
                   M 408 K    Fall 2005     Inverse Trig Functions

Important Decimal Approximations   and   Useful Trig Identities

    Decimal Approximations:
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           Trigonometric Identities:
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   SOH-CAH-TOA 

sin (u)  =  opp / hyp

tan (u)  =  opp / adj

sec (u)  =  hyp / adj

cos (u)  =  adj / hyp   

v

u

When  u + v  =  pi / 2   =  90 degrees,

sin (u)  =   b / c   =   cos (v)   =   cos ( pi/2  -  u ) ,

tan (u)  =   b / a   =   cot (v)    =   cot ( pi/2  -  u ) ,

sec (u)  =   c / a   =   csc (v)   =   csc ( pi/2  -  u ) .

sin ( - x )   =   - sin ( x ) 

tan ( - x )   =   - tan ( x )

cos ( - x )   =   cos ( x )

sec ( - x )   =   sec ( x )



Inverse Sine Function:  u  =  sin -1 (x) ,  x Î  [ -1  , 1 ] ,   u úû
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          u  =  sin -1 (x)   when   sin (u)  =  x   and  u  úû
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Locate  x  on the vertical axis.     

sin (u)  =  x   

u = 

For  x  in  [ -1 , +1 ] ,
   u = inverse sine (x)     

When x is in [ 0 , 1 ] ,
   u = inv sin (x) is in [ 0, pi/2 ]        

  
When x is in [ -1 , 0 ] ,
 u = inv sin (x) is in [ - pi/2, 0 ]                     
     

x = 0.77 

sin-1 x)(  = 0.882 radians
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sin (u)  =  x   
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  u = inverse sine (x)     

x = -0.95 

sin-1 x)(  = -1.244 radians
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sin (u)  =  x   
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  u = inverse sine (x)     

x = -0.31 

sin-1 x)(  = -0.311 radians



           Table of values:   y  =  sin-1(x)

                  x                                 y  =  sin–1(x)
      -------------------------         ---------------------
                 - 1                          - π / 2  =  - 1.571
      -√3 / 2  =  -0.866              - π / 3  =  - 1.047
      -√2 / 2  =  -0.707             - π / 4  =  - 0.785
                -1/2                      - π / 6  =  - 0.524   
                   0                                       0
                 1/2                            π / 6  =  0.524   
       √2 / 2  =   0.707                 π / 4  =  0.785
       √3 / 2  =   0.866                 π / 3  =  1.047
                   1                             π / 2  =  1.571         
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sin (u)  =  x   

u = 

  u = inverse sine (x)     

x = 0.61 

sin-1 x)(  = 0.652 radians
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sin (u)  =  x   

u = 

  u = inverse sine (x)     

x = 0.97 

sin-1 x)(  = 1.339 radians

a = Sqrt( 1 - x^2 )

x1

cos (u)  =  adj / hyp   
u

Drawing the angle  u  =  inv sin (x) when x > 0 :      

sin (u)  =   x  =  x/1  =  opp / hyp , 

Make  opp  =  x  and   hyp  =  1  .

cos ( inv sin (x) )  =  Sqrt( 1 - x^2 )     

u = inv sin (x)
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y = inv sin (x)   

x = 0.30 

sin-1 x)(  = 0.310



Inverse Tangent Function:
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Locate  x  on the number line placed 
vertically with the origin at point (1,0) .    

tan (u)  =  x   

u =    
  
As x -> 0,
   u = inv tan (x) -> 0    

As x -> infinity,
   u = inv tan (x) -> pi / 2      

As x -> - infinity,
   u = inv tan (x) -> - pi / 2      

For  x  in  ( -inf, inf ) ,
   u = inverse tangent (x)     

x = 3.33 

tan-1 x)(  = 1.279 radians



    
     Table of values:  y = tan -1 (x)

                   x                    y = tan -1 (x)
        ------------------      -------------------------
                -10                     - 1.471
                  -5                      - 1.373
        -√3  = -1.732         - π/3  = - 1.047
                 -1                  - π /4  = - 0.785
     -√3 / 3  = -0.577      - π /6  =  - 0.524
                  0                             0
       √3 /  3  =  0.577       π /6  = 0.524
                 1                    π /4 =  0.785
           √3  =  1.732          π /3  =  1.047
                  5                         1.373
                10                         1.471                 
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   u = inverse tangent (x)     

x = -3.18 

tan-1 x)(  = -1.266 radians

tan (u)  =  x   
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tan (u)  =  x   

u =    

   u = inverse tangent (x)     

x = 1.73 

tan-1 x)(  = 1.047 radians

1

Sqrt( 1 + x^2 ) = c x

u = inv tan (x)
        

sec ( inv tan (x) )  =  Sqrt( 1 + x^2 )    

tan (u)  =   x  =  x/1  =  opp / adj , 

Make  opp  =  x  and   adj  =  1  .

