Percolation in ∞ + 1 dimensions at the uniqueness threshold

Roberto H. Schonmann

Abstract: For independent density p site percolation on the (transitive non-amenable) graph T_b × Z, where T_b is a homogeneous tree of degree b + 1, and b is supposed to be large, it is shown that for p = p_u = inf{p: a.s. there is a unique infinite cluster} there are a.s. infinitely many infinite clusters. This contrasts with a recent result of Benjamini and Schramm, according to whom for transitive non-amenable planar graphs there is a.s. a unique infinite cluster at p_u.

1. Introduction and results

Percolation theory has for a long time been a central area of research in both Probability and Mathematical Physics. Two complementary reasons concur for this. In the words of Kesten in the preface to [Kes2]: “ ... it is a source of fascinating problems of the best kind a mathematician can wish for: problems which are easy to state with a minimum of preparation, but whose solutions are (apparently) difficult and require new methods. At the same time many of the problems are of interest to or proposed by statistical physics and not dreamed up merely to demonstrate ingenuity.”

Until recent years most of the interest on percolation concerned the case of the d-dimensional cubic lattice Z^d (and other graphs adapted to the geometry of the Euclidean space R^d in some periodic fashion; see [Kes2] and [Gri]). This state of affairs has been changing with the perception that at least from the mathematical viewpoint the proper setting for studying percolation problems is a more general graph. [Lyo2] studied percolation on trees and found a sharp relation between the value of the critical point and the branching number of the tree. The paper [GN] showed that phenomena which are excluded on Z^d can occur on other (decent) graphs, e.g., we can have the presence of a regime with infinitely many infinite clusters, and another one with a single infinite cluster. More recently a number of papers have appeared presenting a series of results and raising a number of natural and interesting questions concerning percolation on very general graphs. This includes the papers [BS1], [Lal1], [BB], [BLPS1], [BLPS2], [HP], [Sch2], [BS2], [HPS]. Moreover the study of percolation on graphs is part of a larger trend of studying processes which also include interacting particle systems and statistical mechanics models on such general graphs. In this connection the reader is invited to consult, for

Typeset by AMS-TEX

instance, [Lyo1], [NW], [Pem], [SeS], [Wu3], [SaS1], [SaS3], [ST], [JS], [BHW], and references therein. Good reasons exist for the study of such processes, even if one’s ultimate interest lies in the processes on Z^d. The study of the processes on more general graphs has given raise to new techniques and has helped in elucidating which mathematical features of Z^d are crucial for the behavior of a process there to be what it is. This study may also provide new insights on what to expect on Z^d.

Before we can turn to the contribution in the present paper, we will review some of the relevant concepts and results pertaining to percolation on an infinite connected graph of locally bounded degree G = (V, E). Here V is the (necessarily countable) set of vertices (also called sites) of G, and E is the set of edges (also called bonds) of G. Sites will be said to be neighbors if they belong to a common edge. A chain is a sequence x_0, x_1, ..., x_n, of distinct sites in which for each i, x_i is neighbor to x_{i+1}; the length of this chain is n, and x_0 and x_n are its end-points. The distance d(y, z) between sites y and z is the minimal length of the chains which have y and z as end-points. The distance d(y, S) between a site y and a set of sites S is the minimal distance between y and any site in S. The ball of center x ∈ V and radius n is the set B(x, n) = {y ∈ V : d(x, y) ≤ n}. The outer boundary of a set S ⊂ V is the set ∂S = {y ∉ S: d(y, S) = 1}. Given a pair of graphs G_1 = (V_1, E_1) and G_2 = (V_2, E_2), we will let G_1 ×G_2 denote the graph which has as vertices the elements of the Cartesian product V_1 × V_2 and an edge connects (x, u) to (y, v) iff either x = y and {u, v} ∈ E_2 or else {x, y} ∈ E_1 and u = v.

An isomorphism between two graphs, G_1 = (V_1, E_1) and G_2 = (V_2, E_2), is a one-to-one mapping from V_1 onto V_2 which preserves the graph structure, i.e., such that the set of edges of G_2 can be obtained as the set of pairs of images of vertices of G_1 which form edges. An isomorphism between a graph G and itself is called an automorphism of G.

A graph is said to be transitive (or homogeneous) if for each pair x and y of its vertices there is an automorphism of the graph which maps x into y. Intuitively speaking, in a transitive graph all the vertices play exactly the same role.

A graph is said to be quasi-transitive if there is a finite set of vertices, V_0, with the property that each vertex of the graph can be mapped into one of the vertices of V_0 by an automorphism. Intuitively speaking, in a quasi-transitive graph there is a finite number of types of vertices and all the vertices of the same type play exactly the same role.

A graph is said to be amenable if there is a sequence of finite sets S_n ⊂ V , such that lim_{n→∞} |∂S_n|/|S_n| = 0.

