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NO PQRSTUVWRXTQ
YZ[\] ^ _Z[Z`ab

G
a] ^ cbad \efZ[\ `gbh^e\

X i j afk _\l]\_ a[\b fk\ l]Zf\
l\m_

Fq i ^]_ b^fZa]^m c aZ]f`
P1, . . . , Pn

a]
X jgf ]af a]

G i n\ e^] _\l]\ ^
ea_\

C
ea]`Z`fZ]o ah fk\ [\efab`

(f(P1), . . . , f(Pn)) nk\b\
f

[^bZ\` Z]
L(G) pqkZ` Z` ^ n\mmrs]an] ea]`fbgefZa] i o\]\b^mZtZ]o Yacc^ u` em^``Ze^m ea]`fbgefZa]

hab ea_\` eav Z]o hbav egb[\` a[\b l]Zf\ l\m_` p w]mZs\ egb[\` i kan\[\b i ]afvgek Z` s]an] ^jagf ea_\` hbav `gbh^e\` pqk\ ]^fgb^m xg\`fZa]` ^b\ nk^f ^b\ fk\ c a``Zj m\ yab j \`fz m\]ofk i _Zv \]`Za]
^]_ v Z]Zv ^m _Z`f^]e\ ah fk\`\ ea_\` ^]_ _\ea_Z]o ^moabZfkv ` hab fk\v pqk\ cbajm\v ah m\]ofk Z` fZ\_ gc n Zfk fk\ cbajm\v ah l]_Z]o fk\ ]gvj\b ah
c aZ]f` a] `gbh^e\` a[\b l]Zf\ l\m_` i ah nkZek vgek m\`` Z` s]an] fk^] Z] fk\
e^`\ ah egb[\` p {ab ^ `gb[\| gc fa }~~� i `\\ ��� i hab `av \ b\e\]f b\`gmf` i `\\ ��� pqk\ _Zv \]`Za] Z` fk\ \^`Z\`f fa eavcgf\ i a]e\ n\ s]an fk^f fk\ \[^mg^fZa]
v ^c

f 7→ (f(P1), . . . , f(Pn))
Z` Z]d \efZ[\ p qk\] Zf d g`f fk\ _Zv \]`Za] ah

L(G)
nkZek e^] j \ \`fZv ^f\_ g`Z]o fk\ � Z\v ^]]r�aek fk\ab\v hab `gbh^e\` p �ba[Z]ofk^f fk\ \[^mg^fZa] v ^c Z` Z]d \efZ[\ Z` ahf\] ^ j|rcba_gef ah man\b j ag]_` hab
fk\ v Z]Zv ^m _Z`f^]e\ ah

C p
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¯] fkZ` c^c \b n\ haeg` agb ^ff\]fZa] a] jag]_` hab fk\ v Z]Zv ^m _Z`f^]e\ ah
C

^]_ _\ea_Z]o ^moabZfkv ` p

° O ± XQX²³´ U XµR³QW¶
qa ajf^Z] j ag]_` hab fk\ v Z]Zv ^m _Z`f^]e\ ah

C
]af\ fk^f fk\ n\Zokf ah

(f(P1), . . . , f(Pn))
Z` j ag]_\_ j \man j| n−#Zf (Fq) nk\b\

Zf
Z` fk\ `gccabf

ah fk\ _Z[ Z`ab ah t\ba` ah
f i `a

Zf
Z` ^ b\_ge\_ egb[\ _\l]\_ a[\b

Fq i Zh
fZ` ]a]rea]`f^]f p qkg` i n\ ]\\_\_ fa g]_\b`f^]_ kan t\ba `\f` ah hg]efZa]`

a] `gbh^e\` _\eavca`\ Z] Zbb\_geZjm\ eavca]\]f` p {ab Z]`f^]e\ i fk\ hamman Z]o
b\`gmf e^] j \ cba[\_ ^` ^ ]^fgb^m \·f\]`Za] ah fk\ v ^Z] b\`gmf ah �N� p
¸¹º»¼º½ ¾¿Àp Á Â ÃÄÅÆÇ ÈÆÇÅ Fq ÈÉ ÊÅËÌÍÎ ÇÌËÃ Ï ÇÐÄÑ g

