WEIERSTRASS POINTS AND CURVES
OVER FINITE FIELDS

KARL-OTTO STOHR and JOSE FELIPE VOLOCH

[Received & February 19535]

ABSTRALT

For any prajective embedding of a non-singular imsducible complete algebraic cirve defined over a finite
field, we abtain an upper bound for the number of it rational pomnis. The consianis in the bound are related
19 the Weiersirass order-sequence associated with the projactive embedding. The bounds ablained lead Lo 2
proofl of the Riemann hypothesis for curves over finite fields and yiekd several improvements on it

0. frproddsection

Let X be a curve of genus g defined over a field k with g elements, and let N be the
number of rational points of X

In 1948 Weal [12] proved the Riemann hypothesis for curves over finite fields which
slates that

IN—(g+1)] < 2gqt,
and, in particular, that
Ngg+l+2gg. (*)

Fixing g and making extensions of the constant field, we know thal the above
bound 15 the best possible in the sense that 2g cannot be replaced by a smaller
constant.

On the ather hand, there are several instances in which (*) can be improved. The
first tesult along these lines 15 due to Stark [10] in the hyperelliptic case, using
Stepanav's method. Afterwards, Dninfeld-Viadut and Serre obtained improvements an
(*) when g = H{g—gt), using ‘explicit formulae’ (see [9] and the references therein).
Serre also remarked that Weil's bound can be improved in general to

IN =g+ 1) = g[2q],

where [ -] denotes the integral part,

The purpose of this paper is to give a general approach to the problem of
improving {*). The idea is as follows. Consider X as embedded in some prajective
space. Using the equations for (he osculating hyperplanes at the points on the curve,
we define a function which vanishes al those points P whose images under the
Frobenius map be on the osculating hyperplane at P. This function will have zeras of
high order at the rational points of X and a controlled number of poles. We thus get
an upper bound for N which depends on g, g, the dimension of the ambient projective
space. the degree of X, and on the Weierstrass order-sequence of the embedding. By
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an appropriate choice of the embedding, we prove the Ricmann hypothesis and. in
L .
veral cases, we obtain iImprovements on .__ I. , .
H_DE approach has some similarities with Stepanov's __mf_.uﬁ_._nn_ (see [ 7. .q.__n
fundamental difference is that, instead of obtaining an auxibary function by 5_:.Ew
linear equations, we give it explicitly in a conceptual way as a sorl of wronskian

mant. . . N N
nﬂm”.-. approach has an interesling con nection with Weil's original approach. This is

[ in the appendix to this paper, .
nxﬂﬁ:ﬂwnﬂ"—ﬂﬁ HM.__m._n_“_._.:. results is the following rather simple theorem for plane
algebraic ¢urves.

THeoREM 0.1 Let k be a finite field with g elements &.n}ﬁ.._n_n_qm:..u:..n n_.ﬁ__m:m:n..__.ja w.
Ler f{x,y) be an absolutely irreducible polynomial of degree d :.._____ hn.nﬁ.__m.nw:z in k.
Then _ﬂ__h__ number of solutions, say N, of the equation fix, y) = 0 in k* satisfies

Nghild+g—1)
if [ does not divide f, {3 =200, #1000

function on the curve fix, y] =10,
. Let h = (x=x)f, +{y—¥,- Then h, as a | .
wmw.“ﬂm_hm at the rational ﬁ.w_...___u_. and hrn_.- orders are at least 2, becavse the differential

dh also vanishes there. In fact,
dh = (x =29 df, +(y— ¥ df, + fdx+ [, dy,

and f,dx+f,dy =df=0. 50 if h does not vanish identically on the curve, then
mnun:u_.m E_n_m..n:._ implies that E.._._ < did+g—1)
Mow suppose that h = 0, that is,

d
_"HIH__”__%I__.*.IE = 0,

£ '
Differentiating this equation with respect fo x gives Tlu...Eh%EH = __”_,+w.___..”._..hﬁﬂ“
dty/dx? = 0, which by implicit differentiation means that f,(f)* — 2o o/ + 10
vanishes identically on the curve.

