A SPECTRAL ISOPERIMETRIC INEQUALITY FOR CONES

PAVEL EXNER AND VLADIMIR LOTOREICHIK

Abstract. In this note we investigate three-dimensional Schrödinger operators with δ-interactions supported on C^2-smooth cones, both finite and infinite. Our main results concern a Faber-Krahn-type inequality for the principal eigenvalue of these operators. The proofs rely on the Birman- Schwinger principle and on the fact that circles are unique minimisers for a class of energy functionals.

1. Introduction and results

Relations between geometric properties of the domains and spectral properties of partial differential operators acting on them belong to the trademark topics in mathematical physics. Spectral isoperimetric inequalities are one of the most famous examples of such relations, the first rigorous results dating almost a century back to the papers of Faber [21] and Krahn [26]. Recently spectral isoperimetric inequalities appeared in the context of Schrödinger operators with singular potentials used as models of ‘leaky quantum wires’ and similar systems [15], [19, Chap. 10]. In particular, for the two-dimensional Schrödinger operator with a δ-type potential of a fixed strength supported on a loop of a given length it was shown that its principal eigenvalue is maximal when the loop is a circle, the respective isoperimetric inequality being strict [18]. The corresponding problem in three dimensions is more involved. For closed simply connected surfaces of a fixed area the sphere gives a local maximum of the ground-state eigenvalue, however, the result does not have a global validity [16].

Nevertheless, there are three-dimensional Schrödinger operators with singular interactions supported on surfaces for which one is able to derive a spectral isoperimetric inequality that holds not only locally. The aim of the present paper is to analyse one such class. The surfaces in question are of a conical shape, both finite and infinite. The operators of study are fully described through the strength α > 0 of δ-interaction, the radius of the cone R ∈ (0, +∞], and its cross-section, whose length L ∈ (0, 2π] is important for our considerations.

For finite cones (R < ∞) we first verify that δ-interactions supported on finite circular cones (i.e. having a rotational symmetry) induce at least one negative bound state if, and only if, the strength of the interaction satisfies α > α_{cr} with certain α_{cr} = α_{cr}(L, R) > 0. Furthermore, we show that δ-interactions supported on finite non-circular cones with the same length of the crosssection and the same radius induce at least one negative bound state for any strength α ≥ α_{cr}. It should be stressed and it is non-trivial to show that for non-circular cones at least one negative bound state exists also in the borderline case α = α_{cr}. As the main result for finite cones we prove that for any fixed set of parameters: L ∈ (0, 2π], R > 0, and α > α_{cr}, the principal eigenvalue is maximised by circular cones supporting the interaction. Moreover, the respective spectral isoperimetric inequality is strict.

2010 Mathematics Subject Classification. Primary 35P15; Secondary 35J10, 35Q40, 46F10, 81Q10, 81Q37. Key words and phrases. Schrödinger operator, δ-interaction, conical surface, isoperimetric inequality, existence of bound states. 1

For infinite cones (R = +∞) we verify that the discrete spectrum below the threshold of the essential spectrum is always non-empty for any L ∈ (0, 2π) and α > 0. As the main result we prove that for fixed L ∈ (0, 2π) and α > 0 the principal eigenvalue is maximised by infinite circular cones.

Spectral analysis of Schrödinger operators with δ-interactions on conical surfaces and of closely related Robin Laplacians on conical domains has attracted considerable attention in the recent time [4, 11, 20, 27, 28, 29, 32]. Finally, we mention that spectral isoperimetric inequalities were previously known for other classes of partial differential operators with singular interactions; see [13, 14] for Schrödinger operators with point interactions, [12, 22] for Robin Laplacians, [2] for Dirac operators with shell-interactions, and [5] for Schrödinger operators with δ-interactions supported on curves in R^3.

1.1. Definition of the Hamiltonian. To define the operators of study we first introduce notations for some standard function spaces. For an open set Ω ⊂ R^3 the L^2-spaces (L^2(Ω), (·, ·)_Ω), (L^2(Ω; C^3), (·, ·)_Ω) and the L^2-based Sobolev space H^1(Ω) are defined in the usual way. The set Ω most frequently coincides with R^3 throughout the paper. For a Lipschitz hypersurface Σ ⊂ R^3 we define the L^2-space (L^2(Σ), (·, ·)_Σ) by means of natural surface measure on Σ. Let α > 0 be a fixed constant and let Σ ⊂ R^3 be a Lipschitz hypersurface, which is not necessarily closed or bounded; cf. [3, Sec. 2.3]. According to [10, Sec. 2] (see also [3, Prop. 3.1]) the symmetric densely defined quadratic form

(1.1) a_{α,Σ}[u] := ‖∇u‖^2_R3 − α‖u|_Σ‖^2_Σ, dom a_{α,Σ} := H^1(R^3),

is closed and lower-semibounded in L^2(R^3).

Definition 1.1. The self-adjoint operator H_{α,Σ} acting in L^2(R^3) associated to the form a_{α,Σ} in (1.1) via the first representation theorem ([25, Thm. VI.2.1]) is called Schrödinger operator with δ-interaction of strength α > 0 supported on Σ.

1.2. Cones. In our considerations cones serve as supports of δ-interactions. Further, we explain what we understand by cones in the present paper.

Let T ⊂ S^2 be a C^2-smooth loop on the two-dimensional unit sphere S^2 ⊂ R^3. The length of T is denoted by |T|. It is always implicitly assumed that T has no self-intersections. We distinguish between circular loops (or simply circles) and non-circular loops. A circle on S^2 will be occasionally denoted by C, and we point out that |C| ≤ 2π.