ÊÐÒ ÓËÌÍ r ËÅÅÇÒÄÃËÔÕÇ
ÃÈÎÖÈÐ ÇÐÌÑ ÒÇ× ÐÇÒ ÈÆÇÅ Fq ÍÊÑ ÊÌ Î ÈÑÌ r(q + 1) + 2gq1/2 ÅÊÌËÈÐÊÕ Ö ÈËÐ ÌÑ Ø

Ùh eagb`\ i fk\ ^j a[\ j ag]_ gmfZv ^f\m| _\c \]_` a] fk\ Ú\Zm j ag]_ p Û mf\br
]^fZ[\m|i afk\b j ag]_` a] fk\ ]gvj\b ah b^fZa]^m c aZ]f` a] Zbb\_geZjm\ egb[\`
a[\b l]Zf\ l\m_` e^] j \ g`\_ p ÜfZmm i fk\ ]gvj\b ah Zbb\_geZjm\ eavca]\]f` ]\\_`
fa j \ j ag]_\_ i `Z]e\ Zf n Zmm ob\^fm| ^Ý\ef fk\ gmfZv ^f\ j ag]_ hab

#Zf (Fq) pÞ \b\ ^b\ `av \ o\av \fbZe b\`gmf` j ag]_Z]o fk\ ]gvj\b ah Zbb\_geZjm\ eav r
c a]\]f` p
ßº½½à ¾¿¾p Á áÉ ÌÍ Ç â ãÅÈÐäå ÇÆÇÅË Ï ÅÈÄÖ ÈÉ X ËÑ Ï ÇÐ ÇÅÊÌÇÒ Ôæ ÌÍ Ç ÊÎÖ ÕÇ
ÒËÆËÑÈÅ H

ÊÐÒ G = mH ç ÌÍ ÇÐ ÌÍ Ç è ÇÅÈ ÑÇÌ ÈÉ Ê ÐÈÐäè ÇÅÈ ÇÕÇÎ ÇÐÌ ÈÉ L(G) ÍÊÑÊÌ Î ÈÑÌ m ËÅÅÇÒÄÃËÔÕÇ ÃÈÎÖÈÐ ÇÐÌÑ Ø
�baah é ¯h

f ∈ L(G), (f)0 = k1A1 + . . . + krAr i fk\]
Ai

Z` ^mo\jb^Ze^mm|\xgZ[^m\]f fa
aiH

hab `av \
ai > 0 i j| k|cafk\`Z` p Üa

rH2 ≤
∑

kiaiH
2 = (f)0H = (f)∞H ≤ mH2,

`a
r ≤ m p
{ab ^ `k^bc \b b\`gmf hab `gbh^e\` Z]

P
3 i `\\ �ê� p

ßº½½à ¾¿ëp Á åÄÖÖÈÑÇ ÌÍÊÌ H ËÑ ÊÐ ÊÎÖ ÕÇ ÒËÆËÑÈÅ ËÅÅÇÒÄÃËÔÕÇ ÈÆÇÅ ÌÍ Ç
Ï ÅÈÄÐÒ × ÇÕÒ ÔÄÌ ÒÇÃÈÎÖÈÑËÐÏ ÈÐ Ê ìÊÕÈËÑ Çí ÌÇÐÑËÈÐ ÈÉ Ö ÅËÎ Ç ÒÇÏ ÅÇÇ p

