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Abstract. — We study error-correcting codes constructed from projective
surfaces over finite fields using the generalized Goppa construction. We obtain
bounds for the minimal distance of these codes by understanding how the zero
sets of functions on a surface decompose into irreducible components. We also
present a decoding algorithm for these codes based on the Luby-Mitzenmacher
algorithm for LDPC codes.

1. Introduction

Given a divisor G on a projective surface X, both defined over the finite
field F,, and rational points Pi,..., P, on X but not on G, we can define a
code C' consisting of the vectors (f(P1),...,f(P,)) where f varies in L(G).
This is a well-known construction, generalizing Goppa’s classical construction
for codes coming from curves over finite fields. Unlike curves, however, not
much is known about codes from surfaces.

The natural questions are what are the possible (or best) length, dimension
and minimal distance of these codes and decoding algorithms for them.

The problem of length is tied up with the problem of finding the number of
points on surfaces over finite fields, of which much less is known than in the
case of curves. For a survey up to 1996, see [4], for some recent results, see [5].

The dimension is the easiest to compute, once we know that the evaluation
map f — (f(P1),..., f(Py)) is injective. Then it just the dimension of L(G)
which can be estimated using the Riemann-Roch theorem for surfaces. Proving
that the evaluation map is injective is often a by-product of lower bounds for
the minimal distance of C.
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In this paper we focus our attention on bounds for the minimal distance of
C and decoding algorithms.

2. Minimal distance

To obtain bounds for the minimal distance of C' note that the weight of
(f(P1),..., f(Py)) is bounded below by n — #Z¢(F,) where Z¢ is the support
of the divisor of zeros of f, so Zy is a reduced curve defined over F, if f
is non-constant. Thus, we needed to understand how zero sets of functions
on surfaces decompose in irreducible components. For instance, the following
result can be proved as a natural extension of the main result of [1].

Theorem 2.1. — A curve over F of arithmetic genus g and with r irreducible
components defined over ¥y has at most r(q+ 1) + 29q'/? rational points.

Of course, the above bound ultimately depends on the Weil bound. Alter-
natively, other bounds on the number of rational points on irreducible curves
over finite fields can be used. Still, the number of irreducible components needs
to be bounded, since it will greatly affect the ultimate bound for #7(F,).

Here are some geometric results bounding the number of irreducible com-
ponents.

Lemma 2.2. — If the Néron-Severi group of X is generated by the ample
divisor H and G = mH, then the zero set of a non-zero element of L(G) has
at most m irreducible components.

Proof: If f € L(G),(f)o = k1A1 + ... + k. A,, then A; is algebraically
equivalent to a; H for some a; > 0, by hypothesis. So

rH? < kiaiH? = (f)oH = (f)ocH < mH?,

sor <m.
For a sharper result for surfaces in P3, see [6].

Lemma 2.3. — Suppose that H is an ample divisor irreducible over the
ground field but decomposing on a Galois extension of prime degree p as a sum
of p conjugate irreducible components such that the intersection points are also
moved by Galois. If G = mH, then the zero set of a non-zero element of L(G)
has at most mH?/p absolutely irreducible components defined over the ground
field.

Proof: If f € L(G),(f)o = k1A1+...+kA,+ D, where the A; are irreducible
and defined over the ground field, then A; H > p by the Galois action. So

rp <Y ki AH < (f)oH = (f)ocH < mH?,
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sor <mH?/p.

A cubic surface in P3 over Fy with 100 points is constructed in [6] where
both lemmas apply and H is a suitable plane section, thus H? = 3 and if
G = mH, then the zero set of a non-zero element of L(G) has at most m
absolutely irreducible components defined over the ground field. For m = 2
this gives a code of length 100, dimension 10 and minimal distance 68.

For another example consider X, the zero set of

2

x3+y3+z3—zx —azyz—yz2+xz2+w3

in characteristic 3. Then 2.3 applies both over F3 and Fg with H the plane
w = 0. Over F3 we can take m = 1 and get a code of length 13, dimension 4
and minimal distance 7, which is best possible. Over Fg we can take m = 2
and get a code of length 91, dimension 10 and minimal distance 61. In both
cases the actual minimal distance is slightly bigger than what general estimates
give. The results were obtained by computer calculation.

