On complex singularity analysis for linear q−difference-differential equations

Stéphane Malek Université de Lille 1 UFR de mathématiques 59655 Villeneuve d’Ascq Cedex France Stephane.Malek@math.univ-lille1.fr Tel 03 20 43 42 40

december, 4 2007

Abstract

We investigate the existence of global holomorphic solutions of linear q−difference-differential equations, with meromorphic coefficients, having complex singularities along q−spirals. We also study the rate of growth of the constructed solutions near these singular points.

Key words: Cauchy problem, functional differential equation, q−difference equation, entire function with q−exponential growth, transseries expansion, singularity analysis. 2000 MSC: 35C10, 35C20.

1 Introduction

We study linear q−difference-differential equations of the form

(1) ∂^S_z X(t, z) =

S−1∑ k=0 b_k(t, z)(∂^k_z X)(q^{p0,k} t, zq^{−m1,k} )

where q is a complex number such |q| > 1, S, p_{0,k}, m_{1,k} ≥ 1 are positive integers and b_k(t, z) are meromorphic functions in t and polynomial in z on C^∗ × C. As in [7], we will consider the case when each deviation (t, z) → (q^{p0,k} t, zq^{−m1,k} ) is a volume shrinking map meaning that the modulus of the determinant of its jacobian matrix is smaller than one, which is equivalent to the fact that p_{0,k} < m_{1,k}.

Our goal is to investigate a singularity analysis of holomorphic solutions of (1) using the approach of formal series expansions which belong to the class of so-called transseries (cf. [4]). This point of view has shown a great success in the context of differential and difference equations in the complex domain. In particular, the formation of complex singularities and local behaviour of the holomorphic solutions near the singular points along Stokes directions for systems of non linear difference and differential equations with irregular singularities have been studied using the concept of formal transseries, see [2], [5], [6].

We are looking for formal series expansions solutions of (1) of the form

(2) X̂(t, z) = ∑ l,β≥0

X_{l,β}(t)(e_q(t))^l z^β β! .

The function e_q(t) is a meromorphic function defined on a domain S ⊂ C^∗ invariant with respect to the dilation t → qt having poles along a part of a union of q−spirals (as defined in [3], [9]) denoted by Θ. The coefficients X_{l,β}(t) are bounded holomorphic functions on S.

In the framework of differential equations, the transseries are constructed in the form ŷ(t) = ∑ l≥0 x̂_l(t)e^{l/t} where x̂_l(t) are formal power series. These transseries yield actual holomorphic solutions to differential equations of the form y(t) = ∑ l≥0 x_l(t)e^{l/t}, where x_l(t) are the k−sums of x̂_l(t) in some direction d, see [5], [6]. In our context, the function e_q(t) will play the same role as the exponential function e^{1/t} and the coefficients X_{l,β}(t) will play the role of the k−sums x_l(t).

In a first part of the paper, we construct the function e_q(t) as a particular solution of a q−difference equation on C^∗ with rational coefficient.

In a second part, we study a Cauchy problem in a space of entire functions with q−exponential growth (Theorem 1).

In the third part, we construct formal transseries solutions (2) of (1) and we give sufficient conditions under which these solutions define holomorphic functions on the open set (S \ Θ) × C using a majorazing series technique reducing the problem to the study of the Cauchy problem of the second part. Finally, using the fact that e_q(t) has meromorphic singularities on Θ and classical growth properties of q−Gevrey entire functions, we get that these solutions have actually sub-exponential rate of growth for t near the points of Θ and z in C (Theorem 2).

2 A q−difference equation

In this section, we study a particular solution of the following q−difference equation

(3) e_q(qt) = (1 + u(1/t))e_q (t)

where q is a complex number such that |q| > 1 and u is a rational function. Let u = P/Q with P , Q be two polynomials. We make the following assumptions on u.