ÊÑ Ê ÑÄÎ
ÈÉ p ÃÈÐî ÄÏ ÊÌÇ ËÅÅÇÒÄÃËÔÕÇ ÃÈÎÖÈÐ ÇÐÌÑ ÑÄÃÍ ÌÍÊÌ ÌÍ Ç ËÐ ÌÇÅÑÇÃÌËÈÐ ÖÈËÐÌÑ ÊÅÇ ÊÕÑÈ
Î ÈÆÇÒ Ôæ ìÊÕÈËÑ Ø áÉ G = mH ç ÌÍ ÇÐ ÌÍ Ç è ÇÅÈ ÑÇÌ ÈÉ Ê ÐÈÐäè ÇÅÈ ÇÕÇÎ ÇÐÌ ÈÉ L(G)
ÍÊÑ ÊÌ Î ÈÑÌ mH2/p

ÊÔÑÈÕÄÌÇÕæ ËÅÅÇÒÄÃËÔÕÇ ÃÈÎÖÈÐ ÇÐÌÑ ÒÇ× ÐÇÒ ÈÆÇÅ ÌÍ Ç Ï ÅÈÄÐÒ× ÇÕÒØ
�baah é ¯h f ∈ L(G), (f)0 = k1A1+. . .+krAr+D i nk\b\ fk\

Ai
^b\ Zbb\_geZjm\^]_ _\l]\_ a[\b fk\ obag]_ l\m_ i fk\] AiH ≥ p j| fk\ Y^maZ` ^efZa] p Üa

rp ≤
∑

kiAiH ≤ (f)0H = (f)∞H ≤ mH2,
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`a
r ≤ mH2/p p
Û egjZe `gbh^e\ Z]

P
3
a[\b

F9 nZfk
100

caZ]f` Z` ea]`fbgef\_ Z] �ê� nk\b\
j afk m\vv ^` ^ccm| ^]_

H
Z` ^ `g Zf^jm\ cm^]\ `\efZa] i fkg`

H2 = 3
^]_ Zh

G = mH i fk\] fk\ t\ba `\f ah ^ ]a]rt\ba \m\v \]f ah
L(G)

k^` ^f v a`f
m^j`amgf\m| Zbb\_geZjm\ eavca]\]f` _\l]\_ a[\b fk\ obag]_ l\m_ p {ab m = 2fkZ` oZ[\` ^ ea_\ ah m\]ofk

100 i _Zv \]`Za]
10

^]_ v Z]Zv ^m _Z`f^]e\
68 p

{ab ^]afk\b \·^vcm\ ea]`Z_\b
X i fk\ t\ba `\f ah

x3 + y3 + z3 − zx2 − xy2 − yz2 + xz2 + w3

Z] ek^b^ef\bZ`fZe
3 p qk\] ö p÷ ^ccmZ\` j afk a[\b

F3

^]_
F9 nZfk

H
fk\ cm^]\

w = 0 p Ù[\b
F3 n\ e^] f^s\

m = 1
^]_ o\f ^ ea_\ ah m\]ofk

13 i _Zv \]`Za]
4^]_ v Z]Zv ^m _Z`f^]e\

7 i nk Zek Z` j \`f c a``Zj m\ p Ù[\b
F9 n\ e^] f^s\

m = 2^]_ o\f ^ ea_\ ah m\]ofk
91 i _Zv \]`Za]

10
^]_ v Z]Zv ^m _Z`f^]e\

61 p ¯] j afke^`\` fk\ ^efg^m v Z]Zv ^m _Z`f^]e\ Z` `mZokfm| jZoo\b fk^] nk^f o\]\b^m \`fZv ^f\`
oZ[\ p qk\ b\`gmf` n\b\ ajf^Z]\_ j| eavcgf\b e^megm^fZa] p

ø O ù ¶WTUXQú û ´úTSXRü²
qk\ _\ea_Z]o ^moabZfkv g`\` ^ _Z[Z_\r^]_rea]xg\b f\ek]Zxg\ ^]_ Z` j^`\_a] fk\ ýgj|rþ Zft\]v ^ek\b _\ea_Z]o ^moabZfkv cb\`\]f\_ Z] �ø� i `\efZa] ¯ÿ r� pqk\ Z_\^ Z` fa `cmZf fk\ c^bZf| ek\es ea]_ZfZa]` hab

