ON THE ABSOLUTELY CONTINUOUS SPECTRUM OF DIRAC OPERATOR

SERGEY A. DENISOV

Abstract. We prove that the massless Dirac operator in R^3 with long-range potential has an a.c. spectrum which fills the whole real line. The Dirac operators with matrix-valued potentials are considered as well.

1. Introduction

In this paper, we consider Dirac operator for the massless particle in the external field generated by the long-range potential H = −iα · ▽ + V (1) Here

α_j = ( 0 σ_j σ_j 0 ) , σ_1 = ( 0 1 1 0 ) , σ_2 = ( 0 −i i 0 ) , σ_3 = ( 1 0 0 −1 )

Matrices σ_j are called the Pauli matrices. Denote the exterior of the unit ball in R^3 by Ω. We use a notation Σ for the unit sphere in R^3 . Consider H in the Hilbert space [L^2(Ω)]^4. Assume that the elements of a self-adjoint 4 × 4 matrix-function V (x) are uniformly bounded in Ω. We also assume that V has certain canonical form after the spherical change of variables. There are many meaningful potentials that satisfy these assumptions [20]. Consider the self-adjoint operator H, generated by the boundary conditions f_3(x) = f_4(x) = 0 as x ∈ Σ. We introduce a matrix

β = 1 0 0 0 0 1 0 0 0 0 −1 0 0 0 0 −1

The main result of the paper is the following statement.

Theorem 3.1. Assume V (x) = v(x)β, where v(x) is a real-valued, uniformly bounded, scalar function satisfying the following condition ∫ x∈Ω v^2(x) |x|^2 + 1

< ∞ (2)

Then, σ_{ac}(H) = R.

This result can be regarded as a PDE (Partial Differential Equations) analog of the celebrated results by Szegö on polynomials orthogonal on the unit circle with ℓ^2 Verblunsky parameters [17, 19]. If one considers the power-decaying potentials v(x) : |v(x)| ≤ C(|x| + 1)^{−0.5−ε}, then condition (2) is satisfied for any ε > 0. In this case, we also obtain an asymptotics for the Green’s function. 1

For the massless Dirac operator, theorem 3.1 solves Simon’s conjecture [18] for Schrödinger operators. Under more conditions on V , the spectrum of H is purely a.c. on R [22]. One can easily construct an example when conditions of the theorem 3.1 are satisfied and the rich singular spectrum occurs. In the one-dimensional case, the first result on the presence of a.c. spectrum for slowly decaying potentials is due to M. Krein [9]. See also [4, 12, 6] for the modern development. The existence of wave operators for the one-dimensional Dirac operator with square summable potential was proved in [7]. An interesting paper [10] discusses Szegötype inequalities for Schrödinger operators with short-range potentials. We will use some ideas from [10]. For discrete multidimensional Schrödinger operator with random slow decay, the existence of wave operators was proved by Bourgain [3].

The structure of the paper is as follows. In the second section, we consider onedimensional Dirac systems with matrix-valued potentials. Then, in the third part, we deal with a multidimensional Dirac operator.

The following notations will be used. |M| = √ M^∗M denotes the absolute value of matrix M, symbol 1 will often stand for the identity matrix or operator. As usual, C^∞_0 (R^+ ) denotes the space of infinitely smooth functions (or vector-functions) with the compact support inside (0, ∞). χ_K (x) denotes the characteristic function of the set K. ⟨x, y⟩ stands for the inner product of two vectors x and y in R^3 .

2. One-dimensional Dirac operator with matrix-valued potential

In this section, we study the one-dimensional case. Let us consider the Dirac operator in the following form D = [ 0 −d/dr d/dr 0 ] + V, V = [ −b −a −a b ] (3) where a(r), b(r) are m × m self-adjoint matrices with locally integrable entries. This form of a general Dirac operator is called a canonical form ([11], pp.48–50). The elements of the Hilbert space are f = (f_1, f_2)^t with f_{1(2)} ∈ [ L^2(R^+ ) ]_m . The boundary condition f_2(0) = 0 defines the self-adjoint operator D. We start with an elementary spectral theory of D. Consider solutions of the following equation D [ Φ Ψ ] = λ [ Φ Ψ ] , Φ(0, λ) = 1, Ψ(0, λ) = 0, λ ∈ C

For any f, consider the generalized Fourier transform

F (λ) = ∞∫ 0 Φ^∗(r, λ)f_1(r)dr + ∞∫ 0 Ψ^∗(r, λ)f_2(r)dr There exists non-decreasing m × m matrix-function σ(λ), λ ∈ R (spectral matrixvalued measure) such that ([14], p.106) ∞∫ 0 ( |f_1(r)|^2 + |f_2(r)|^2 ) dr = ∞∫ −∞ F^∗(λ)dσ(λ)F (λ) (4) ∞∫ −∞ dσ(λ) 1 + λ^2

< ∞ (5)

The resolvent kernel R_z(r, s) of operator D has the following form R_z(r, s) = ∞∫ −∞ 1 λ − z [ Φ(r, λ)dσ(λ)Φ^∗ (s, λ) Φ(r, λ)dσ(λ)Ψ^∗ (s, λ) Ψ(r, λ)dσ(λ)Φ^∗(s, λ) Ψ(r, λ)dσ(λ)Ψ^∗(s, λ) ] (6) where the integral is understood in the distributional sense. Notice that

Im R_z (0, 0) = Im ∞∫ −∞ (λ − z)^{−1}dσ(λ) 0 0 0 (7) where the integral converges due to (5). Assume a(r) = b(r) = 0, if r > R. Then, we can always find the Jost solution F (r, λ): DF = λF, F (r, λ) = [ F_1(r, λ) F_2(r, λ) ] = e^{iλr} [ −i 1 ] , for r > R, λ ∈ C^+ Notice that F_2(0, λ) is an entire matrix-valued function. It is non-degenerate in C^+ . Indeed, otherwise we would have the non-real eigenvalue for the self-adjoint operator D. The matrix [ Φ(r, λ) F_1(r, λ) Ψ(r, λ) F_2(r, λ) ]

is non-degenerate for r = 0, λ ∈ C^+ , therefore, it is non-degenerate for any r > 0. Consider the following matrix Z(r, λ) = [ Φ(r, λ) F_1(r, λ) Ψ(r, λ) F_2(r, λ) ]_{−1} = [ Z_{11}(r, λ) Z_{12}(r, λ) Z_{21}(r, λ) Z_{22}(r, λ) ]

Then, the resolvent of D can be written in the following form R_λ [ h_1 h_2 ] = [ Φ(r, λ) Ψ(r, λ) ]^∞∫ r (−Z_{11}(s, λ)h_2(s) + Z_{12}(s, λ)h_1(s)) ds+ [ F_1(r, λ) F_2(r, λ) ]^r∫ 0 (Z_{21}(s, λ)h_2(s) − Z_{22}(s, λ)h_1(s)) ds, λ ∈ C^+