An important class of transitive graphs is that of the Cayley graphs of finitely generated groups. Suppose that V is such a group and that g is a finite symmetric set of generators for it. Then the (right) Cayley graph of V for this set of generators is the graph G = (V, E) which has E = {{x, y} : x, y ∈ V, y = xz for some z ∈ g}. Cayley graphs are easily seen to be transitive. A number of important facts conjectured to hold for percolation on the full class of transitive graphs has been proved for Cayley graphs. This is so because for Cayley graphs a very powerful technique known as “mass transport technique” is available (see [BLPS1], [BLPS2], [HP]). This basic tool is also available for a larger class of graphs, called unimodular quasi-transitive graphs, but this class of graphs is known not to contain all the transitive graphs (see definition and discussion in [BLPS1]).

We will consider independent site percolation on graphs. Independent bond percolation is a particular case thereof, since the edges of a graph can be considered as the sites of another graph. (Note that in this procedure, if the original graph is quasi-transitive, then so is also the new graph.) Declare each site of a graph G = (V, E) to be independently occupied with probability p and to be vacant otherwise. The corresponding probability measure will be denoted

by Pp = P, and the corresponding expectation will be denoted by Ep = E. We

will use the notation A ←→ B to denote the event that there is a fully occupied chain with one endpoint in A ⊂ V and the other one in B ⊂ V . In this case we say that A is connected to B. The notation A^C←→ B will denote the event that the mentioned chain is contained in the set C. The notation A −→ ∞ will denote the event that some site of the set A ⊂ V is connected by occupied chains to infinitely many sites. As usual, we may replace singleton sets with their unique element, in order to simplify the notation. Also to simplify the notation, we may confuse a graph with its set of vertices.

The connected components of the graph which has as vertices the occupied sites and as edges the edges in E which connect any two of these vertices are called clusters. The random variable N will denote the number of infinite clusters. The following result was proved first in [HP] in the case of unimodular quasi-transitive graphs and then in [Sch2] with the assumption of unimodularity removed.

Theorem 1. Suppose that G is a quasi-transitive graph. Then there are two critical points 0 < p_c ≤ p_u ≤ 1 such that

(1) if p < p_c, then P_p(N = 0) = 1, (2) if p_c < p < p_u, then P_p(N = ∞) = 1, (3) if p_u < p, then P_p(N = 1) = 1.

The fact that for each value of p one of the three events in the alternatives above must have probability 1 is an older result from [NS], based on the 0-1 law for automorphism invariant events. The extra non-trivial information in the theorem is the statement that the uniqueness of the infinite cluster is a monotone property of p, i.e., once it holds for a certain value of p it will also hold for larger values of p. It is easy to see that without making any assumption on the graph this would be false.

There are, of course, cases in which p_c, p_u, or both are degenerate, i.e., take the value 1, or are identical to each other. The most remarkable result in this direction is that p_c = p_u on Z^d. This was first proved in [AKN], and later in a more elementary and also more general fashion in [BK]. The [BK] proof can actually be adapted to show the same result for all the amenable quasi-transitive graphs.

We will denote by T_b the homogeneous tree with degree b + 1. The case b = 1 corresponds to the linear chain Z, which has p_c = p_u = 1. When b ≥ 2 we have from elementary branching process theory that p_c = 1/b < 1 = p_u.

The first example of a transitive graph for which it was shown that there is a non-degenerate interval of values of p on which P_p(N = ∞) = 1 and another one on which P_p(N = 1) = 1 – so that in the terminology above p_c < p_u < 1 – is the graph T_b × Z, with b large enough. This was done in [GN] for bond percolation, but the same arguments apply also to site percolation. Note that the graph T_b × Zis not only transitive, but is also a Cayley graph. Further results of this nature appear in [BS1] and [Lal1].

It is very natural to ask what happens at the critical points p_c and p_u. A standard conjecture is that for all the quasi-transitive graphs for which p_c < 1, P_{pc} (N = 0) = 1. This is known to be true for a class of planar graphs which includes bond and site percolation on Z^2 (this was proved in one case in [Kes1] and generalized in [Rus]). And it is also known to hold for another class of graphs which includes bond and site percolation on Z^d with large d (this was proved in [HS] – in that paper the so called triangle condition was verified; a proof that this condition implies absence of percolation at p_c can be found in the union of the papers [AN] and [New] or in the paper [BA]). More recently it has been shown in [BLPS1] and [BLPS2] that for bond or site percolation on any unimodular quasi-transitive non-amenable graph this conjecture is also true.

Regarding now the behavior at p_u, [BS2] proved that for planar nonamenable transitive graphs P_{pu}(N = 1) = 1. Here we will prove that in contrast

Theorem 2. For the graph T_b × Zwith b ≥ 2,

Pp_u(N = 1) = 0.