-

The criterion d'y/dx’ # 0 means that nal every point of the algebraic _J_.HH
flx.¥) =0 is a flex. The opposite can only happen if the curve is a line or |
ar istic i ime not larger than d {see §1). ] ) -
nrmﬂﬂwﬁﬁﬁ.h M— .J.F_.m paper are as [ollows, The first section contains an ex position of
Weierstrass order-sequences Eﬂ.pﬁn o ﬁ._.n.d.nnu___.n p%.ﬂﬁh.:%mw_ﬁ hﬂnﬂ“-ﬂ
lly when one writes out the arithmetic approach ol F. K.
==..“__.H”Eu_,n and more general setting. It seems that some aspects u:n_.mnq.n.n _u__.uu-mwu_..n
mmi In any case the exposition is rather different from other publications on these
ics (see [4, 11] and the references therein). .
Eﬁ H_._E._,m of the paper is § 2 There we state and prove our main result (Theorem
2.13), and relate the invariants of the bound with the ﬂn.n_uﬁiwu _u..n_n--mw_“__:...nﬁn:ﬂu.
| __.__mu we give some applications of our main result to obtain bounds w are

betier than the Riemann hypothesis in certain cases.

The second author would like to acknowledge the .m:Bc_E.:__m conversations he had
with Professor ). W. 8. Cassels on the subject of this paper.
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1. Projective embeddings and Weierstrass pointy

Let X be an irreducible nen-singular projective algebraic curve of genus g defined
over an algebraically closed ficld L of characteristic p.oand let kiX) be the ficld of
rational functions on X We denote by

point £ of X

Let /2 X — Pk) be a marphism, say f= (. 0, where Soo o B KIXT. Singe
the Tunctions f, are uniquely determined by fuproa proportionality factor in kj X”.
the morphism f corresponds ta a pommt of Pk(X)). For cach P e X we have

S = (i P e P

where ep 1= —min{ve(f,), Vel 1 and where ¢ s a local parameter of X at P

We will consider - X — Pk)asa parametrized curve in #Yk), and the points P of
X will be viewed as its branches, We will always assume that X ) is not contained in 4
hyperplane of P%k). A hyperplane H, consisting of the points (5, ... x,) e Pk}
satisfying the equation Y%, a.x, = 0, intersects the branch £
11Mn-pnrm”_+n_r 50 the intersection divisar I
the hyperplane  is given by

velhh the order of a rational function & a1 a

€ X with multiplicsty
“'H) of the parametrized curve | and

TR TE &%M P.._ﬁ_.vi..
1=l
where £ i } &, P.IT X is contained in Pk} and s the identity map then this is the
intersection divisor of X and M. If the morphism X — f{X) 15 birational then the
degree of /' ~"[H) is equal (o the degree of the algebraic curve FUXY i PYE), Let

£ :={f "HI H hyperplane in ik}

be the linear system of hyperplune sections. Clearly 2 is base-point-free. thal is. there
5o P& X such that P £ D for esch ) g o+

Conversely, each base-point-free linear system & of divisors of X 1% associpted o
a morphism X — Pk} uniquely determined up o projective equivalence, which
n coordinate-invariant description is the map X — {hyperplanes in %! given by
P—{Deg Dz P

Let Pe X. An integer | is called a hermirign Peinvariant of & or simply 2 |2, P}
arder il there exists D & & such vu(D) = J. this means that there exists a hyperplane
intersecting the branch P with multiplicity j.

IF & is the canonical linear system then it follows fram the Rigmann-Roch thearem
that jis a (%, Pl-order if and only if j+ 1 is o Weisrstrass gap at P, that is, there 1s e
rational function on X, regular outside P, and having a pole of order j+1 at P

For cach integer | we consider the space &= (D e Z| D =P which s
isomorphic to the space of all hyperplanes in Pk) intersecting the branch P with
multiplicity at least i. We have & = Fp2 Y, 29,2 . An integer Jisa &, P)-
order il and only il &, = %, .. in which case %+ has codimension 1 in N T
obvious that &, is emply whenever i = 4, where d is the degree of %. Hence there are
exactly m+ 1 (&, Pl-orders, say j, <ji = .. < j,.and we have j, £ 4. Since Pis nol a
base-point of & we get j, = 0. Nate that to = 1 if and only if the branch P is nan-
singular.