(H1). Assume that P (0) = 0, Q(0) ≠ 0 and if deg(P ) denotes the degree of the polynomial P , we have 1 ≤ deg(P ) ≤ deg(Q) and deg(P + Q) ≥ 1.

(H2). We denote by d_1, . . . , d_{deg(Q)} the roots of Q and n_1, . . . , n_s the roots of P + Q. By (H1), we get that n_j ≠ 0, 1 ≤ j ≤ s. For 1 ≤ j ≤ s, let δ_j > 0 be positive real numbers, let B(1/n_j , δ_j ) be the open disc centered at 1/n_j with radius δ_j and B̄(1/n_j , δ_j ) its closure. We assume that there exist δ_j > 0, 1 ≤ j ≤ s, η > 0 such that

dist(d_kB̄(1/n_j , δ_j )q^Z, 1) := min

H∈Z,x_j ∈B̄(1/n_j ,δ_j )

|d_kx_jq^H − 1| ≥ η,

for all 1 ≤ k ≤ deg(Q), 1 ≤ j ≤ s. Moreover, we assume that δ_j > 0 can be chosen small enough such that B(1/n_j , δ_j ) and B̄(1/n_j , δ_j ) belong to C^∗ for 1 ≤ j ≤ s. In the following, we denote by S the open set S = ∪^s_{j=1}q^ZB(1/n_j , δ_j ) and S̄ the set S̄ = ∪^s_{j=1}q^ZB̄(1/n_j , δ_j ).

Remark: Similar q−difference equations like (3) giving rise to q−analogs of exponential functions and Jacobi theta functions have been studied in [8] and similar sets S which are invariant under the dilation t → qt have been considered in the theory of resummation of formal series along q−spirals, see [3], [9].

Lemma 1 a) For all n ≥ 0, there exists M_n > 0 such that, for all t ∈ S̄,

|u(1/(q^nt))| ≤ M_n.

b) Let h ∈ Z. Then, there exist M_h > 0 and n_{0,h} > 0 depending on h such that

|u(1/(q^nt))| ≤ M_h( 1 |q|^n

)^{val(P )},

for all n ≥ n_{0,h}, for all t ∈ ∪^s_{j=1}q^hB̄(1/n_j , δ_j ), where val(P ) denotes the valuation of the polynomial P .

Proof a) Let n ≥ 0 be a fixed integer. If Q(X) = a(d_1 − X) · · · (d_{deg(Q)} − X) where a ∈ C^∗, we have u( 1 q^nt ) = P (^1_{qnt} ) a(d_1 −^1_{qnt} ) · · · (d_{deg(Q)} −^1_{qnt} ) . If t = q^hx_j ∈ S̄, 1 ≤ j ≤ s, h ∈ Z, x_j ∈ B̄(1/n_j , δ_j ), due to (H2) we have

(4) |d_k − 1 q^{n+h}x_j

| = | d_kx_j q^{n+h} − 1 q^{n+h}x_j | ≥ η |q|^{n+h}|x_j |

> 0,

for 1 ≤ k ≤ deg(Q). In particular, u(1/q^nt) is well defined for all t ∈ S̄.

There exist M > 0 and A > 0 such that for all z ∈ C, |z| ≥ A implies |P (z)| ≤ M|z|^{deg(P )}. In particular, there exists h_{0,n} < 0 depending on n such that for all h ≤ h_{0,n}, for all x_j ∈ B̄(1/n_j , δ_j ), we have 1/(|q|^{n+h}|x_j|) ≥ A which implies

(5) |P ( 1 q^{n+h}x_j

)| ≤ M 1 (|q|^{n+h}|x_j |)^{deg(P )} . From (4) and (5), we deduce

|u(1/(q^{n+h}x_j))| ≤ M |a|η^{deg(Q)}

(|q|^{n+h}|x_j |)^{deg(Q)} (|q|^{n+h}|x_j |)^{deg(P )} . From (H1), the sequence |q|^{h(deg(Q)−deg(P ))} is bounded as h → −∞. So that there exists M_{0,n} > 0 depending on n, there exists h_{0,n} < 0 depending on n such that for all h ≤ h_{0,n}, for all x_j ∈ B̄(1/n_j , δ_j ),

(6) |u(1/(q^{n+h}x_j))| ≤ M_{0,n}.