So if b is such that p_c < p_u, then

Pp_u(N = ∞) = 1.

Therefore we learn that for transitive graphs (or even Cayley graphs) with p_c < p_u < 1 both behaviors are possible at p_u: we can have P_{pu}(N = 1) = 1 or P_{pu}(N = ∞) = 1. It would be interesting to know for which graphs each alternative holds. The technique in this paper can be generalized to a small extent, so that if H is a quasi-transitive graph, then in the statement of Theorem 2, we can have the graph T_b × H in place of the graph T_b × Z. The proof can also be adapted to bond percolation on the same graphs. The main point of this paper is, nevertheless, to simply provide an example which shows that a certain type of behavior is possible. For this reason, and since the generalizations would require more involved notation, we restrict ourselves to only proving Theorem 2 as it is stated above. Note that Question 5 in [BS1] is now answered by Theorem 1, the work of [BS2] and Theorem 2.

The condition that b be large for p_c < p_u to happen can be improved. Using techniques from [Sta] and from the present paper one can show that p_c < p_u for all b ≥ 2, for bond or site percolation. This proof will be omitted from this paper since it is quite technical and moreover it is a very special result; it is conjectured that for all the non-amenable quasi-transitive graphs one should have p_c < p_u. Similarly, using also techniques from [Sch1], one can prove that the so called triangle condition holds below p_u when b ≥ 2. This improves a result of [Wu1], and implies that several critical exponents (at p_c) take their mean-field value when b ≥ 2. Again, the proof is omitted from this paper for the same reason explained above.

One of the ingredients of our proof of Theorem 2 will be a characterization of p_u in terms of connectivities between large balls. This result, from [Sch2], states the following.

Theorem 3. For every quasi-transitive graph

p_u = inf { p: lim_{n→∞} inf_{x,y∈V} P_p(B(x, n) ←→ B(y, n)) = 1 } . (1.1)

Another ingredient of the proof will be the behavior of a function α(p), defined below, and which is simply an inverse correlation length. To define it, we need to present some standard arguments next.

We will think of Zas a subgraph of T_b, so that it will make sense to talk about the site n ∈ T_b, and let n → ∞.

From the Harris’ inequality we have P_p((0, 0) ←→ (m + n, 0)) ≥

Pp((0, 0) ←→ (m, 0))Pp((0, 0) ←→ (n, 0)), and therefore

lim_{n→∞} (P_p((0, 0) ←→ (n, 0)))^{1/n} = sup_{n≥1}{(P_p((0, 0) ←→ (n, 0)))^{1/n}} = α(p).

(1.2) Note that

Pp((0, 0) ←→ (n, 0)) ≤ (α(p))^n, (1.3)

for n ≥ 0. Use now (1.2) to write

α(p) = sup_{n≥1} sup_{k≥1} ( Pp^((0, 0)^{B((0,0),k)}←→ (n, 0)^{))1/n} ,

and observe that here we are taking the supremum of a continuous function of p. Therefore α(·) is lower-semi-continuous and since it is clearly non-decreasing, it is also left-continuous.

The technically most involved part of the proof of Theorem 2 is the proof of the following proposition, which is deferred to Section 2.

Proposition 1. If α(p) > 1/ √ b then lim_{n→∞} inf_{x,y∈V} P_p(B(x, n) ←→ B(y, n)) = 1. (1.4)

From this proposition and (1.1) we learn that for p < p_u we must have α(p) ≤ 1/ √ b. By the left-continuity of α(·) we obtain then α(p_u) ≤ 1/ √ b. But when P_p(N = 1) = 1 we obtain from Harris’ inequality and transitivity of the graph that, for all x, y ∈ V , Pp(x ←→ y) ≥ Pp(x −→ ∞, y −→ ∞) ≥ Pp(x −→ ∞)Pp(y −→ ∞) > 0, uniformly in x, y, so that in particular α(p) = 1. This concludes the proof of Theorem 2 based on Proposition 1.

The proof of Proposition 1 is the subject of Section 2; a heuristic reasoning that gives meaning to the value 1/ √ b in Proposition 1 will also be provided there. Section 3 will contain some remarks about the origin of the approach in this paper and its connection with the study of the contact process on homogeneous trees.

This section is ended with the following insight, which is brought up by Theorem 2. As mentioned before, the standard conjecture about the behavior of independent percolation on transitive graphs at p_c, when 0 < p_c < 1, is that one should have P_{pc}(N = 0) = 1. This conjecture seems to be motivated mostly by the fact that there is now a number of cases in which it has been proved (see above) and there is no known counterexample. In contrast we know now that we can have p_c < p_u < 1 with each one of the possible behaviors at p_u: P_{pu}(N = 1) = 1 and P_{pu}(N = ∞) = 1. Couldn’t it then also be the case that at p_c we do not always have the same behavior, but that for some transitive graphs we have 0 < p_c < 1 and P_{pc}(N ≠ 0) = 1?