The C^2-smooth conical surface (or simply cone) Σ_R(T) ⊂ R^3 of radius R ∈ (0, +∞] with a C^2-smooth loop T ⊂ S^2 as the cross-section is defined by

(1.2) Σ_R(T) := � rT : r ∈ [0, R) � . The cone Σ_R(T) is called finite (or truncated) if R < ∞ and infinite if R = +∞, respectively. The cross-section of Σ_R(T) can be easily recovered by the formula T = S^2 ∩ Σ_R(T). The cone Σ_R(T) is called circular if its cross-section T is a circle and non-circular, otherwise. We remark also that infinite circular cone with the cross-section of length 2π is, in fact, a hyperplane. Finally, note that Σ_R(T) is, in particular, a Lipschitz hypersurface.

1.3. Main results. In the following, for a lower-semibounded self-adjoint operator H we denote by E_1(H) its lowest eigenvalue if it exists; the discrete and essential spectra of H will be denoted by σ_d(H) and σ_{ess}(H), respectively. By #M we understand the cardinality of a discrete set M.

It follows from the results in [3, 10] that the essential spectrum of Schrödinger operators with δ-interactions supported on finite C^2-smooth cones coincides with the set [0, +∞). In the first theorem of the paper we collect our main results on the bound states induced by δ-interactions supported on finite cones.

Theorem 1.2. Let C ⊂ S^2 be a circle and T ⊂ S^2 be a C^2-smooth non-circular loop such that L := |C| = |T| ∈ (0, 2π]. Let Γ_R := Σ_R(C) and Λ_R := Σ_R(T) be finite cones of radius R > 0 as in (1.2) with the cross-sections C and T, respectively. Let the self-adjoint operators H_{α,ΓR} and H_{α,ΛR} be as in Definition 1.1. Then the following hold.

(i) #σ_d(H_{α,ΓR} ) ≥ 1 if, and only if, α > α_{cr} for certain α_{cr} = α_{cr}(L, R) > 0.

(ii) #σ_d(H_{α,ΛR} ) ≥ 1 for all α ≥ α_{cr} (the borderline case α = α_{cr} is included) and the spectral isoperimetric inequality E_1(H_{α,ΛR} ) < E_1(H_{α,ΓR} ) is satisfied for all α > α_{cr}.

The strategy of the proof of Theorem 1.2 consists in reducing the spectral problems for Schrödinger operators H_{α,ΓR} and H_{α,ΛR} to spectral problems for operator-valued functions acting in L^2-spaces over respective cones. For this reduction we employ a generalization of the Birman-Schwinger principle [9, 10]. In further analysis, a crucial role plays the result that circles are unique minimizers for certain classes of knot energies [1, 18].

It follows from the results of [4, 11, 32] that −α^2/4 is the lowest point of the essential spectrum for a Schrödinger operator with δ-interaction of strength α > 0 supported on an infinite C^2-smooth cone. It is also proven in [4] that the discrete spectrum below the point −α^2/4 in the case of infinite circular cones with the cross-section of length L ∈ (0, 2π) is non-empty (and even infinite). Further analysis of this discrete spectrum is carried out in [28]. In the second theorem of the paper we collect our main results on the bound states induced by δ-interactions supported on infinite cones.

Theorem 1.3. Let C ⊂ S^2 be a circle and T ⊂ S^2 be a non-circular C^2-smooth loop such that |C| = |T| ∈ (0, 2π). Let Γ_∞ := Σ_∞(C) and Λ_∞ := Σ_∞(T) be infinite cones as in (1.2) with the cross-sections C and T, respectively. Let the self-adjoint operators H_{α,Γ∞} and H_{α,Λ∞} be as in Definition 1.1. Then for all α > 0 the following hold.

(i) #σ_d(H_{α,Λ∞} ) ≥ 1.

(ii) The spectral isoperimetric inequality E_1(H_{α,Λ∞} ) ≤ E_1(H_{α,Γ∞} ) is satisfied.

The key idea of the proof is to consider δ-interactions supported on C^2-smooth finite cones Γ_R := Σ_R(C) and Λ_R := Σ_R(T) of radius R > 0. Using convergence results for monotone families of quadratic forms, we show that H_{α,ΓR} and H_{α,ΛR} converge (as R → ∞) in the strong resolvent sense to H_{α,Γ∞} and H_{α,Λ∞} , respectively. Finally, we combine [4, Thm. 3.2] with some standard results on spectral convergence and with the spectral isoperimetric inequality in Theorem 1.2 (ii) to get both the statements of Theorem 1.3.

Organisation of the paper. Section 2 contains some preliminary material that will be used in the proofs of Theorems 1.2 and 1.3. Namely, in Subsection 2.1 we provide Birman-Schwinger principle and prove some related statements. In Subsection 2.2 we introduce natural coordinates on cones and derive some consequences of this parametrisation. Energies of knots and their minimisers are briefly discussed in Subsection 2.3. Section 3 contains proofs of the main results together with some auxiliary statements: Theorem 1.2 is proven in Subsection 3.1 and Theorem 1.3 – in Subsection 3.2.

2. Preliminaries

2.1. Birman-Schwinger principle. The BS-principle is a classical and a powerful tool for the spectral analysis of Schrödinger operators. Its generalization, which encompasses δ-interactions supported on hypersurfaces, is derived in [10]; see also [9] and [6]. Let λ ≤ 0 and set κ := √ −λ. Green’s function corresponding to the differential expression −Δ + κ^2 in R^3 has the following well-known form

(2.1) G_κ(x−y) = e^{−κ|x−y|} 4π|x−y| . Let Σ ⊂ R^3 be a compact Lipschitz hypersurface, which is not necessarily closed. Further, we introduce the following mapping

(2.2) � S_Σ(κ)ψ � (x) := � Σ G_κ(x − y)ψ(y)dσ(y),

where dσ is the natural surface measure on Σ. The mapping S_Σ(κ), κ ≥ 0, extends to a compact operator in L^2(Σ); cf. [10, Rem. 2.1, Lem. 3.2] and [23, Sec. 2]. As there is no danger of confusion, we denote this extension again by S_Σ(κ). According to [9], the operator S_Σ(κ), κ > 0, is selfadjoint and non-negative. We make use of the following hypothesis to shorten the formulations.

