In-the-Book Definitions ( Il )

Set U is the Universal Set. Any sets discussed are subsets of the Universal Set U.

Set A is non-empty ( A = @ ) < Thereexistsanelement x € U suchthat xe A.

The Union of set A and set B is the set A U B where:

AUB ={xeU | xeA OR xeB}.

The procedural definition of A U B which is useful for writing proofs
involving AU B is:
xe AUB & xeA OR xeB.

Whenever a set X is defined in the form
X = {xeU | Predicate P is true about x },

the procedural definition of Xis: x € X <« Predicate P is true about x .

The Intersection (N) and Difference ( — ) of sets A and B, and the Complement (A°) of set A,
are defined as follows:

ANB = {xeU|xeA AND xeB}; A°={xeU|xeA}
A-B = {xeU |xeA AND x ¢B}

Set A isasubsetof SetB (ACB ) <« Forallelements xe U, if xe A,thenx € B.

A collection { A4, Ay, ... Ay} of non-empty subsets of Ais a Partition of set A

& 1) A= A/UALU ... UA, and 2) when i=j, AAnA;=0.

Given a set A, the Power Set of A, denoted ¢ (A) is the set of all subsets of A.
When A is finite with n elements, then 9?(A) has 2" elements.

Set Equality: SetA = SetB < A CBand B C A.
A (Binary) Relation R from set A to Set B is any subset of the Cartesian Product A x B.

Given such arelation R, forallae Aand beB, aRb < (a,b)eR.

The Inverse Relation R™" is the subset of B x A such that
foralbeB andaeA, (b,a)eR' < (a,b)eR; thus, bR"'a < aR b.

A Relation R on A is a relation R from A to A, thatis, from AtoB withB =A.



Let R be a binary relation on set A:

1) R isreflexive < VxeA, xRx.
2) R is symmetric ® Vx,y €A, IF xRy, THEN yRx.
3) R is transitive ® V' x,y,z €A, IF xRy and yRz, THEN xRz.

An Equivalence Relation is a relation which is reflexive, symmetric and transitive.

Given the Equivalence Relation R on set A and given element a in set A,
the Equivalence Class of a (or just the Class of a) is denoted [a] and is
definedas [a] = {xeA| xRa}.

Any element z in an equivalence class for equivalence relation R is called
an Equivalence Class Representative of that class, and in this case the
equivalence class containing the representative z will be the set [z].

A Complete Set of Equivalence Class Representatives is a set containing exactly
one representative from each of the equivalence classes of R.

A Eunction f from Set X to Set Y, denoted f: X =Y,
is @ binary relation from X to Y such that both:

1) For every element x in X, there is some element yinY with (x,y) € f,
that is, x fy for at least one elementyinY, and

2) For every element x in X and all elementsy and zin Y,
if xfy and xfz, theny = z,
that is, f relates each x in X to only one element yinY.

Here, the set X is called the domain of f: the set Y is the co-domain of f.

For a given x € X, there is a unique y € Y with x f y , and this element y is

called “the image of x under f", or also, “the value of the function f at X,

oralso “fofx”, and we write “y = f(x) ” to be read as “‘y equals f of x.”
The Range of fis the set of all images of f in the set Y ; that i,

Rangeof f = { yeY| y = f(x) for some xeX}.

The (Range of f) < Co-domain Y, but it can happen that the (Range of ) = Y.



Given an element y in Y, the inverse image of y in X under fis the set:

inverse image ofy = { xe X | f(x) = y} .
Forall yeY, ye(Rangeof f) < inverseimage ofyunder f is not 9 .
For all subsets Ac X and all subsets C < Y

1

the image of Aunder f (or fofA) is f(A) = {yeY| y = f(x) forsome xe A}, and

the inverse image of C (or finverse of C)is f'(C) = {x e X | f(x) € C}.

Equality of Functions: Suppose f: X —Y and g: X — Y are functions from X to Y.
Then fequalsg (f=g) <

1) f and g have the same domains and co-domains, and
2) VxeX, fx) = g(x).

Given set X, define the identity function ix bytherule: Vze X, ix(z) = z.

Let f be a function from a set X to a set Y.
f is one-to-one (or injective) <> For every uand v in X,
If flu) = f(v), Then u=v
< Forevery uandvin X,
If u #v,Then f(u) # f(v).

f is onto (or surjective) < Forevery elementy €Y,

there exists some x € X such that f(x)=y.

fis a one-to-one correspondence (or a bijection) from X to Y

< f:X - Y is both a one-to-one function and an onto function.

Given that f: X — Y is a one-to-one correspondence from X to Y,
then the inverse relation ' is also a function Yo X , and is such that

VyeY, fiiy)=x o f(x)=y.



Composition of Functions:

Given functions f and g,where f:X—-V and g:Y —Z,where X, Y, V, and Z are
any sets, such that the (range of f) < (domainofg)=Y,

the Composition of f and g (written g - f) is the function defined by the rule:

V xeX, gef(x) = g(fx) in Z

(We can refer to the composition of f and g as “gcircle f,” and, given a
particular value of x, we can say, “ g circle f of x equals g-of-f-of-x.")

Note:

If f:X—-Y and g:Y - Z are two functions such that f and g are both one-to-one,
then gof: X— Z is also one-to-one. (Theorem 7.3.3)

If f:X—Y and g:Y — Z are two functions such that f and g are both onto,
then gof: X— Z is also onto. (Theorem 7.3.4)

If f:X->Y and g:Y — Z are two functions such that f and g are both

one-to-one and onto (i.e., fand g are one-to-one correspondences ),
then gof: X—Z is also one-to-one and onto

(i.e., gof is also a one-to-one correspondence ).

If f:X-Y is a one-to-one correspondence, then

the inverse function, ' : Y - X, Is also a one-to-one correspondence,
and (using ix and iy for the identity functions),

flof = jx and fof' =iy

thatis: V x € X, flof(x) = f'(f(x))

X = ix(x) , and

VyeY, fof'y = f(f'y)) =y = iv(y) .
Having the SAME CARDINALITY:

Set A has the same cardinality as Set B if there is a one-to-one correspondence

from Ato B. A and B have the same cardinality if A has the same cardinality as B
and B has the same cardinality as A.

For a non-empty Set X :

Set X is infinite < ¥ne Z', Xand{1,2,...,n}do nothave the same cardinality.
Set X is countably infinite < X and Z* have the same cardinality.

Set X is countable < X isfinite OR X is countably infinite.

A set which is not countable is said to be uncountable.




