Bifurcations in Volume-Preserving Systems

Henk Broer

Bernoulli Institute for Mathematics, Computer Science and Artificial Intelligence Rijksuniversiteit Groningen, 9747 AG Groningen, The Netherlands

Heinz Hanßmann

Mathematisch Instituut, Universiteit Utrecht Postbus 80010, 3508 TA Utrecht, The Netherlands

20 November 2018

Abstract We give a survey on local and semi-local bifurcations of divergence-free vector fields. These differ for low dimensions from ‘generic’ bifurcations of structure-less ‘dissipative’ vector fields, up to a dimension-threshold that grows with the co-dimension of the bifurcation.

1 Introduction

As starting point we take a family of conditionally periodic n–tori on an (n + m)– dimensional manifold with an oriented volume, where the n–tori are invariant under the flow of a volume-preserving vector field. In local co-ordinates (x, z) around the tori the equations of motion can be given the form

ẋ = ω(μ) + O(z) (1a) ż = Ω(x; μ) z + O(z^2) (1b)

where μ ∈ R^s denotes the parameter(s) the family depends upon. The x–dependence of Ω in (1b) can be removed by assuming the tori to be reducible to Floquet form. The system (1) with Ω = Ω(μ) describes a family of vector fields on T^n × R^m, T = R/Z with invariant tori T^n ×{0} for every μ ∈ R^s. These tori have Floquet exponents β_j(μ)+iα_j(μ), α_j, β_j ∈ R satisfying α_{2j} = −α_{2j−1} for j = 1, . . . , ℓ where α_{2j−1} > 0 and, since trace Ω = 0, m∑ j=1 β_j (μ) + iα_j(μ) ≡ 0 .

In general the higher order terms O(z) and O(z^2) in (1a) and (1b) depend on x, but where it is possible to pass to x–independent higher order terms in (1b) — e.g. by truncating a suitable normal form — the equations in (1) decouple and one can first study the (relative) equilibria of (1b) in their own right.

The ultimate question is how the dynamics close to the family of invariant n–tori behaves under small perturbations. Near T^n × {0} the variable z ∈ R^m is small, therefore the higher order terms O(z) and O(z^2) may already be considered as a perturbation. The corresponding unperturbed flow

R × T^n × R^m −→ T^n × R^m (t, x, z) → (x + tω(μ), e^{tΩ(μ)} z) (2) is the superposition of a conditionally periodic motion on T^n with fixed (internal) frequency ω(μ) and a linear flow on R^m. Note that (2) is equivariant with respect to the T^n–action T^n × T^n × R^m −→ T^n × R^m

(ξ, x, z) → (x + ξ, z) . (3) If Ω as well as the higher order terms O(z) and O(z^2) in (1) are x–independent, the vector field is called T^n–symmetric. Such vector fields have invariant n–tori T^n × {z_0} whenever the right hand side of (1b) vanishes at z_0. Where these tori have non-zero Floquet exponents one can locally near T^n × {z_0} put the equations of motion into the form (1), with Ω = Ω(μ) and higher order terms independent of x. What happens under small perturbations is the realm of kam Theory. It is here that the dependence on the parameter μ ∈ R^s becomes important, as resonances are dense and a single torus runs the danger of disappearing in a resonance gap.

A family of normally hyperbolic tori T^n × {0} × {μ}, β_j(μ) ≠ 0 for all j = 1, . . . , m and all μ ∈ R^s typically persists under small perturbations when restricted to the ‘Cantor set’ defined by the Diophantine conditions

|2π⟨k | ω(μ)⟩ + ⟨ℓ | α(μ)⟩| ≥ γ |k|^τ for all 0 ≠ k ∈ Z^n and ℓ ∈ Z^m with |ℓ| ≤ 2, (4)

where ⟨x | y⟩ = ∑ x_j y_j is the standard inner product, |k| = |k_1| + . . . + |k_n|, γ > 0 and τ > n − 1. Locally in the frequency space R^{n+m}, the set of all Diophantine frequency vectors has a product structure: half lines times a Cantor set. Indeed, when (ω, α) satisfies (4) then also (ςω, ςα) satisfies (4) for all ς ≥ 1. The intersection of the set of all Diophantine frequency vectors with a sphere of radius R > 0 is closed and totally disconnected; by the theorem of Cantor–Bendixson [23] it is the union of a countable and a perfect set, the latter necessarily being a Cantor set.

The Diophantine conditions (4) provide for an effective bound away from the resonances, see [8, 27, 30] and references therein. However, for a parameter dependent family (1) we can no longer expect that all tori are normally hyperbolic — under parameter variation one or several β_j(μ) may pass through 0. Of course, the more β_j (μ) are simultaneously vanishing, the higher the co-dimension. While the Implicit Mapping Theorem still allows to achieve the form (1) if the corresponding α_j (μ_0) are non-zero where β_j(μ_0) = 0, the case of Floquet tori with vanishing Floquet exponent(s) β_j(μ_0) + iα_j(μ_0) = 0 only allows to achieve

ẋ = ω(μ) + O(z) (5a) ż = σ(μ) + Ω(μ) z + O(z^2) (5b) with σ(μ) ∈ ker Ω(μ_0)^T, see [11, 27, 30] and references therein. This makes it preferable to denote invariant n–tori as T^n × {z_0} × {μ_0} ⊆ T^n × R^m × R^s where the zeroes (z_0, μ_0) of the right hand side of (5b) typically form an s–parameter family. For (1) this family boils down to T^n × {0} × R^s. The simplest bifurcation for dissipative vector fields is the quasiperiodic saddle-node bifurcation [4, 11, 30] with m = 1 and (5b) becoming ż = μ − z^2, i.e. σ(μ) ≡ μ and Ω(μ) ≡ 0. This example shows that it is in general not possible to achieve σ(μ) ≡ 0, while σ(μ_0) = 0 can always be achieved. The other two quasi-periodic bifurcations of co-dimension 1 that structureless dissipative vector fields may undergo are the quasi-periodic Hopf bifurcation [3, 4, 11] and the frequency-halving or quasi-periodic flip bifurcation [4, 9, 11]. For both bifurcations σ(μ) ≡ 0 can be achieved. While the former needs m ≥ 2 normal dimensions, the latter can be put into the form (5) only after the passage to a 2:1 covering space.

This paper is organized as follows. In the next three sections we focus on the normal dynamics defined by (5b) with x–independent higher order terms O(z^2). This covers the case n = 0 of equilibria, of which we describe the linear theory in section 2 and the nonlinear theory in sections 3 and 4. The case n = 1 of periodic orbits then is addressed in section 5. In section 6 we come back to quasi-periodic bifurcations in volume-preserving systems and section 7 concludes the paper.

2 Linear Systems

In this section we treat linear systems ż = Ωz that preserve the standard volume, i.e. satisfy trace Ω = 0. That the last eigenvalue equals minus the sum of all other eigenvalues puts a severe restriction on the spectrum of Ω if the dimension m is low, but for high m this merely results in m − 1 or m − 2 eigenvalues in general position that completely determine the last eigenvalue or the real part of the last pair of eigenvalues.

2.1 m = 1

Here the restriction trace Ω = 0 immediately results in Ω = 0. However, this same restriction applies to volume-preserving perturbations of Ω = 0 as well whence this (motionless) dynamics is in fact structurally stable.

2.2 m = 2

In this case one can speak of area-preservation instead of volume-preservation and the (local) dynamics is in fact Hamiltonian. The dimensional restriction m = 2 < 4 prevents eigenvalues outside the real and imaginary axes. For elliptic eigenvalues ±iα the restriction trace Ω = 0 is automatically satisfied, while hyperbolic eigenvalues must take the form ±β. An eigenvalue 0 has necessarily algebraic multiplicity 2 whence we distinguish the case Ω = 0 of geometric multiplicity 2 from the parabolic case where the Jordan normal form is Ω = (^0^1_0).

These four cases are completely classified by the three coefficients a, b, c of the general quadratic Hamiltonian

H(q, p) = a p^2 2 + b q^2 2 + cpq , (q, p) = z ∈ R^2 (6)

in 1 degree of freedom. Indeed, the double eigenvalue 0 occurs precisely at

det Ω = ab − c^{2 !}= 0

and this equation defines a (double) cone in R^3 = {a, b, c} that separates the hyperbolic domain det Ω < 0 outside of the cone from the two elliptic domains det Ω > 0 inside the cone — the latter distinguished by the symplectic sign as the rotation about a minimum and the rotation about a maximum have opposite directions. At the tip of the double cone we have Ω = 0, with co-dimension 3, while along a 1–parameter curve μ → Ω(μ) through the cone the flow z → e^{tΩ(μ)} z changes from hyperbolic via parabolic to elliptic.

2.3 m = 3

Here the restriction trace Ω = 0 still gives complete freedom for the choice of the first eigenvalue. If that eigenvalue does not lie on the real axis then its complex conjugate is also an eigenvalue (and we order them according to α_1 = α > 0, α_2 = −α < 0) and the third eigenvalue is real with β_3 = −2β, β = β_1 = β_2. The remaining possibility is that there are 3 real eigenvalues; we notice that also then the eigenvalue that is ‘alone’ on its side of the imaginary axis yields a stronger attraction/repulsion than each of the other 2 eigenvalues because of β_1 + β_2 + β_3 = 0.

An eigenvalue 0 is accompanied by 2 other eigenvalues subject to the restrictions of § 2.2, i.e. they form a pair on the union of real and imaginary axes.

both real: the eigenvalue 0 triggers a normally hyperbolic bifurcation and the only difference to a dissipative normally hyperbolic bifurcation with 2 real eigenvalues of opposite sign is that at the bifurcation these 2 eigenvalues have the same absolute value. So the main characteristic is dissipative.

both imaginary: under parameter variation the pair β(μ) ± iα(μ), β(0) = 0 passes through the imaginary axis, forcing the third eigenvalue −2β(μ) to pass through zero — in the opposite direction. The genericity condition β^′(0) ≠ 0 yields, after re-parametrisation, the normal form

Ω = μ −α 0 α μ 0 0 0 −2μ

. (7)

This 1–parameter unfolding of the (linear) fold-Hopf singularity has a decidedly volume-preserving character, we therefore speak of the volume-preserving Hopf bifurcation.

both zero: then all 3 eigenvalues vanish and we have three subcases, compare with [1], according to whether Ω^2 ≠ 0 with co-dimension 2, Ω = 0 with co-dimension 8 and, in between, Ω ≠ 0 but Ω^2 = 0 with co-dimension 4 and Jordan normal form

Ω = 0 1 0 0 0 0 0 0 0

(the Jordan normal form of the case Ω^2 ≠ 0 has a single Jordan chain of length 3).