Consequently, the resolvent kernel can be written in the form

R_λ(r, s) =

[ Φ(r, λ)Z_{12}(s, λ) −Φ(r, λ)Z_{11}(s, λ) Ψ(r, λ)Z_{12}(s, λ) −Ψ(r, λ)Z_{11}(s, λ) ] , if r < s [ −F_1(r, λ)Z_{22}(s, λ) F_1(r, λ)Z_{21}(s, λ) −F_2(r, λ)Z_{22}(s, λ) F_2(r, λ)Z_{21}(s, λ) ] , if r > s In the free case (a = b = 0), Φ(r, λ) = cos(λr), Ψ(r, λ) = − sin(λr), F_1(r, λ) = −i exp(iλr), F_2(r, λ) = exp(iλr), σ(λ) = dλ/π, and

R^0_λ(r, s) =

[ i cos(λr) exp(iλs) − cos(λr) exp(iλs) −i sin(λr) exp(iλs) sin(λr) exp(iλs) ] , if r < s [ i exp(iλr) cos(λs) −i exp(iλr) sin(λs) − exp(iλr) cos(λs) exp(iλr) sin(λs) ] , if r > s

Notice that Z(0, λ) = [ 1 −F_1(0, λ)F^{−1}_2 (0, λ) 0 F^{−1}_2 (0, λ) ] and Im R_λ(0, 0) = 1 2i [R_λ(0, 0) − R^∗_λ(0, 0)] = = 1 2i [ F^{∗−1}_2 (0, λ)F^∗_1 (0, λ) − F_1(0, λ)F^{−1}_2 (0, λ) 0 0 0 ] , λ ∈ C^+ (8)

For λ ∈ C , let us introduce the following functions: f_1(r, λ) = exp(−iλr)F_1(r, λ), f_2(r, λ) = exp(−iλr)F_2(r, λ). Functions f_1 and f_2 satisfy the following equations { f^′_1 = −iλf_1 + af_1 + λf_2 − bf_2 f^′_2 = −λf_1 − bf_1 − iλf_2 − af_2 Therefore, a simple algebra yields d dr ( f^∗_1 f_2 − f^∗_2 f_1 i ) = −2 Im λ |f_1 + if_2|^2 (9)

Using the asymptotics at infinity, we obtain

f^∗_1 (r, λ)f_2(r, λ) − f^∗_2 (r, λ)f_1(r, λ) i = 2 + 2 Im λ ∞∫ r |f_1(ρ, λ) + if_2(ρ, λ)|^2dρ (10)

Lemma 2.1. The following relations hold F^∗_1 (r, λ)F_2(r, λ) − F^∗_2 (r, λ)F_1(r, λ) i = 2, λ ∈ R (11)

F^∗_1 (0, λ)F_2(0, λ) − F^∗_2 (0, λ)F_1(0, λ) i ≥ 2, λ ∈ C^+ (12)

Proof. It suffices to use (10) and definition of f_1 and f_2. ■ Notice that the lemma is wrong if the Dirac operator is not in the canonical form. (11) implies that F_2(0, λ) is non-degenerate on R also.

Corollary. The following relation holds: Im R_λ(0, 0)_{(1,1)} = F^{∗−1}_2 (0, λ)F^{−1}_2 (0, λ), if λ is real (see (8)). Therefore, using (7), we obtain σ^′(λ) = π^{−1}F^{∗−1}_2 (0, λ)F^{−1}_2 (0, λ) (13) The factorization results of this sort are quite common in the scattering theory. Direct analogs hold for the so-called Krein systems (factorization via Π–functions [9]), for one-dimensional Schrödinger operators with matrix-valued potentials (factorization via Jost functions [1]), for polynomials with matrix-valued coefficients (factorization via Szegö function [5, 2, 19]). Notice that the Krein system with coefficient −A(r) yields operator −D [9].

Using the representation of resolvent by the solutions, one gets

R_λ(r, 0) = [ −F_1(r, λ)F^{−1}_2 (0, λ) 0 −F_2(r, λ)F^{−1}_2 (0, λ) 0 ] , for λ ∈ C^+ (14)

So, we can find F^{−1}_2 (0, λ) by following a simple rule that turns out to be applicable to PDE lim_{r→∞} R_λ(r, 0)e^{−iλr} = [ iF^{−1}_2 (0, λ) 0 −F^{−1}_2 (0, λ) 0 ] , λ ∈ C^+

Lemma 2.2. Consider a(r), b(r) ∈ C^∞_0 (R^+ ). Then, for the function F_2(0, λ), the following inequalities hold true ‖F_2(0, iy)‖ ≤ exp Cy^{−1} ∞∫ 0 [‖a(r)‖^2 + ‖b(r)‖^2]dr (15)

The asymptotics of F_2(0, λ) as λ ∈ C^+ , |λ| → ∞ is

F_2(0, λ) = 1 − 1 2iλ ∞∫ 0 |b(r) + ia(r)|^2dr + O(|λ|^{−2} (16)

Proof. Consider a matrix J = [ 0 −1 1 0 ]

Upon multiplying by J, the equation DY = λY can be rewritten as Y^′ + QY = −λJY, Q = −JV (17) Take

Y_0 = [ −ie^{iλr} e^{−iλr} e^{iλr} −ie^{−iλr} ]

and find the solution to (17) in the following form Y = Y_0S.

Thus

S^′ = −Y^{−1}_0 QY_0S = [ 0 (−b + ia)e^{−2iλr} (−b − ia)e^{2iλr} 0 ] S (18)

Imposing condition S(∞, λ) = [ 1 0 ]

on the 2m × m matrix S = [ S_1 S_2 ]

we get F = Y_0S. System (18) can be rewritten in the following form

S_1(r, λ) = 1 + ∞∫ r e^{−2iλs}(b(s) − ia(s))S_2(s, λ)ds (19)

S_2(r, λ) = ∞∫ r e^{2iλs}(b(s) + ia(s))S_1(s, λ)ds (20) These two equations are easy to iterate. We obtain the following integral equation for S_1

S_1(r, λ) = 1 + ∞∫ r e^{−2iλs}(b(s) − ia(s)) ∞∫ s e^{2iλt}(b(t) + ia(t))S_1(t, λ)dtds (21)

One needs to use Gronwall’s inequality to obtain the first statement of the lemma. Iterating (21) and integrating by parts, one proves (16). ■

Remark. Notice that the usual scattering coefficients A(λ) and B(λ) can be calculated by the formulas A(λ) = 1 2 (F_2(0, λ) + iF_1(0, λ)) = S_1(0, λ), B(λ) = 1 2 (F_2(0, λ) − iF_1(0, λ)) = −iS_2(0, λ), λ ∈ C

(22)

If a, b ∈ C^∞_0 (R^+ ), then the asymptotics of A(λ) is

A(λ) = 1 − 1 2iλ ∞∫ 0 |b(r) + ia(r)|^2dr + O(|λ|^{−2}), λ → ∞, λ ∈ C^+ (23) Using (11), we get the conservation law |A(λ)|^2 = 1 + |B(λ)|^2, λ ∈ R (24) From (12), |A(λ)|^2 ≥ 1 + |B(λ)|^2, λ ∈ C^+ (25) Notice that if ξ ∈ C^m , ξ ≠ 0, then the function ln ||F^{−1}_2 (0, λ)ξ|| is subharmonic in C^+ . Thus, the following inequality holds π ln ||F^{−1}_2 (0, iy)ξ|| ≤ y ∞∫ −∞ ln ||F^{−1}_2 (0, λ)ξ|| λ^2 + y^2 dλ = y 2 ∞∫ −∞ ln (πσ^′(λ)ξ, ξ) λ^2 + y^2 dλ (26)

Here we used asymptotics of F^{−1}_2 (0, λ) as |λ| → ∞ and its continuity in C^+ . The following theorem is straightforward.