IT the linear system % is complete then, by the Rigmann-Roch theorem, we gel

ne=d—g il d>25-2 and dim % =d—i—g if i€d—3y+1, and hence e
whenever [ 5 d— 2y,
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Lzt L, be the intersection of all hyperplanes in Pik) which intersect the branch P
with multiplicity at least j,, . Clearly L, 18 just a point, namely fiP), and L, is the
tangent line at P. We call L, the ith oscularing plane at P, and L,_, the osculaning
hyperplane at P. The flag L, c L, = ... — L, , = P" can be seen as the algebraic
analogue of the Frenet frame in differential geometry.

We are looking lor a descniplion of the osculaling planes in terms of the projective
coordinate functions J;. To avoid vanishing of higher derivatives if the charactensiic s
prime, we will use the Hasse derivatives (see [T]). Recall that D is defined on k[1] by

g egtom T (et

and naturally extends to kir) and to cach finite scparable ficld extension of kit).
Multiplying I¢" by i! one gets the usual higher derivatives.

Tueorem 1.1, Ler 1 be a local parameter at P, and suppose (after dividing the [ by %)
that ¢p = 0, Assume rhat the first i (S, Pl-orders jg, ..., j;., are known. Then j, is the
smallest integer such thar the points ((DUGUPY: o (D¥(P)) with r =10, 1 are
independent, and the i-th esculaling plane at P is sparned by these poinis,

Proof, After a projective transformation we may assume that
Li={(xg: ... 5| 5isy = ... =5, =0
for each i =0, _..,n—1 Then,
Jrey =mindvda,, S+ @) g8, € KL
Hence j, = vl L), Joms = vl —i)s oons dio = vl o). Thus the matrix

(D& P g secangicn

is triangular and has non-zero elements on the diagonal. Hence L, is spanned by the

points (DGR (D P with k=10, i
The minimality of the j, holds even in a sironger sense.

SCHOLIUM 1.2 If mg.m,, ... m, are non-negalive inlegers with mg < m < . < m,
such thar the poines (D™ GHP): L (DA™YHPY) with § =0, . r are independent, thin
JiE my for each i =10, ...

Proof. Since the vectors ((D/UP), L (DVAHPN with s =0,1,..,, ji—1 span a

space of dimension i, and the i+ vectors with 5= myg,m,....m are linzarly
independent, we get j,— 1 < m,, that is, j; = m;.

CoroLLARY 1.3, The osculating hyperplane at P is given by rhe equatian
X, e X,
(DFLHPY o (DRI

(D )P) o (DETR)

det = 0,

We call P & X an osculation point (or more precisely a @-osculation point) if j, = n,
that is, if there is a hyperplane intersecting the branch P with multiplicity greater than
I,

WEIFRSTRASS FLINTS AMIF CLUEVES 5

Now we will study the parametrized curve at a general point. Thus ¢ will be 3
separating variable but not necessarily a local parameter. By Thearem || we are led
to consider generalized wronskian determinants, As we will prove in a moment, there
exist integers gg.8,. .. &, with 0 £ ¢y = £, = < ¢, such that the wronskian

deti™'f), .

e @

does not vanish identically. We will choose . .., &, minimally in the lexicographic
order, that is, e, = 0 and if £..,..& ., arc chosen by induction then we choose &
minimal such that the rows (D', ., D7) with r = 0, .., i aredinearly independent
over k(X). Like the j, in the scholium to Theorem 1.1 the £, are minimal in an even
stronger sense: if my, . m, are integers with 0 < m, < ., < m, such that the vectors

(D™ o a DI, with i = 0., ¢, are linearly independent, then ¢, = m, for cach
iwmQ,,,,.r

Proposimon 14, (a) if g, = M ayf warh (o, ) & G, k), then
detiD)"'g,) = detla;)det D).
(B} IF ke k[X), then

det{ DAl 1) = A" ﬁaq_”m“.n._b__.
ic) If x is anorher separating variable. Then

. de it e
dey DyF ;) = ?V det D))

"

Proof. (a) This is tnvial and does not depend on the facl that the & are minimal,
(b) By the product rule for the Hasse dervatives we have

DA} = 3 (DIRIDE~f) = BDf 4
We factor out h oan the first row of the wranskian. In the second row
RO+ .. LRI+ ) the correction term is a linear combination of Lhe
veetors (D7 fo, ., DI ) wilh 0 < ¢ < oy and hence, by the minimalily of &, @ multiple
of (D=, ... D). Thus we can laclar oul h again and proceeding inductively in
this way, we see that the resull follows.