2.4 m = 4

For increasing m the eigenvalue configurations off the imaginary axis start more and more to resemble dissipative eigenvalue configurations.

2 complex conjugate pairs β_j ±iα_j : here the volume-preserving character is already weak, but still strongest compared to the following cases. Volume-preserving enforces β_2 = −β_1 whence attraction and repulsion of the 2 foci balance each other out, while the rotational velocities α_1 and α_2 are independent of each other.

1 complex conjugate pair and 2 real eigenvalues: there are two subcases. Either the 2 real eigenvalues are on the opposite side with respect to the imaginary axis of the complex conjugate pair, or one of the real eigenvalues is on the same side and the other is ‘alone’ on the opposite side — with a strong attraction/repulsion.

4 real eigenvalues: either 3 to 1 with respect to the imaginary axis or grouped 2 to 2.

The eigenvalues can pass between these configurations: either a complex conjugate pair β(μ) ± iα(μ) meets at the real axis, i.e. α(μ_0) = 0 with β(μ_0) ≠ 0, or eigenvalues pass through the imaginary axis. The latter triggers a bifurcation and may happen in the following ways.

2 complex pairs β_j (μ) ± iα_j (μ), β_1(0) = −β_2(0) = 0: this 1–parameter unfolding of the Hopf–Hopf singularity has a decidedly volume-preserving character and we speak of the volume-preserving double Hopf bifurcation. If furthermore α_1(0) = α_2(0) the co-dimension becomes 2 in the non-semi-simple case and 4 in the semi-simple case, again compare with [1]. This may be interpreted as a 1:1 resonance and also other low order resonances can come into play, see § 3.4.2 below.

1 purely imaginary pair: then the 2 remaining eigenvalues are real with opposite signs and coinciding absolute value, leading to a normally hyperbolic bifurcation of dissipative character. In case the 2 real eigenvalues vanish as well the co-dimension becomes 2 — in the unfolding we expect an interaction of a normally hyperbolic (dissipative) Hopf bifurcation with a normally elliptic Hamiltonian bifurcation and containing the volume-preserving double Hopf bifurcation in a subordinate way.

a single zero eigenvalue: the 3 remaining eigenvalues are in one of the two generic configurations detailed at the beginning of § 2.3, leading to a normally hyperbolic bifurcation of dissipative character.

a double zero eigenvalue: unless the 2 other eigenvalues form a purely imaginary pair — a possibility we already discussed — the 2 other eigenvalues are real and lead to a normally hyperbolic Bogdanov–Takens bifurcation, with the second unfolding parameter re-distributing hyperbolicity to the bifurcation.

all 4 eigenvalues vanish: here we have the subcases Ω^3 ≠ 0 with co-dimension 3 of a single Jordan chain, Ω^3 = 0 but Ω^2 ≠ 0 of co-dimension 5 of a Jordan chain of length 3, the cases Ω^2 = 0 but Ω ≠ 0 of 2 or 1 Jordan chain(s) of length 2 of co-dimensions 7 and 9, respectively, and the most degenerate subcase Ω = 0 of co-dimension 15, see [1].

2.5 m = 5

For m ≥ 5 not only the structurally stable eigenvalue configurations display solely dissipative dynamics, but also the bifurcations of co-dimension 1 are the dissipative ones. Indeed, a single eigenvalue 0 or a pair of purely imaginary eigenvalues have too many normal directions to enforce volume-preserving behaviour; the only restriction coming from trace Ω = 0 is that the hyperbolic eigenvalues balance each other on both sides of the imaginary axis. We therefore concentrate on eigenvalue configurations of co-dimension 2 and higher that enforce characteristically volume-preserving unfoldings.

co-dimension 2: all eigenvalues are simple and on the imaginary axis, whence the spectrum is {±iα_1, ±iα_2, 0}. A linear versal unfolding is given by

Ω = μ_1 −α_1 0 0 0 α_1 μ_1 0 0 0 0 0 μ_2 −α_2 0 0 0 α_2 μ_2 0 0 0 0 0 −(μ_1 + μ_2) (8)

and contains in a subordinate way both the volume-preserving Hopf bifurcation and the volume-preserving double Hopf bifurcation.

co-dimension 3: the 5 eigenvalues on the imaginary axis are no longer all simple, so either 0 is a simple eigenvalue and ±iα is a double pair of purely imaginary eigenvalues — with the co-dimension rising to 5 in the semi-simple case — or ±iα is a simple pair of purely imaginary eigenvalues and 0 is a triple eigenvalue — with rising codimensions for shorter Jordan chains, compare with § 2.3. The co-dimension of (8) also rises to 3 where α_1 and α_2 are in 1:2 or 1:3 resonance, see 3.4.2.

co-dimension 4: if 0 is an eigenvalue of algebraic multiplicity 5, then the co-dimension is determined by the Jordan chains — see [1] — starting with a single maximal Jordan chain of co-dimension 4.

2.6 m ≥ 6

These cases form two series according to whether m is odd, where the situation resembles that of § 2.5, or m is even. For low co-dimension c compared to the dimension m, the theory is equivalent to the dissipative one. To be precise, the theory is dissipative for odd m whenever 2c ≤ m − 3 and for even m whenever 2c ≤ m − 4. For instance, in dimension m = 6 the co-dimension c must be at least 2 for the bifurcation to have volume preserving characterics.

Again, bifurcations have volume-preserving characteristics of dimension m only if all eigenvalues are on the imaginary axis. Then the lowest co-dimension occurs if all eigenvalues are simple. For m = 6 this means that the eigenvalues form 3 =^1_2 m pairs ±iα_1, ±iα_2, ±iα_3; for odd m compare with § 2.5. Multiple eigenvalues on the imaginary axis again lead to higher co-dimensions, as do other low order resonances.

3 Normal Forms

The standard approach to local bifurcations triggered by non-hyperbolic eigenvalues — which we follow here as well — is two-fold, compare with [21, 24]. The first step is to reduce to a centre manifold. For volume-preserving systems the restriction trace Ω = 0 enforces the sum of hyperbolic eigenvalues to be 0 — indeed, the pairs of eigenvalues ±iα on the imaginary axis add up to 0 as well. Correspondingly, the centre manifold is always truly hyperbolic — neither attracting nor repelling, but there are no further restrictions for the flow on the centre manifold. In particular, it is not true that the system on the centre manifold has to be again volume-preserving; this gives more flexibility to the bifurcation unfolding on the centre manifold, which may thus have a dissipative character. Therefore, in the sequel we may assume that at the bifurcation all m eigenvalues of the bifurcating equilibrium are on the imaginary axis, i.e. no hyperbolic directions have to be split off through a centre manifold reduction.

The second step in the standard approach followed here is to compute a suitable normal form. Indeed, every pair of purely imaginary eigenvalues ±iα generates an S^1–action on R^m. If all eigenvalues are simple, on the imaginary axis and share no resonances, then they yield a T^ℓ–action on R^m with ℓ = ⌊^1_2 m⌋. Normal form theory allows to push this symmetry through the Taylor series and it is the order up to which this normalization is performed that decides which resonances are of low order and which are of higher order. Low order resonances result in additional ‘resonant terms’ in the normal form and lower the dimension of the resulting symmetry group T^ℓ to some T^{ℓ′} , ℓ^′ < ℓ. High order resonances have no influence on the normal form up to the chosen order. Truncating the not normalized higher order terms then yields a T^ℓ–equivariant (or a T^{ℓ′} –equivariant) approximation of the original vector field.

At this point, the standard approach is first to study the symmetric normal form dynamics and then to show which features survive the perturbation back to the original system. In this section we concentrate on the dynamics defined by the truncated normal form and we treat the perturbation problem in section 4.

3.1 m = 1

On R the only volume-preserving flows are the constant translations

(t, z) → z + t ζ (9)

generated by the constant vector fields ż = ζ, ζ ∈ R. To have an equilibrium, necessarily ζ = 0 and then every z_0 ∈ R is an equilibrium. The linear part Ω = 0 does not lend itself for normalizing the vector field, but then ż = 0 already is in a most simple form (identical to its linearization). In fact it is so simple that the equilibrium at z = 0 typically does not survive a small perturbation. However, as long as the restriction to preserve the 1– dimensional volume still applies the perturbed flow must be of the form (9), with ζ = O(ε) and thus consists of a slow translation.

3.2 m = 2

Area-preserving flows on R^2 are completely determined by their Hamiltonian function H defining the Hamiltonian vector field

q̇ = ∂H ∂p ṗ = − ∂H ∂q , (q, p) = z ∈ R^2 (10)

in 1 degree of freedom. In case H is a Morse function the flow is structurally stable and occurring bifurcations are governed by planar singularity theory, see [22, 28] and references therein. In particular, the sole bifurcation of co-dimension 1 is the centresaddle bifurcation — exemplified by H = T + V_λ with kinetic energy T =^1_2 p^2 and family of potential energies V_λ =^1_6 q^3 + λq; for details see e.g. [15]. Recall from § 2.2 that local bifurcations only occur for eigenvalues 0; for a pair of eigenvalues ±iα on the imaginary axis the equilibrium is elliptic and thus a local extremum of the Hamiltonian function.

3.3 m = 3

As we have seen in § 2.3, a bifurcating equilibrium necessarily has an eigenvalue 0. In case the other 2 eigenvalues are ±β we can reduce to a centre manifold where, under variation of a single parameter, generically a saddle-node bifurcation takes place; for details see [15, 21, 24]. At the bifurcation two equilibria on the centre manifold meet, one attracting, one repelling. The corresponding eigenvalue is the difference (in absolute values) of the 2 hyperbolic eigenvalues which no longer cancel each other out. This is the only remaining influence of the vector field being volume-preserving, also in case of degeneracies of higher order terms that lead to bifurcations on the centre manifold of higher co-dimension.