Theorem 2.1. Assume that ||a(r)||, ||b(r)|| ∈ L^2(R^+ ), ξ ∈ C^m , ‖ξ‖ = 1. Then, the following inequality holds

y^2 ∞∫ −∞ ln(πσ^′(λ)ξ, ξ) y^2 + λ^2 dλ > −C ∞∫ 0 [ ‖a(r)‖^2 + ‖b(r)‖^2 ] dr (27)

Proof. Assume a(r), b(r) ∈ C^∞_0 (R^+ ) first. Then, the estimate (15) from lemma 2.2 implies

|F^{−1}_2 (0, iy)| ≥ exp −Cy^{−1} ∞∫ 0 [ ‖a(r)‖^2 + ‖b(r)‖^2 ] dr (28)

So, (26) gives the needed estimate. Now, consider any ||a(r)||, ||b(r)|| ∈ L^2(R^+ ). We can find the sequence a_n(r), b_n(r) ∈ C^∞_0 (R^+ ) such that ∞∫ 0 (‖a_n − a‖^2 + ‖b_n − b‖^2)dr → 0 as n → ∞. Let σ_n denote the spectral measure for a_n, b_n. Then, the second resolvent identity yields the weak convergence of measures σ_n to σ. For each individual σ_n, we have the estimate (27). Then, using the standard argument involving semicontinuity of the entropy [8], one gets (28). ■

Remark. Constants in the inequality (27) do not depend on m, the size of the matrix. Therefore, one can easily prove an analogous result for the Dirac operator with square summable operator-valued potential. As a simple corollary, σ_{ac}(D) = R.

Remark. The similar results can be proved for the Krein systems [9, 15] with matrix-valued or operator-valued coefficients. Notice that the Krein system with coefficient −A(r) in a standard way generates the Dirac operator D_g = −D with D introduced by (3).

Assume that a(r), b(r) are integrable with finite support. Consider a fixed vector ξ ∈ C^m . Let us find an element of the Hilbert space with generalized Fourier transform (λ − iy)^{−1}ξ. This function is given by the formula ∞∫ −∞ (λ − iy)^{−1}Φ(r, λ)dσ(λ)ξ ∞∫ −∞ (λ − iy)^{−1}Ψ(r, λ)dσ(λ)ξ and is equal to R_{iy}(r, 0)[ξ, 0]^t due to (6). At the same time, (14) says that this vector is equal to − [ F_1(r, iy)F^{−1}_2 (0, iy)ξ F_2(r, iy)F^{−1}_2 (0, iy)ξ ]

Therefore, the following arguments are valid. If the vector-function

h(r) = (h_1(r), h_2(r))^t ∈ C^{2m} (29)

satisfies equation Dh = iyh and decays at infinity, then h_1(r) = F_1(r, iy)η, h_2(r) = F_2(r, iy)η, where η ∈ C^m . Take ξ = F_2(0, iy)η = h_2(0). The generalized Fourier transform for the function h(r) is −(λ − iy)^{−1}h_2(0). The spectral measure of h is

σ(λ, h) = λ∫ −∞ d(σ(λ)h_2(0), h_2(0)) λ^2 + y^2

Using the estimate (26), we have y ∞∫ −∞ ln [ π(σ^′(λ, h)(λ^2 + y^2)) ] λ^2 + y^2 dλ ≥ 2π ln ||F^{−1}_2 (0, iy)h_2(0)|| = 2π ln ||η|| or y ∞∫ −∞ ln [(σ^′(λ, h)] λ^2 + y^2 dλ ≥ C + 2π ln ||η|| (30) where the constant C depends on y. This inequality will play the crucial role later. Roughly speaking, it means the following.

If we found at least one solution having the “free” asymptotics at some point in C^+ , then the entropy of the spectral measure can be controlled by the “amplitude”, i.e. ||η||.

The definition of the spectral measure gives an equality ∞∫ −∞ σ^′(λ, h)dλ = ||h||^2 Therefore, the lower bound for ||η|| yields the lower bound for ∞∫ −∞ ln^− σ^′(λ, h) λ^2 + y^2 dλ (31)

Consider a(r), b(r) ∈ C^∞_0 (R^+ ), ||ξ|| = 1. The functions ln |(F^{−1}(0, λ)ξ, ξ)|, ln |(A^{−1}(λ)ξ, ξ)|, ln ‖A(λ)‖ are subharmonic in C^+ and tend to 0 as |λ| → ∞, λ ∈ C^+ . Write the corresponding inequality at λ = iy. Taking y → ∞, one gets the following estimates by comparing the coefficients against y^{−1}. ∞∫ −∞ ln(πσ^′(λ)ξ, ξ)dλ = 2 ∞∫ −∞ ln ‖F^{−1}_2 (0, λ)ξ‖dλ ≥

≥ 2 ∞∫ −∞ ln |(F^{−1}_2 (0, λ)ξ, ξ)|dλ > −C ∞∫ 0 [ ||b(r)ξ + ia(r)ξ||^2 ] dr; ∞∫ −∞ ln |(A^{−1}(λ)ξ, ξ)|dλ > −C ∞∫ 0 [ ||b(r)ξ + ia(r)ξ||^2 ] dr; ∞∫ −∞ ln ||A^{−1}(λ)||dλ > −C ∞∫ 0 [‖a(r)‖^2 + ‖b(r)‖^2]dr Notice that estimates ||A^{−1}|| ≤ 1, ||A^{∗−1}|| ≤ 1 imply ∫ Δ ln |(A^{−1}(λ)ξ, ξ)|dλ > −C ∞∫ 0 [ ||b(r)ξ + ia(r)ξ||^2 ] dr ∫ Δ ln ||A^{−1}(λ)||dλ > −C ∞∫ 0 [‖a(r)‖^2 + ‖b(r)‖^2]dr (32)

for any Δ ⊂ R. Consider Dirac operator (3). Fix some ξ ∈ C^m , ‖ξ‖ = 1. Estimate (32) suggests that condition (b(r) + ia(r))ξ ∈ L^2(R^+ ) guarantees σ_{ac}(D) = R. Theorem 2.2. Let a(r) and b(r) have locally summable entries. Assume that there is a fixed vector ξ ∈ C^m such that (b + ia)ξ ∈ L^2(R^+ ). Then, σ_{ac}(D) = R.