Hypothesis 2.1. Let α > 0 and let Σ ⊂ R^3 be a compact Lipschitz hypersurface as above. Let the self-adjoint operator H_{α,Σ} be as in Definition 1.1 and the operator-valued function [0, +∞) ∋ κ → S_Σ(κ) be as in (2.2). Let μ_Σ(κ) > 0 be the largest eigenvalue of S_Σ(κ) and E_1(H_{α,Σ}) < 0 be the lowest eigenvalue of H_{α,Σ} (if it exists).

The essential spectrum of H_{α,Σ} coincides with the set [0, +∞); cf. [10, Thm. 3.2]. The next theorem contains the BS-principle for the negative spectrum of the operator H_{α,Σ}; for the proof see [10, Lem. 2.3 (iv)].

Theorem 2.1. Assume that Hypothesis 2.1 holds. Then the relation

dim ker � H_{α,Σ} + κ^2 � = dim ker � I − αS_Σ(κ) � is satisfied for all κ > 0.

In the next simple lemma we characterise the bottom of the spectrum of H_{α,Σ} as a function of α.

Lemma 2.2. Assume that Hypothesis 2.1 holds. Then the function [0, +∞) ∋ α → F_Σ(α) := inf σ(H_{α,Σ}) has the following properties.

(i) F_Σ is continuous and non-increasing.

(ii) ran F_Σ = (−∞, 0].

(iii) If F_Σ(α) < 0, then F_Σ(α^′) < F_Σ(α) for any α^′ > α

Proof. The statement of (i) is a consequence of [10, Lem. 3.3].

To show (ii) it suffices to note that F_Σ(0) = 0 and that lim_{α→+∞} F_Σ(α) = −∞. The former is obvious and to show the latter we observe that by the min-max principle (see e.g. [7, §10.2, Thm. 4] or [8, Thm. 14.2.1]) (2.3) F_Σ(α) ≤ a_{α,Σ}[χ] for any χ ∈ C^∞_0 (R^3) such that ‖χ‖_R3 = 1. Choose now χ so that ‖χ|_Σ‖_Σ > 0 and pass to the limit α → +∞ in (2.3).

To prove (iii) we pick the normalized ground-state eigenfunction ψ_1 of H_{α,Σ} and plug it into the quadratic form a_α′_{,Σ}. The inequality a_α′_{,Σ}[ψ_1] < a_{α,Σ}[ψ_1] holds and the min-max principle yields the claim. □

In the next lemma we derive a consequence of the BS-principle and of the min-max characterisation for the principal eigenvalue of H_{α,Σ}.

Lemma 2.3. Assume that Hypothesis 2.1 holds. Then for κ > 0 the following statements hold. (i) #(σ_d(H_{α,Σ}) ∩ (−∞, −κ^2)) ≥ 1 if, and only if, μ_Σ(κ) > 1/α. (ii) E_1(H_{α,Σ}) = −κ^2 if, and only if, μ_Σ(κ) = 1/α.

Proof. We split the proofs of both items into showing two implications.

(i) To show “⇒” we suppose that #(σ_d(H_{α,Σ})∩(−∞, −κ^2)) ≥ 1 and thus E_1(H_{α,Σ}) < −κ^2. Hence, by Lemma 2.2 there exists α^′ ∈ (0, α) such that E_1(H_α′_{,Σ}) = −κ^2. In view of Theorem 2.1, we have, in particular, 1/α^′ ∈ σ_d(S_Σ(κ)). Thus, we arrive at μ_Σ(κ) ≥ 1/α^′ > 1/α. To verify “⇐” we suppose that μ_Σ(κ) > 1/α and set α^′ := (μ_Σ(κ))^{−1}. In particular, we have α^′ ∈ (0, α) and also −κ^2 ∈ σ_d(H_α′_{,Σ}) by Theorem 2.1. Lemma 2.2 implies that E_1(H_{α,Σ}) < E_1(H_α′_{,Σ}) ≤ −κ^2 and that #(σ_d(H_{α,Σ}) ∩ (−∞, −κ^2)) ≥ 1.

(ii) For “⇒”, we suppose that E_1(H_{α,Σ}) = −κ^2. Then by Theorem 2.1 we have 1/α ∈ σ_d(S_Σ(κ)). Therefore, we get μ_Σ(κ) ≥ 1/α, but the inequality μ_Σ(κ) > 1/α leads to a contradiction with item (i) of this lemma, because we would get E_1(H_{α,Σ}) < −κ^2. Therefore, the equality μ_Σ(κ) = 1/α is satisfied.

For “⇐”, we suppose that μ_Σ(κ) = 1/α. Then again by Theorem 2.1 we have −κ^2 ∈ σ_d(H_{α,Σ}) and hence E_1(H_{α,Σ}) ≤ −κ^2. The inequality E_1(H_{α,Σ}) < −κ^2 leads to a contradiction with item (i), because we would get μ_Σ(κ) > 1/α. Therefore, the equality E_1(H_{α,Σ}) = −κ^2 holds. □

Next, we analyse the dependence of μ_Σ(κ) on the parameter κ.

Lemma 2.4. Assume that Hypothesis 2.1 holds. Then the function (0, +∞) ∋ κ → μ_Σ(κ) is continuous and decreasing.