3. Decoding Algorithm

The decoding algorithm uses a divide-and-conquer technique and is based
on the Luby-Mitzenmacher decoding algorithm presented in [3], section IV-B.
The idea is to split the parity check conditions for C' into several sets of parity
check conditions for codes on curves on the surface.

Let X and {Py,...,P,} C X asin 1. Let Y3,...,Y, C X be curves on X,
and let {P; | i € I} be the set of points in Y N {P,...,P,}. In practice, it
is useful to minimize the size of the pairwise intersection of the curves Y;. For
instance, we fix a projective embedding of X and take the Y to be hyperplane
sections the number of points on the intersection of any two such curves is
bounded by the degree of the surface.

For each k € {1,...,r}, define the map

T C — F, "
(c1,.ovn) — (ys--sa,)
where I, = {l1,...,l, } and thus 7 is the projection of C' on the coordinates

that correspond to points in Y. Let My be a parity check matrix for 7 (C)
and define M}, by

_ M), . if 5 € l;
(Mk)zg _ ( k)zg Ije .ka
0 otherwise.

Note that the parity check equations coming from M;, are satisfied by the
elements of C'. Let M denote the matrix obtained by concatenating all the
M;,, so that the parity check equations coming from M are satisfied by the
elements of C' also. Assume we can choose Y7,...,Y, so that ker M = C.
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Unfortunately we cannot yet prove that such a set exists but in practice (we
give an example below) such sets are plentiful. For future reference, we will
say that {Y7,...,Y,} satisfies the kernel condition if ker M = C'. Note that M
has sparse rows if X has many more rational points than each Y; and it has
sparse collumns when any pair of Yj’s intersect in few points.

Under these conditions, the decoding algorithm is the following:

1. Given a word w, generate the subword m;(w), where i is chosen at will;

2. Use a decoding algorithm for codes on curves to decode 7;(w), and replace
the corresponding coordinates of w by those of the decoded word;

3. Repeat steps 1 and 2 as many times as necessary so that for each 7 in
{1,...,7r}, m(w) is a word in m;(C).

Observe that the ideal condition in 3 might not always be satisfied, so it
is useful to introduce a bound on the number of iterations or test for some
stationary situation.

This procedure is close to that of [3] where it is described for LDPC codes
over large alphabets, having projections contained in Reed-Solomon codes.
In our case, codes from surfaces are often LDPC codes and have projections
contained in codes from curves.

It is interesting to note that Goppa codes coming from curves are seldom
LDPC, since their duals are also Goppa codes coming from curves and, as
such, have large minimal distance, whereas the dual of an LDPC code has
small minimal distance, by definition.

3.1. Experimental results. — Using a cubic surface in P3 over Fg and G =
2H, [6] constructs a code of length 100, dimension 10 and minimal distance 68.
We used this code to run some simulations of the decoding algorithm. Using
random search, we were able to find several sets of 15 plane sections satisfying
the kernel condition (but no less than 15).

For comparison we did two searches for plane sections. The first was random
and the second we only looked at plane sections with many points. Curves with
few points will give codes with small minimal distance and poor error correcting
capacity. Also, they contribute few parity check conditions, meaning that
we will need more curves to satisfy the kernel condition, affecting the overall
performance of the algorithm. We thus selected only curves with at least 15
points, which is very close to the Weil bound for such a curve.

On step 1 of the algorithm, we picked ¢ randomly among the elements of
the set {1,...,7} but no repetition was allowed until all elements had been
picked. We used random choice of ¢ to possibly minimize undesired stationary
situations.
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For the step 2, we used the Zimmermann minimum weight algorithm [2]
to decode the code on a curve. This algorithm is already implemented in the
MAGMA package.

We ran experiments with 11000 words for each noise weight, and the results
are shown in figures 1 and 2. For each k in {1,...,34} we computed the
percentage of effective correction when a random noise of weight k£ was added
to a random codeword. On figure 1, the circles correspond to the performances
of the algorithm using curves with at least 15 points, and the crosses correspond
to the performances when no non-trivial constraint was imposed on the number
of points on each curve. The performances were substantially distinct. In figure
2 we compare the effectiveness of the algorithm according to how i (as in step
1) is picked. The circles correspond to random choice of i and the crosses to
sequential choice of ¢, both using the plane sections with many points. As
we can see, there was no noticeable difference on the effectiveness. Finally we
remark that the decoding algorithm implemented in MAGMA was unable to
perform decoding on this code.
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FIGURE 1. Curves with many points versus any curves
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