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SECTION 8.8 IMPROPER INTEGRALS 1ii 545

e

7] DEFINITION OF AN {MPROPER {NTEGRAL OF TYPE |

(a) If |/ f(x) dx exists for every number 1 = a, then

7w dx = im | £(2) dx

a

provided this limit exists (as a finite number).
(b) If {7 f(x) dx exists for every number ¢ < b, then

provided this limit exists (as a finite number).

The improper integrals 7 f(x) dx and |7, f(x) dxare called convergent if the
corresponding limit exists and divergent if the limit does not exist.

[ 7 dx = Jim [ £ dx \\

(c) If both |7 f(x) dx and |, f(x) dx are convergent, then we define

[ fwdx= |7 seds+ [[f@ ds

Any of the improper integrals in Definition 1 can be interpreted as an area provided that
f is a positive function. For instance, in case (a) if f(x) = 0 and the integral |, f(x) dx
is convergent, then we define the area of the region S = {(xy|x=a, 0=y < f(x)} in
Figure 3 to be

AS) = {” F(x) dx

This is appropriate because 7 f(x) dx is the limit as t —> % of the area under the graph of
ffromatot.

FIGURE 3

-+ . Determine whether the integral {7 (1/x) dxis convergent or divergent.

.+ According to part (a) of Definition 1, we have

r—l-dx — lim \"ldx — fimIn|x|]

'
1 X t—xJl X [ !

=lim(nt—In1)= limlnr=®
> t—>

The limit does not exist as a finite number and so the improper integral ﬁ‘ (1/x) dx is
divergent.
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FIGURE 7

w Parts (b} and {c) of Definition 3 are illustrated
in Figures 8 and 9 for the case where f(x) = 0
and f has vertical asymptotes at a andc,
respectively.
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FIGURE 10

horizontal direction. Here the region is infinite in a vertical direction.) The area of t
of S between g and ¢ (the shaded region in Figure 7) is

A = |/ f(x) dx

If it happens that A(r) approaches a definite number A as 7 — b~, then we say th
area of the region S is A and we write ~

[" £ dx = tim || F00 dx

va

We use this equation to define an improper integral of Type 2 even when f is not
tive function, no matter what type of discontinuity f has at b.

5] DEFINITION OF AN IMPROPER INTEGRAL OF TYPE 2

(a) If f is continuous on [a, b) and is discontinuous at b, then
[/ f00 dx = lim [ £x) dx
a t—b~ v4

if this limit exists (as a finite number). _
(b) If f is continuous on (a, b] and is discontinuous at a, then

[t~ i [ 100

if this limit exists (as a finite number).

The improper integral 1: f(x) dx is called convergent if the corresponding lim
exists and divergent if the limit does not exist.

(c) If f has a discontinuity at ¢, where a < ¢ < b, and both Lf f(x) dx and
[ f(x) dx are convergent, then we define
b

j" F(x) dx = J F(x) dx + [ F(x) dx

< Find LS 7xl__=2' dx.

We note first that the given integral is improper because f(x) = 1 /x =
has the vertical asymptote x = 2. Since the infinite discontinuity occurs at the left

point of [2, 5], we use part (b) of Definition 3:
rs dx . s dx
j —m— = hmf —pm——
2 Jx — 2 st e \x— 2
= lim 2/x = 2]
= lim 23 - V1 = 2)
= 2\/5

Thus the given improper integral is convergent and, since the integrand is positive;
can interpret the value of the integral as the area of the shaded region in Figure 1