3.3.1 The volume-preserving Hopf bifurcation

In case the eigenvalue 0 is accompanied by a pair ±iα of purely imaginary eigenvalues we prefer to think of the latter as accompanied by the former and speak of a volume-preser-ving Hopf bifurcation when a pair of non-real eigenvalues passes through the imaginary axis, enforcing the third eigenvalue to pass through zero in the opposite direction (and twice as fast). An eigenvalue 0 does not allow to remove the constant part of the vector field completely, whence from (7) we infer that generically the 1–jet of such a 1–parameter family of vector fields can be brought into the form

ż = 0 0 λ(μ) + μ −α 0 α μ 0 0 0 −2μ

· z (11)

where λ : R −→ R is a function with λ(0) = 0 and λ^′(0) ≠ 0. At μ = 0 this is a linear vector field ż = Ωz with periodic flow

(t, z) → ( e^{iα}(z_1 + iz_2), z_3 ) (12)

defining an S^1–action on R^3. The invariants of the S^1–action (12) are generated by τ = z^2_1 + z^2 2 and ζ = z_3 ,

i.e. every function f = f(z_1, z_2, z_3) that is invariant under (12) can be written as a function g = g(τ, ζ) satisfying g(^1_2 (z^2_1 + z^2 ), z_3) ≡ f(z_1, z_2, z_3) .

The space of S^1–equivariant vector fields is generated by

−z_2 ∂ ∂z_1

+ z_1 ∂ ∂z_2

, z_1 ∂ ∂z_1

+ z_2 ∂ ∂z_2 and ∂ ∂z_3 , meaning that the most general S^1–equivariant vector field has the form

f(τ, ζ; μ)(−z_2 ∂ ∂z_1

+ z_1 ∂ ∂z_2

) + g(τ, ζ; μ)(z_1 ∂ ∂z_1

+ z_2 ∂ ∂z_2

) + h(τ, ζ; μ) ∂ ∂z_3

(13)

which for f(τ, ζ; μ) ≡ α, g(τ, ζ; μ) ≡ μ and h(τ, ζ; μ) ≡ λ(μ) − 2μζ yields (11). Note that for (13) to be volume-preserving, the coefficient functions have to satisfy

2(g + ∂g ∂τ τ) + ∂h ∂ζ = 0 . (14)

Normal form theory provides for co-ordinate transformations that take the finite jets of a volume-preserving vector field with 1–jet (11) into the form (13). As shown in [5, 6] the additional terms of order 2 are given by g(τ, ζ; μ) ≡ a(μ)ζ and h(τ, ζ; μ) ≡ b(μ)τ − a(μ)ζ^2 resulting in the 2–jet

ż = 0 0 λ(μ) + μ −α 0 α μ 0 0 0 −2μ

· z + a(μ)z_1z_3 a(μ)z_2z_3 1 2 b(μ)(z^2_1 + z^2 ) − a(μ)z^2_3

. (15)

Furthermore two volume-preserving vector fields on R^3 with 2–jet (15), μ = 0 satisfying both a(0)b(0) < 0 or both a(0)b(0) > 0 are — locally around the origin — topologically equivalent, see [5, 6]. In fact, the μ–dependence of the coefficients a(μ) and b(μ) is not important as long as both a(0) and b(0) are non-zero; we therefore simplify to a = a(0) and b = b(0) in (15) and truncate the μ–dependence in the second order terms as well. In the invariants τ and ζ the vector field (13) reduces to

τ̇ = 2τg(τ, ζ; μ) (16a) ζ̇ = h(τ, ζ; μ) (16b)

whence the line {τ = 0} is always invariant — as expected from the S^1–symmetry — and the equilibria (τ, ζ) = (0, ζ_0) on the ζ–axis {τ = 0} are given by the zeroes ζ_0 of ζ → h(0, ζ; μ). Rewriting (14) as ∂ ∂τ 2τg(τ, ζ; μ) + ∂ ∂ζ h(τ, ζ; μ) ≡ 0

we see that the equations of motion (16) are Hamiltonian with standard Poisson structure

{τ, ζ} = 1

and Hamiltonian function

H(τ, ζ; μ) =

∫_ζ 0 2τg(τ, ζ̃; μ) dζ̃ −

∫_τ 0 h(τ̃ , 0; μ) dτ̃

which for (15) becomes

H(τ, ζ; μ) = 2μτζ − λ(μ)τ + aτζ^2 − b τ^2 2 = τ ( 2μζ − λ(μ) + aζ^2 − bτ 2 ) ; recall that τ ≥ 0 and that the ζ–axis {τ = 0} is invariant. From this the phase portraits in figure 1 are readily obtained, also compare with [5, 6]. Note that this is simplified by using λ^′(0) ≠ 0 to re-parametrise μ = μ(λ) and deferring 2μ(λ)τζ to the truncated higher order terms, i.e. retaining only

H(τ, ζ; λ) = τ ( aζ^2 −^1_2 bτ − λ ) . (17)

Scaling the original variables z_1, z_2, z_3 or, if we want to preserve the volume form, scaling time as well allows to achieve a = 1 and b = ±1. The parameters are scaled correspondingly and in case the original a was negative this reverses the parameter direction. Note that in [5, 6, 7] the choice b > 0 has been made. When a = b = 1 (i.e. for ab positive) we call the volume-preserving Hopf bifurcation hyperbolic while a = 1, b = −1 (i.e. negative ab) is the elliptic case.

a = 1, b = 1, λ = −1 a = 1, b = 1, λ = 0 a = 1, b = 1, λ = 1

a = 1, b = −1, λ = −1 a = 1, b = −1, λ = 0 a = 1, b = −1, λ = 1 ζ

τ

ζ

τ ζ

τ

Figure 1: Phase portraits of the planar reduced system as the bifurcation parameter λ passes through 0 for the hyperbolic (a = b = 1) and the elliptic (a = 1, b = −1) volumepreserving Hopf bifurcations.

To reconstruct the dynamics on R^3 we include the angle ξ along the orbits of the S^1– action (12) on R^3, whence the volume form dz_1 ∧ dz_2 ∧ dz_3 reads as dξ ∧ dτ ∧ dζ in the resulting volume-preserving cylindrical co-ordinates (ξ, τ, ζ) and the scaled vector field (15) becomes ξ̇ = α

τ̇ = 2μ(λ)τ + 2τζ ζ̇ = λ − 2μ(λ)ζ ± τ − ζ^2

with ± = sgn (ab). In this way equilibria (0, ζ_0) of (16) become equilibria (z_1, z_2, z_3) = (0, 0, ζ_0) on the vertical axis, while equilibria (τ_0, ζ_0) with τ_0 ≠ 0 lead to periodic orbits {^1_2 (z^2_1 + z^2 ) = τ_0, z_3 = ζ_0} around the vertical axis. Furthermore, a family of periodic orbits encircling an elliptic equilibrium of (16) reconstructs to a family of invariant 2–tori shrinking down to elliptic periodic orbits. Finally, a heteroclinic connection within {τ = 0} becomes a heteroclinic orbit within the vertical axis, while a heteroclinic connection within {τ > 0} between two equilibria on the vertical axis reconstructs to a whole 2–sphere filled by spiralling heteroclinic orbits.

3.3.2 Bifurcations of co-dimension 2

In the unfolding (15) we required a(0)b(0) ≠ 0 and later even scaled to a = 1, b = ±1. This makes a = 0 or b = 0 a degenerate situation, triggering a bifurcation of co-dimension 2 that includes both the hyperbolic and elliptic volume-preserving Hopf bifurcation in a subordinate way. In the corresponding normal form the zero coefficient gets replaced by the — second — unfolding parameter.

From § 2.1 we know that a triple eigenvalue 0 with a single Jordan chain has co-dimension 2 as well. The nonlinear unfolding

ż = 0 0 λ + 0 1 0 0 0 1 0 μ 0

· z + 0 0 z^2_1 + az^2 + bz_1z_2

derived in [18] not only contains the volume-preserving Hopf bifurcation in a subordinate way, but also a normally hyperbolic saddle-node bifurcation, compare with [19].

3.4 m = 4

A single eigenvalue 0 triggers a normally hyperbolic saddle-node bifurcation and a pair of purely imaginary eigenvalues ±iα, α > 0 triggers a normally hyperbolic (dissipative) Hopf bifurcation, see [15, 21, 24] for details. Next to these two bifurcations of dissipative character there is a third bifurcation of co-dimension 1, see § 3.4.1 below. Degeneracies in the higher order terms lead to a normally hyperbolic cusp bifurcation and to a normally hyperbolic degenerate Hopf bifurcation, respectively. A third bifurcation of co-dimension 2 is the normally hyperbolic Bogdanov–Takens bifurcation, unfolding a double eigenvalue 0. For the other bifurcations of co-dimension 2 see § 3.4.2 below. A triple eigenvalue 0 is necessarily a fourfold eigenvalue 0 and the co-dimension is determined by the length(s) of the Jordan chain(s), see § 2.4.

3.4.1 The volume-preserving double Hopf bifurcation

A generic volume-preserving 1–parameter unfolding of

Ω = 0 −α_1 0 0 α_1 0 0 0 0 0 0 −α_2 0 0 α_2 0

(18)

has eigenvalues β_j (λ) ± iα_j (λ), α_j(0) = α_j , β_j(0) = 0; and α_1α_2 ≠ 0 ensures that the constant part of the vector field can be transformed away, whence the origin is an equilibrium for all parameter values and there are no further equilibria — locally in μ and z. The flow generated by (18) is conditionally periodic and induces a free T^2–action on R^4\(R^2 × {0} ∪ {0} × R^2), unless there are resonances

k_1α_1 + k_2α_2 = 0 , 0 ≠ k ∈ Z^2 (19)

among the normal frequencies. The invariants of this T^2–action are generated by

τ_1 = z^2_1 + z^2 2 and τ_2 = z^2_3 + z^2_4 2 .

