Asymptotics of the minimal distance of quadratic residue codes
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The binary quadratic residue codes are defined as follows. Given a prime p =
+1mod8, let £ be a primitive p-th root of unity in the algebraic closure of Fy, the field
of two elements. The hypothesis on p entails that the monic polynomial a(x), say, whose
roots are £, with r running over the non-zero quadratic residues modulo p, is defined over
F5 and the cyclic code of length p whose generator polynomial is a(z) is, by definition, the
binary quadratic residue code of length p. Different choices of £ lead to different choices of
a(x) that give different but equivalent codes. Their minimal distance d,, is, in general, not
known although the lower bound d,, > ,/p and minor improvements are known, see [MS].
It is possible, using the results of Stark [S] and Helleseth’s formula for the weight (see [H]
and lemma 1 below), to improve slightly this lower bound (See [HV]). However, the gen-
eral behaviour of d, is not known, in particular, whether there is an asymptotically good
subfamily of of quadratic residue codes, i.e., whether limsupd,/p > 0. We will show that
there are asymptotically bad subfamilies of quadratic residue codes, i.e., liminfd,/p = 0.

More precisely,

Theorem. For infinitely many primes p, the minimal distance d,, of the binary quadratic
residue code of length p is O(p/loglogp). If furthermore, the generalised Riemann hy-
pothesis is true, then the bound can be improved to O(p/logp).

In the proof of the Theorem we will use the following lemma of Helleseth. For a proof
see [H] or [HV].
Lemma 1. Ifa(z) =>.,_, 27 € Falz]/(aP — 1), define f(t) = [[;_, (¢t — ji) € Fp[t], then
the weight w(c) of q(x)a(x) is
1 . ¢ _
wie) =5 [p+ (=D Y X(F1) = D x(F(6)
teF, i=1

where x denotes the quadratic character (Legendre symbol) mod p.
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Proof of the Theorem: Let ¢ be an odd prime, ( a primitive complex ¢-th root of
unity and K the extension of the rational number field obtained by adjoining ¢, /2 and
\/Cki—l for all k =1,...,£ — 1. Let p be a prime that splits completely in K, I claim
that d, < (p — 1)/2¢. Note that ¢|(p — 1) since p splits in the ¢-th cyclotomic field. Let
f(t) = t=D/t 1 ¢ F[t], then f(t) has all its roots in F, and yields a codeword ¢ of
C) as in the lemma. Again, by the assumption on p, f(¢) is a square for all ¢t € F,,, since
t(=1/t is an (-th root of unity for t € F, and —1 is a square in F),. The roots of f(t)
form a subgroup G of index ¢ in Fy, f'(t) = (p— 1)/¢t in G and it follows easily that
> ea X(f'(t)) = 0. So w(c) = (p —1)/2¢ and the claim follows.

To complete the proof of the theorem we vary ¢ as above and, for each ¢, we take p
to be the smallest prime that splits completely in K. We will show that £ > loglogp and
¢ > log p under the generalised Riemann hypothesis and this will prove the theorem. To
bound p in terms of ¢ we use the following estimates (see [LO] and [LMO)] respectively).
Let d be the discriminant of K. Then logp < logd and, under the generalised Riemann
hypothesis, p < (logd)?. To estimate d note that only p and 2 ramify in K. Now we
use Hensel’s bound on the different (see [Se| remark 1 after Proposition I11.13), which
yields that the contribution of a ramified prime to the discriminant has exponent at most
n(n + 1), where n is the absolute degree of K. We conclude that d < (2p)*(™*1. Finally,

is immediate that n < (p — 1)2P, which gives the results claimed.

Remark: The quadratic residue codes have been generalized to (no longer cyclic)
binary codes of lenght ¢ for a prime power ¢ when 2 is a square modulo ¢ ([vLM]). The
above lemma has a generalization to these codes sketched in [HV]. For ¢ a square it was
shown in [vLM] that the square root bound is best possible. From our perspective, their
example consists of noticing that tV4 + ¢ is a square for all t € F,. It can be proved
(unconditionally) that there are infinitely many non-square prime powers ¢ for which the
binary quadratic residue code lenght ¢ has minimal distance O(q/log ), using an idea of
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