C
Z]fa `\[\b^m `\f` ah c^bZf|

ek\es ea]_ZfZa]` hab ea_\` a] egb[\` a] fk\ `gbh^e\ pý\f
X

^]_
{P1, . . . , Pn} ⊂ X

^` Z] }p ý\f
Y1, . . . , Yr ⊂ X j \ egb[\` a]

X i^]_ m\f
{Pi | i ∈ Ik} j \ fk\ `\f ah c aZ]f` Z]

Yk ∩ {P1, . . . , Pn} p ¯] cb^efZe\ i ZfZ` g`\hgm fa v Z]Zv Zt\ fk\ `Zt\ ah fk\ c^Zbn Z`\ Z]f\b`\efZa] ah fk\ egb[\`
Yk p {abZ]`f^]e\ i n\ l· ^ cbad \efZ[\ \vj\__Z]o ah

X
^]_ f^s\ fk\

Yk
fa j \ k|c \bcm^]\

`\efZa]` fk\ ]gvj\b ah c aZ]f` a] fk\ Z]f\b`\efZa] ah ^]| fna `gek egb[\` Z`
j ag]_\_ j| fk\ _\ob\\ ah fk\ `gbh^e\ p

{ab \^ek
k ∈ {1, . . . , r} i _\l]\ fk\ v ^c

πk : C −→ Fq
nk

(c1, . . . , cn) 7−→ (cl1 , . . . , clnk
)

nk\b\
Ik = {l1, . . . , lnk

}
^]_ fkg`

πk
Z` fk\ cbad \efZa] ah

C
a] fk\ eaab_Z]^f\`

fk^f eabb\`c a]_ fa c aZ]f` Z]
Yk p ý\f

Mk j \ ^ c^bZf| ek\es v ^fbZ· hab
πk(C)^]_ _\l]\

M̄k j|

(M̄k)i,j =

{

(Mk)i,j

Zh
j ∈ Ik �

0
afk\bn Z`\ p� af\ fk^f fk\ c^bZf| ek\es \xg^fZa]` eav Z]o hbav

M̄k
^b\ `^fZ`l\_ j| fk\

\m\v \]f` ah
C p ý\f

M
_\]af\ fk\ v ^fbZ· ajf^Z]\_ j| ea]e^f\]^fZ]o ^mm fk\

M̄k i `a fk^f fk\ c^bZf| ek\es \xg^fZa]` eav Z]o hbav
M

^b\ `^fZ`l\_ j| fk\
\m\v \]f` ah

C
^m`a p Û ``gv \ n\ e^] ekaa`\

Y1, . . . , Yr
`a fk^f

ker M = C p
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w]habfg]^f\m| n\ e^]]af |\f cba[\ fk^f `gek ^ `\f \· Z`f` jgf Z] cb^efZe\ yn\
oZ[\ ^] \·^vcm\ j \man z `gek `\f` ^b\ cm\]fZhg m p {ab hgfgb\ b\h\b\]e\ i n\ n Zmm
`^| fk^f

{Y1, . . . , Yr}
`^fZ`l\` fk\ s\b]\m ea]_ZfZa] Zh

kerM = C p � af\ fk^f
Mk^` `c^b`\ ban ` Zh

X
k^` v ^]| vab\ b^fZa]^m c aZ]f` fk^] \^ek

Yk
^]_ Zf k^`

`c^b`\ eammgv]` nk\] ^]| c^Zb ah
Yk

u` Z]f\b`\ef Z] h\n caZ]f` p
w]_\b fk\`\ ea]_ZfZa]` i fk\ _\ea_Z]o ^moabZfkv Z` fk\ hamman Z]o é
}p YZ[\] ^ nab_

w i o\]\b^f\ fk\ `gjnab_
πi(w) i nk\b\

i
Z` eka`\] ^f n Zmm �ö p w`\ ^ _\ea_Z]o ^moabZfkv hab ea_\` a] egb[\` fa _\ea_\
πi(w) i ^]_ b\cm^e\

fk\ eabb\`c a]_Z]o eaab_Z]^f\` ah
w j| fka`\ ah fk\ _\ea_\_ nab_ �

÷ p �\c \^f `f\c` } ^]_ ö ^` v ^]| fZv \` ^` ]\e\``^b| `a fk^f hab \^ek
i
Z]

