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and ny, if f(n)) = f(ny) then 3n; = 3n, and so n; = n,.
Also f is onto because if m is any element in 3Z, then m =
3k for some integer k. But then f(k) = 3k = m by defini-
tion of f. Thus, since there is a function f: Z — 3Z that is
one-to-one and onto, Z has the same cardinality as 3Z.

7. Hint: ¥ m € Z*, show that j(m) = j(m 4 1) = m.

8. It was shown in Example 7.4.2 that Z is countably infi-
nite, which means that Z* has the same cardinality as Z.
By exercise 3, Z has the same cardinality as 3Z. Tt follows
by the transitive property of cardinality (Theorem 7.4.1 (c))
that Z* has the same cardinality as 3Z. Thus 3Z is count-
ably infinite [by definition of countably infinite], and hence
3Z is countable [by definition of countable].

10. Proof: Define f: § — U by the rule f(x) = 2x for all real
numbers x in §. Then f is one-to-one by the same argu-
ment as in exercise 10a of Section 7.2 with R in place of
Z. Furthermore, f is onto because if y is any element in U,
then 0 < y < 2 and 50 0 < y/2 < 1. Consequently, y/2 €
Sand f(y/2) = 2(y/2) = y. Hence f is a one-to-one cor-
respondence, and so § and U have the same cardinality.

11. Hint: Define h: S — V as follows: h(x) = 3x + 2, for all

x €S
@

It is clear from the graph that f is one-to-one (since it is
increasing) and that the image of £ is all of R (since the
lines x = 0 and x = [ are vertical asymptotes). Thus S and
R have the same cardinality.

16. In Example 7.4.4 it was shown that there is a one-to-one
correspondence from Z* to Q*. This implies that the posi-
tive rational numbers can be written as an infinite sequence:
ry,r2, 73,714, . ... Now the set Q of all rational numbers con-
sists of the numbers in this sequence together with 0 and
the negative rational numbers: —ry, —r;, —ry, =14, .... Let
rg = 0. Then the elements of the set of all rational numbers
can be “counted” as follows:

Fos 'y =Ty Fay —F2, 13, =13, T4 —T4y .o .
In other words, we can define a one-to-one correspondence

for all integers n > 1.

_rap if n is even
G(ﬂ) - {—)'(,,_])/2 if n is odd

Therefore, Q is countably infinite and hence countable.
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7.4 Solutions and Hints to Selected Exercises A-53

18. Hint: No.
19. Hint: Suppose r and s are real numbers with s > r > 0.

22.

23

25

27,

v 3

Let n be an integer such that n > s—:zr— Thens ~r > e

— | AL nr —
Letm-L/iJ+1.Thenm>ﬁz nj/_ 1. Use the
2m

fact thats = r + (s — r) to show that r < - <S.

Hint: Use the unique factorization of integers theorem

(Theorem 4.3.5) and Theorem 7.4.3.

a. Define a function G: ZM"'%8 — Zponneg o Znomneg q¢ £

lows: Let G(0) = (0, 0), and then follow the arrows in

the diagram, letting each successive ordered pair of inte-
gers be the value of G for the next successive inte-

ger. Thus, for instance, G(1) = (1, 0), G(2) = (0, 1),

GB3)=@2,0, GW=(1,1, G5)=(0,2), G6) =

(3,0), G(7) = (2. 1), G(8) = (1, 2), and so forth,

Hint: Observe that if the top ordered pair of any given

diagonal is (k, 0), the entire diagonal (moving from top

to bottom) consists of (k,0), (k -1, 1), (k- 2,2),...,

(2,k—2),(1,k—=1),(0,k). Thus for all the ordered

pairs (m,n) within any given diagonal, the value of

m + n is constant, and as you move down the ordered

pairs in the diagonal, starting at the top, the value of the

second element of the pair keeps increasing by 1.

Hint: There are at least two different approaches to this

problem. One is to use the method discussed in Section 4.2.

Another is to suppose that 1.999999... < 2 and derive

a contradiction. (Show that'the difference between 2 and

1.999999. .. can be made smaller than any given positive

number.)

Proof: Let A be an infinite set. Construct a countably infi-

nite subset ay, 43, a3, .. . of A, by letting a, be any element

of A, letting g, be any element of A other than a,, letting a,

be any element of A other than a, or a,, and so forth. This

process never stops (and hence gy, a;, as, . .. is an infinite
sequence) because A is an infinite set. More formally,

1. Let a; be any element of A.

2. For each integer n > 2, let a, be any clement of A —
{a1, a3, a3, ..., a,1}). Such an element exists, for other-
wise A — {a;, @, a3, ...,a,-;} would be empty and A
would be finite.

b.

Proof: Suppose A is any countably infinite set, B is any
set, and g: A — B is onto. Since A is countably infinite,
there is a one-to-one correspondence f: Z* — A. Then, in
particular, f is onto, and so by Theorem 7.3.4, gof is an
onto function from Z* to B. Define a function h: B — z+
as follows: Suppose x is any element of B. Since gof
is onto, {m € Z* | (gof)(m) = x} # @. Thus, by the well-
ordering principle for the integers, this set has a least ele-
ment. In other words, there is a least positive integer n with
(gof)(n) = x. Let h(x) be this integer.

We claim that A is a one-to-one. For suppose h(x;) =
h(xy) = n. By definition of &, n is the least positive inte-
ger with (gof)(n) = x;. But also by definition of h,n
is the least positive integer with (gof)(n) = x,. Hence
Xy =(gof)(n) = x,.
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