2. Proof of Proposition 1

We will use the following notation for subsets of Z. For j ≤ k, [j, k] = {j, ..., k}; for j + 1 ≤ k, ]j, k] = {j + 1, ..., k}, [j, k[= {j, ..., k − 1}; for j + 1 ≤ k − 1, ]j, k[= {j + 1, ..., k − 1}. Regarding some subgraphs of T_b, we will use the following notation. The tree obtained by removing all the sites which can only reach the site 0 through a chain which contains the site −1 is denoted T^+_b . Given a site x ≠ 0, we denote by T_b(x) the tree obtained by removing the sites which can reach the site 0 through a chain which does not contain x. Note that each graph T_b(x) is isomorphic to T^+_b , with x taking the role of 0.

Given a subgraph H of T_b, the notation S_H (n) will denote the set of sites which in T_b are at distance n from 0 and are also sites of H.

Similarly to the considerations related to the definition of α(p) we have also some further standard facts. For each k the following limit exists. lim_{n→∞} ( P^((0, 0)^{T b ×[−k,k]}←→ (n, 0)^{))1/n} = sup_{n≥1} {( P^((0, 0)^{Tb ×[−k,k]}←→ (n, 0)^{))1/n} } = α_k (p),

and the bound

P^((0, 0)^{Tb ×[−k,k]}←→ (n, 0)^) ≤ (αk(p))^n, (2.1)

holds for all n ≥ 0.

The following lemma is also standard.

Lemma 1.

lim_{k→∞} α_k (p) = α(p).

Proof. It is clear that for all k, α_k (p) ≤ α(p) and that α_k (p) increases with k to some limit bounded above by α(p). On the other hand, by (1.2) and (2.1), for any small ϵ > 0 there is an n such that

(α(p) − ϵ))^n ≤ P((0, 0) ←→ (n, 0)) = lim_{k→∞} P ( (0, 0)^{Tb ×[−k,k]} ←→ (n, 0) )

≤ lim_{k→∞}(α_k(p))^n = ( lim_{k→∞} α_k (p) )_n . Therefore lim_{k→∞} α_k(p) ≥ α(p) − ϵ. Since ϵ is arbitrary, we have lim_{k→∞} α_k(p) ≥ α(p), finishing the proof. �

For x ∈ T_b, let now E_x be the event that all the sites in {x} × [0, s[ are occupied, and define Y_{n,s} = P ( E_0 ∩ E_n ∩ { (0, 0)^T + b ×[0,s[ ←→ (n, s − 1) })

Lemma 2. There exists a sequence (s(n))_{n≥1}, s(n) ≥ 1, such that

lim inf n→∞ ( Y_{n,s(n)} )_{1/n} ≥ α(p).

Proof. By Harris’ inequality, when s is even, Y_{n,s} ≥ p^{2s} P ( (0, s/2)^{Tb ×[0,s[}←→ (n, s/2) ) . So that the lemma follows at once from Lemma 1 and the homogeneity of the graph T_b × Z. �

The statement and the proof of the next lemma will be easier to understand with the following picture in mind. Suppose that for some C_1, C_2 > 0 the probability of connecting (0, 0) to (C_1i, C_2i) is of order ≥ α^{C1i}, when i is large. Then the probability of connecting (0, 0) to (0, 2C_2i) by a path which goes through (C_1i, C_2i) (or any other fixed site in S_{T b} (C_1i) × {C_2i}) is of order ≥ α^{2C1i}. There are ∼ b^{C1i} vertices in T_b at distance C_1i from 0. So, summing over the sites of S_{Tb} (C_1i) × {C_2i}, we get an heuristic lower bound (bα^2)^{C1i} for the order of magnitude of the probability of {(0, 0) ←→ (0, 2C_2i)}. Of course, this reasoning only makes sense when bα^2 << 1, but it also indicates what should happen when α approaches 1/ √ b and becomes larger than this value. Technically the structure of T_b allows us to find enough “independence” to show that the heuristic prediction, contained in the next lemma, is correct. (In the proof of this lemma, the role of C_1 will be played by the quantity nl and the role of C_2 will be played by the quantity sl.)