To achieve the normal form ż = Mz with M = M(τ; λ) given by

λ + c_1τ_1 + 2c_2τ_2 −α_1(λ) − a_1τ_1 − a_2τ_2 0 0 α_1(λ) + a_1τ_1 + a_2τ_2 λ + c_1τ_1 + 2c_2τ_2 0 0 0 0 −λ − 2c_1τ_1 − c_2τ_2 −α_2(λ) − b_1τ_1 − b_2τ_2 0 0 α_2(λ) + b_1τ_1 + b_2τ_2 −λ − 2c_1τ_1 − c_2τ_2

we have to exclude resonances (19) of order |k| = |k_1| + |k_2| ≤ 4, use β_1 = −β_2, β^′_1(0) ≠ 0 to re-parametrise β_1(λ) ≡ λ, β_2(λ) ≡ −λ and have already truncated λ– depending coefficients to constants a_1, a_2, b_1, b_2, c_1, c_2 ∈ R, see [5, 6]. Reducing the T^2– action turns ż = M(τ; λ) · z into

τ̇ = ( λτ_1 + c_1τ^2_1 + 2c_2τ_1τ_2 −λτ_2 − 2c_1τ_1τ_2 − c_2τ^2_2 )

which has both the τ_1–axis and the τ_2–axis as invariant axes. Again the reduced equations of motion are Hamiltonian with respect to the standard Poisson structure

{τ_1, τ_2} = 1

with Hamiltonian function

H(τ; λ) = λτ_1τ_2 + c_1τ^2_1 τ_2 + c_2τ_1τ^2_2 = τ_1τ_2 (λ + c_1τ_1 + c_2τ_2) . (20)

From this the phase portraits in figure 2 are easily obtained, also compare with [5, 6]. Scaling time and space (while preserving volume) allows to achieve c_1 = 1 and c_2 = ±1 — the parameters and remaining coefficients a_1, a_2, b_1, b_2 are scaled correspondingly. As we can always exchange the (z_1, z_2)–plane with the (z_3, z_4)–plane, reversing time to achieve c_1 > 0 is only necessary if c_1 < 0 and c_2 > 0. The normal form ż = Mz then has M = M(τ; λ) given by

λ + τ_1 ± 2τ_2 −α_1(τ; λ) 0 0

α_1(τ; λ) λ + τ_1 ± 2τ_2 0 0 0 0 −λ − 2τ_1 ∓ τ_2 −α_2(τ; λ) 0 0 α_2(τ; λ) −λ − 2τ_1 ∓ τ_2

(21)

with α_1(τ; λ) = α_1(λ) + a_1τ_1 + a_2τ_2 and α_2(τ; λ) = α_2(λ) + b_1τ_1 + b_2τ_2. The case c_2 = 1 of upper signs in (21) is the elliptic case — it is here that figure 2 exhibits periodic orbits, which reconstruct to invariant 3–tori — and the lower signs in (21) yield the hyperbolic volume-preserving double Hopf bifurcation c_2 = −1.

To reconstruct the dynamics on R^4 we include the angles ξ_1 and ξ_2 of the T^2–action on R^4, whence the volume form dz_1 ∧ dz_2 ∧ dz_3 ∧ dz_4 reads as dξ_1 ∧ dτ_1 ∧ dξ_2 ∧ dτ_2 and the scaled vector field ż = M(τ; λ) · z becomes

ξ̇_1 = α_1(τ; λ)

τ̇_1 = λτ_1 + τ^2_1 ± 2τ_1τ_2 ξ̇_2 = α_2(τ; λ)

τ̇_2 = −λτ_2 − 2τ_1τ_2 ∓ τ^2_2 .

c_1 = 1, c_2 = −1, λ = −1 c_1 = 1, c_2 = −1, λ = 0 c_1 = 1, c_2 = −1, λ = 1

c_1 = 1, c_2 = 1, λ = −1 c_1 = 1, c_2 = 1, λ = 0 c_1 = 1, c_2 = 1, λ = 1 τ_2

τ_1

τ_2

τ_1 τ_2

τ_1

Figure 2: Phase portraits of the planar reduced system as the bifurcation parameter λ passes through 0 for the hyperbolic (c_1 = 1, c_2 = −1) and elliptic (c_1 = c_2 = 1) cases of the volume-preserving double Hopf bifurcation.

The origin z = 0 is always an equilibrium, for all λ ≠ 0 of focus-focus type. What changes through the bifurcation is that the plane in which z = 0 is attracting is the (z_1, z_2)–plane before the bifurcation — where λ < 0 — and the (z_3, z_4)–plane after the bifurcation — where λ > 0. Equilibria of the reduced equations with one of the τ_i = 0 become periodic orbits. Therefore, as λ passes (from below) through 0, for the hyperbolic volumepreserving double Hopf bifurcation two independent but simultaneous ‘ordinary’ Hopf bifurcations take place in the (z_1, z_2)– and (z_3, z_4)–planes, respectively. In the (z_1, z_2)– plane {τ_2 = 0} a subcritical Hopf bifurcation takes place during which an unstable periodic orbit shrinks down to the within {τ_2 = 0} stable equilibrium at the origin which after the bifurcation is unstable within {τ_2 = 0}. In the (z_3, z_4)–plane {τ_1 = 0} a supercritical Hopf bifurcation takes place during which the within {τ_1 = 0} unstable equilibrium at the origin becomes stable as a within {τ_1 = 0} unstable periodic orbit bifurcates off from the origin. All these critical elements are balanced — stable by unstable and unstable by stable — in the directions normal to the respective plane {τ_i = 0} as volume is preserved. For the elliptic volume-preserving double Hopf bifurcation also the ‘ordinary’ Hopf bifurcation within the (z_3, z_4)–plane {τ_1 = 0} is subcritical — the unstable equilibrium at the origin becomes stable as a stable periodic orbit shrinks down; all stable and unstable characterisations within the plane are again balanced by unstable and stable behaviour normal to the plane because of volume-preservation. The heteroclinic connection outside the τ_i–axes in the reduced system reconstructs to a toroidal cylinder T^2 × ]λ √ 2, 0[ filled by heteroclinic orbits from the hyperbolic periodic orbit in the (z_3, z_4)–plane {τ_1 = 0} to the hyperbolic periodic orbit in the (z_1, z_2)–plane {τ_2 = 0} and the union of these is the 3–sphere {τ_1 + τ_2 = −λ} ⊆ R^4. Finally, the equilibria with both τ_i ≠ 0 that exist for λ < 0 lead to normally elliptic invariant 2–tori surrounded by invariant 3–tori. For λ > 0 the only critical element after the elliptic volume-preserving double Hopf bifurcation is the hyperbolic equilibrium at the origin.

3.4.2 Bifurcations of co-dimension 2

As in § 3.3.2 the nonlinear degeneracies c_1 = 0 and c_2 = 0 lead to degenerate volumepreserving double Hopf bifurcations and for the necessary higher order normalization more resonances (19) have to be excluded. The co-dimension also increases to 2 where the 2 normal frequencies satisfy a low order resonance; scaling α_1 = 1 this happens for the 1:1 resonance α_2 = 1, the 1:2 resonance α_2 = 2 and for the 1:3 resonance α_2 = 3. We remark that there are no ‘indefinite’ volume-preserving resonances. The remaining bifurcation of co-dimension 2 — triggered by a pair ±iα_1 = ±i of purely imaginary eigenvalues and a double zero eigenvalue ±iα_2 = 0 — may also be termed a 1:0 resonance.

3.5 m ≥ 5

There are no more truly volume-preserving bifurcations of co-dimension 1, but for m = 5 and m = 6 it is of co-dimension 2 that the spectrum consists of simple eigenvalues on the imaginary axis. A versal unfolding has 1 parameter for each real part to pass through 0, except for the last eigenvalue or the real part of the last pair of eigenvalues which is determined by the sum of the other eigenvalues, compare with (8). To normalize with respect to the T^ℓ–action, ℓ = ⌊^1_2 m⌋ generated by the ℓ rotations in the (z_{2j−1}, z_{2j})–planes (j = 1, . . . , ℓ) we again exclude low order resonances k_1α_1 + . . . + k_ℓα_ℓ = 0, 0 ≠ |k| ≤ 4. The resulting normal forms generalize (21) for m even and generalize a combination of (15) and (21) for m odd. The co-dimension increases where coefficients in these normal forms vanish or where normal frequencies are in low order resonances, including the resonances of multiple eigenvalues 0.

4 Nonlinear Bifurcations

Truncated normal forms provide standard models for bifurcations and an important question is whether the dynamical properties of the approximating truncation persist when perturbing back to the original family. This is certainly the case where — after a suitable re-parametrisation — the flows of the two systems are conjugate. To avoid that the periods of occurring periodic orbits act as moduli we weaken the notion of conjugacy to that of an equivalence of the two systems, i.e. allow for time re-parametrisation along the orbits. For the same reason the equivalences need to be only homeomorphisms and the parameter changes continuous, i.e. not necessarily smooth. Note that we do not require the dependence of the equivalences on the parameter to be continuous. This still leaves e.g. the rotation numbers of invariant 2–tori as possible moduli and we shall see what can be said in such more involved situations.

For m = 1 all flows with an equilibrium are equivalent because they are all equal — being volume-preserving enforces all other points to be equilibria as well. For m = 2 the smooth right equivalences between simple singularities provide equivalences between the local flows and the moduli of high co-dimension can be dealt with by passing to continuous right or left-right equivalences, see [22, 28] and references therein. For m = 3 we have the volume-preserving Hopf bifurcation detailed in § 4.1 below and the normally hyperbolic saddle-node bifurcation. For the latter the flow is locally topologically conjugate to the flow on the centre manifold superposed with the linear flow ż = (^0_1^1_0) z and the flow on the centre manifold is locally topologically equivalent with the flow of the standard saddlenode bifurcation, see [15, 21, 24] and references therein.

For m = 4 we have next to the normally hyperbolic saddle-node bifurcation also a normally hyperbolic (dissipative) Hopf bifurcation — locally topologically equivalent to the standard Hopf bifurcation superposed with ż = (^0_1^1_0) z, for details see [15, 21, 24] and references therein — and the volume-preserving double Hopf bifurcation detailed in § 4.2 below. There are thus four bifurcations of co-dimension 1 when m ≥ 3: two truly volumepreserving ones in dimensions m = 3 and m = 4, respectively and two normally hyperbolic ones of dissipative character which take place on a centre manifold of dimension m = 1 or m = 2, respectively. While it is of course possible to have e.g. a normally hyperbolic Hopf–Hopf bifurcation in dimension m ≥ 6, this bifurcation then acquires a dissipative character and in particular has co-dimension 2. For results on truly volume-preserving bifurcations of co-dimension 2 see [20].

4.1 The volume-preserving Hopf bifurcation

As we have seen in § 3.3.1 there are two different cases distinguished by the sign of the product a(0)b(0) in (15). As proposed after (17) we scale to a = 1 and b = ±1, the sign of a(0)b(0), and speak of the hyperbolic volume-preserving Hopf bifurcation if b = 1 and of the elliptic volume-preserving Hopf bifurcation if b = −1. The simpler of the two families is the hyperbolic one and this family also allows for the stronger result.

Theorem 4.1 (Hyperbolic case in R^3) Generic 1–parameter families of volume-pre-serving vector fields on R^3 with normalized 2–jet (15), a(0)b(0) > 0 are locally structurally stable.