{1, . . . , r} i πi(w)
Z` ^ nab_ Z]

πi(C) p
Ùj`\b[\ fk^f fk\ Z_\^m ea]_ZfZa] Z] ÷ v Zokf ]af ^mn^|` j \ `^fZ`l\_ i `a Zf

Z` g`\hgm fa Z]fba_ge\ ^ j ag]_ a] fk\ ]gvj\b ah Zf\b^fZa]` ab f\`f hab `av \
`f^fZa]^b| `Zfg^fZa] pqkZ` cbae\_gb\ Z` ema`\ fa fk^f ah �ø� nk\b\ Zf Z` _\`ebZj \_ hab ý��� ea_\`
a[\b m^bo\ ^mck^j \f` i k^[Z]o cbad \efZa]` ea]f^Z]\_ Z] �\\_rÜamav a] ea_\` p¯] agb e^`\ i ea_\` hbav `gbh^e\` ^b\ ahf\] ý��� ea_\` ^]_ k^[\ cbad \efZa]`
ea]f^Z]\_ Z] ea_\` hbav egb[\` p¯f Z` Z]f\b\`fZ]o fa ]af\ fk^f Yacc^ ea_\` eav Z]o hbav egb[\` ^b\ `\m_av
ý��� i `Z]e\ fk\Zb _g^m` ^b\ ^m`a Yacc^ ea_\` eav Z]o hbav egb[\` ^]_ i ^`
`gek i k^[\ m^bo\ v Z]Zv ^m _Z`f^]e\ i nk\b\^` fk\ _g^m ah ^] ý��� ea_\ k^`
`v ^mm v Z]Zv ^m _Z`f^]e\ i j| _\l]ZfZa] p

ø ONO ��� ¶SX² ¶QR³´ S¶µV ´Rµ O 	 w`Z]o ^ egjZe `gbh^e\ Z]
P

3
a[\b

F9

^]_
G =

2H i �ê� ea]`fbgef` ^ ea_\ ah m\]ofk }

 i _Zv \]`Za] }
 ^]_ v Z]Zv ^m _Z`f^]e\ �� pÚ\ g`\_ fkZ` ea_\ fa bg] `av \ `Zvgm^fZa]` ah fk\ _\ea_Z]o ^moabZfkv p w `Z]o
b^]_av `\^bek i n\ n\b\ ^jm\ fa l]_ `\[\b^m `\f` ah }� cm^]\ `\efZa]` `^fZ`h|Z]o
fk\ s\b]\m ea]_ZfZa] yjgf ]a m\`` fk^] }�z p

{ab eavc^bZ`a] n\ _Z_ fna `\^bek\` hab cm^]\ `\efZa]` p qk\ lb`f n^` b^]_av
^]_ fk\ `\ea]_ n\ a]m| maas\_ ^f cm^]\ `\efZa]` n Zfk v ^]| caZ]f` p �gb[\` n Zfk
h\n caZ]f` n Zmm oZ[\ ea_\` n Zfk `v ^mm v Z]Zv ^m _Z`f^]e\ ^]_ caab \bbab eabb\efZ]o
e^c^eZf|p Û m`a i fk\| ea]fbZjgf\ h\n c^bZf| ek\es ea]_ZfZa]` i v \^]Z]o fk^f
n\ n Zmm ]\\_ v ab\ egb[\` fa `^fZ`h| fk\ s\b]\m ea]_ZfZa] i ^Ý \efZ]o fk\ a[\b^mm
c \bhabv ^]e\ ah fk\ ^moabZfkv p Ú\ fkg` `\m\ef\_ a]m| egb[\` n Zfk ^f m\^`f }�
caZ]f` i nkZek Z` [\b| ema`\ fa fk\ Ú\Zm j ag]_ hab `gek ^ egb[\ pÙ] `f\c } ah fk\ ^moabZfkv i n\ cZes\_