{eh This is similar to (b). We use again the munimality of the & and replace Lhe
application of the product rule by the chain rule:

(1] —_ n.mn - (91
det[ D ___.__uluﬂhm%v [L¥ ._“_+...g

#

.n___. o+ +ia
= | — 14
ﬁ n__..qv det{ D).

It follows from the proposition that e, ., ¢, depend only on the linear system &
and so we call them the -orders or the orders of the morphism f
To prove their existence, by the proposition we may suppose that 1 is a local

parameter at a peint # € X and that ¢, = 0. Then the existence follows from Theorem
L1 Moreover, because of their minimality, one gets

g =4, larcach ¢
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As the main application of Proposition 1.4 we obtain that the divisor
R = dividet{ D' 1) +12, + . + e divide) +{n + 1)E

depends only on the linear system <. The diviser R is called the ramificarion divisor of
Z. Mote that

deg(R) = (g, +... +£)i2g — 2h+in+ 1)d.
Now we will study the coefficient v{R) of the divisor R at a point P.

TueoreM 1.5. Let P e X and let jo, ..., jo ¢ the (8, Plorders. Then

velR) = mM_u__r_... - &)
and equality holds iff and anly if
di
E

det #0 (mod pl

Proof. We may assume that ¢, = 0. Let ¢ be a local parameter at F. Then

v R) = vg(det{ Di*'f)).

After a projective transformation, as in the proof of Theorem 1.1, we may assume that
fi = t"+ ... for each i, where the dots indicate lerms of higher orders. Then

T

det| L4~} = det M pht
".&..ﬁn |___” m,..__l_l..u ﬂ-—_._l = kR
F
— det Xi gl et TRy

£y
Thus

vpldet( DA = Yl —e
and equality holds if and cnly if
Ji
E,

det #0 (mod p).

By the theorem the ramification divisor R is positive and we have vp(R) = 01l and
only if j; = g for each i. Hence &g, ..., &, are the (&, Florders for almost all P € X. Such
a point is called @-ordinary. The finitely many points where (jg. ... Ju) # (£, .. &) 8FC
called the - Welerstrass points and v R) is called the weight of P. Thus the nu mber of
. Weierstrass points, counted with their weight, equals{e, + ... +£.)2g— +in+ 1M

When & is the canonical linear system, we speak simply of Weierstrass points. This
coincides with the definition in [6].

When the scquence &, ..., & 15 the classical sequence 0, ..., n, then the $-Weiersirass
points are exactly the @-osculation points. In this case & is called classical. If @ 13
nan-classical then every point is a @-osculation point. The existence of non-classical
linear systems is somewhat rarc. We will give an example in §3, but see [5] for a
lengthier discussion.

WEIERATRARE PLNOS IS AN CURVES

We are now looking for criteria to decide whether the limear system 5 is classical,
For this we will state a refinement of the estimative &, £

Prorosmon L6 Ler Pe X oand fer .

o dy b the (% Plorder sequence. T

W

Mg, ..., m, are (ntegers sich that O € my = = m, and F.r:_“ ﬁ,. 4 &v # 0 {mod p), then
o,

E, % my jor each i

Proof. As in the proof of Theorem 13 we have

"

det| ™'} = nnnhh._n_\.&quh.-._._; LoED

m

Hence & £ m,, by the mimimality of the £

Remark. The best choice for the integers my.. . m, in Proposition L6 are the
orders of the morphism P! — P* given by (l:x)— ix™:,  x™), that is, m, =0
and if mg,...,m,_, are chosen then we choose m, minimal such that the vectors

ﬁ..__n. .__.n
m, ),

Corovvary 1.7, Let Pe X and let jo.. ... ), be the |2, Plorders, If the integer
[lisdii= jdili=s) is nor divisible by p then & i classical and the weight of P s
equal to ¥ —i).

with r = 0, _, .. i are linearly mdependent over the pnime feld F,.

Proof. We have
Ji
F

det =det{i 7 i)+ .0 =det( D012 oty = []in—A)i—s)

Y

Thus & = i by Proposition 1.6 and v (R} = 3 [, =) by Theorem 1.5,

The criterion of the corollary is satisfied of j, £ j, imod p) whenever @ # 5 In
particular, since j, £ d, we obtain:

CoroLLaRY LE I p oo d or p =0, then & i classicol and vl R) = MT_.I_._.