For the proof see [5, 6]. Next to β^′(0) ≠ 0 and λ^′(0) ≠ 0 allowing to achieve (7) and (17) the genericity condition concerns the saddle connection along the vertical axis in the dynamics of (15); this connection needs to be broken up by the perturbation from the normal form (15) to the original vector fields for all parameter values for the latter family to satisfy the genericity condition. Note that this means that the S^1–symmetry is broken, in particular it is not possible to read off from the coefficients of any normal form whether the genericity condition is satisfied. As proven in [13], the family of equivalences can be chosen continuous for λ ≤ 0, but not for λ > 0.

The dynamics of the elliptic volume-preserving Hopf bifurcation is more involved — when λ > 0, see figure 1. When λ < 0 there are no equilibria near the origin and we have local structural stability by the flow box theorem, merely using the height as a Lyapunov function. The full complexity of the volume-preserving Hopf bifurcation occurs for b = −1, λ > 0. Indeed, for the normal form (15) the two saddles are not only connected by a heteroclinic orbit along the vertical axis, but also by a whole 2–sphere of spiralling heteroclinic orbits. Furthermore, there is a family of conditionally periodic 2–tori around the elliptic periodic orbits filling up the inside of this sphere, in [19] this is termed a vortex bubble. Therefore the situation under perturbation from the normal form (15) back to the original family of vector fields is less clear.

Remarks.

- It is generic that this perturbation breaks the S^1–symmetry. Also the 1–dimensional saddle connection generically breaks as the proof for b = 1 applies here as well. This situation is described in [16]; the phenomena are infinitely flat and for analytic vector fields probably exponentially small.

- The 2–spheres of coinciding stable and unstable manifolds generically do break up as the stable and unstable manifolds do not coincide anymore. For a generic volumepreserving flow these manifolds meet transversely along spiralling heteroclinic orbits and within a generic family the set of parameter values for which the intersection is not transverse is at most countable, again see [16].

- There are infinitely many horseshoes related to subordinate Shilnikov-homoclinic bifurcations invoked by the break-up of both the 1– and the 2–dimensional stable and unstable manifolds; these bifurcations have co-dimension 1 and occur for a discrete set of parameter values accumulating on 0. See [16] for more details. Since the horseshoes are connected the corresponding symbolic dynamics needs an infinite alphabet.

- The family of invariant 2–tori persists as a Cantor family with inside the gaps at least one periodic orbit corresponding to the rational frequency ratio opening that gap. The Cantor family of quasi-periodic tori extends all the way to the broken 2–sphere and the broken line. The flatness makes many things possible, see also [12]

In particular we have the following result proven in [5, 7], weaker than theorem 4.1.

Theorem 4.2 (Elliptic case in R^3) Generic 1–parameter families of volume-preserving vector fields on R^3 with normalized 2–jet (15), a(0)b(0) < 0 are locally quasi-periodically stable.

4.2 The volume-preserving double Hopf bifurcation

As we have seen in § 3.4.1 there are two different cases distinguished by the sign of c_2 = ±1 in (21). Here the hyperbolic case is the one with the lower signs c_2 = −1, while the upper signs c_2 = +1 yield the elliptic volume-preserving double Hopf bifurcation. This choice is made for the periodic orbits in the reduced system to again occur in the elliptic case. For the hyperbolic volume-preserving double Hopf bifurcation the only critical elements are periodic orbits in the (z_1, z_2)– and (z_3, z_4)–planes, the equilibria at the origin and the heteroclinic orbits between the latter and the former.

Theorem 4.3 (Hyperbolic case in R^4) Generic 1–parameter families of volume-pre-serving vector fields on R^4 with normalized 3–jet M(τ; λ)z given by (21), lower signs, are locally structurally stable.

In the elliptic case there is structural stability for λ ≥ 0 by the flow box theorem as there are no critical elements other than the equilibria at the origin. The invariant 2– and 3–tori at λ < 0 prevent such a result to hold true for the whole family.

Theorem 4.4 (Elliptic case in R^4) Generic 1–parameter families of volume-preserving vector fields on R^4 with normalized 3–jet M(τ; λ)z given by (21), upper signs, are locally quasi-periodically stable.

For the proof see [2]. Regarding the various heteroclinic phenomena not much has been explicitly written down as compared to § 4.1, but the infinite (c.q. exponential) flatness [12, 14, 16] is expected to be similar. It is generic for stable and unstable manifolds to no longer coincide. Mere counting of the dimensions — 2 for both the stable and unstable manifold of the equilibrium at the origin which in the unperturbed case coincide with the unstable resp. stable manifold of the periodic orbit resulting from the bifurcation — shows that generically these manifolds cease to even intersect.

As the 3–sphere filled by heteroclinic orbits between the periodic orbits breaks up, volumepreservation enforces that the 3–dimensional stable and unstable manifolds still intersect after perturbation. Generically this intersection will be transverse, so similar to the 2– sphere in the elliptic volume-preserving Hopf bifurcation one would expect the set of parameter values for which this is not the case to be an at most countable subset of {λ < 0}. Again this break-up of stable and unstable manifolds invokes subordinate Shilnikov-like homoclinic bifurcations, which are further complicated by the additional circular dimension, compare with [25].

5 Bifurcations of Periodic Orbits

Floquet’s theorem yields near a periodic orbit the reducibility of the equations of motion to Floquet form (5) on T × R^m with parameter μ ∈ R^s and σ(0) = 0, making T × {0} the periodic orbit for μ = 0. To avoid repetitious reductions to a centre manifold we assume that all m Floquet multipliers are on the unit circle. Then the condition of Floquet’s theorem is that if −1 is a Floquet multiplier, then it is of even multiplicity and the associated Jordan blocks come in equal pairs. In particular, the Floquet multipliers and the Floquet exponents are in 1:1 correspondence, the exponential mapping turning the latter into the former.

The second step after reduction to a centre manifold is to compute a suitable normal form. In the periodic case a truncated normal form acquires a T^{ℓ+1}–symmetry, coming from ℓ pairs of purely imaginary eigenvalues ±iα(0) ≠ 0 of Ω(0) and invariance under translation along the first factor T of the phase space T × R^m. Additional non-resonance conditions between the internal frequency ω(0) and the normal frequencies α_1(0), . . . , α_ℓ(0) are needed to avoid new resonance terms in the normal form.

To preserve the oriented volume the Floquet multiplier −1 has to be of even algebraic multiplicity. Recall that the condition of Floquet’s theorem furthermore requires that also the geometric multiplicity is even as the Jordan blocks have to come in equal pairs. In case the condition is not satisfied, this can be easily remedied by passing to a double cover T × R^m of the phase space, with the deck group Z_2 as additional symmetry group. Correspondingly, there is a third type of bifurcation for periodic orbits that does not exist for equilibria on manifolds — the flip or period doubling bifurcation. Under the assumption that ω(0) ≠ 0 in (5a) we can take {x_0} × R^m, x_0 ∈ T as a Poincaré section and study the resulting volume-preserving Poincaré-mapping. Since the normal form is independent of x we may perform a partial symmetry reduction to R^m — the time–1– mapping of this reduced flow then is the Poincaré-mapping of the normal form dynamics. One also speaks of an integrable Poincaré-mapping, and while the Poincaré-mapping of the ‘original’ volume-preserving system is in general not integrable, the approximation by the normal form shows that it is close to an integrable one.

5.1 m = 1

Normalizing around the periodic orbit T × {0} and reducing the resulting T–symmetry leads to a volume-preserving flow on R with equilibrium z = 0, whence all z_0 ∈ R are equilibria. This reconstructs to a flow on the cylinder T × R where all T × {z_0}, z_0 ∈ R are periodic orbits. The Poincaré-mapping on {x_0} × R, x_0 ∈ T is the identity mapping. A small perturbation of the identity mapping on R is monotonous. This allows to interpolate the mapping by a flow on R — and to preserve volume, this flow must be a constant translation (9), see § 3.1. Since the perturbation is by higher order terms in the normalizing co-ordinates, the point z = 0 remains an equilibrium whence the translation remains the identity mapping — all volume-preserving flows on T × R with a periodic orbit T × {z_0} are periodic flows.

We remark that the cylinder T × R cannot be the double cover of a phase space with a volume-preserving flow. Indeed, dividing out a deck group Z_2 turns the cylinder into the Möbius band which is not orientable and hence cannot carry a volume, or area form.

5.2 m = 2

The Poincaré-mapping on {x_0} × R^2, x_0 ∈ T is an area-preserving mapping. We therefore refer to [26] for further details.

5.3 m = 3

Normalizing around the periodic orbit T×{0} ⊆ T×R^3 with Floquet multipliers e^{±iα} and 1 and reducing the resulting T^2–action leads to the same family of Hamiltonian systems as in § 3.3.1, with additional non-resonance conditions on the internal frequency ω(0) and the normal frequency α(0). Reconstructing the reduced dynamics back to T × R^3 amounts to superposing that Hamiltonian flow with a conditionally periodic motion on T^2, or to superpose the flow of (15) with the periodic motion of (5a), where furthermore the O(z)–term is x–independent. In this way the equilibria of (15) on the vertical axis become periodic orbits, the periodic orbits around the vertical axis become invariant 2–tori and the invariant 2–tori shrinking down to elliptic periodic orbits become invariant 3–tori shrinking down to normally elliptic invariant 2–tori. Furthermore, the heteroclinic connections along the vertical axis become cylinders of heteroclinic orbits spiralling between periodic orbits T × {(0, 0, z^j_3)}, j = 1, 2 and the 2–sphere S^2 of heteroclinic orbits turns into the product T × S^2 filled by heteroclinic orbits, compare with [25].

Persistence of quasi-periodic tori typically requires frequency variation so that kam Theory can be applied. We therefore require the number s of parameters to be sufficiently high and defer the discussion on what can be said about an unfolding with s = 1 parameter of this co-dimension 1 bifurcation to the end of this section. Also, whenever suitable we identify coefficients in the equations of motion that should serve as parameters. For instance, the genericity condition β^′(0) ≠ 0 now becomes the condition

∇β(0) ≠ 0 (22)

on the gradient. This allows to use β as first — but no longer only — parameter in μ = (β, μ̂), μ̂ ∈ R^{s−1}. Dropping the hat the parameters are β ∈ R and μ ∈ R^{s−1} and the superposition of (5a) and (15) reads as

ẋ = ω(β, μ) + O(z) (23a) ż_1 = βz_1 − α(β, μ)z_2 + z_1z_3 (23b) ż_2 = α(β, μ)z_1 + βz_2 + z_2z_3 (23c)

ż_3 = λ(β, μ) − 2βz_3 ± z^2_1 + z^2 2 − z^2_3 (23d)

where α(0, μ) ≠ 0 for all μ ∈ R^{s−1}, λ(0, μ) ≡ 0 and we have scaled a(β, μ) ≡ 1 and b(β, μ) ≡ ±1. For definiteness we require ∂ ∂β λ(β, μ) | | | |_{β=0} > 0 for all μ ∈ R^{s−1}.