Proof. Without loss of generality, assume ξ = e_1 = (1, 0, . . . , 0)^t. Let us start with the compactly supported a and b. In this case, the Jost solution F (r, λ) makes sense. Consider two functions f_1(λ) = A(λ)F^{−1}_2 (0, λ)e_1 and f_2(λ) = B(λ)F^{−1}_2 (0, λ)e_1. From (24), ‖f_1(λ)‖^2 = ‖F^{−1}_2 (0, λ)e_1‖^2 + ‖f_2(λ)‖^2 for real λ. Since f_1 + f_2 = e_1 (by (22)), we have |(f_1(λ), e_1)|^2 = ‖F^{−1}_2 (0, λ)e_1‖^2+|(f_2(λ), e_1)|^2 ≥ |(F^{−1}_2 (0, λ)e_1, e_1)|^2+ |(f_2(λ), e_1)|^2. Consider α(λ) = (f_1(λ), e_1) (F^{−1}_2 (0, λ)e_1, e_1) , β(λ) = (f_2(λ), e_1) (F^{−1}_2 (0, λ)e_1, e_1)

Then, α(λ) + β(λ) = 1 (F^{−1}_2 (0, λ)e_1, e_1) and |α(λ)|^2 ≥ 1 + |β(λ)|^2, λ ∈ R Therefore, |(F^{−1}_2 (0, λ)e_1, e_1)| ≥ 1 2|α(λ)| , λ ∈ R Function (F^{−1}_2 (0, λ)e_1, e_1) is analytic in C^+ and tends to 1 as |λ| → ∞, λ ∈ C^+ . The numerator of α(λ), function (f_1(λ), e_1), does not have zeroes in C^+ . Indeed, in C^+ , we have ‖f_1(λ)‖^2 ≥ 1 + ‖f_2(λ)‖^2 (by (25)) and f_1(λ) + f_2(λ) = e_1. Thus, |(f_1(λ), e_1)|^2 ≥ 1 + |(f_2(λ), e_1)|^2 ≥ 1. So, the function ln |α(λ)| is superharmonic and nonnegative on R. For any Δ ⊂ R, we have the estimates ∫ Δ ln[π(σ^′(λ)e_1, e_1)]dλ ≥ 2 ∫ Δ ln ‖F^{−1}(0, λ)e_1‖dλ ≥ 2 ∫ Δ ln |(F^{−1}(0, λ)e_1, e_1)|dλ

(33) ≥ −2 ∫ Δ ln |α(λ)|dλ − 2 |Δ| ln 2 Superharmonicity of ln |α(λ)| implies π ln |α(iy)| ≥ y ∞∫ −∞ ln |α(λ)| λ^2 + y^2 dλ (34)

Consider a_ε, b_ε ∈ C^∞_0 (R^+ ) that approximate a, b in L^2(R^+ ) norm as ε → 0. Denote the corresponding spectral measure by σ_ε. Apply (33) and (34). Take y → +∞ in (34) and use lemma 2.2 and (23). We obtain ∞∫ −∞ ln |α_ε(λ)|dλ ≤ π 2 ∞∫ 0 ‖(b_ε(r) + ia_ε(r))e_1‖^2dr (35)

Estimates (33) and (35) yield ∫ Δ ln(σ^′_ε(λ)e_1, e_1)dλ ≥ C_1 + C_2 ∞∫ 0 ‖(b_ε(r) + ia_ε(r))e_1‖^2dr (36)

Since dσ_ε converges weakly to dσ, we have ∫ Δ ln(σ^′(λ)e_1, e_1)dλ ≥ C_1 + C_2 ∞∫ 0 ‖(b(r) + ia(r))e_1‖^2dr (37)

Now, take arbitrary a(r) and b(r). Consider truncations a_n(r) = a(r)χ_{[0,n]}(r), b_n(r) = b(r)χ_{[0,n]}(r). Since the functions a_n and b_n are compactly supported, estimate (37) holds for the corresponding measure σ_n(λ). It is the general fact of the spectral theory, that σ_n converges to σ weakly as n → ∞. Take n → ∞ to obtain ∫ Δ ln(σ^′(λ)e_1, e_1)dλ ≥ C_1 + C_2 ∞∫ 0 ‖(b(r) + ia(r))e_1‖^2dr (38)

That completes the proof. ■

Remark. The absence of zeroes for the function (f_1(λ), e_1) is a very important observation. It has a counterpart for the Schrödinger operators with matrix-valued potentials and it makes possible to obtain the new trace-formulas for that case. This analysis will be done in the separate publication.

Since the constants C_1 and C_2 in (38) are independent of m, the size of the matrices, the theorem is true for the operator-valued Dirac systems as well. Its statement is very strong, it proves a certain rigidity of the Dirac operator (3)^1. That makes theorem 2.2 applicable even to some PDE.

3. Multidimensional Dirac operator

In this section, we consider two operators H = −iα · ▽ + V, H_s = −iα · ▽ + V The first one – on [ L^2(Ω)

]_4

with boundary conditions f_3 = f_4 = 0 on Σ. The second operator – on [ L^2(R^3 )

]_4

. Potential V (x) is always assumed to be symmetric 4 × 4 matrix with the uniformly bounded entries. For H, it is given on Ω, for H_s – on R^3 . Thus, we have two self-adjoint operators H and H_s. We also assume that after the “spherical change of variables”^2, the matrix of V has the canonical form in a sense of section 2. The typical example of such a potential is V (x) = v(x)β, where v(x) is a scalar real-valued function (see [20], p.108 for other interactions and physical explanations). For simplicity, we will deal with this type of potentials only.

For α, β, we have

α_kα_l + α_lα_k = 2δ_{kl}, α_kβ + βα_k = 0, β^2 = 1; k, l = 1, 2, 3 Notice that by letting I = −iσ_1, J = −iσ_2, K = −iσ_3, we have relations I^2 = J^2 = λ^2 = −1, IJ = −JI, IK = −KI, KJ = −JK, IJ = K, JK = I, KI = J which makes I, J, and K quaternions. The following algebraic relations are easy to verify.

Lemma 3.1. If γ ∈ Σ, then (α_1γ_1 + α_2γ_2 + α_3γ_3)^2 = 1 (α_1γ_1 + α_2γ_2 + α_3γ_3 + 1)^2 = 2(α_1γ_1 + α_2γ_2 + α_3γ_3 + 1) (α_1γ_1 + α_2γ_2 + α_3γ_3 + 1)β(α_1γ_1 + α_2γ_2 + α_3γ_3 + 1) = 0

Lemma 3.2. The resolvent kernel of the free Dirac operator H^0_s has the following form ([20], p. 39)

G^0_λ(x, s) = ( i α · (x − s) |x − s|^2 + λ α · (x − s) |x − s| + λ ) e^{iλ|x−s|} 4π|x − s| (39)

Proof. Use the identities (H^0_s − λ)^{−1} = (H^0_s + λ)(H^0_s^2 − λ^2)^{−1}, H^0_s^2 = −Δ (40)

and the explicit formula for the resolvent kernel of the free Laplacian.

We will start with the following theorem.

1This rigidity is also present for polynomials orthogonal on the unit circle. 2We will define this change of variables later.

Theorem 3.1. Assume V (x) = v(x)β, where v(x) is a real-valued, uniformly bounded, scalar function satisfying the following condition ∫ x∈Ω v^2(x) |x|^2 + 1

≤ ∞ (41)

Then, σ_{ac}(H) = R.