Applying Proposition 1.6 1o a -ordinary point we oblain:

CoroLLARY 1.9, Ler £ be some S-order and ler g be an integer such thar

m_._v #F0 Amud p).
i
Then u is alse a S-order,

In particular, i € s a F-order less than p then the integers 0,1, . g= 1 ore alao
F-orders.

E

M

Proof. Since # 0 we have 0 £ p = . We may suppose that g > 0. Let r be the
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largest integer such that ¢, < u. The matrix

Eq E, £
g | M) \Eg
£ &) e
g T \g E,
) - )G
wo T \u u

&

u
independent over the prime field Fo. S0, £ p by Proposition 1.6. Henge 3 = ¢
by the definition of r.

i5 lmangular with diagonal entries _.:-._.ﬁ u and hence its rows are linearly

r+ b

Remark. [i 15 easy to show that hv #0imod p) il and only if ¢ =0 and x is p-

adically smaller than e, that is, each coellicient of the p-adic expansion of j is less than
or equal to the corresponding one of €.

2 The main resull

Let & be a finite field with g clements and let & be its algebraic closure. Let X be an
irreducible non-singular projective algebraic curve of genus g defined over k, We
simply consider X as the algebraic curve X(k)& equipped with the action of the
Frobenius map. A point F & X(k) is rational if and only if it is a fixed point of the
Frobenius map. A divisor I of X'(k)is defined over & il and only if it is invariant under
the Frobenius action,

Let /2 X — P* be a k-morphism, say f = (: ._.: f,). where . ..., /. are k-rational
functions on X . We keep the notations of the first paragraph, except that k is replaced
by k. Mote that the divisor E and the linear system 9@ are defined over k.

To get an upper bound for the number of rational points of X, we look at the

possibly larger set of all points P of X such that the image of j{P) under the Frobenius.

map of P15 contained in the osculating hyperplane at P. By Corollary 1.3 a point P of
X with ¢p = 0 belongs 1o this set il and only if

Sl P* oo TAPF
(DEHPY L (DERP)

det

(DR L (DM P

where ¢ s 4 local parameter a1 P and the j, are the (%, Pl-orders. This motivates the
study of the determinanis

T4 S

oyt oDy
W= e L ) = de ..H_u .._ﬁ

b“-lu._._._ . .ﬂﬂil-.un_ﬁ

where ¢ 15 & separating variable of K X)/k and vy, ..., v,_, are non-negative integers.

WEIERSTRASS POINTY AND CURVES i

PROPOSITION 2.1. There exist infegers Vpo o ¥ao WO £ vy < < v, | such thar

W o f o ) # 00 Choose them mirimally in the lexicographic order. Then there
exists an imteger I with 0 < | £ n such thar

¥ whengier [ <
By Whenerer [ 2 [

Froof. Let I be the smallest integer such that the row (L % s a linear
combination of the vectars (D], ca DU waith b= 0,0 Then it is clear thut

Pouo¥a b = {6 e}l ) Singe [ s non-constant. we have vy =0, that is,
I =0

We will always choose the v, minimilly in the lexicographic order. The minimality
also holds in a stronger sense: of my, i, are integers with 0 < my, =

o< m, such
that the rows of the matrix

Ik S
D™y oy
D™y . DY,
are lincarly independent, then v, = m; for each i = 0, r. Indeed. the mairix
it B
[ SR
._H“_h_q1|w__‘m_.._.-._ h_.q....|_.____.”.

has rank r+ 1, whence v, — 1 = mi, that s, v, £ m

ProPOSITION 2.1 (a) If g, = 3o, f, with laghe GL, . (&), then

Wi g ) = detia JWE re
b} If he kiX), then

L R T e R 1 S

) If x is another separaring variakle af KXk, then

...._m ..........:..
._.*._.".n_. .....- __..m_u_u.. ..H.ru"hn”__wv r.-...n.._u. ....._u_‘..._ﬁ_u........__-h“.

We may emit the proof of the propoesition since il s an alogous 1o Proposition 1.4,
For Part (a), note that af; = a, since a;, & K
By Proposition 2.2, the integers vy, . .v, | and the divisor

S=didW G L s v+ e v+ (g FmE

depend only on ihe linear system & We call vy, v, 1 the Frobenius orders of &
Mote that

degls) = (v, + .+ M2y — Zi+ig + n)d.
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Dividing the projective coordinate functions [, ..., f, by f5, we may assume that
fo=1,and f, ., f, may be considered as affine coordinate functions. Since vy = 0,
we get

fi=f1 . LN

D fer}
WIL A, n )= det] oo .. DM .