Lemma 3. If α(p) > 1/ √ b then

inf_{z∈Z} P ( (0, 0)^T + b ×Z ←→ (0, z) ) > 0. (2.2)

Proof. Suppose that α(p) > 1/ √ b. Thanks to Lemma 2, we can take n and s ≥ 1 such that (Y_{n,s})^{1/n} = a > 1/ √ b. (2.3) We will show that if, for a proper choice of a positive integer l, we set

r_i = P ( (0, 0)^T + b ×[0,2ils] ←→ (0, 2ils) ) , i = 0, 1, 2, ... then inf i=0,1,2,... r_i > 0. (2.4)

This clearly suffices for our purposes, since then, by Harris’ inequality and symmetry,

inf_{z∈Z} P ( (0, 0)^T + b ×Z ←→ (0, z) ) ≥ p^{2ls} inf_{i=0,1,2,...} r_i > 0. For j = 1, 2, ... set

Z̄_j = | | { x ∈ S_T+_b (jn) : (0, 0)^T + b ×[0,js[ ←→ (x, js − 1) }| | .

Clearly Z̄_j ≥ Z_j , where (Z_j )_{j=0,1,2,...} is a branching process with offspring distribution identical to the distribution of Z̄_1. This distribution is concentrated on {0, 1, ..., b^n} and has mean μ_n ≥ b^nY_{n,s} = (ba)^n. Since the offspring distribution has a finite support and in particular a finite second moment, it follows from standard branching-process theory (see, e.g., example 4.3 in Sect. 4.4, p. 254 of [Dur2]) that for some random variable X with mean E(X) = 1 Z_j (μ_n)^j → X a.s. as j → ∞.

In particular, there is ϵ > 0 such that

P^{(¯}Zl ≥^{(ba)nl}_2^) ≥ P^(Zl ≥^{(ba)nl}_2^) ≥ P^(Zl ≥^{(μn)l}_2^) ≥ ϵ, (2.5)

for all large enough l.

Choose now l large enough for (2.5) to hold, and also so that ( 1 − ϵ 2 a^{nl} )^{(ba)nl}_2 ≤ 1 2 . (2.6)

This last requirement can be fulfilled because

lim sup l→∞ ( 1 − ϵ 2 a^{nl} )^{(ba)nl}_2 ≤ lim sup l→∞ exp ( − ϵ 4 (ba^2)^{nl} ) = 0,

since ba^2 > 1 by (2.3).

Next we will show inductively in i that r_i ≥ ϵ 2 a^{nl}, (2.7) verifying therefore the validity of (2.4).

For i = 0 inequality (2.7) is clearly true (since r_0 = 1 and ϵ, a ≤ 1), and we will show now that if it is true for i it is true for i + 1. From the spherical symmetry of T_b we have

r_{i+1} ≥ P ( (0, 0)^T + b ×[0,(2i+1)ls] ←→ S_T+_b (nl) × {(2i + 1)ls} ) · P^((nl, (2i + 1)ls + 1)^{T+b ×[(2i+1)ls+1,2(i+1)ls]}←→ (0, 2(i + 1)ls)^) .

(2.8)

We will now look separately at each one of the factors in the right hand side of (2.8). First, noting that the graphs T_b(x) × [ls, (2i + 1)ls], x ∈ S_T+_b (nl) are disjoint and isomorphic to T^+_b × [0, 2ils], we can use independence to write

P^((0, 0)^{T+b ×[0,(2i+1)ls]}←→ S_T+_b (nl) × {(2i + 1)ls}^) ≥ P^{(¯}Zl ≥^{(ba)nl}_2^) ·^(1 − (1 − ri)^{(ba)nl2 )} .

Using also symmetries of the graph T_b×Zand independence on disjoint subsets, we have for the second factor in the right hand side of (2.8),

P^((nl, (2i + 1)ls + 1)^{T+b ×[(2i+1)ls+1,2(i+1)ls]}←→ (0, 2(i + 1)ls)^) = P^((nl, 0)^{T+b ×[0,ls[}←→ (0, ls − 1)^) ≥ (Yn,s)^l. Combining the last three displays and using (2.5), the induction hypothesis (2.7), (2.6) and (2.3) we obtain

r_{i+1} ≥ P ( Z̄_l ≥ (ba)^{nl} 2 ) · ( 1 − (1 − r_i)^{(ba)} nl 2 ) · (Y_{n,s})^l ≥ ϵ 2 a^{nl}. This completes the proof of (2.7) and of Lemma 3. �

Proof of Proposition 1. The infimum in (1.4) can be taken over x = (0, 0), y = (z, t), with z ∈ T^+_b . We suppose below that x and y are of this form.