Proof. As in [10], we can assume without loss of generality, that v(x) = 0 in 1 < |x| < 2. Indeed, otherwise we subtract function v(x)βχ_{1<|x|<2}(x) from v(x)β. The resolvent of H^0 is an integral operator. One can obtain an expression for its kernel by using identity (40) with H^0 instead of H^0_s. Therefore, the resolvent of H is an integral operator too and the trace-class argument [13] can be applied. Now, we take any nontrivial infinitely smooth radially-symmetric function f(x) with support in {1 < |x| < 2}. We will show that the spectral measure of the element

f(x) = (f(r), 0, 0, 0)^t (42)

has an a.c. component which support fills R. The proof consists of two steps. In the first step, we represent operator H in the canonical form (3) with unbounded operator-valued coefficients. Then, we apply the results of section 1 to obtain the needed estimates for the entropy of the spectral measure of f.

Let us start with the suitable change of variables. Consider the Dirac operator H. Let us write this operator in the spherical coordinates (see [20], p.126 or [21], p.16). The standard unitary operator f(x) ∈ L^2(Ω)^U→ F (r) = rf(rσ), σ ∈ Σ maps scalar functions of three variables to a vector-valued function of one variable. For almost any r > 1, F (r) ∈ L^2(Σ). Following [21], we consider the following auxiliary operators

σ_0 = [ 1 0 0 1 ] , σ_r = r^{−1} 3∑ j=1 σ_j x_j , p_j = −i∂/∂x_j,

p_r = −i(∂/∂r + r^{−1}), L_j = x_{j+1}p_{j+2} − x_{j+2}p_{j+1}, s = σ_0 + 3∑ j=1 σ_j L_j where indices j are understood modulo 3, as usual. Notice that the operator p_r is unitary to −id/dr under U and s is independent of r. We want to get a matrix representation of H convenient for us. To do that, we take a unitary, independent or r matrix U U = [ σ_0 0 0 −iσ_r ]

Then, ([21], p. 18)

U^∗HU = [ 0 −iσ_0 iσ_0 0 ] p_r − 1 r [ 0 s s 0 ] + v(x)U^∗βU (43)

Operator s is selfadjoint in [L^2(Σ)]^2. Denote its orthonormal eigenfunctions by ψ_{(n)} where n is a multiindex. Therefore, in [ L^2(Σ)

]_4

, we can introduce an orthonormal basis spanned by the functions

Ψ^+_{(n)} = [ ψ_{(n)} 0 ] , Ψ^−_{(k)} = [ 0 ψ_{(k)} ]

Then, any function f(x) ∈ [ L^2(Ω)

]_4 can be represented as a sum f(x)^U∼ F (r) = ∑ n φ^+_{(n)}(r)Ψ^+_{(n)} + ∑ k φ^−_{(k)}(r)Ψ^−_{(k)}. The matrix of the unperturbed operator H_0 can

be written as ([20], p.128 and [21], p.22)

0 0 . . . −^d_{dr} −^{κ(1)}_r 0 . . . 0 0 . . . 0 −^d_{dr} −^{κ(2)}_r . . . . . . . . . . . . . . . . . . . . . d dr −^{κ(1)}_r 0 . . . 0 0 . . .

0^d_{dr} −^{κ(2)}_r . . . 0 0 . . . . . . . . . . . . . . . . . . . . .

φ^+_{(1)}(r) φ^+_{(2)}(r) . . . φ^−_{(1)}(r) φ^−_{(2)}(r) . . . where κ_{(n)} are eigenvalues of s. The boundary conditions at r = 1 are φ^−_{(n)}(1) = 0.

Now, we want to work with the new Hilbert space L, the L^2 space of vectorfunctions Φ(r) = (φ^+_{(1)}(r), . . . , φ^−_{(1)}(r), . . .)^t, with the norm given by the formula below

‖Φ(r)‖^2 = ∞∫ 1 ∑ n [ |φ^+_{(n)}(r)|^2 + |φ^−_{(n)}(r)|^2 ] dr < ∞ So, the free multidimensional Dirac operator can be represented as an infinite orthogonal sum of one-dimensional Dirac operators. Using elementary properties of the Pauli matrices, we get v(x)U^∗βU = v(x)β Consider the multiplication by v(x) in [L^2(Σ)]^2 as a self-adjoint bounded operator with matrix −b(r), b(r) = {b_{ij} (r)}, i, j = 1, . . . , ∞. Since the section 2 deals with an interval [0, ∞) rather than [1, ∞), we shift the argument r by one. We end up with the canonical representation (3), where a(r) is an unbounded operator in the diagonal form for each r > 0. Notice that the constant function (1, 0)^t ∈ [L^2(Σ)]^2 is an eigenfunction of the operator s corresponding to the eigenvalue 1. For Ψ^+_{(2)} and Ψ^−_{(1)}, we choose the normed vectors collinear to (1, 0, 0, 0)^t and (0, 0, 1, 0)^t, respectively. We have κ_{(1)} = 1 and the function f, given by (42), corresponds to Φ(r) = ((r + 1)f(r + 1), 0, . . . , 0, . . .) in the vector-valued representation. From now on, we will deal with the representation (3) of an operator H.

In the second step of the proof, we implement the main result of the second section, theorem 2.2. We can not do that directly, because we are dealing with an operator-valued coefficient a(r) unbounded for each r > 0. To avoid this difficulty, we consider operators D_n with b_n = P_nbP_n, where P_n denotes the orthogonal projection onto the linear combination of the first n functions ψ_{(k)}. The matrix of b_n(r) is

b_n(r) = b_{11}(r) · · · b_{1n}(r) 0 · · · · · · · · · · · · · · · · · · b_{n1}(r) · · · b_{nn}(r) 0 · · · 0 · · · 0 0 · · · · · · · · · · · · · · · · · · , r > 0

Each of D_n can be written as an orthogonal sum of the Dirac operator D̂_n with matrix-valued potential V_n of size n×n and an infinite number of the one-dimensional Dirac operators with scalar potentials. Denote by L_n the subspace of L on which

D̂_n acts. Matrix V_n has the following form

V_n = [ −b_n(r) −a_n(r) −a_n(r) b_n(r) ] , r > 0 with

a_n(r) =

κ_{(1)}

r+1 0 · · · 0 · · · · · · · · · · · · 0 · · · 0^{κ(n)}_{r+1} Notice that the function Φ(r) lies in L_n for any n. Denote the spectral matrixvalued measure of D̂_n by σ_n(λ). Since b(r) = 0 on [0, 1], the spectral measure dμ_n(λ) of Φ(r) is equal to |ρ(λ)|^2(dσ_n(λ)e_1, e_1), where ρ(λ) = 1∫ 0 (r + 1)f(r + 1) [ cos(λr) + sin(λr) λ ] dr Here,

cos(λr) + sin(λr) λ , r cos(λr) λ(r + 1) − sin(λr) ( 1 + 1 λ^2(r + 1) )

are generalized eigenfunctions for the Dirac operator (3) with potential

V = 0 − 1 r + 1 − 1 r + 1 0 From the proof of theorem 2.2 (estimate (37)), we get ∫ Δ ln(σ^′_n(λ)e_1, e_1)dλ ≥ C_1 + C_2 ∞∫ 0 ‖(b_n(r) + ia_n(r))e_1‖^2dr (44)

for any finite interval Δ ∈ R. Notice that ∞∫ 0 ‖a_n(r)e_1‖^2dr = ∞∫ 0 (r + 1)^{−2}dr and ‖b_n(r)e_1‖^2 ≤ ‖b(r)e_1‖^2 = ∫ τ ∈Σ v^2((r + 1)τ)dτ