Proof. (i) Continuity of μ_Σ(·) follows from [10, Lem. 3.2] and its proof. (ii) Let κ_1 > κ_2 and set α_j := (μ_Σ(κ_j ))^{−1}, j = 1, 2. Using Lemmas 2.2 and 2.3 we get F_Σ(α_1) = E_1(H_{α1,Σ}) = −κ^2_1 < −κ^2 = E_1(H_{α2,Σ}) = F_Σ(α_2), and, hence, α_1 > α_2. Thus, μ_Σ(κ_1) < μ_Σ(κ_2) and the claim is shown. □

Further, we analyse the behaviour of S_Σ(κ) and of μ_Σ(κ) in the limit κ → 0+.

Lemma 2.5. Assume that Hypothesis 2.1 is satisfied. Then the convergence (2.4) lim_{κ→0+} ‖S_Σ(κ) − S_Σ(0)‖ = 0

holds, in particular, the operator S_Σ(0) is self-adjoint and non-negative, and, moreover, μ_Σ(κ) → μ_Σ(0) as κ → 0+.

Proof. Introduce the following parameters characterising Σ

D(Σ) := sup_{x,y∈Σ} |x − y| < ∞, C(Σ) := sup_{x∈Σ} � Σ dσ(y) 4π|x − y|

< ∞.

While finiteness of D(Σ) follows directly from compactness of Σ, finiteness of C(Σ) is more subtle and is connected with the regularity of Σ; see [23, Prop. 2] for a proof. Using Schur’s test [35, Lem. 0.32] and the symmetry of the integral kernel of S_Σ(κ) − S_Σ(0) we obtain

‖S_Σ(κ) − S_Σ(0)‖ ≤ sup_{x∈Σ} � Σ 1 − e^{−κ|x−y|} 4π|x − y| dσ(y) ≤ � 1 − e^{−κD(Σ)} � sup_{x∈Σ} � Σ dσ(y) 4π|x − y|

≤ C(Σ) � 1 − e^{−κD(Σ)} � → 0, κ → 0 + .

Self-adjointness and non-negativity of S_Σ(0) are thus consequences of respective properties of S_Σ(κ) for κ > 0 and of the above convergence. Finally, μ_Σ(κ) → μ_Σ(0) is equivalent to ‖S_Σ(κ)‖ → ‖S_Σ(0)‖ as κ → 0+, which also follows from (2.4). □

The statement of the next proposition extends [16, Prop. 6.1] to surfaces of lower smoothness.

Proposition 2.6. Assume that Hypothesis 2.1 holds. Then #σ_d(H_{α,Σ}) ≥ 1 if, and only if, μ_Σ(0) > 1/α.

Proof. To show “⇒” we suppose that #σ_d(H_{α,Σ}) ≥ 1 and let E_1(H_{α,Σ}) = −κ^2 < 0 be the corresponding lowest eigenvalue of H_{α,Σ}. By Lemma 2.3 (ii) we get μ_Σ(κ) = 1/α. Using Lemmas 2.4 and 2.5 we obtain μ_Σ(0) > μ_Σ(κ) = 1/α.

To prove “⇐” we suppose that μ_Σ(0) > 1/α. Then, according to Lemmas 2.4 and 2.5, for all sufficiently small κ > 0 we have μ_Σ(κ) > 1/α. Hence, by Lemma 2.3 (i) we get #σ_d(H_{α,Σ}) ≥ 1. □

A useful consequence of the BS-principle is provided in the proposition given below. Its proof is based on a rather standard argument, which can be found in some textbooks (see e.g. [24, Thm. 6.40]). We provide this proof for the sake of completeness.

Proposition 2.7. Assume that Hypothesis 2.1 holds. Then the largest eigenvalue of S_Σ(κ), κ ≥ 0, is simple and the corresponding eigenfunction ψ_Σ can be chosen to be positive almost everywhere on Σ.

Proof. Since S_Σ(κ) maps real functions into real functions, we may assume that ψ_Σ is real-valued. We now show that (2.5) (S_Σ(κ)ψ_Σ, ψ_Σ)_Σ ≤ (S_Σ(κ)|ψ_Σ|, |ψ_Σ|)_Σ. Let us write ψ_Σ = ψ^+_Σ − ψ^−_Σ and |ψ_Σ| = ψ^+_Σ + ψ^−_Σ , where ψ^+_Σ and ψ^−_Σ are positive and negative parts of ψ_Σ, respectively. The inequality (2.5) is then a consequence of (S_Σ(κ)ψ^+_Σ , ψ^−_Σ )_Σ ≥ 0, which is true, thanks to the positivity of the integral kernel in (2.2). We then obtain

μ_Σ(κ)‖ψ_Σ‖^2_Σ = (S_Σ(κ)ψ_Σ, ψ_Σ)_Σ ≤ (S_Σ(κ)|ψ_Σ|, |ψ_Σ|)_Σ ≤ ‖S_Σ(κ)‖‖ψ_Σ‖^2_Σ = μ_Σ(κ)‖ψ_Σ‖^2_Σ.

This implies (S_Σ(κ)ψ_Σ, ψ_Σ)_Σ = (S_Σ(κ)|ψ_Σ|, |ψ_Σ|)_Σ.

The above equality yields

(S_Σ(κ)ψ^+_Σ , ψ^−_Σ )_Σ + (ψ^+_Σ , S_Σ(κ)ψ^−_Σ )_Σ = 0.

Since the integral kernel of S_Σ(κ) is pointwise positive on Σ × Σ (cf. (2.2)), we obtain a contradiction unless either ψ^+_Σ = 0 or ψ^−_Σ = 0. We can assume ψ_Σ ≥ 0 for definiteness. Note that ψ_Σ = (μ_Σ(κ))^{−1}S_Σ(κ)ψ_Σ.

This yields ψ_Σ > 0 almost everywhere on Σ, again because of positivity of the integral kernel of S_Σ(κ).

