&,f‘l&"g ) up{aﬁ{p]‘mz{p}j

-
2y

<k TP ) ()

F
=
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EQUATIONS OVER FUNCTION FIELDS a7

ash Theorem 2 gives

F - F 1= '
[r?—r:':'l:-'.'!—]}]de-g ., = “"_iu degq x. o+ mim=y ) {g=-1}) + [” it + 2,]:5,
o E 4
(14}
Hence 1f =« 15 s0 large that

mim-1}{g-1) + [Elﬂfll +:]H

< 1,

v o= m{w-:é{m+9j

=
1]
[
=
]

0. S0 deg z. =10 for < = 1,.,_ ,n, and r. & & for
. which 15 impossible by hypothesis,

poromoa ghl

He now prove Corollary 3. In the case =n - 7, Jet
. . = 1 )
T AT 4T, be an Z-integral solution of (1} If ﬁle, uEI;, @, @
are linearly independent over &, the result follows fraom Theorem 2.

L 13 :rll ]
S0 we may assume that a1r?. :Qm:, dayx, are linearly dependent
; n # n
over . We claim that two among @ L, duw,, @,z are linearly

independent. For, otherwise, we have that uzmz = n alr?.
aﬂm? = B a1x?. say. If o # 0, a,fa, 15 an m=th power, which
contradicts the hipothesis, so a = 0, S5imilarly, & = 0. But
then, almT = & so0 a,/b 1is an n=th power, which again contradicts
the hypothesis and proves the claim.

We may then assume that almf, azxf are linearly independent

over ¢ and

a,xy = aax, ¢ Baz;, 0,B6 C (15)
then . "
{(1#a)a = + {1+4g)az e, = b (16)
If (s+a)(u+8) # 0, we can bound deq =,, deg =, from

Theorem 2 applied to {16) and so bound deg =i from {15). The
first part of Corollary 3 will be proved if we show that
(1#5){(1+8) # 0. But, if 14x = 0, say, then 1+f £ 0, since
B# 0y so it follows from (16) that B&/a, = {l+ﬂ]¢? is an #n-th
power, which contradicts the hypothesis and shows that (1+a)[1+B)#0
as desired.

The proof of the second part is similar. One has to use
the proof of Theorem 2, especially inequality (14),
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- f ( = = 7 v {u.
ots, P ite)) f kg Yoty

and this ineguality together with {17) and (18) give Theorem 4,

Remark: Theorem 4 has applications to several equations over
function fields like norm form equations and those considered by
vojta ([v]), i.e., those equations which define a variety whose
divisor at infinity has many irreducible components,

The methods of this paper apply also to eguation like

",
) g.x.° = & and some other equations r{x].....xmj = Lk where ¢

has "few" monomials.

References

(] Laksov, D., Welersthass points on cunves, Asterisque B7-88,
= (1981}, 221-247,

(M] Mason, R.C., Piophaniine equaiions over funciion fiefds, LMS
lecture notes 96, Cambridge Univ. press 1984,

[#z] MWewman, D.J. and Slater, M., Wating's probfem for the ting of
pofynomiafs, J. Number Theory 11 (1979), 477-487,

(&7 Silverman, J.H., The Catafan equation over dunction fields,
Trans. A.M.5., 273 (1982), 201-205.

[5¥] Stohr, K.0. and Voloch, J.F., Weiersatrass points and curves
over findie 4diefda, proc, London Math. Soc. {3) 52
(1986) to—appear. | - <

Dj Vojta, P.A., Integraf points om varieties, Ph.D. thesis,
Harvard 1983.

Instituto de Matematica Pura e Aplicada
Estrada Dona Castowrina, 110
22,460 Rio de Janeiro-RJ