i
b^]_av m| ^v a]o fk\ \m\v \]f` ah

fk\ `\f
{1, . . . , r} jgf ]a b\c \fZfZa] n^` ^mman\_ g]fZm ^mm \m\v \]f` k^_ j \\]cZes\_ p Ú\ g`\_ b^]_av ekaZe\ ah

i
fa c a``Zj m| v Z]Zv Zt\ g]_\`Zb\_ `f^fZa]^b|

`Zfg^fZa]` p
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{ab fk\ `f\c ö i n\ g`\_ fk\ � Zvv \bv ^]] v Z]Zvgv n\Zokf ^moabZfkv �°�
fa _\ea_\ fk\ ea_\ a] ^ egb[\ p qkZ` ^moabZfkv Z` ^mb\^_| Zvcm\v \]f\_ Z] fk\
þÛYþÛ c^es^o\ pÚ\ b^] \·c \bZv \]f` n Zfk }}


 nab_` hab \^ek ]aZ`\ n\Zokf i ^]_ fk\ b\`gmf`
^b\ `kan] Z] logb\` } ^]_ ö p {ab \^ek

k
Z]

{1, . . . , 34} n\ eavcgf\_ fk\
c \be\]f^o\ ah \Ý \efZ[\ eabb\efZa] nk\] ^ b^]_av ]aZ`\ ah n\Zokf

k n^` ^__\_
fa ^ b^]_av ea_\nab_ p Ù] logb\ }i fk\ eZbem\` eabb\`c a]_ fa fk\ c \bhabv ^]e\`
ah fk\ ^moabZfkv g`Z]o egb[\` n Zfk ^f m\^`f }� caZ]f` i ^]_ fk\ eba``\` eabb\`c a]_
fa fk\ c \bhabv ^]e\` nk\] ]a ]a]rfbZ[ Z^m ea]`fb^Z]f n^` Zvca`\_ a] fk\ ]gvj\bah c aZ]f` a] \^ek egb[\ p qk\ c \bhabv ^]e\` n\b\ `gj`f^]fZ^mm| _Z`fZ]ef p ¯] logb\
ö n\ eavc^b\ fk\ \Ý\efZ[\]\`` ah fk\ ^moabZfkv ^eeab_Z]o fa kan i

y^` Z] `f\c
}z Z` cZes\_ p qk\ eZbem\` eabb\`c a]_ fa b^]_av ekaZe\ ah

i
^]_ fk\ eba``\` fa

`\xg\]fZ^m ekaZe\ ah
i i j afk g`Z]o fk\ cm^]\ `\efZa]` n Zfk v ^]| caZ]f` p Û `

n\ e^] `\\ i fk\b\ n^` ]a ]afZe\^jm\ _ZÝ\b\]e\ a] fk\ \Ý\efZ[\]\`` p { Z]^mm| n\
b\v ^bs fk^f fk\ _\ea_Z]o ^moabZfkv Zvcm\v \]f\_ Z] þÛYþÛ n^` g]^jm\ fa
c \bhabv _\ea_Z]o a] fkZ` ea_\ p

noise weight

3025

100

20

90

15

80

70

10

60

50

40
50
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ûW�QT� ´¶Uú²¶QRµ
qk\ eavcgf^fZa]` Z] fkZ` c^c \b n\b\ v ^_\ g`Z]o fk\ þÛYþÛ �avcgf^r

fZa]^m Û mo\jb^ Ü|`f\v p
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noise weight

30252015105

100

98

0

96

94

92

90
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