Finally, if the largest eigenvalue of S_Σ(κ) were not simple, then one would be able to find two orthogonal eigenfunctions ψ_Σ and φ_Σ of S_Σ(κ) corresponding to μ_Σ(κ). Analogously to the above argument, we would obtain that φ_Σ is also positive almost everywhere on Σ (up to multiplication with −1). But it is impossible to have two orthogonal functions in L^2(Σ) that are both positive almost everywhere. □

2.2. A parametrization of cones and its consequences. Let the cone Σ_R = Σ_R(T) ⊂ R^3 be as in (1.2). In this subsection we provide an efficient parametrization of Σ_R and derive some consequences of it. First, note that the cross-section T of Σ_R can be parametrized by its arc-length via the unit-speed C^2-mapping τ : [0, L] → S^2 (|τ̇| ≡ 1). The cone Σ_R can be correspondingly parametrized via the mapping

(2.6) σ : [0, R) × [0, L] → R^3, σ(r, s) := rτ(s).

This parametrization defines natural co-ordinates (r, s) on Σ_R.

Let the space L^1(Σ_R) be introduced as usual, by means of the surface measure on Σ_R. A function ψ ∈ L^1(Σ_R) can be viewed as a function of the arguments r and s via the parametrization (2.6). Thus, the Lebesgue surface integral of ψ can be written as � Σ_R

ψ(x)dσ(x) =

�_R 0 �_L 0 ψ(r, s)|σ_r (r, s) × σ_s(r, s)|dsdr = �_R 0 �_L 0 ψ(r, s)|σ_r (r, s)| · |σ_s(r, s)|dsdr =

�_R 0 �_L 0 ψ(r, s)rdsdr;

(2.7)

where, firstly, we employed that the vector σ_s(r, s) = rτ̇(s) is of length r > 0 and belongs to the tangent plane T_{τ (s)}(S^2) of S^2 at the point τ(s), secondly, we used that the vector σ_r(r, s) = τ(s) is of unit length and for simple geometric reasons is orthogonal to T_{τ (s)}(S^2). A direct consequence of (2.7) is the following isomorphism L^2(Σ_R) ≃ L^2((0, R); rdr) ⊗ L^2(T).

Further, with the aid of the identity |τ(s)−τ(s^′)|^2 = 2−2⟨τ(s), τ(s^′)⟩_R3 we can express the square of the distance between σ(r, s) and σ(r^′, s^′) through r, r^′, and |τ(s) − τ(s^′)| as

|σ(r, s) − σ(r^′, s^′)|^2 = |rτ(s) − r^′τ(s^′)|^2 = r^2 + (r^′)^2 − 2rr^′⟨τ(s), τ(s^′)⟩_R3

= r^2 + (r^′)^2 + rr^′ � |τ(s) − τ(s^′)|^2 − 2 � = (r − r^′)^2 + rr^′|τ(s) − τ(s^′)|^2.

(2.8)

In the next proposition we apply the BS-principle and separation of variables to finite circular cones.

Proposition 2.8. Let C ⊂ S^2 be a circle and let Γ_R = Σ_R(C), R ∈ (0, +∞), be as in (1.2). Let the operator S_{ΓR} (κ), κ ≥ 0, be as in (2.2). Then the eigenfunction corresponding to the largest eigenvalue of S_{ΓR} (κ) is rotationally invariant; i.e. it depends on the distance from the origin (tip of the cone) only.

Proof. Let L ∈ (0, 2π] stand for the length of C and (·, ·)_C denote the scalar product in L^2(C). The family of functions

χ_m(s) := 1 √ L exp � 2πmis L � , s ∈ (0, L), m ∈ Z,

constitutes an orthonormal basis in L^2(C). The corresponding family of orthogonal projections π_m := χ_m(·, χ_m)_C, m ∈ Z, in L^2(C) induces through the isomorphism L^2(Γ_R) ≃ L^2((0, R); rdr) ⊗ L^2(C) the family of orthogonal projections P_m := i ⊗ π_m, m ∈ Z, in the Hilbert space L^2(Γ_R) satisfying P_mP_n = 0 for m ≠ n and � m∈Z P_m = I; here i and I are the identity operators in L^2((0, R); rdr) and L^2(Γ_R), respectively. Thus, the decomposition

L^2(Γ_R) = � m∈Z ran P_m

holds. Observe that for any ψ ∈ L^2(Γ_R) and m ∈ Z we obtain that P_mψ = φ_m(r)χ_m(s) with some φ_m ∈ L^2((0, R); rdr). Note also that any ψ ∈ ran P_0 is rotationally invariant and that any ψ ∈ (ran P_0)^⊥ can not be positive on Γ_R.

Let τ : [0, L] → S^2 be the unit-speed mapping parametrising C and σ : [0, R) × [0, L] → R^3 be the corresponding mapping parametrising Γ_R as in (2.6). For the next argument it is convenient to extend the mapping τ periodically to the whole real-line. This extension defines also the corresponding extension of σ to [0, R) × R. As there is no danger of confusion, we employ the same notation for these extensions. For any s ∈ [0, L] and t ∈ [0, L/2] we introduce the shorthand notation

F_κ(r, r^′, t) := e^{−κ|σ(r,s+t)−σ(r′ ,s)|} 4π|σ(r, s + t) − σ(r^′, s)| . A crucial point is that F_κ(r, r^′, t) does not depend on s because of rotational invariance of Γ_R. Hence, for any ψ ∈ L^2(Γ_R) and m, n ∈ Z, m ≠ n, we get

(S_{ΓR} (κ)P_nψ, P_mψ)_{ΓR} = 2

�_R 0 �_R 0 φ_n(r)φ_m(r^′)rr^′drdr^′

�_{L/2} 0 F_κ(r, r^′, t)dt

�_L 0 χ_n(s)χ_m(s + t)ds.

Due to

�_L 0 χ_n(s)χ_m(s + t)ds = 0, we end up with (2.9) (S_{ΓR} (κ)P_nψ, P_mψ)_{ΓR} = 0.