So,_∞ ∫ 0 ‖b_n(r)e_1‖^2dr ≤ ∞∫ 0 ∫ τ ∈Σ v^2((r + 1)τ)dτdr ≤ C ∫ Ω v^2(x) |x|^2 + 1 dx and we clearly have ∫

Δ ln μ^′_n(λ)dλ ≥ C > −∞ (45) with some constant C independent of n. Notice that b_n → b strongly. So, dμ_n(λ) converges weakly to dμ, the spectral measure of f with respect to the initial operator

H. The semicontinuity of the entropy [8] implies ∫ Δ ln μ^′(λ)dλ > C > −∞ ■ The reduction of H to a one-dimensional system with the operator-valued potential is, probably, not necessary. One could have introduced the radiative operator and worked with this operator directly avoiding an approximation by Dirac operators with matrix-valued potentials (see [16]). In the meantime, this reduction is not too difficult and it shows how very general facts for the matrix-valued orthogonal systems are applied to different PDE’s.

We do not consider the question of existence of wave operators. It might be that the problem can be solved by using an approach of [7].

In the next theorem, we establish an asymptotics of the Green’s function for the operator H_s. For H, that means existence of the function h (see (29)) satisfying homogeneous equation Hh = λh, λ ∈ C^+ with the well-controlled “amplitude”. Due to (30) and (31), we have a certain estimate on the entropy of the corresponding spectral measure. That, in particular, gives another proof of σ_{ac}(H) = R for the case of a power-decay.

Theorem 3.2. Assume v(x) is given on R^3 and satisfies an estimate |v(x)| < C_v(|x| + 1)^{−0.5−ε}, with fixed ε > 0 and C_v sufficiently small. Then, the resolvent kernel G_λ(x, 0) of operator H_s at a point λ = i has the following representation

G_i(x, 0) = e^{−|x|} 4π|x| [( i α · x |x| + i ) P_1(x) + (|x| + 1)^{−0.5}P_2(x) ] (46)

where |P_2(x)| < C (47) uniformly in R^3 , ‖P_1 − 1‖ < δ, δ → 0 as C_v → 0. Positive constant C depends on C_v and ε only.

We need the smallness of C_v to guarantee convergence of a certain series. In general situation, one can take the spectral parameter λ sufficiently far from the spectrum. Or, we can take λ = i, and let potential be zero on the large ball centered at origin. That would make constant C_v as small as we want^3 but would not change the scattering picture.

Let us prove some auxiliary lemmas first.

Lemma 3.3. The following estimate holds (1 < ρ ≤ 2|x|/3) ∫ |y|=ρ e^{−|x−y|−|y|}dτ_y < Cρe^{−|x|} (48) ∫ |y|=ρ e^{−|x−y|−|y|} sin ζ(x, y)dτ_y < C √ ρe^{−|x|} ∫ |y|=ρ e^{−|x−y|−|y|} sin^2 ζ(x, y)dτ_y < Ce^{−|x|} where ζ(x, y) is an angle between x and y.

3 With respect to a smaller ε.

Proof. Without loss of generality, assume that x = (0, 0, |x|). Introducing the spherical coordinates y_1 = ρ cos θ cos φ, y_2 = ρ cos θ sin φ, y_3 = ρ sin θ, we get

ρ^2 π∫ −π dφ π/2∫ −π/2 dθ cos θ exp(−ρ − √ |x|^2 + ρ^2 − 2|x|ρ sin θ)

< Cρ^2e^{−|x|} π/2∫ −π/2 dθ cos θ exp [ −c|x|ρ(|x| − ρ)^{−1}(1 − sin θ) ] < Ce^{−|x|} |x| − ρ |x| ρ

Estimate (48) is now straightforward. The other statement of the lemma can be proved similarly.■

Take any two vectors x, y ∈ R^3 . The following inequality is obvious | | | y |y| − x |x| | | | < C sin ζ (49)

Together with ζ(x, y), consider χ(x, y) – an angle between x − y and x. From the sine-theorem, sin χ = |y − x|^{−1}|y| sin ζ. Consequently, | | | | x − y |x − y| − x |x| | | | | < C sin χ = C|y − x|^{−1}|y| sin ζ (50) By the triangle inequality, | | | | y |y| − x − y |x − y| | | | | ≤ | | | | y |y| − x |x| | | | | + | | | | x |x| − x − y |x − y| | | | | (51) For |y| < 2|x|/3, | | | y |y| − x − y |x − y| | | | ≤ C sin ζ (52) Let |x| > 1 and Υ = {y : |y| > 2|x|/3, |x − y| > 2|x|/3}. Lemma 3.4. The following estimate holds ∫ Υ exp(−|x − y| − |y|)dy ≤ C exp(−γ|x|) (53) with γ > 1.

Proof. Indeed, in Υ, |x − y| + |y| > |y|/5 + 16|x|/15 Taking γ = 16/15, we obtain the statement of the lemma. ■

In the following three lemmas, we will be estimating certain integrals over the R^3 . Lemma 3.4 shows that the contribution coming from the integration over Υ is small and can be neglected.

Lemma 3.5. The following bound is true ∫ R^3 e^{−|x−y|} |x − y|^2 e^{−|y|} |y|^{1.5+ε} + 1 dy < C e^{−|x|} |x|^{1.5} + 1

Proof. By lemma 3.3, ∫ |y|<2|x|/3 e^{−|x−y|} |x − y|^2 e^{−|y|} |y|^{1.5+ε} + 1 dy < C e^{−|x|} |x|^2 + 1 |x|∫ 0 ρ ρ^{1.5+ε} + 1 dρ < C e^{−|x|} |x|^{1.5+ε} + 1 ; ∫ |y−x|<2|x|/3 e^{−|x−y|} |x − y|^2 e^{−|y|} |y|^{1.5+ε} + 1 dy = ∫ |y|<2|x|/3 e^{−|x−y|} |y|^2 e^{−|y|} |x − y|^{1.5+ε} + 1 dy

< C e^{−|x|} |x|^{1.5+ε} + 1 |x|∫ 0 dρ ρ + 1 < C e^{−|x|} |x|^{1.5} + 1 ■ Lemma 3.6. The following relation is true ∫ R^3 e^{−|x−y|} |x − y| ( α · (x − y) |x − y| + 1 ) e^{−|y|} |y|^{2+ε} + 1 dy = e^{−|x|} |x| + 1 [( α · x |x| + 1 ) φ_1(x) + (|x| + 1)^{−0.5}φ_2(x) ]

where φ_{1(2)}(x) are matrix-functions uniformly bounded in R^3 .