DSy D,

Note that D"} /1) = 0if v is not a multiple of g. Hence, if v, < g, then vy, ..., v, are the
first i+ 1 orders of the morphism

Wy ==X — Pl
50 we may apply Corollary 1.9 and obtain

ProeosiTion 2.3, If v is @ Frobenius order of & less than g, then each non-negative
integer p-adically smaller than v is also a Frobenius order of 2.
In particular, if v, < p then {vy, ... %) = (0, ....§).

Now we will study the divisor § locally at 2 point P € X. Let 1 € k{X) be a local
parameter at P, Dividing the projective coordinate functions G, ..., f, by t*, we may
suppose that ez = 0. Thus

velS) = vl Wil fo ... L)) 2 0

In particular, we get the important result that § is a positive divisor. The point
F is in the support of § if and only il Wi, .., {F) =0 In partcular, if
(¥ oo Ve o) = (an vovp Ju- o) [Where Jo, ..., ), are the (2, Plorders), then P is in the
support of 5 1f and only if the image of f{P) under the Frobenius map is contained in
the osculating hyperplane at P If v, < j; for some i, then P is in the support of 5. Since
for P € X(k] the first two rows of W) . ..., f,) coincide, we conclude that all rational
points are in the support of 5. Now we will look for quantitative results,

Prorosmion 2.4, (a) [N P is a rational point of X with the (2, Plorders j,. ....__.....:.__mx
A
._._l.w__ = M _“.__.h| LI _.__
p= L

and equalify holds i and only if

der| [ ¥ 20 (modp).

¥, OXrm—0U, 1 &8/&m

(b) If P is an arbitrary point of X then

=]
1.1_“.5 w.. -M _“___unl_‘.-”__
and, if
detf |7 =0 (mod p).
L rd=g,  ,m=]

then the strice inequality holds,

Wl EnlHASY PUMBTY A% 4 LHYES |

Proaf. (a} Since P s ratonal, the osculating planes al P are defined over k. S, afiel
a projective transformation with coclMicients in &, we may assume that fim ti & Tor

cach i. Dividing by f, we may also assume 1hat fo =1 Thus
h=r . f=fi
Jw Wik
f__..q._._. 1 det ] ._ v h___“.. ..___...
L Y S A
Since vy =0and i >0fori= I, . n we met

-

s¢.;;-§_égzr+;

I

r

5
- T Nh* . Flm=w=...~Fa-y
E..A ﬁd_L__ uh + ..
Mow the result follows.

(b) Applying a projective transformation with coefficients in the algebraically
closed ficld k, we obtain E-rational functions g, = 2 ienaf, where (o) e GL,, (k)
such that g, = '+ ., for cach i Let b, = Ma:..__..h.. In contrast to Part (a), we cannol
affirm that kb = gf. But it is clear that v,(h) = O for each { We have

h, . h,
Wl . Radetla) = de g U L
Ef.. TR Ef.. .
= .Mu_ﬁ = 1'hd,,

where the d; are the determinants vbtained by Crameér's rule. Thus
vel &) 2 minvlidy), . Lvgld, ).

Now, by the usual local computations. we abtain that

vald ) 2 i, + e A
If
fia) o
E..__\/ \: =0 (mod pl.
Ved Aiema a1
then vpld,) = jo+ ... +jy- =¥ = ... — ¥, - This proves Part (b,

Now we are looking for relations between the Frobenius orders Voo ... ¥y -, and the
hermitian invariants o, ..., j, of a rational point.

Proposimon 2.5, Ler P be a rarional point of X and fer Jio e dg e Ehe (52, Plorder-
sequence. If mg, ... m, | are integers such thar 1 € my < ., = m, y and

-

det _“.__J:b #0 (mod p),
re, FErEn-01.1%i%m

then v, = my, for each |
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Proof. The best cheices for the integers m, are the arders of the mor phism
PL— P ! defined by

(o) s (Loxfam ey gy ol it 2 e,

S0 we may suppose thal my, = 0 and
Ji

m, FRrp—L, E&iE5

det #0 [mod p).