Thus, P_nS_{ΓR} (κ)P_m = 0 for all m, n ∈ Z, m ≠ n. Further, we define

S^{[m]}_{ΓR} (κ) := P_mS_{ΓR} (κ)P_m, m ∈ Z.

In view of (2.9) we arrive at S_{ΓR} (κ) = � m∈Z S^{[m]}_{ΓR} (κ).

By Proposition 2.7 the eigenfunction corresponding to the largest eigenvalue of S_{ΓR} (κ) can be chosen to be positive almost everywhere on Γ_R. Thus, this eigenfunction necessarily belongs to ran P_0 and the claim follows. □

2.3. Energy of knots. Given a C^2-smooth loop T ⊂ S^2, L := |T|, parametrized via the unitspeed mapping τ : [0, L] → S^2. Let |τ(s) − τ(t)| be the distance between τ(s) and τ(t) in the ambient space R^3. Let f ∈ C([0, ∞); R) and consider the energy functional of the form

(2.10) Φ_f [T] :=

�_L 0 �_L 0 f(|τ(s) − τ(t)|^2)dsdt.

Finding the curve which minimizes this functional is a particular problem in the theory of knots. The literature on knots and their energies is quite extensive; see [1, 17, 18, 30], the monograph [31] and the references therein. For our problem it is proven that circles are unique minimisers under reasonable assumptions on f. Below we formulate a specialised version of this result.

Proposition 2.9. [18, Thm. 2.2], [1, Thm. 2] Let f ∈ C([0, ∞); R) be convex and decreasing. Let the functional Φ_f be as in (2.10) with L ∈ (0, 2π]. Let C ⊂ S^2 be a circle and T ⊂ S^2 be a C^2-smooth non-circular loop such that |T| = |C| = L. Then the following isoperimetric inequality holds Φ_f [C] < Φ_f [T].

3. Proofs of the main results

3.1. Proof of Theorem 1.2. The claim of (i) is an easy consequence of Proposition 2.6 and, in particular, α_{cr} = 1/μ_{ΓR} (0), where μ_{ΓR} (0) > 0 is the largest eigenvalue of S_{ΓR} (0). To show (ii) consider the following auxiliary function f ∈ C([0, +∞); R) defined by

(3.1) f(x) := e^{−a√bx+c} √ bx + c , where a, b, c > 0 are some parameters. By direct computation of derivatives we get

f^′(x) = −e^{−a} √ bx+c � ab 2(bx + c) + b 2(bx + c)^{3/2} � < 0,

f^{′′}(x) = e^{−a} √ bx+c � a^2b^2 4(bx + c)^{3/2} + 3ab^2 4(bx + c)^2 + 3b^2 4(bx + c)^{5/2} � > 0.

Hence, the function f satisfies the conditions of Proposition 2.9. Further, let τ_C and τ_T be the unit-speed mappings which parametrise C and T, respectively. Thus, for the functional Φ_f defined in (2.10) with L = |C| = |T| and f as in (3.1) we have by Proposition 2.9 the following inequality (3.2) Φ_f [C] < Φ_f [T].

Next, let κ ∈ [0, +∞) be fixed, let μ_{ΓR} (κ) > 0 be the largest eigenvalue of S_{ΓR} (κ) and ψ_{ΓR} ∈ L^2(Γ_R) be the corresponding normalized eigenfunction of S_{ΓR} (κ). Let also μ_{ΛR} (κ) > 0 be the largest eigenvalue of S_{ΛR} (κ). By Propositions 2.7 and 2.8 the function ψ_{ΓR} can be chosen to be positive and depending on the distance from the tip of the cone Γ_R only. Let us introduce the following test function ψ_{ΛR} : Λ_R → R_+ by ψ_{ΛR} (r, s) := ψ_{ΓR} (r), r ∈ (0, R).

Using the formula in (2.7), we verify that

‖ψ_{ΛR} ‖^2_{ΛR} =

�_L 0 �_R 0 |ψ_{ΛR} (r, s)|^2rdrds =

�_L 0 �_R 0 |ψ_{ΓR} (r)|^2rdrds = ‖ψ_{ΓR} ‖^2_{ΓR} = 1.

Let σ_{ΓR} and σ_{ΛR} based on τ_C and τ_T, respectively, parametrize Γ_R and Λ_R as in (2.6). Employing the identity (2.8), we find |σ_{ΓR} (r, s) − σ_{ΓR} (r^′, s^′)|^2 = (r − r^′)^2 + rr^′|τ_C(s) − τ_C(s^′)|^2, |σ_{ΛR} (r, s) − σ_{ΛR} (r^′, s^′)|^2 = (r − r^′)^2 + rr^′|τ_T(s) − τ_T(s^′)|^2.

(3.3)

Further, define for κ ≥ 0 the function

(3.4) K_κ(r, r^′) := rr^′ 4π � Φ_f [T] − Φ_f [C] � , r, r^′ ∈ [0, R],

where Φ_f is as in (2.10) and f as in (3.1) with a(r, r^′) := κ, b(r, r^′) := rr^′, and c(r, r^′) := (r − r^′)^2. Note that the function K_κ is not well-defined for r = 0, r^′ = 0 or r = r^′, but these conditions correspond to null subsets of [0, R] × [0, R] and can be neglected. By (3.2) we obtain that K_κ > 0 almost everywhere on [0, R] × [0, R]. Using (2.2), (2.10), (3.1), (3.3), and (3.4) we get for all κ ≥ 0

μ_{ΛR} (κ) ≥ (S_{ΛR} (κ)ψ_{ΛR} , ψ_{ΛR} )_{ΛR} = (S_{ΓR} (κ)ψ_{ΓR} , ψ_{ΓR} )_{ΓR} +

�_R 0 �_R 0 K_κ(r, r^′)ψ_{ΓR} (r)ψ_{ΓR} (r^′)drdr^′

> (S_{ΓR} (κ)ψ_{ΓR} , ψ_{ΓR} )_{ΓR} = μ_{ΓR} (κ)‖ψ_{ΓR} ‖^2_{ΓR} = μ_{ΓR} (κ).