Note that Lemma 3 implies

P^((0, 0)^{T+b ×Z}←→ (0, j) for infinitely many j ≥ 0^) > 0. (2.9)

Let A_1(n) be the event that some v ∈ S_{Tb \T}+_b (n) is connected inside of

Tb(v) × Zto infinitely many sites in {v} × Z+. Noting that the b^{n−1} graphs Tb(v) × Z, v ∈ S_{T b \T}+_b (n) are disjoint and isomorphic to T^+_b × Zwe obtain from

(2.9)

lim_{n→∞} P(A_1(n)) = 1. (2.10)

In order to define the next event of interest, we let |z| be the distance in the graph T_b between the root and the site z, and we set Tb(z, n) =^⋃_{u∈S}T_{b(z)(|z|+n)} Tb(u), Note that this is a disjoint union of copies of T^+_b . Now let A_2(n, y) be the event that some v ∈ S_{Tb \T}+_b (n) is connected inside of (T_b(z, n))^c × Zto all sites in

∂Tb(z, n) × {j} for some j ∈ Z+. It is clear that for all n, P(A2(n, y) | A1(n)) = 1. (2.11)

Since the graph T_b(z, n) × Zis a disjoint union of b^n copies of T^+_b × Z, we obtain using Lemma 3 again and independence on disjoint subsets of the graph T_b × Zthat

lim_{n→∞} P(B(x, n) ←→ B(y, n) | A_1(n) ∩ A_2(n, y)) = 1, (2.12)

uniformly in y = (z, t).

Combining (2.10), (2.11) and (2.12), we obtain (1.4). �

3. Relations with work on the contact process

In this section we will explain how the work in the present paper is related to work on the contact process. The contact process is one of the fundamental examples of an interacting particle system and can be described as follows. At each time t ≥ 0 each site of a graph G = (V, E) can be healthy (state 0) or infected by a disease (state 1). Infected sites recover at rate 1, independently of anything else, while each healthy site is infected at a rate which is the product of a constant λ > 0 by the number of its neighboring sites which are infected. The constant λ is called the infection parameter and plays a role similar to that of p in percolation. In what follows we will generally suppose that the reader is familiar with this model, otherwise we refer him/her to [Lig1] or [Dur1] for introductions to it.

That close relations exist between percolation and the contact process is not a surprise, since the graphical construction of the contact process shows that this model is identical to a percolation process which is partially oriented and continuous. This percolation process takes place on V × R_+, which can be seen as the space-time setting for the model. Most of the relations between work on percolation and work on the contact process have been in the direction of percolation results and techniques leading to developments in our understanding of the contact process. For instance [DG] introduced a rescaling scheme for the one-dimensional contact process and obtained a series of exponential estimates for this model inspired by the rescaling scheme for percolation introduced in [Rus]. One of the most fundamental papers ever written about the contact process, the paper [BG], built on a dynamic rescaling technique devised for percolation in [BGN]. What is particularly interesting about the percolation–contact-process relation in the present paper is that here the relation is inverted, with contact process techniques feeding back to percolation theory.

The relatively long digression provided below seems to be worthwhile for two reasons. For readers who are interested in following the developments in percolation and contact process theory it will explain and emphasize some important connections. Readers who study the papers referred to below will certainly find the technical work in Section 2 above less mysterious. The other reason is to advertise once more this important point: the study of statistical mechanics models, percolation and interacting particle systems are interrelated in many ways and progress in each one of them may lead to progress in the others, sometimes in unexpected ways.

The paper [GN] seems to have been one of the sources of motivation for the paper [Pem], where the study of the contact process on homogeneous trees was started. The reason for this connection should be clear from the nature of the space-time setting for this contact processes. While [GN] showed that percolation on T_b × Z (with b large) has three phases, with N = 0, ∞, 1, respectively, [Pem] showed that the contact process on T_b (with b large) has three phases also. In the first one the process (actually the infection) dies out, i.e., if started from a finite set of infected sites, eventually the infection will disappear. In the second phase there is survival (of the infection) in the global sense, meaning that the system does not die out, but there is no local survival (of the infection) as defined below. In the third phase there is local survival (of the infection), meaning that if the process is started from a finite set of infected sites, then with positive probability every site will be infected at arbitrarily large times. The values of λ at the boundary between the first regime and the second is denoted λ_1, and the one between the second and third regimes is denoted λ_2.

It is worth pointing out that while percolation on T_b is basically a trivial model, since it amounts to a simple branching process, other processes like the Ising model on T_b have also an interesting theory (see Chapter 12 of [Geo]).