There exist M > 0 and δ > 0 such that for all z ∈ C, |z| < δ implies |P (z)| ≤ M|z|^{val(P )}. In particular, there exists h_{1,n} > 0 depending on n such that for all h ≥ h_{1,n}, for all x_j ∈ B̄(1/n_j , δ_j ), we have 1/(|q|^{n+h}|x_j|) ≤ δ which implies

(7) |P ( 1 q^{n+h}x_j

)| ≤ M 1 (|q|^{n+h}|x_j |)^{val(P )} . From (H1) we have d_k ≠ 0, 1 ≤ k ≤ deg(Q) and from the fact that lim_{h→+∞} 1/(q^{n+h}x_j ) = 0, we deduce that there exist η_1 > 0, h_{1,n} > 0 such that for all h ≥ h_{1,n}, for all x_j ∈ B̄(1/n_j , δ_j ), 1 ≤ k ≤ deg(Q),

(8) |d_k − 1 q^{n+h}x_j

| ≥ η_1

From (8) and (7), we deduce

|u(1/(q^{n+h}x_j))| ≤ M |a|(η_1)^{deg(Q)}(|q|^{n+h}|x_j |)^{val(P )}

From (H1), we have val(P ) ≥ 1, so that 1/|q|^{hval(P )} tends to 0 as h → +∞. We deduce that there exists M_{1,n} > 0 depending on n, there exists h_{1,n} > 0 depending on n such that for all h ≥ h_{1,n}, for all x_j ∈ B̄(1/n_j , δ_j ),

(9) |u(1/(q^{n+h}x_j))| ≤ M_{1,n}.

From (4), u(1/(q^{n+h}x_j)) is well defined for all h_{0,n} ≤ h ≤ h_{1,n}, all x_j ∈ B̄(1/n_j , δ_j ). We deduce that there exists M_{2,n} > 0 depending on n such that for all h_{0,n} ≤ h ≤ h_{1,n}, all x_j ∈ B̄(1/n_j , δ_j ),

(10) |u(1/(q^{n+h}x_j))| ≤ M_{2,n}.

Finally, from (6), (9), (10), we get M_n = sup(M_{0,n}, M_{1,n}, M_{2,n}) depending on n such that for all h ∈ Z, for all x_j ∈ B̄(1/n_j , δ_j ), 1 ≤ j ≤ s,

|u(1/(q^{n+h}x_j))| ≤ M_{3,n}.

The part a) of Lemma 1 follows.

b) Let h ∈ Z. From (Q1) we have d_k ≠ 0, 1 ≤ k ≤ deg(Q) and from the fact that lim_{n→+∞} 1/(q^{n+h}x_j ) = 0, there exists η_1 > 0, there exists n_{0,h} ≥ 0 (depending on h) such that for all n ≥ n_{0,h}, for all x_j ∈ B̄(1/n_j , δ_j ), 1 ≤ j ≤ s,

(11) |d_k − 1 q^{n+h}x_j

| ≥ η_1

On the other hand, there exist M > 0 and δ > 0 such that for all z ∈ C, |z| < δ implies |P (z)| ≤ M|z|^{val(P )}. In particular, there exists n_{0,h} ≥ 0 (depending on h) such that for all n ≥ n_{0,h}, for all x_j ∈ B̄(1/n_j , δ_j ) implies 1/(|q|^{n+h}|x_j |) ≤ δ, which implies

(12) |P ( 1 q^{n+h}x_j

)| ≤ M 1 (|q|^{n+h}|x_j |)^{val(P )} ≤ M 1 (|q|^{n+h}m_j )^{val(P )} . where m_j > 0 depends on B̄(1/n_j , δ_j ).