Proof. ∫ R^3 e^{−|x−y|} |x − y| ( α · (x − y) |x − y| + 1 ) e^{−|y|} |y|^{2+ε} + 1 dy = ∫ R^3 e^{−|x−y|} |x − y| ( α · (x − y) |x − y| − α · x |x| ) e^{−|y|} |y|^{2+ε} + 1 dy + ( α · x |x| + 1 ) ∫ R^3 e^{−|x−y|} |x − y| e^{−|y|} |y|^{2+ε} + 1 dy = I_1 + I_2

Following the proof of lemma 3.5, we get ∫ R^3 e^{−|x−y|} |x − y| e^{−|y|} |y|^{2+ε} + 1 dy < C e^{−|x|} |x| + 1 (sharp!)

For I_1, we have ∫ |x−y|<2|x|/3 e^{−|x−y|} |x − y| ( α · (x − y) |x − y| − α · x |x| ) e^{−|y|} |y|^{2+ε} + 1 dy = − ∫ |y|<2|x|/3 e^{−|y|} |y| ( α · y |y| − α · x |x| ) e^{−|x−y|} |x − y|^{2+ε} + 1 dy By (49) and lemma 3.3, ∫ |y|<2|x|/3 e^{−|y|} |y| | | | | y |y| − x |x| | | | | e^{−|x−y|} |x − y|^{2+ε} + 1 dy < Ce^{−|x|} |x|^{2+ε} + 1 |x|∫ 0 ρ^{−0.5}dρ < C e^{−|x|} |x|^{1.5+ε} + 1

We now estimate integral in I_1 over |y| < 2|x|/3. By (50) and lemma 3.3, | | | | | ∫ |y|<2|x|/3 e^{−|x−y|} |x − y| ( α · (x − y) |x − y| − α · x |x| ) e^{−|y|} |y|^{2+ε} + 1 dy | | | | |

< Ce^{−|x|} |x|^2 + 1 |x|∫ 0 ρ^{1.5} ρ^{2+ε} + 1 dρ < C e^{−|x|} |x|^{1.5+ε} + 1 ■ Lemma 3.7. If v(x) is a real-valued scalar function satisfying an estimate |v(x)| < (|x| + 1)^{−0.5−ε}, then the following representation holds ∫ R^3 e^{−|x−y|} |x − y| ( α · (x − y) |x − y| + 1 ) βv(y) ( α · y |y| + 1 ) e^{−|y|} |y| dy = e^{−|x|} |x| + 1 [( α · x |x| + 1 ) φ_1(x) + (|x| + 1)^{−0.5}φ_2(x) ]

where φ_{1(2)}(x) are, again, matrix-functions uniformly bounded in R^3 .

Proof. From the lemma 3.1, we infer ( α · (x − y) |x − y| + 1 ) β ( α · (x − y) |x − y| + 1 ) = 0 Therefore, ∫ R^3 e^{−|x−y|} |x − y| ( α · (x − y) |x − y| + 1 ) βv(y) ( α · y |y| + 1 ) e^{−|y|} |y| dy = = ∫ R^3 e^{−|x−y|} |x − y| ( α · (x − y) |x − y| + 1 ) βv(y) ( α · y |y| − α · (x − y) |x − y| ) e^{−|y|} |y| dy = J_1 + J_2

where

J_1 = ( α · x |x| + 1 ) ∫ R^3 e^{−|x−y|} |x − y| βv(y) ( α · y |y| − α · (x − y) |x − y| ) e^{−|y|} |y| dy and J_2 = ∫ R^3 e^{−|x−y|} |x − y| ( α · (x − y) |x − y| − α · x |x| ) βv(y) ( α · y |y| − α · (x − y) |x − y| ) e^{−|y|} |y| dy Consider J_1. Using (52) and lemma 3.3, we obtain ∫ |y|<2|x|/3 e^{−|x−y|} |x − y| |v(y)| | | | | y |y| − x − y |x − y| | | | | e^{−|y|} |y| dy

< C e^{−|x|} |x| + 1 |x|∫ 0 ρ^{0,5} ρ^{1.5+ε} + 1 dρ < C e^{−|x|} |x| + 1 (sharp!)

∫ |y−x|<2|x|/3 e^{−|x−y|} |x − y| |v(y)| | | | y |y| − x − y |x − y| | | | e^{−|y|} |y| dy = ∫ |y|<2|x|/3 e^{−|x−y|} |x − y| |v(x − y)| | | | y |y| − x − y |x − y| | | | e^{−|y|} |y| dy

< C e^{−|x|} |x|^{1.5+ε} + 1 |x|∫ 0 ρ^{0.5} ρ + 1 dρ < C e^{−|x|} |x|^{1+ε} + 1

Using (50), (52), and lemma 3.3, we get the following inequalities to estimate |J_2| |J_2| ≤ ∫ |y|<2|x|/3 e^{−|x−y|} |x − y| | | | | x − y |x − y| − x |x| | | | | |v(y)| | | | | y |y| − x − y |x − y| | | | | e^{−|y|} |y| dy

< Ce^{−|x|} |x|^2 + 1 |x|∫ 0 ρ ρ^{1.5+ε} + 1 dρ < Ce^{−|x|} |x|^{1.5+ε} + 1

For the region |x − y| < 2|x|/3, we have ∫ |y−x|<2|x|/3 e^{−|x−y|} |x − y| | | | x − y |x − y| − x |x| | | | |v(y)| | | | y |y| − x − y |x − y| | | | e^{−|y|} |y| dy = ∫ |y|<2|x|/3 e^{−|x−y|} |x − y| | | | y |y| − x |x| | | | |v(x − y)| | | | y |y| − x − y |x − y| | | | e^{−|y|} |y| dy

< Ce^{−|x|} |x|^{1.5+ε} + 1 |x|∫ 0 dρ ρ + 1 < Ce^{−|x|} |x|^{1.5} + 1 ■ Proof of the theorem 3.2. Let us iterate the second resolvent identity to get the needed estimate for G_i(x, 0)

G_i(x, 0) = G^0_i (x, 0) − ∫ R^3 G^0_i (x, s)βv(s)G_i(s, 0)ds Using lemmas 3.5–3.7 and explicit formula for G^0_i (x, s), we see that the n−th term in the corresponding series has the following form e^{−|x|} |x| + 1 [( α · x |x| + 1 ) φ^{(n)}_1 (x) + (|x| + 1)^{−0.5}φ^{(n)}_2 (x) ] (54)

with |φ^{(n)}_{1(2)}(x)| < [C(ε)C_v ]^n. That can be easily proved by the induction. Indeed, for the first term, we have the representation (39). Assume that (54) holds for the n-th term T_n. Then,

T_{n+1}(x) = − ∫ R^3

G^0_i (x, s)βv(s)T_n(s)ds = −(I_1 + I_2 + I_3 + I_4)

where

I_1(x) = i 4π ∫ R^3 exp(−|x − s|) |x − s| ( α · (x − s) |x − s| + 1 ) βv(s) ( α · s |s| + 1 ) exp(−|s|) |s| + 1 φ^{(n)}_1 (s)ds

I_2(x) = i 4π ∫ R^3 exp(−|x − s|) |x − s| ( α · (x − s) |x − s| + 1 ) βv(s) ( exp(−|s|) (|s| + 1)^{1.5} ) φ^{(n)}_2 (s)ds

I_3(x) = i 4π ∫ R^3 α · (x − s) |x − s|^2 ( exp(−|x − s|) |x − s| ) βv(s) ( α · s |s| + 1 ) exp(−|s|) |s| + 1 φ^{(n)}_1 (s)ds

I_4(x) = i 4π ∫ R^3 α · (x − s) |x − s|^2 ( exp(−|x − s|) |x − s| ) βv(s) ( exp(−|s|) (|s| + 1)^{1.5} ) φ^{(n)}_2 (s)ds

We apply lemma 3.7 to I_1, lemma 3.6 to I_2, and lemma 3.5 to I_3 and I_4. If C_v is small enough, we will get uniform convergence of the series and the estimate (47). Clearly, ‖P_1 − 1‖ < δ with δ → 0 if C_v → 0. ■

Remark. It is clear that the asymptotics of the Green’s function G_i(x, s), |s| < 1 can be obtained similarly: it is close to G^0_i (x, s) as |x| → ∞.