Recall that the simplest situation is the elliptic case b = −1 with β < 0 as there are no critical elements.

Theorem 5.1 (Periodic elliptic case in R^3) Let X be a family of volume-preserving vector fields on T × R^3 that for β = 0 has a bifurcating periodic orbit T × {0} with Floquet exponents ±iα(0) ≠ 0 and 0 such that in the truncated normal form (23) the sign in (23d) is the lower one, b = −1. Then a given family Y of volume-preserving vector fields that is sufficiently close to X also has such a periodic orbit for β = β_0 close to β = 0. Moreover, neighbourhoods U of T × {0} × {0} in T × R^3 × ]−∞, 0] and V of {periodic orbit} × {β_0} in T × R^3 × ]−∞, β_0] exist as well as a homeomorphism

Φ : U −→ V (x, z; β) → (ϕ(x, z; β); φ(β))

such that in so far as defined for β_1 ≤ 0

ϕ_{β1} : U ∩ {β = β_1} −→ V ∩ {β = φ(β_1)}

is an equivalence between the restrictions of X_β and Y_{φ(β)} to U ∩ {β = β_1} and V ∩ {β = φ(β_1)}, respectively.

Note that we may restrict to X being the truncated normal form (23).

Proof. First construct an equivalence between the two periodic orbits in U ∩ {β = 0} and V ∩ {β = β_0} by mapping the point (0, 0; 0) on the former to a point (x_0, z_0; β_0) on the latter and extending to all of T × {0} × {0} using the flow and rescaling time to account for the possibly different periods of the unperturbed and perturbed periodic orbits. The flow box theorem then provides for an extension to all of U, taking V = Φ(U), with the desired properties. □

The elliptic case b = −1 of the volume-preserving Hopf bifurcation has for β > 0 invariant 2–tori already when n = 0, see § 3.3.1, and in the periodic case n = 1 these turn into invariant 3–tori; moreover the elliptic periodic orbits turn into normally elliptic invariant 2–tori. In the hyperbolic case b = 1 of the periodic volume-preserving Hopf bifurcation there are normally hyperbolic invariant 2–tori for β < 0, while for β ≥ 0 the only critical elements are the periodic orbits T×{(0, 0, z_3)} — coming from the equilibria (0, 0, z_3) ∈ R^3 of (15) — and their stable and unstable manifolds.

Theorem 5.2 (Periodic hyperbolic case in R^3) Let X be a family of volume-preser-ving vector fields on T × R^3 that for β = 0 has a bifurcating periodic orbit T × {0} with Floquet exponents ±iα(0) ≠ 0 and 0 such that in the truncated normal form (23) the sign in (23d) is the upper one, b = +1. Then a given family Y of volume-preserving vector fields that is sufficiently close to X also has such a periodic orbit for β = β_0 close to β = 0. Moreover, neighbourhoods U of T × {0} × {0} in T × R^3 × [0, ∞[ and V of {periodic orbit} × {β_0} in T × R^3 × [β_0, ∞[ exist as well as a re-parametrisation

φ : [0, β_2[ −→ [β_0, β_3[

β → φ(β)

and homeomorphisms ϕ_β such that in so far as defined for β_1 ≥ 0

ϕ_{β1} : U ∩ {β = β_1} −→ V ∩ {β = φ(β_1)}

is an equivalence between the restrictions of X_β and Y_{φ(β)} to U ∩ {β = β_1} and V ∩ {β = φ(β_1)}, respectively.

Again we may restrict to X being the truncated normal form (23). Note that here we do not claim the family ϕ_β of equivalences to depend continuously on the parameter β, in particular Φ(x, z; β) := (ϕ_β(x, z); φ(β)) does not necessarily define a homeomorphism from U to V . The obstruction to such a homeomorphism is formed by infinitely many moduli [13]; these are provided by the winding around each other of the broken heteroclinic connections.

Proof. Fixing β_1 ≥ 0, first construct an equivalence between the periodic orbits in U ∩{β = β_1} and V ∩ {β = φ(β_1)} as in the proof of theorem 5.1. The flow box theorem then provides for an extension to all of U, taking V = Φ(U), with the desired properties. □

The two proofs show that Ω–stability can lead to structural stability. However, where the critical elements are conditionally periodic tori the occurring resonances make Ω–stability too strong a notion to achieve — compare e.g. with the case b = −1, λ > 0 in § 4.1 above. We shall therefore have to weaken our statements to quasi-periodic stability. In the hyperbolic case b = 1 for all parameters (β, μ) ∈ ]−∞, 0[ × R^{s−1} the dynamics contain invariant 2–tori and in the elliptic case b = −1 for all parameters (β, μ) ∈ ]0, ∞[× R^{s−1} the dynamics contain invariant 2–tori and invariant 3–tori. To simplify the discussion of persistence we assume that — for the original parameter μ ∈ R^s — the non-degeneracy condition dim < ∇β(μ), ∇ω(μ), ∇α(μ) > = 3 (24) holds true. This allows to use β, ω and α as parameters in μ = (β, ω, α, μ̂). This time we not only drop the hat, but drop the mute parameter μ̂ ∈ R^{s−3} altogether, effectively restricting to s = 3 where (24) means that the matrix formed by the 3 gradients has nonzero determinant. The parameter β then unfolds the co-dimension 1 bifurcation, while ω and α are used for variation of the frequencies. This immediately yields quasi-periodic stability of occurring families of normally hyperbolic 2–tori. The persisting invariant 2–tori are the ones satisfying the Diophantine conditions

|k_1ω + k_2α| ≥ γ |k|^τ for all 0 ≠ k ∈ Z^2, (25)

where γ > 0 and τ > 1. The set of frequency vectors (ω, α) ∈ R^2 satisfying this strong form of non-resonance has an open and dense complement but is of positive measure, see [8, 15] and references therein. Similarly, the invariant 3–tori can locally be parametrised by ω, α and the frequency η of the corresponding periodic orbits in the reduced system (16). The Diophantine conditions become

|k_1ω + k_2α + k_3η| ≥ γ |k|^τ for all 0 ≠ k ∈ Z^3, (26)

with γ > 0 and τ > 2 and again yield quasi-periodic stability. For the normally elliptic 2– tori — to which this family shrinks down to — the normal frequency becomes important, which we also denote by η. Here the Diophantine conditions read as

|k_1ω + k_2α + ℓ η(ω, α) 2π | ≥ γ |k|^τ for all 0 ≠ k ∈ Z^2, ℓ ∈ {0, ±1, ±2}, (27) with γ > 0 and τ > 1 and include (25) for ℓ = 0. Instead of taking s = 4 and using η as a fourth parameter we discuss the dependency of η on ω and α. Indeed, for Diophantine (ω, α, η(ω, α)) also ς · (ω, α, η(ω, α)), ς ≥ 1 is Diophantine. This allows to get rid of 1 parameter, yielding a 2–dimensional Cantor set parametrising normally elliptic quasiperiodic 2–tori. In the same way we can pass from the frequency vector (ω, α) of normally hyperbolic invariant 2–tori satisfying (25) to the frequency ratio [ω : α] which requires a single parameter to be controlled. Requesting

∂[ω(β) : α(β)] ∂β ≠ 0 (28)

we can return to the parameters (β, μ), μ ∈ R^{s−1} mute and obtain that independent of s ∈ N a generic family of volume-preserving vector fields on T × R^3 with normalized 2–jet (23) in the hyperbolic case b = +1 is quasi-periodically stable. Recall that for β ≥ 0 we have the stronger result theorem 5.2.

Effectively, the genericity conditions (22) and (28) ensure that we can use β to subparametrise a path in parameter space R^s along which occurring invariant tori are Diophantine for most values of β. For the families of invariant 3–tori in the remaining elliptic case b = −1, β > 0 we can use β together with the third frequency η for parametrising a Cantor family satisfying (26) which is of large 2–dimensional Hausdorff measure provided that det ∂[ω(β) : α(β) : η] ∂(β, η)

≠ 0 .

Finally, also the frequency vector (ω, α, η) of the normally elliptic invariant 2–tori can be effectively controlled by the single parameter β. This can be achieved using the Rüssmann non-degeneracy condition

dim < ω(β) α(β) η(β) , ∂ ∂β ω(β) α(β) η(β)

, ∂^2 ∂β^2 ω(β) α(β) η(β)

> = 3 ,

see [8] and references therein, where the second derivative ensures that the path is sufficiently curved to exit the gaps of the Diophantine set defined by the linear conditions (27) even where the path is not transverse to the resonance planes. Therefore, the remaining half family b = −1, β > 0 is quasi-periodically stable, which together with theorem 5.1 implies that also a generic family of volume-preserving vector fields on T × R^3 with normalized 2–jet (23), b = −1 is quasi-periodically stable.

5.4 m = 4

Additional non-resonance conditions on the internal frequency ω(0) and the normal frequencies α_1(0) and α_2(0) allow to normalize around the periodic orbit T × {0} ⊆ T × R^4 with Floquet multipliers e^{±iα1} and e^{±iα2} . Reducing the resulting T^3–action leads to the same family of Hamiltonian systems as in § 3.4.1 and reconstructing the reduced dynamics back to T × R^4 amounts to superposing the flow defined by (21) with the periodic motion of (5a), where furthermore the O(z)–term is x–independent. In this way the equilibria of (21) at the origin become periodic orbits, the periodic orbits within the planes {τ_i = 0} become invariant 2–tori and the invariant 3–tori shrinking down to normally elliptic 2–tori become invariant 4–tori shrinking down to normally elliptic 3–tori. Furthermore, the heteroclinic connections within the planes {τ_i = 0} become toroidal cylinders of heteroclinic orbits spiralling between periodic orbits T × {0} and normally hyperbolic 2–tori while the 3–sphere S^3 filled by heteroclinic orbits turns into the product T × S^3.