From (11) and (12), we deduce that

|u(1/(q^{n+h}x_j ))| ≤ M |a|(η_1)^{deg(Q)}(|q|^{n+h}m_j )^{val(P )}

for all n ≥ n_{0,h}, for all x_j ∈ B̄(1/n_j , δ_j ), 1 ≤ j ≤ s. The part b) of Lemma 1 follows. �

Proposition 1 a) The infinite product

∏_{+∞}

n=0(1 + u(1/(q^nt))) converges uniformly on the compact sets ∪^s_{j=1}q^hB̄(1/n_j , δ_j ) for any h ∈ Z. b) We denote by Θ = ∪^s_{j=1}^1_{nj} q^{−N}. Then, the function

e_q(t) = 1 ∏_{+∞}

n=0(1 + u(1/(q^nt))) , is a solution of (3) which is holomorphic on the open set S \Θ and has meromorphic singularities on Θ.

Proof a) Let h ∈ Z. From Lemma 1) b), there exist M_h > 0 and n_{0,h} > 0 depending on h such that |u(1/(q^nt))| ≤ M_h( 1 |q|^n

)^{val(P )},

for all n ≥ n_{0,h}, for all t ∈ ∪^s_{j=1}q^hB̄(1/n_j , δ_j ). We deduce that there exist M_{1,h} > 0 and n_{1,h} > 0 such that |Log(1 + u( 1 q^nt

))| ≤ M_{1,h}( 1 |q|^n

)^{val(P )}

for all n ≥ n_{1,h}, for all t ∈ ∪^s_{j=1}q^hB̄(1/n_j , δ_j ). From (H1), we have val(P ) ≥ 1. So that the series ∑

n≥n_{1,h}

Log(1 + u( 1 q^nt )) converge uniformly on ∪^s_{j=1}q^hB̄(1/n_j , δ_j ). The part a) of Proposition 1 follows.

b) From Proposition 1 a), the infinite product

∏_{+∞}

n=0(1 + u(1/(q^nt))) defines a holomorphic function on S. Moreover, by construction for a given n ≥ 0, the solutions of 1 + u(1/(q^nt)) = 0 are of the form t = q^{−n}/n_j , 1 ≤ j ≤ s. Moreover, these complex numbers are poles for the function 1/(1 + u(1/(q^nt))) because u is a rational function. So that the function e_q(t) = 1/ ∏_{+∞} n=0(1 + u(1/(q^nt))) is holomorphic on S outside the points q^{−n}/n_j, 1 ≤ j ≤ s, n ≥ 0, and is meromophic at these points. As in [8], page 72, one verifies that e_q(t) is formally a solution of (3) by plugging the expression 1/

∏_{+∞}

n=0(1 + u(1/(q^nt))) in (3). The part b) of Proposition 1 follows. �

3 A Cauchy problem in a class of entire functions with q−exponential growth

Definition 1 Let q, T, X be real numbers such that q > 1, T, X > 0. We define a vector space G^q(T, X) which is a subspace of the vector space of entire functions on C^2 denoted by A(C^2). An entire function U(t, x) = ∑ l,β≥0

u_{l,β}t^l x^β β! belongs to G^q(T, X), if the series ∑ l,β≥0

|u_{l,β}| q^{P (l,β)}β!

T^lX^β,

converges, where P (l, β) denotes the polynomial

P (l, β) = lβ − β^2 − l^2

and we also define a weighted L^1 norm on G^q(T, X) as

||U(t, x)||_{T,X} = ∑ l,β≥0

|u_{l,β}| q^{P (l,β)}β!

T^lX^β.

One can easily show that (G^q(T, X), ||.||_{T,X} ) is a Banach space.