Drawing the angle  u  =  inv tan (x) when x > 0 :      

u
sec (u)  =  hyp / adj    
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y = inv tan (x)   
x = 6.27 

y = inv tan (x) = 1.413 



Inverse Secant Function:  
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            u  =  sec -1 (x)   when   sec (u)  =  x   and  u 3
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sec (u)  =  x  

x = 4.50 

u = inv sec (x) = 1.347 radians 

For   1  =<  x ,
   u = inverse secant (x)     

As x -> infinity,
   u = inv sec (x) -> pi/2     

  
As x -> 1+ ,
   u = inv sec (x) -> 0    

u

|x|

sec-1 (x)  =  u  

x = -2.00

u = 1.33p  radians

|x| = 2.00

 u = inverse secant (x)      

sec (u)  =  x  
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sec-1 (x)  =  u  

x = -3.33

u = 1.40p  radians

|x| = 3.33

 u = inverse secant (x)      

sec (u)  =  x  
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When  x £  -1 ,

sec-1 x   =   p  + sec-1( |x| )

|x|

x  = -2.26

sec-1 (x)  =  u  

u = 1.35p  radians

|x| = 2.26

 u = inverse secant (x)      

sec (u)  =  x  
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          Table of values:  y = sec -1 (x)

                   x                    y = sec -1 (x)
        ------------------      -----------------------
                 -10                       4.612
                 - 5                        4.511
                  -2                   4π/3 =  4.189
           -√2  = - 1.414       5π/4 = 3.927
    -2√3 / 3  = -1.155       7π/6 = 3.665
                  -1                       π  =  3.1416
        -------------------       ---------------------
                 1                            0
    2√3 / 3  =  1.155         π/6 = 0.524
            √2  =  1.414        π/4 = 0.785
                  2                    π/3 = 1.047
                  5                        1.369
                10                        1.470                 
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sec (u)  =  x  

   u = inverse secant (x)     

x = 1.16 

u = inv sec (x) = 0.532 radians 
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   u = inverse secant (x)     

sec (u)  =  x  

x = 4.50 

u = inv sec (x) = 1.347 radians 

1

x b = Sqrt( x^ 2 - 1 )

utan (u)  =  opp / adj   

u = inv sec (x)
        

tan ( inv sec (x) )  =  Sqrt( x^2 - 1 )     

sec (u)  =   x  =  x/1  =  hyp / adj 

Make  hyp  =  x  and   adj  =  1  .

Drawing the angle  u  =  inv sec (x) when x > 1 :      

y  =  sec-1 x
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Inverse Cosine Function: 

            u  =  cos -1 (x) ,     x [ ]1,1-Î  ,      u [ ]p,0Î  .   
       
            u  =  cos -1 (x)   when   cos (u)  =  x   and  u [ ]p,0Î .
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Locate x on the horizontal axis.    

As x -> 1,  u = inv cos (x)  ->  0 .

As x ->  0, u = inv cos (x) -> pi / 2 .   

As x -> 0,  u = inv cos (x)  ->  pi / 2 .

As x ->  -1, u = inv cos (x) -> pi .   

cos (u)  =  x    

u = 

  
When x is in [ -1 , 0 ] ,
 u = inv cos (x) is in [ pi/2, pi ]                     
     

When x is in [ 0 , 1 ] ,
   u = inv cos (x) is in [ 0, pi/2 ]        
       