We may assume again that f;, = L and f, = ¢ + __ for each i, Thus, as in the procl of
Proposition 2.4(a}, we get

W o S = et [
m,

Hence v, = m;, by the minimality of the »,.

a.__...:......_._.u..__nu . -_u._+ )

As an immediate consequence of Propositions 2.5 and 2.4 (a) we obtain:
CoroLLaky 26, [f Pe X(k)and If jo. ..., are the (5, Plorders then
Vi % Jie—Jy
vplS) 2 nj,.

In the case where m; = i, we obtain

Jor each i,

CoroLLary 27, Ler P e Xik) and let o, ... J. be the (3, Plorders, If the integer
[Tt sicrsal fo=i )il =i} is not divisible by p, then v, = | for each i and

T

velS) = n+ ¥ (=),

Mote that the critericn of the corollary is satisfied if J; # j. imod p) whenever
I'=i<r=n In particular, the Frobenius order-sequence v,....v,_ ;1% classical
whenever p = 4. o

Applying Proposition 2.5 in the case where m, = ¢, we get

CoroLrary 2.8 fF

an"hmh_.ﬂi.:j 20
L Slosesa-t18ike

Where fo. ... o are the hermition invariants ar some rational point, then v, = e, for vach i,

imaod pj,

COROLLARY 29 If the Frobenius order-sequence vy, ..., v,_, is non-classical, then
eack rational point of X is a Z-gsculation point.

Proaf. Suppose contrariwise that there is a rational point with the order-sequence
0.....n. Then, by Corollary 2.6 we obtain that v, = i lor each i,

CoroLLary U0 If rhe Frobenius order-sequence vy, ..., v,_, differs from rthe
HHUENCE £g. o By Then each rational peint of X is a S-Welersirass pain,
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Proaf. If there is a -ordinary rational point, then v, € &, , — &, by Corollary 2.6,
and hence v, = & by Proposition 2.1

Thus, by an extension of the constant field k. we may always arrange that the
Frobenius order-sequence vy, ....v,., coincides with the sequence CPTY -
particular, we sex that the Frobenius orders may not be invariant under constant field
exlensions.

COROLLARY 211, If % is complete and if there exists o rational point, then v o=
wheneper | < d —23.

Froof. Let P e X(k} with the (2, Pl-orders j,. ..., /.. Since & 15 complete it follows,
as observed in § 1, that j; = i whenever i £ d— 2y. Hence, by Corollary 2.6, we ablain
that v, = i when i < d - 2g.

-CoOROLLARY 211 If there exists a rational point on X, then v, £ i+d—n for each §
Proof. Since j, £ d we have J, £ i+d—n for cach i, and Corollary 2.6 applies
Mow we state the main result of this paper.

THeOoREM 213, Let X be an irreducible non-singular prajecrive algebraic curve of
genus g defined cver a finite field & with g elements, and et N be the number of its rational
points, If there exists on X a base-poini-free linear system defined over k of degree &,
dimension n, and with the Frobenius order-sequence vo.v,, v, |, then

N ((vy+ . 4v, H2g—21+1g+ nkllin.

Progf. By Corollary 2.6 we have vp(5) 2 n for cach P & X(k). Since § is positive we
conclude that N = deg(S)/n

As the firsl consequence of this theorem we will prove the Riemann hypothess for
curves aver finite Aelds,

CoroLLary 214 (Weil [12]). Let X be an irreducible non-singular prajectioe
algebraic curve af genus g defined over a finite field with § elements, and ler N he rhe
number of its rational pounts. Then

g4+1—2ggt = N o g4 14 299

Frogf, Suppose first that X has a raticnal peint P. Let d be an integer such thal
d = 2g and let F be a complete lincar system defined over k of degree o (for example,
% = |dF|). Then, by the Riemann-Roch theorem, n = d— g and & is base-poini-free
By Corollaries 211 and 2.12 we oblain thut v, = i whenever i < n—gand v, £ i+gfor
gach i=n—g, . n—1. Thus it follows from Theorem 2.13 that

NZg+l+ins(gin)g+2g%g—1)/n

for cach integer n such that n 2 g. If g is a square such that g = 4g*(y— |}, then we
take n = gf and obtain that ¥ < g+ 1+ 2yg'. Now the Riemann hypothesis follows
by a standard argument (see, for example, [1]).