[Pem] was followed by a large number of papers dedicated to the study of the contact process on T_b and some related processes. In chronological order we have: [MS], [MSZ], [DS], [Wu2], [Zha], [Lig2], [Sta], [Lig3], [LS], [SaS2], [Lal2], and [Sch1]. We will explain now how the work in some of these papers led to the work presented here. [Zha] proved the following two results: (a) for λ > λ_2 complete convergence holds (roughly speaking, if the process is started from any set of infected sites and it survives, then we have convergence in distribution to a unique non-trivial invariant probability distribution); (b) at λ = λ_2 the process does not survive locally. [Lig3] introduced an analogue of the quantity α(p) in the current paper (let’s call it α_{cp}(λ)); he obtained several of its properties and conjectured that for λ ≤ λ_2, α_{cp}(λ) ≤ 1/ √ b. This conjecture was proved by [LS], who also stressed, as pointed out by Liggett, that this provides a simplified proof of the result (b) of [Zha]. In parallel to these developments, and motivated by the work on the contact process on T_b, [SaS1] and [SaS3] studied the contact process on fairly arbitrary graphs. It was shown in the first of these papers that for the contact process on a quasitransitive graph the threshold for complete convergence (with survival) can be characterized in a way which is analogous to the characterization of p_u in (1.1) (see Theorem 2 parts (b) and (i) in [SaS1]). A combination of this result from [SaS1] with ideas from [Zha] and [LS] led to the paper [SaS2], in which a simplified proof of the result (a) of [Zha] was presented. The relation (1.1) used here was derived in [Sch2], motivated also by the result of [SaS1] quoted above. Finally here we are building on the techniques of [SaS2], when we prove (1.4) and use (1.1) in order to prove Theorem 2. A guiding principle which helped us follow the path just described was the heuristic idea that complete convergence is for the contact process what uniqueness of the infinite cluster is for percolation.

Acknowledgements: As explained above, the techniques used in this paper were motivated by techniques and results on the contact process obtained in the papers [SaS1] and [SaS2]; it is a pleasure to thank Marcia Salzano for her collaboration in that project and for discussions on the current paper. I am very grateful to Itai Benjamini and Oded Schramm for having made a number of important suggestions which led to improvements to the presentation of this paper. It is also a pleasure to thank Maury Bramson and Rick Durrett for organizing the conference and volume in honor to Harry Kesten for which this paper was written. This work was partially supported by the N.S.F. through grant DMS-9703814.

References [AKN] M. Aizenman, H. Kesten and C. M. Newman, Uniqueness of the infinite cluster and continuity of connectivity functions in short- and long-range percolation, Communications in Mathematical Physics 111 (1987), 505–532.

[AN] M. Aizenman and C. M. Newman, Tree graph inequalities and critical behavior in percolation models, Journal of Statistical Physics 36 (1984), 107–143.

[BB] E. Babson and I. Benjamini, Cut sets and normed cohomology with application to percolation, preprint (1997), Proceedings of the American Mathematical Society (to appear).

[BA] D. Barsky and M. Aizenman, Percolation critical exponents under the triangle condition, Communications in Mathematical Physics 19 (1991), 1520–1536.

[BGN] D. J. Barsky, G. R. Grimmett and C. M. Newman, Percolation in half spaces: equality of critical probabilities and continuity of the percolation probability, Probability Theory and Related Fields Verwandte Gebiete 90 (1991), 111–148.

[BLPS1] I. Benjamini, R. Lyons, Y. Peres and O. Schramm, Group-invariant percolation on graphs, preprint (1997).

[BLPS2] I. Benjamini, R. Lyons, Y. Peres and O. Schramm, Critical percolation on any non-amenable group has no infinite clusters, The Annals of Probability (to appear).

[BS1] I. Benjamini and O. Schramm, Percolation beyond Z^d, many questions and a few answers, Electronic Communications in Probability 1 (1996), 71–82.

[BS2] I. Benjamini and O. Schramm, (Paper in preparation). [BG] C. Bezuidenhout and G. Grimmett (1990), The critical contact process dies out, The Annals of Probability 18, 1462–1482.

[BHW] G. R. Brightwell, O. Häggström and P. Winkler, Nonmonotonic behavior in hard-core and Widom-Rowlinson models, Journal of Statistical physics (to appear).

[BK] R. M. Burton and M. Keane, Density and uniqueness in percolation, Communications in Mathematical Physics 121 (1989), 501–505.

[Dur1] R. Durrett, Lecture notes on interacting particle systems and percolation, Wadsworth & Brooks/Cole Publ. Co., 1988.

[Dur2] R. Durrett, Probability: Theory and Examples, Second edition, Duxbury Press, 1996.

[DG] R. Durrett and D. Griffeath, Supercritical contact processes on Z, The Annals of Probability 11 (1983), 1–15.

[DS] R. Durrett and R. B. Schinazi, Intermediate phase for the contact process on a tree, The Annals of Probability 23 (1995), 668–673.

[Geo] H.-O. Georgii, Gibbs measures and phase transitions, Walter de Gruyter, 1988.

[Gri] G. R. Grimmett, Percolation, Springer-Verlag, New York-Berlin, 1989.

[GN] G. R. Grimmett and C. M. Newman, Percolation in ∞+1 dimensions, in Disorder in physical systems, G. R. Grimmett and D. J. A. Welsh, editors, Claremond Press, Oxford (1990), 219–240.

[HP] O. Häggström and Y. Peres, Monotonicity of uniqueness for percolation on Cayley graphs: all infinite clusters are born simultaneously, preprint (1997).

[HPS] O. Häggström, Y. Peres and R. H. Schonmann, Percolation on transitive graphs as a coalescent process: relentless merging followed by simultaneous uniqueness, preprint (1998).