Remark: Let U(t, x) be in G^q(T_0, X_0) for given T_0, X_0 > 0. Then, U(t, x) also belong to the spaces G^q(T, X) for all X ≤ X_0 and T ≤ T_0. Moreover, the maps X → ||U(t, x)||_{T,X} and T → ||U(t, x)||_{T,X} are increasing functions from [0, X_0] (resp. [0, T_0]) into R_+. We define the integration operator ∂^{−1}_x : A(C^2) → A(C^2) as ∂^{−1}_x U(t, x) :=

∫_x 0 U(t, ζ)dζ.

Definition 2 For any polynomial a(t, x) = ∑ α,μ≥0 aα,μt

αx^μ ∈ C[t, x], we denote by |a|(t, x) the polynomial |a|(t, x) = ∑ α,μ≥0 |aα,μ|t

αx^μ.

Definition 3 Let h_2, m_1, m_2 ≥ 0 be non negative integers. Let the set

P_{h2,m1,m2} = {(α, μ) ∈ N^2 : h_2 + μ ≥ 2α + m_1 , α + m_2 ≥ 2(h_2 + μ)} assumed not to be empty. A polynomial a(t, x) ∈ C[t, x] is said of P_{h2,m1,m2} −type if it is of the form a(t, x) = ∑ (α,μ)∈P_{h2 ,m1,m2}

a_{α,μ}t^αx^μ.

Remark: If (α, μ) ∈ P_{h2,m1,m2} then we get 0 ≤ 3α ≤ m_2 −2m_1 and 0 ≤ 3μ ≤ −3h_2 +2m_2 −m_1. In particular, the set P_{h2,m1,m2} is bounded in N^2.

Lemma 2 Let h_2, m_1, m_2 ≥ 0 be non negative integers. Assume that the set P_{h2,m1,m2} is not empty. Then, there exists a constant C > 0 (depending on h_2, m_1, m_2) such that for all polynomials a(t, x) of P_{h2,m1,m2} −type, one has ||a(t, x)(∂^{−h2}_x U)(q^{m1} t, q^{−m2} x)||_{T,X} ≤ C|a|(T, X)X^{h2} ||U(t, x)||_{T,X} for all U(t, x) ∈ G^q(T, X).

Proof For U(t, x) ∈ G^q(T, X) we have

a_{α,μ}t^αx^μ(∂^{−h2}_x U)(q^{m1} t, q^{−m2} x) = a_{α,μ} ∑ l,β β! (β − μ)!

u_{l−α,β−h2−μ}q^{m1(l−α)}q^{−m2(β−μ)}t^l x^β β! .

By definition, we have

||a_{α,μ}t^αx^μ(∂^{−h2}_x U)(q^{m1} t, q^{−m2} x)||_{T,X} = |a_{α,μ}|T^αX^{μ+h2} ∑ l,β |u_{l−α,β−h2−μ}|(β!/(β − μ)!)q^{m1(l−α)}q^{−m2(β−μ)} q^{P (l,β)}β!

T^{l−α}X^{β−h2−μ}

So that

||a_{α,μ}t^αx^μ(∂^{−h2}_x U)(q^{m1} t, q^{−m2} x)||_{T,X} = |a_{α,μ}|T^αX^{μ+h2} ∑ l,β A(l, β)

|u_{l−α,β−h2−μ}| q^{P (l−α,β−h2−μ)}(β − h_2 − μ)!

T^{l−α}X^{β−h2−μ} where A(l, β) =

(β − h_2 − μ)!

(β − μ)!q^{(P (l,β)−P (l−α,β−h2−μ)−m1 (l−α)+m2 (β−μ))} . By construction, we have

P (l, β) − P (l − α, β − h_2 − μ) − m_1(l − α) + m_2(β − μ) = l(h_2 + μ − 2α − m_1) + β(α − 2h_2 − 2μ + m_2) − αh_2 − αμ + h^2 + 2h_2μ + μ^2 + α^2 + m_1α − m_2μ.