To achieve the frequency variation of quasi-periodic tori necessary for kam Theory we require the number s of parameters μ to be sufficiently high and return at the end of this section to an unfolding with s = 1 parameter of this co-dimension 1 bifurcation. Again, whenever suitable we identify coefficients in the equations of motion that should serve as parameters. For instance, we require λ = λ(μ) to satisfy

∇λ(0) ≠ 0 ,

use λ as first — but no longer only — parameter in μ = (λ, μ̂), μ̂ ∈ R^{s−1} and drop the hat. The superposition of (5a) and (21) reads as

ẋ = ω(λ, μ) + O(z) ż_1 = (λτ_1 + τ_1 ± 2τ_2)z_1 − α_1(τ; λ, μ)z_2 ż_2 = α_1(τ; λ, μ)z_1 + (λτ_1 + τ_1 ± 2τ_2)z_2 (29) ż_3 = −(λτ_1 + 2τ_1 ± τ_2)z_3 − α_2(τ; λ, μ)z_4 ż_4 = α_2(τ; λ, μ)z_3 − (λτ_1 + 2τ_1 ± τ_2)z_4

where we have scaled c_1(λ, μ) ≡ 1 and c_2(λ, μ) ≡ ±1. Recall that the simplest situation is the elliptic case c_2 = 1 with λ ≥ 0 as the origin is the only critical element.

Theorem 5.3 (Periodic elliptic case in R^4) Let X be a family of volume-preserving vector fields on T × R^4 that for λ = 0 has a bifurcating periodic orbit T × {0} with Floquet exponents ±iα_1(0) and ±iα_2(0) not equal to k times each other, k = 0, . . . , 3 such that in the truncated normal form (29) the sign is the upper one, c_2 = 1. Then a given family Y of volume-preserving vector fields that is sufficiently close to X also has such a periodic orbit for λ = λ_0 close to λ = 0. Moreover, neighbourhoods U of T×{0}×{0} in T×R^4 ×[0, ∞[ and V of {periodic orbit} × {λ_0} in T × R^4 × [λ_0, ∞[ exist as well as a homeomorphism

Φ : U −→ V (x, z; λ) → (ϕ(x, z; λ); φ(λ))

such that in so far as defined for λ_1 ≥ 0

ϕ_{λ1} : U ∩ {λ = λ_1} −→ V ∩ {λ = φ(λ_1)}

is an equivalence between the restrictions of X_λ and Y_{φ(λ)} to U ∩ {λ = λ_1} and V ∩ {λ = φ(λ_1)}, respectively.

We may restrict to X being the truncated normal form (29).

Proof. By the Implicit Mapping Theorem the vector field Y_λ has for all λ a periodic orbit close to T × {0}. Denote by λ_0 the unique parameter value where the pairs of Floquet multipliers of the periodic orbit of Y_λ both meet the unit circle and define φ(λ) := λ_0 + λ. Then first construct an equivalence between the 2 periodic orbits in U ∩ {λ = λ_1} and V ∩ {λ = φ(λ_1)} by mapping the point (0, 0; λ_1) on the former to a point (x_0, z_0; φ(λ_1)) on the latter and extending to all of T × {0} × {λ_1} using the flow and rescaling time to account for the possibly different periods of the unperturbed and perturbed periodic orbits. The flow box theorem then provides for an extension to all of U, taking V = Φ(U), with the desired properties. □

The invariant tori for λ < 0 in the elliptic case and for all λ ≠ 0 in the hyperbolic case again prevent such a strong result to hold true. However, using the same approach as in § 5.3 we do get quasi-periodic stability for both cases of the periodic volume-preserving double Hopf bifurcation.

6 Quasi-periodic Bifurcations

In the previous sections we studied (semi)-local bifurcations on T^n × R^m around T^n × {0} for n = 0 and n = 1. While for n = 1 a ‘resonant periodic orbit’ corresponds to a T^1 consisting of equilibria and is easily discarded, the conditionally periodic flow x → x + tω on T^n, n ≥ 2 has a dense set of resonant frequency vectors ω inside the set of all frequency vectors ω ∈ R^n. Thus, for n ≥ 2 even the critical elements undergoing a volume-preser-ving bifurcation of co-dimension 1 may under perturbation of the whole unfolding family disappear in a resonance gap. Hence, at least s ≥ n parameters are needed to control both the bifurcation scenario and the frequency ratio of the bifurcating n–tori. This high number of parameters can be brought down by using Rüssmann’s non-degeneracy condition.

6.1 m = 1

While there are no volume-preserving bifurcations of T^n × {0} in T^n × R, the dimension n ≥ 2 now allows for non-trivial flows despite the low normal dimension m = 1. Still, the Floquet exponent of an invariant n–torus in Floquet form is necessarily 0 — and an invariant T^n × {0} ⊆ T^n × R with Diophantine frequency vector can always be reduced to Floquet form, see [8]. Normalizing yields a T^n–equivariant approximation, for which the flow is given by (t, x, z) → (x + tω(z), z) with all tori T^n × {z}, z ∈ R invariant. This effectively makes the normal variable z ∈ R a parameter, similar to the actions y ∈ R^n conjugate to the toral angles x ∈ T^n for Lagrangean invariant tori of Hamiltonian systems. In that latter situation the resulting internal parameters y are completely sufficient to control the frequency vector ω ∈ R^n, whence the original non-degeneracy condition det Dω(y) ≠ 0 of Kolmogorov yields quasi-periodic stability. The mapping

ω : R −→ R^n z → ω(z) cannot be a local diffeomorphism — as n ≥ 2, although for n = 2 it would be possible to control the frequency ratio. The non-degeneracy condition of Rüssmann requires ω and its higher derivatives to span R^n, making im ω = ω(R) sufficiently bent to exit resonant gaps as these are defined by linear hyperplanes in R^n. Then kam Theory yields quasi-periodic stability of the 1–parameter family T^n ×{z}, z ∈ R of invariant tori under perturbation by higher order terms, with no need for extra (external) parameters. See [8] and references therein, in particular [9, 31].

6.2 m = 2

Embedding T^n × R^2 with volume form dx_1 ∧ . . . ∧ dx_n ∧ dz_1 ∧ dz_2 into T^n × R^n × R^2 with symplectic form dx_1 ∧ dy_1 + . . . + dx_n ∧ dy_n + dz_1 ∧ dz_2 we can try to interprete volume-preserving vector fields on T^n × R^2 as symplectic vector fields on T^n × R^n × R^2. For T^n–equivariant volume-preserving vector fields ẋ = f(z) ż = h(z)

(30)

this is indeed possible, with Hamiltonian function

H(x, y, z) = ⟨f(z) | y⟩ +

∫_{z2} 0 h_1(z_1, z̃_2) dz̃_2 −

∫_{z1} 0 h_2(z̃_1, 0) dz̃_1

as the vanishing divergence of (30) boils down to

trace Dh =

∂h_1 ∂z_1 + ∂h_2 ∂z_2

= 0 .

Therefore, reducing the T^n–symmetry yields the Hamiltonian system

ż = h(z)

with 1 degree of freedom. This applies in particular to a normal form around an invariant torus T^n ×{0}×{0} ⊆ T^n ×R^2 ×R^s of a family of volume-preserving systems depending on a parameter μ ∈ R^s. The resulting 1–degree-of-freedom problems are the ones considered in § 2.2 and § 3.2 and from [22] we know that the reconstructed dynamics on T^n × R^2 ⊆ T^n × R^n × R^2 is persistent under small perturbations on T^n × R^n × R^2 that respect the symplectic structure — also if the equation ẏ = 0 remains unchanged and the perturbed family defines volume-preserving dynamics on T^n × R^2. What is not considered in [22] are volume-preserving perturbations on T^n × R^2 that do not lift to symplectic perturbations on T^n × R^n × R^2. Then trace Dh need no longer vanish and might appear to be of the order of the perturbation, although the possibility of normalization shows that trace Dh is infinitely flat and even exponentially small for analytic (30), compare with [10, 12, 29]. The approach to quasi-periodic bifurcation theory in [11] yields quasi-periodic stability also if the symplectic structure is not preserved, i.e. persistence under all volume-preser-ving perturbations.

6.3 m ≥ 3

We concentrate on the two quasi-periodic bifurcations of co-dimension 1 — the quasiperiodic volume-preserving Hopf bifurcation and the quasi-periodic volume-preserving double Hopf bifurcation with normal dimensions m = 3 and m = 4, respectively. The phase space remains T^n × R^m, n ≥ 2 and for simplicity we first assume that s ≥ n + 2 for the dimension of the parameter space R^s. For the quasi-periodic volume-preserving Hopf bifurcation, triggered for m = 3 by 3 simple Floquet exponents on the imaginary axis, this allows to generalize (24) to achieve μ = (β, ω, α, μ̂) and to drop the mute parameter μ̂ ∈ R^{s−n−2}, effectively restricting to s = n + 2.

Then the hyperbolic quasi-periodic volume-preserving Hopf bifurcation — with the upper sign b = +1 in (23) with x ∈ T^n — is quasi-periodically stable, see [11] for more details. The same holds true for the elliptic quasi-periodic volume-preserving Hopf bifurcation where again η is used as a local parameter to control the frequency vector of the invariant (n + 2)–tori and control is restricted to the ratio [ω : α : η] ∈ RP^{n+2} for the normally elliptic invariant (n + 1)–tori.

Using a single parameter β ∈ R is still possible, but requires explicit Diophantine conditions on (ω(0), α(0)) ∈ R^{n+1} to avoid that the complete bifurcation scenario disappears in a resonance gap. Indeed, the considerations in [8, 10, 17] concerning the (dissipative) quasi-periodic Hopf bifurcation apply here as well. In the hyperbolic case it is simpler to describe the bifurcation for β decreasing through 0: two normally hyperbolic n–tori meet and acquire an additional frequency, resulting in one normally hyperbolic (n + 1)–torus after bifurcation. The gaps between the β–values with quasi-periodic tori are filled by β–values for which there are still normally hyperbolic invariant tori, but the flow on these may be asymptotically periodic or chaotic.

Also in the elliptic case b = −1 it is simpler to describe the bifurcation for β decreasing: two families of normally hyperbolic n–tori meet a family of normally elliptic (n + 1)– tori surrounded by invariant (n + 2)–tori and all tori vanish at the bifurcation. Again, all resonance gaps of the n–tori are filled by normal hyperbolicity, but the higher-dimensional tori are parametrised by a Cantor subset of the parameter space.

For the quasi-periodic volume-preserving double Hopf bifurcation on T^n × R^4, n ≥ 2 we first assume that s = n + 3 for the dimension of the parameter space R^s with μ = (λ, ω, α_1, α_2). For s > n + 3 we drop mute parameters and at the end we see how the single parameter λ ∈ R suffices.