Fix any ε > 0. Consider the Dirac operator H with |v(x)| < C_v (|x| + 1)^{−0.5−ε}, where C_v is sufficiently small, and operator H_s on R^3 with v(x) = 0 on |x| < 1. Then, for any nonzero function f(x) = (f_1, f_2, f_3, f_4)^t ∈ [ L^2(R^3 )

]_4

with support in the unit ball, the function h(x) = ∫ R^3 G_i(x, s)f(s)ds satisfies equation Hh = ih (h does not satisfy boundary condition on Σ unless h = 0 in Ω). Therefore, by the theorem 3.2 and by the remark above, we can control the “amplitude” of h. For |x| large enough, e^{|x|}|x|h(x) = i 4π ( α · x |x| + 1 ) ∫ R^3

exp⟨ x |x| , s⟩f(s)ds + f̂(x) and ‖f̂(x)‖ < δ||f||_1 with δ → 0 as C_v → 0. For the integrals, we have ∫ R^3

exp⟨ x |x| , s⟩|f_j (s)|ds > e^{−1} ∫ R^3 |f_j (s)|ds, (j = 1, . . . , 4) The “amplitude” is calculated as A(|x|^{−1}x) = lim_{|x|→∞} |x| exp(|x| − 1)(h_3(x), h_4(x))^t

Take f_1 = f_2 = 0 and f_3, f_4 – arbitrary non-negative. Then, A is well-defined as an element of [L^2(Σ)]^2 for v_n = v(x)χ_{|x|<n}(x). Denote this sequence by A_n. Now, theorem 3.2 says that A_n does not go to zero. Using the reduction to a onedimensional system and (30), one can show that the spectral measure of an element f has an a.c. component which fills R.

It is likely, that more careful estimates might prove some analog of theorem 3.2 for v satisfying condition (2). One of the main ideas of the paper is as follows. Take the spectral parameter as far from the spectrum as we wish. If we manage to find at least one solution to homogeneous problem that satisfies certain asymptotics at infinity with nonzero “amplitude”, then an a.c. spectrum fills the whole line. The main advantage is that we need to do some rather delicate analysis of, say, Green’s function far from the spectrum, not on the real line. That is an interesting problem to study the Green’s function for operator (1) when the potential is random with slow decay or with no decay at all (the Anderson model). The approach of theorem 3.1 does not work in this case. In the meantime, analysis done in [3] together with estimates used in the proof of theorem 3.2 seem to be relevant for the problem. Acknowledgment The author is grateful to Ari Laptev, Oleg Safronov, and Barry Simon for the useful discussions of the results obtained. This work was partially supported by the NSF grant INT-0204308. Some of the results were obtained during the author’s visit to KTH, Stockholm in Spring, 2003.

References

[1] Z. Agranovich, V. Marchenko, “The inverse problem of scattering theory”, Gordon and Breach, 1963.

[2] A. Aptekarev, E. Nikishin, The scattering problem for a discrete Sturm-Liouville operator, Math. USSR Sbornik, Vol. 49, No. 2, 1984, 325–355.

[3] J. Bourgain, On random Schrödinger operators on Z^2, Discrete Contin. Dyn. Syst, Vol. 8, No. 1, 2002, 1–15.

[4] P. Deift, R. Killip, On the absolutely continuous spectrum of one-dimensional Schrödinger operators with square summable potentials, Comm. Math. Phys., Vol. 203, 1999, 341–347.

[5] P. Delsarte, Y. Genin, Y. Kamp, Orthogonal polynomial matrices on the unit circle, IEEE Trans. Circuits and Systems, CAS-25, 1978, No. 3, p.149–160.

[6] S. Denisov, On the existence of the absolutely continuous component for the measure associated with some orthogonal systems, Comm. Math. Phys., Vol. 226, 2002, 205–220.

[7] S. Denisov, On the existence of wave operator for Dirac operators with square summable potentials, (preprint).

[8] R. Killip, B. Simon, Sum rules for Jacobi matrices and their applications to spectral theory, (to appear).

[9] M. Krein, Continuous analogues of propositions on polynomials orthogonal on the unit circle, Dokl. Akad. Nauk SSSR, Vol. 105, 1955, 637–640.

[10] A. Laptev, S. Naboko, O. Safronov, A Szegö condition for a multidimensional Schrödinger operator, (preprint).

[11] B. Levitan, I. Sargsjan, “Introduction to spectral theory”, Providence, RI, 1975. [12] S. Molchanov, M. Novitskii, B. Vainberg, First KdV integrals and absolutely continuous spectrum for 1-D Schrödinger operator, Comm. Math. Phys., Vol. 216, 2001, 195–213.

[13] M. Reed, B. Simon, “Methods of modern mathematical physics. III. Scattering theory”, Academic Press, New York–London, 1979.

[14] L. Sakhnovich, On a class of canonical systems on half-axis, Int. Eq. Oper. Theory, Vol. 31, 1998, 92–112.

[15] L. Sakhnovich, Spectral theory of a class of canonical differential systems, Func. Anal. Appl., Vol. 34, No. 2, 2000, 119–128.

[16] Y. Saito, “Spectral Representations for Schrödinger operators with long-range potentials”, Springer-Verlag, 1979.

[17] G. Szegö, “Orthogonal polynomials”, Fourth edition, American Mathematical Society, Colloquium Publications, Vol. XXIII. American Mathematical Society, Providence, R.I., 1975.

[18] B. Simon, Schrödinger operator in the 21-st century, Imp. Coll. Press, London, 2000, 283–288. [19] B. Simon, “Orthogonal polynomials on the unit circle”, AMS Colloquium Publications Series, expected 2004.

[20] B. Thaller, “The Dirac Equation”, Springer-Verlag, 1992.

[21] J. Weidmann, “Spectral theory of ordinary differential operators”, Lecture Notes in Mathematics, 1258, Springer–Verlag, Berlin, 1987.

[22] O. Yamada, Eigenfunction expansions and scattering theory for Dirac operators, Publ. Res.

Inst. Math. Sci., Vol.11, No. 3, 1975/76, 651–689.

Mathematics, 253-37, Caltech, Pasadena, CA, 91125, USA, e-mail: denissov@caltech.edu