Now, let α ≥ α_{cr} = (μ_{ΓR} (0))^{−1}. Then we get by the above inequality for κ = 0 that μ_{ΛR} (0) > μ_{ΓR} (0) = 1/α_{cr} ≥ 1/α and using Proposition 2.6 we obtain #σ_d(H_{α,ΛR} ) ≥ 1. Finally, let α > α_{cr}. Then, by item (i), #σ_d(H_{α,ΓR} ) ≥ 1 and set κ := (−E_1(H_{α,ΓR} ))^{1/2} > 0. By Lemma 2.3 (ii) we have μ_{ΓR} (κ) = 1/α and using again the above inequality we end up with μ_{ΛR} (κ) > μ_{ΓR} (κ) = 1/α. Hence, by Lemma 2.3 (i) we get

E_1(H_{α,ΛR} ) < −κ^2 = E_1(H_{α,ΓR} ).

3.2. Proof of Theorem 1.3. Before proving Theorem 1.3 itself, we provide two auxiliary statements. The first statement is on the essential spectrum in the case of infinite cones. It is proven in the circular case in [4, Thm. 2.1] and in a more general setting in [11, Thm. 1.6] using a different method.

Proposition 3.1. Let Σ_∞ := Σ_∞(T) ⊂ R^3 be a C^2-smooth cone as in (1.2) and let the self-adjoint operator H_{α,Σ∞} be as in Definition 1.1. Then inf σ_{ess}(H_{α,Σ∞} ) = −α^2/4 holds.

Remark 3.2. Note that the lowest point of the essential spectrum not necessarily equals to −α^2/4 if the cross section of the underlying cone is not C^2-smooth [11].

Next, we formulate and prove a convergence lemma.

Lemma 3.3. Let Σ_R = Σ_R(T) ⊂ R^3, R ∈ (0, +∞], be C^2-smooth cones as in (1.2). Let the self-adjoint operators H_{α,ΣR} be as in Definition 1.1. Then H_{α,ΣR} converge in the strong resolvent sense to H_{α,Σ∞} as R → +∞.

Proof. The sequence of quadratic forms a_{α,ΣR} as in (1.1) is monotonously decreasing in R in the sense of ordering of forms. For any u ∈ H^1(R^3) we obtain by Lebesgue dominated convergence theorem that a_{α,ΣR} [u] → a_{α,Σ∞} [u], R → +∞.

The claim then follows from [33, Thm. S.16]. □

Proof of Theorem 1.3. Let Γ_R := Σ_R(C) and Λ_R := Σ_R(T) with R ∈ (0, +∞) be C^2-smooth cones with the cross-sections C and T, respectively. By Lemma 3.3 the operators H_{α,ΓR} and H_{α,ΛR} converge in the strong resolvent sense to the operators H_{α,Γ∞} and H_{α,Λ∞} , accordingly. Moreover, for any R ∈ (0, ∞) the form orderings a_{α,Γ∞} ≺ a_{α,ΓR} and a_{α,Λ∞} ≺ a_{α,ΛR} can be directly verified. By Proposition 3.1 we also know that (3.5) inf σ_{ess}(H_{α,Γ∞} ) = inf σ_{ess}(H_{α,Λ∞} ) = −α^2/4.

Hence, using [36, Satz 9.26 (b)] we obtain that #σ_d(H_{α,ΓR} ), #σ_d(H_{α,ΛR} ) ≥ 1 for all R > 0 large enough and that E_1(H_{α,ΓR} ) → inf σ(H_{α,Γ∞} ), R → +∞, E_1(H_{α,ΛR} ) → inf σ(H_{α,Λ∞} ), R → +∞.

(3.6)

By Theorem 1.2 (ii) we have the inequality (3.7) E_1(H_{α,ΛR} ) ≤ E_1(H_{α,ΓR} ) for all R > 0 so large that #σ_d(H_{α,ΓR} ) ≥ 1. Passing to the limit R → +∞ in the above inequality, and using (3.6) we end up with (3.8) inf σ(H_{α,Λ∞} ) ≤ inf σ(H_{α,Γ∞} ).

Moreover, by [4, Thm. 3.2] holds σ_d(H_{α,Γ∞} ) ≠ ∅ and the point inf σ(H_{α,Γ∞} ) is, in fact, the lowest eigenvalue E_1(H_{α,Γ∞} ) < −α^2/4 of H_{α,Γ∞} . Thus, by (3.5) and (3.8) the point inf σ(H_{α,Λ∞} ) is, respectively, the lowest eigenvalue E_1(H_{α,Λ∞} ) < −α^2/4 of H_{α,Λ∞} . Concluding, the operator H_{α,Λ∞} has at least one bound state and the inequality (3.8) can be rewritten as stated in the theorem E_1(H_{α,Λ∞} ) ≤ E_1(H_{α,Γ∞} ). □

Acknowledgements

This research was supported by the Czech Science Foundation (GAČR) within the project 14- 06818S.

References

[1] A. Abrams, J. Cantarella, J. H. Fu, M. Ghomi, and R. Howard, Circles minimize most knot energies, Topology 42 (2003), 381–394.

[2] N. Arrizabalaga, A. Mas, and L. Vega, An isoperimetric-type inequality for electrostatic shell interactions for Dirac operators, arXiv:1504.04220.

[3] J. Behrndt, P. Exner, and V. Lotoreichik, Schrödinger operators with δ- and δ^′-interactions on Lipschitz surfaces and chromatic numbers of associated partitions, Rev. Math. Phys. 26 (2014), 1450015, 43 pp.