The hyperbolic quasi-periodic volume-preserving double Hopf bifurcation — with the lower sign c_2 = −1 in (29) with x ∈ T^n — is quasi-periodically stable, see [11] for more details. Restricting to a single parameter λ ∈ R again requires explicit Diophantine conditions on (ω(0), α(0)) ∈ R^{n+2}. Using normal hyperbolicity, the gaps between the λ–values with quasi-periodic tori are filled by λ–values of invariant tori with phase-locked flow. The elliptic quasi-periodic volume-preserving double Hopf bifurcation — with the upper sign c_2 = 1 in (29) with x ∈ T^n — is quasi-periodically stable as well, see [11]. While the gaps between quasi-periodic normally hyperbolic tori are filled by phase-locked tori, the normally elliptic tori form a Cantor family, as do the ‘maximal’ invariant tori T^{n+3}.

7 Conclusions

Bifurcations of co-dimension 1 in volume-preserving systems that truly have a volumepreserving character occur in low (normal) dimension m. These are the centre-saddle bifurcation — a bifurcation of Hamiltonian systems — the volume-preserving Hopf bifurcation and the volume-preserving double Hopf bifurcation, respectively. For the latter two the normal form approximations can be reduced to a Hamiltonian system in 1 degree of freedom. In case of higher (normal) dimensions m ≥ 5 there are no bifurcations of co-dimension 1 that truly have a volume-preserving character. The case m = 1 of a single normal dimension is special as volume-preservation puts severe bounds on the dynamics in that normal direction and rather gives it the character of an — internal — parameter. For higher co-dimensions c ≥ 2 there is a dimension threshold m ≤ 2(c+1) up to which the bifurcation may truly have a volume-preserving character. The co-dimension increases by putting more eigenvalues/Floquet exponents on the imaginary axis — as a volume-preser-ving character requires that all eigenvalues/Floquet exponents are on the imaginary axis, this necessarily increases m. The co-dimension also increases in case of multiple eigenvalues/Floquet exponents on the imaginary axis and for low order resonances. Finally, failing to fulfil the non-degeneracy conditions of bifurcations of lower co-dimension — e.g. that certain coefficients in the normal form be non-zero — increases the co-dimension as well, see [22, 28] for the Hamiltonian case m = 2. Typically such coefficients then become parameters in the normal form.

For mappings, next to Floquet multipliers e^{±iα}, α /∈ πZ and +1 also Floquet multipliers −1 trigger bifurcations. For instance, when m = 2 the Hamiltonian flip bifurcation — with linearization (^{−1}_0^1_{−1}) at the bifurcating fixed point — may occur, leading to a perioddoubling bifurcation of the corresponding volume-preserving flow on T × R^2, see [22, 26] for details. When m = 4 then a double Floquet multiplier −1 can be accompanied by a pair e^{±iα} on the unit circle, triggering a volume-preserving combination of period-doubling and Hopf bifurcations of co-dimension 2.

When m = 3 a set of 3 Floquet multipliers e^{±iα} and −1 stems from the linearization of a Poincaré mapping that does not preserve the volume form dz_1 ∧ dz_2 ∧ dz_3. While passing to a covering space with deck group Z_2 should lead to an unfolding for which the normal form is a Z_2–equivariant version of (15) that does preserve the volume form and under dividing out the symmetry T^2 × Z_2 reduces to (20) with τ_1 = τ and τ_2 =^1_2 ζ^2, dividing out only Z_2 would then again yield a dynamical system on a non-orientable manifold. Such a system on (T × R^3)/Z_2 is volume-preserving in the sense that the orientation cover carries a volume form that is preserved by the lift of the flow to T × R^3. Future work should also be concerned with the volume-preserving co-dimension 2 bifurcation triggered by a single Floquet multiplier +1 and a double Floquet multiplier −1; a counterpart to the triple Floquet multiplier +1 studied in [19].

All bifurcations of periodic orbits have quasi-periodic counterparts and for invariant tori that are reducible to Floquet form no additional bifurcations emerge. To prove persistence of such bifurcation scenarios under small perturbations amounts to replacing the Implicit Mapping Theorem by kam Theory — in particular the dense set of resonances among the frequencies weakens the possible results to quasi-periodic stability; compare with [11] and references therein. For volume-preserving bifurcations we have seen in theorems 4.2 and 4.4 that restricting to quasi-periodic stability already becomes necessary for the elliptic cases of volume-preserving Hopf and double Hopf bifurcations of equilibria in 1–parameter families.

Acknowledgement

We thank Florian Wagener for his help during the preparation of this paper.

References

[1] V.I. Arnol’d, On matrices depending on parameters. Russian Mathematical Surveys 26:2 (1971) 29–43

[2] B.L.J. Braaksma and H.W. Broer, Quasiperiodic flow near a codimension one singularity of a divergence free vector field in dimension four. Astérisque 98–99 (1982) 74–142

[3] B.L.J. Braaksma and H.W. Broer, On a quasi-periodic Hopf bifurcation. Annales Institut Henri Poincaré, Analyse non linéaire 4 (1987) 115–168

[4] B.L.J. Braaksma, H.W. Broer and G.B. Huitema, Towards a quasi-periodic bifurcation theory.

Memoirs American Mathematical Society 83 # 421 (1990) 83–167

[5] H.W. Broer, Unfolding of Singularities in Volume Preserving Vector Fields. Ph.D. Thesis, Rijksuniversiteit Groningen (1979)

[6] H.W. Broer, Formal normal form theorems for vector fields and some consequences for bifurcations in the volume preserving case. In: D.A. Rand and L.-S. Young (eds.) Dynamical Systems and Turbulence, Warwick 1980. Lecture Notes in Mathematics 898, Springer (1981) 54–74

[7] H.W. Broer, Quasiperiodic flow near a codimension one singularity of a divergence free vector field in dimension three. In: D.A. Rand and L.-S. Young (eds.) Dynamical Systems and Turbulence, Warwick 1980. Lecture Notes in Mathematics 898, Springer (1981) 75–89

[8] H.W. Broer, G.B. Huitema and M.B. Sevryuk, Quasi-Periodic Motions in Families of Dynamical Systems: Order amidst Chaos. Lecture Notes in Mathematics 1645, Springer (1996)

[9] H.W. Broer, G.B. Huitema and F. Takens, Unfoldings of quasi-periodic tori. Memoirs American Mathematical Society 83 # 421 (1990) 1–81

[10] H.W. Broer, H. Hanßmann and F.O.O. Wagener, Persistence Properties of Normally Hyperbolic Tori. Regular and Chaotic Dynamics 23 (2018) 212–225

[11] H.W. Broer, H. Hanßmann and F.O.O. Wagener, Quasi-Periodic Bifurcation Theory, the geometry of KAM. Springer, in preparation (2019)

[12] H.W. Broer and R. Roussarie, Exponential confinement of chaos in the bifurcation set of real analytic diffeomorphisms. In: H.W. Broer, B. Krauskopf and G. Vegter (eds.) Global Analysis of Dynamical Systems, Leiden 2001. Festschrift dedicated to Floris Takens for his 60th birthday. Inst. of Phys. (2001) 167–210

[13] H.W. Broer and S.J. van Strien, Infinitely many moduli of strong stability in divergence free unfoldings of singularities of vector fields. In: J. Palis (ed.) Geometric Dynamics, Rio de Janeiro 1981. Lecture Notes in Mathematics 1007, Springer (1983) 39–59

[14] H.W. Broer and F. Takens, Formally symmetric normal forms and genericity. Dynamics Reported 2 (1989) 36–60

[15] H.W. Broer and F. Takens, Dynamical Systems and Chaos. Epsilon Uitgaven 64 (2009); Applied Mathematical Sciences 172, Springer (2011)

[16] H.W. Broer and G. Vegter, Subordinate Šil’nikov bifurcations near some singularities of vector fields having low codimension. Ergodic Theory Dynamical Systems 4 (1984) 509–525

[17] M.C. Ciocci, A. Litvak-Hinenzon and H.W. Broer, Survey on dissipative KAM theory including quasi-periodic bifurcation theory. In: J. Montaldi and T.S. Raţiu (eds.) Geometric Mechanics and Symmetry: the Peyresq Lectures. Cambridge University Press (2005) 303–355

[18] H.R. Dullin and J.D. Meiss, Nilpotent normal form for divergence-free vector fields and volume-pre-serving maps. Physica D 237 (2008) 156–166

[19] H.R. Dullin and J.D. Meiss, Quadratic volume-preserving maps: invariant circles and bifurcations.

SIAM Journal on Applied Dynamical Systems 8 (2009) 76–128

[20] N.K. Gavrilov, Some bifurcations of equilibrium states of codimension two of zero-divergence vector fields. Selecta Mathematica Sovietica 9 (1990) 287–295

[21] J. Guckenheimer and P. Holmes, Nonlinear Oscillations, Dynamical Systems, and Bifurcations of Vector Fields, Fifth Edition. Applied Mathematical Sciences 42, Springer (1997)

[22] H. Hanßmann, Local and Semi-Local Bifurcations in Hamiltonian Dynamical Systems — Results and Examples. Lecture Notes in Mathematics 1893, Springer (2007)

[23] F. Hausdorff, Set Theory. Chelsea (1962) [German original: Veit (1914)]

[24] Yu. Kuznetsov, Elements of applied bifurcation theory. Applied Mathematical Sciences 112, Springer (1995)

[25] H.E. Lomelí and R. Ramírez-Ros, Separatrix splitting in 3D volume-preserving maps. SIAM Journal on Applied Dynamical Systems 7 (2008) 1527–1557

[26] R.S. MacKay, Renormalisation in Area-preserving Maps. World Scientific (1993)

[27] J.K. Moser, Convergent Series Expansion for Quasi-Periodic Motions. Mathematische Annalen 169 (1967) 136–176

[28] F. Takens, Introduction to Global Analysis. Communications 2 of the Mathematical Institute, Rijksuniversiteit Utrecht (1973)

[29] F.O.O. Wagener, A note on Gevrey regular KAM theory and the inverse approximation lemma.

Dynamical Systems 18 (2003) 159–163

[30] F.O.O. Wagener, A parametrised version of Moser’s modifying terms theorem. In: H.W. Broer, H. Hanßmann and M.B. Sevryuk (eds.) KAM theory and its applications, Leiden 2008. Discrete Continuous Dynamical Systems, Ser.S 3 (2010) 719–768

[31] Z. Xia, Existence of invariant tori in volume-preserving diffeomorphisms. Ergodic Theory Dynamical Systems 12 (1992) 621–631