So that there exists a constant C > 0 (depending on h_2, m_1, m_2) such that if (α, μ) ∈ P_{h2,m1,m2} then A(l, β) ≤ C, for all l, β. This gives the lemma. �

Lemma 3 Let δ_1, δ_2 > 0 be positive real numbers and let U(t, x) be in G^q(T_0, X_0). Then, there exist X, T > 0 small enough (depending on δ_1, δ_2) such that the function U(δ_1t,^x_{δ2} ) belongs to G^q(T, X).

Proof Let U(t, x) ∈ G^q(T_0, X_0). We have

U(δ_1t, x δ_2 ) = ∑ l,β≥0

u_{l,β}δ_1^lδ_2^{−β}t^l x^β β! .

By definition, we have

||U(δ_1t, x δ_2

)||_{T,X} = ∑ l,β |u_{l,β}| q^{P (l,β)}β!

(δ_1T )^l(X/δ_2)^β.

Due to the fact that U(t, x) ∈ G^q(T_0, X_0), this latter series converges if X/δ_2 ≤ X_0 and δ_1T ≤ T_0. So that, if X/δ_2 ≤ X_0 and δ_1T ≤ T_0, then U(δ_1t,^x_{δ2} ) ∈ G^q(T, X). �

Lemma 4 Let α, μ ∈ N and let U(t, x) ∈ G^q(T_0, X_0). Then, there exist T, X > 0 (depending on α, μ) small enough such that the function t^αx^μU(t, x) belongs to G^q(T, X).

Proof Let U(t, x) ∈ G^q(T_0, X_0). From the proof of Lemma 2, we get a constant C > 0 such that

||t^αx^μU(t, x)||_{T,X} ≤ C(q^{2α}T )^α(q^{2μ}X)^μq^{αμ} ∑ l,β |u_{l−α,β−μ}| q^{P (l−α,β−μ)}(β − μ)!

(q^{2α}T )^{l−α}(q^{2μ}X)^{β−μ}.

Due to the fact that U(t, x) ∈ G^q(T_0, X_0), the series on the right hand side of the latter inequality is convergent, which yields t^αx^μU(t, x) ∈ G^q(T, X), if q^{2μ}X ≤ X_0 and q^{2α}T ≤ T_0. � Let D be the linear operator from A(C^2) into A(C^2) defined as

D(u(t, x)) = ∂^S_x u(t, x) −

S−1∑ k=0 a_k(t, x)(∂^k_x u)(q^{m0,k} t, xq^{−m1,k} ),

where S ≥ 1, m_{0,k}, m_{1,k} ≥ 0 are integers and a_k(t, x) ∈ C[t, x] for 0 ≤ k ≤ S − 1. We make the following assumption.

Assumption (A):

i) The set P_{S−k,m0,k,m1,k} is not empty, ii) The polynomial a_k(t, x) is of P_{S−k,m0,k,m1,k} −type, for all 0 ≤ k ≤ S − 1.

We consider the following operator from A(C^2) into A(C^2), D ∘ ∂^{−S}_x = id − A, where A(u(t, x)) =

S−1∑ k=0 a_k(t, x)(∂^{−(S−k)} x u)(q^{m0,k} t, xq^{−m1,k} ),

for all u(t, x) ∈ A(C^2), and id is the identity operator. As a consequence of Lemma 2 we get the following lemma.

Lemma 5 There exist real numbers X, T > 0 small enough (that depend on the coefficients of a_k(t, x) for 0 ≤ k ≤ S − 1) such that A is a bounded linear operator, from (G^q(T, X), ||.||_{T,X} ) into itself. Moreover the estimates hold, ||Au(t, x)||_{T,X} ≤ (1/2)||u(t, x)||_{T,X} , for all u(t, x) ∈ G^q(T, X).