[4] J. Behrndt, P. Exner, and V. Lotoreichik, Schrödinger operators with δ-interactions supported on conical surfaces, J. Phys. A, Math. Theor. 47 (2014), 355202, 16 pp.

[5] J. Behrndt, R. Frank, C. Kühn, V. Lotoreichik, and J. Rohleder, in preparation.

[6] J. Behrndt, M. Langer, and V. Lotoreichik, Schrödinger operators with δ and δ^′-potentials supported on hypersurfaces, Ann. Henri Poincaré 14 (2013), 385–423.

[7] M. Sh. Birman and M. Z. Solomjak, Spectral Theory of Self-Adjoint Operators in Hilbert Spaces, D. Reidel Publishing Co., Dordrecht, 1987.

[8] J. Blank, P. Exner, and M. Havlíček, Hilbert space operators in quantum physics, Theoretical and Mathematical Physics, Springer, Berlin, 2008.

[9] J. F. Brasche, On the spectral properties of singular perturbed operators, in: Stochastic Processes and Dirichlet forms, de Gruyter (1995), 65–72.

[10] J. F. Brasche, P. Exner, Y. A. Kuperin, and P. Šeba, Schrödinger operators with singular interactions, J. Math.

Anal. Appl. 184 (1994), 112–139.

[11] V. Bruneau and N. Popoff, On the negative spectrum of the Robin Laplacian in corner domains, arXiv:1511.08155.

[12] D. Daners, A Faber-Krahn inequality for Robin problems in any space dimension, Math. Ann. 335 (2006), 767–785.

[13] P. Exner, An isoperimetric problem for point interactions, J. Phys. A, Math. Gen. 38 (2005), 4795–4802. [14] P. Exner, Necklaces with interacting beads: isoperimetric problems, Contemporary Mathematics 412 (2006), 141–149.

[15] P. Exner, Leaky quantum graphs: a review, in: Analysis on graphs and its applications. Selected papers based on the Isaac Newton Institute for Mathematical Sciences programme, Cambridge, UK, 2007. Proc. Symp. Pure Math. 77 (2008), 523–564.

[16] P. Exner and M. Fraas, On geometric perturbations of critical Schrödinger operators with a surface interaction, J. Math. Phys. 50 (2009), 112101, 12 pp.

[17] P. Exner, M. Fraas, and E. M. Harrell, On the critical exponent in an isoperimetric inequality for chords, Phys.

Lett., A, 368 (2007), 1–6.

[18] P. Exner, E. M. Harrell, and M. Loss, Inequalities for means of chords, with application to isoperimetric problems, Lett. Math. Phys. 75 (2006), 225–233.

[19] P. Exner and H. Kovařík, Quantum waveguides, Theoretical and Mathematical Physics, Springer, Cham, 2015. [20] P. Exner and J. Rohleder, Generalized interactions supported on hypersurfaces, arXiv:1511.06903. [21] G. Faber, Beweis, dass unter allen homogenen Membranen von gleicher Fläche und gleicher Spannung die kreisförmige den tiefsten Grundton gibt, Verlagd. Bayer. Akad. d. Wiss., 1923.

[22] P. Freitas and D. Krejčiřík, The first Robin eigenvalue with negative boundary parameter, Adv. Math. 280 (2015), 322–339.

[23] M. Goldberg, Dispersive estimates for Schrödinger operators with measure-valued potentials in R^3, Indiana Univ. Math. J. 61 (2012), 2123–2141.

[24] B. Helffer, Spectral theory and its applications, Cambridge University Press, 2013. [25] T. Kato, Perturbation theory for linear operators, Classics in Mathematics, Springer-Verlag, Berlin, 1995. [26] E. Krahn, Über eine von Rayleigh formulierte Minimaleigenschaft des Kreises, Math. Ann. 94 (1925), 97–100. [27] M. Levitin and L. Parnovski, On the principal eigenvalue of a Robin problem with a large parameter, Math.

Nachr. 281 (2008), 272–281.

[28] V. Lotoreichik and T. Ourmières-Bonafos, On the bound states of Schrödinger operators with δ-interactions on conical surfaces, arXiv:1510.05623.

[29] V. Lotoreichik and J. Rohleder, An eigenvalue inequality for Schrödinger operators with δ- and δ^′-interactions supported on hypersurfaces, Oper. Theory Adv. Appl. 247 (2015), 173–184.

[30] G. Lükő, On the mean length of the chords of a closed curve, Isr. J. Math. 4 (1966), 23–32. [31] J. O’Hara, Energy of knots and conformal geometry, World Scientific, 2003.

[32] K. Pankrashkin, On the discrete spectrum of Robin Laplacians in conical domains, to appear in Math. Model.

Nat. Phenom., arXiv:1507.08980.

[33] M. Reed and B. Simon, Methods of modern mathematical physics. I: Functional analysis. Rev. and enl. ed., Academic Press, 1980.

[34] M. Reed and B. Simon, Methods of modern mathematical physics. IV. Analysis of operators., Academic Press, New York, 1978.

[35] G. Teschl, Mathematical methods in quantum mechanics. With applications to Schrödinger operators., Graduate Studies in Mathematics, American Mathematical Society, Providence, RI, 2014.

[36] J. Weidmann, Lineare Operatoren in Hilberträumen: Teil 1 Grundlagen, Springer-Verlag, 2013.

Department of Theoretical Physics, Nuclear Physics Institute, Czech Academy of Sciences, 25068 Řež near Prague, Czechia, and Doppler Institute for Mathematical Physics and Applied Mathematics, Czech Technical University, Břehová 7, 11519 Prague, Czechia

E-mail address: exner@ujf.cas.cz

Department of Theoretical Physics, Nuclear Physics Institute, Czech Academy of Sciences, 250 68, Řež near Prague, Czechia

E-mail address: lotoreichik@ujf.cas.cz