[HS] T. Hara and G. Slade, Mean-field critical behavior for percolation in high dimensions, Communications in Mathematical Physics 128 (1990), 333 – 391.

[JS] J. Jonasson and J. E. Steif, Amenability and phase transition in the Ising model, Journal of Theoretical Probability (to appear).

[Kes1] H. Kesten, The critical probability of bond percolation on the square lattice equals 1/2, Communications in Mathematical Physics 74 (1980), 41 – 59.

[Kes2] H. Kesten, Percolation Theory for Mathematicians, Birkhäuser,

Boston-Basel-Stuttgard, 1982.

[Lal] S. P. Lalley, Percolation on Fuchsian groups, Annales de L’Institut Henri Poincaré (Probability and Statistics) 34 (1998), 151–177.

[Lal2] S. Lalley, Growth profile and invariant measures for the weakly supercritical contact process on a homogeneous tree, The Annals of Probability (to appear).

[LS] S. Lalley and T. Sellke, Limit set of a weakly supercritical contact process on a homogeneous tree, preprint 1996, The Annals of Probability 26 (1998), 644–657.

[Lig1] T. M. Liggett, Interacting Particle Systems, Springer Verlag, 1985. [Lig2] T. M. Liggett, Multiple transition points for the contact process on the binary tree, The Annals of Probability 24 (1996), 1675–1710.

[Lig3] T. M. Liggett, Branching random walks and contact processes on homogeneous trees, Probability Theory and Related Fields 106 (1996), 495–519.

[Lyo1] R. Lyons, The Ising model and percolation on trees and tree-like graphs, Communications in Mathematical Physics 125 (1989), 337– 353.

[Lyo2] R. Lyons, Random walk and percolation on trees, The Annals of Probability 18 (1990), 931–958.

[MS] N. Madras and R. B. Schinazi, Branching Random Walk on trees, Stochastic Process and Their Applications 42 (1992), 255–267.

[MSZ] G. J. Morrow, R. B. Schinazi and Y. Zhang, The critical contact process on a homogeneous tree, Journal of Applied Probability 31 (1994), 250–255.

[New] C. M. Newman, Some critical exponent inequalities for percolation, Journal of Statistical Physics 45 (1986), 359–368.

[NS] C. M. Newman and L. S. Schulman, Infinite clusters in percolation models, Journal of Statistical Physics 26 (1981), 613–628.

[NW] C. M. Newman and C. C. Wu, Markov fields on branching planes, Probability Theory and Related Fields 85 (1990), 539–552.

[Pem] R. Pemantle, The contact process on trees, The Annals of Probability 20 (1992), 2089–2116.

[Rus] L. Russo, On the critical percolation probabilities, Zeitschrift für Wahrscheinslichkeitstheorie und Verwandte Gebiete 56 (1981), 229– 237.

[SaS1] M. Salzano and R. H. Schonmann, The second lowest extremal invariant measure of the contact process, The Annals of Probability 25 (1997), 1846–1871.

[SaS2] M. Salzano and R. H. Schonmann, A new proof that for the contact process on homogeneous trees local survival implies complete convergence, The Annals of Probability 26 (1998), 1251–1258.

[SaS3] M. Salzano and R. H. Schonmann, The second lowest extremal invariant measure of the contact process II, preprint (1997).

[Sch1] R. H. Schonmann, The triangle condition for contact processes on homogeneous trees, Journal of Statistical Physics 90 (1998), 1429– 1440.

[Sch2] R. H. Schonmann, Stability of infinite clusters in supercritical percolation, Probability Theory and Related Fields (to appear).

[ST] R. H. Schonmann and N. I. Tanaka, Lack of monotonicity in ferromagnetic Ising model phase diagrams, The Annals of Applied Probability 8 (1998), 234–245.

[SeS] C. M. Series and Ya. G. Sinai, Ising models on the Lobachevsky Plane, Communications in Mathematical Physics 128 (1990), 63–76.

[Sta] A. M. Stacey, The existence of an intermediate phase for the contact process on trees, The Annals of Probability 24 (1996), 1711–1726.

[Wu1] C. C. Wu, Critical behavior of percolation and Markov fields on branching planes, Journal of Applied Probability 30 (1993), 538–547.

[Wu2] C. C. Wu, The contact process on a tree – behavior near the first transition, Stochastic Processes and their Applications 57 (1995), 99–112.

[Wu3] C. C. Wu, Ising models on hyperbolic graphs, Journal of Statistical Physics 85 (1996), 251–259.

[Zha] Y. Zhang, The complete convergence theorem of the contact process on trees, The Annals of Probability 24 (1996), 1408–1443.

Mathematics Department, University of California at Los Angeles, Los Angeles, CA 90095