For  x  in  [ - 1 , + 1 ] ,
   u = inverse cosine (x)     

x = -0.82 

cos-1 x)(  = 2.528 radians
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cos (u)  =  x    

   u = inverse cosine (x)     

x = -0.97 

cos-1 x)(  = 2.880 radians
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cos (u)  =  x    

   u = inverse cosine (x)     

x = -0.35 

cos-1 x)(  = 1.924 radians
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cos (u)  =  x    

   u = inverse cosine (x)     

x = 0.10 

cos-1 x)(  = 1.475 radians



                     The figures below show that  cos -1 (x)  and  sin -1 (x)  are closely related:
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cos (u)  =  x    

   u = inverse cosine (x)     

x = 0.41 

cos-1 x)(  = 1.153 radians
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cos (u)  =  x    

   u = inverse cosine (x)     

x = 0.94 

cos-1 x)(  = 0.341 radians

x
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Since  u + v  =  pi / 2  =  90 degrees,

            inv sin (x)  +  inv cos (x)  =  pi / 2 .

Thus,  inv cos (x)  =  pi / 2  -  inv sin (x)  .

Flipping the triangle
around shows that  angle
v is  v = inv cos (x) .

By construction, 
   u = inv sin (x) . u 

v 
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Differentiation and Integration with Inverse Trig Functions

           The Inverse Sine Function :     y  =  sin -1 (x)    
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   For any positive constant   a  >  0 :
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          The Inverse Tangent Function :     y  =  tan -1 (x)    
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        Cxdx
x

+=
+

-ò )(tan
1

1 1
2       and           C

a
x

a
dx

xa
+÷

ø
ö

ç
è
æ=

+
-ò 1

22 tan
11

          The Inverse Secant Function :     y  =  sec -1 (x)    
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Using the formulas relating the other three inverse trig functions with these three, the derivatives of 
the other three functions are easily calculated:
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             Derivation of derivatives for Inverse Trig functions
  

Derivation #1 :  Proof that   ( )
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    Write    )(sin 1 xu -= .        We seek    ( ))(sin 1 x
dx
d

dx
du -= .
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    Claim:  [ ]1,11))(sincos( 21 -Î-=- xallforxx   .

           Proof of Claim: 
The method of drawing   )(sin 1 xu -=  presented above shows that      

          [ ] 01,11))(sincos( 21 >-Î-=- xthatsuchxallforxx .

If  ( ) ( )xxxsoandxxthenx 111 sinsin)(sin,,0 --- -=-=-=< . This last 

equality is a direct consequence of the fact that ( ) ( ) zallforzz sinsin -=-  .
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and so,  ( )( ) 2211 11sincos))(sincos( xxxx -=-== -- .

When  x = 0, the claim is true because  sin-1(0) = 0  and  cos(0) = 1 , and the claim is proven.
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Derivation #2 :  Proof that   ( ) 2
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           Proof of Claim: 
The method of drawing   )(tan 1 xu -=  presented above shows that      

          01))(tansec( 21 >+=- xthatsuchxallforxx .

If  ( ) ( )xxxsoandxxthenx 111 tantan)(tan,,0 --- -=-=-=< . This 

last equality is a direct consequence of the fact that ( ) ( ) zallforzz tantan -=-  .

Thus, ( )( ) ( )( ) ( )( )xxxx 1111 tansectansectansec))(tansec( ---- =-=-= ,

and so,  ( )( ) 2211 11tansec))(tansec( xxxx +=+== -- .

When  x = 0, the claim is true because  tan-1(0) = 0  and  sec(0) = 1 , and the claim is proven.
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and the proof is complete.



Derivation #3 :  
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           Proof of Claim: 
If  x  >  1 , then method of drawing   )(sec 1 xu -=  presented above shows that      

                                1))(sectan( 21 -=- xx .

If  ( )1 11, , sec ( ) secx then x x and so x xp- -< - = - = + . 

This last equality is evident from the definition of  u = sec-1(x) presented above.

Thus, ( )( ) ( )( )1 1 1tan( sec ( ) ) tan sec tan sinx x xp- - -= + = and so,    

( )( ) 21 1 2tan( sec ( ) ) tan sec 1 1 .x x x x- -= = - = -

When  x = 1,  the claim is true because  sec -1( 1 ) =  0  and  tan(0) = 0 ; 
when  x  =  -1,  the claim is true because  sec -1( -1 ) =  π  and  tan(π) = 0 , and the claim is 
proven.

Thus, when x  >  +1 or  x  <  -1 ,          
         

                     1 2
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du
dx x x x x

-= =
-

   ,

 and the proof is complete.