Corollary 1 There exist real numbers X, T > 0 small enough (that depend on the coefficients of a_k(t, x) for 0 ≤ k ≤ S − 1) such that D ∘ ∂^{−S}_x is a bounded invertible operator from (G^q(T, X), ||.||_{T,X} ) into itself. In particular, there exists a constant C > 0 such that ||(D ∘ ∂^{−S}_x )^{−1}b(t, x)||_{T,X} ≤ C||b(t, x)||_{T,X} , for all b(t, x) ∈ G^q(T, X).

The main result of this section is the following.

Theorem 1 Consider a partial q−difference differential equation

(13) ∂^S_x u(t, x) =

S−1∑ k=0 a_k(t, x)(∂^k_x u)(q^{m0,k} t, xq^{−m1,k} ),

where S ≥ 1, m_{0,k}, m_{1,k} ≥ 0 are integers and a_k(t, x) ∈ C[t, x] for 0 ≤ k ≤ S − 1. We make the hypothesis that the assumption (A) is fulfiled. We impose the initial conditions : For all 0 ≤ j ≤ S − 1, (14) (∂^j_xu)(t, 0) = ϕ_j(t), where ϕ_j(t) ∈ G^q(T_0, X_0), for given T_0, X_0 > 0.

Then, there exist X, T small enough such that the problem (13), (14) has a unique solution u(t, x) in G^q(T, X).

Proof Every function u(t, x) ∈ A(C^2) can be written in the form

u(t, x) = ∂^{−S}_x v(t, x) + w(t, x),

where

w(t, x) =

S−1∑ j=0 φ_j (t) x^j j! . From the initial conditions (14) and Lemma 4 let us assume that w(t, x) belongs to G^q(T, X) for X, T > 0 small enough. Then, the function u(t, x) is a solution of (13), (14) if and only if v(t, x) satisfies the equation

(15) D ∘ ∂^{−S}_x v(t, x) = −Dw(t, x).

From the fact that w(t, x) ∈ G^q(T, X) is a polynomial in x of degree less than S − 1, we deduce from the lemma 3,4 that −Dw(t, x) also belongs to G^q(T, X), for all X, T > 0 small enough. From the corollary 1, we deduce that for X, T small enough, there exists a unique solution v(t, x) of (15) which belongs to G^q(T, X).

It remains to show that u(t, x) belongs to G^q(T, X) for X, T small enough. Indeed, from Lemma 2, the function ∂^{−S}_x v(q^S t,^x_{q2S} ) belong to G^q(T, X) and from Lemma 3, the function w(q^S t, xq^{−2S}) belong to G^q(T, X) for T, X small enough. So that the function ν(t, x) = u(q^S t, xq^{−2S} ) = ∂^{−S}_x v(q^S t,^x_{q2S} ) + w(q^S t, xq^{−2S} ) belongs to G^q(T, X) for T, X small enough. Finally, again by Lemma 3, we deduce that u(t, x) = ν(^t_{qS} , q^{2S} x) belongs to G^q(T, X) for X, T small enough. �

4 Transseries solutions of partial q−difference differential equations

We consider a partial q−difference differential equation

(16) ∂^S_z X(t, z) =

S−1∑ k=0 b_k(t, z)(∂^k_z X)(q^{p0,k} t, zq^{−m1,k} )

where q is a complex number such that |q| > 1 and p_{0,κ}, m_{1,κ}, S are integers larger than 1. The functions b_k(t, z), 0 ≤ k ≤ S − 1 are of the form

b_k(t, z) = ∑ l,β≥0

b_{l,β,k}(t)(e_q(t))^lz^β = ∑ (l,β)∈I_k

b_{l,β,k}(t)(e_q(t))^lz^β

where b_{l,β,k}(t) are bounded holomophic functions on the open set S, continuous on S̄, considered in the section 2, such that b_{l,β,k}(t) = 0, for all t ∈ S̄, for (l, β) /∈ I_k, where I_k, 0 ≤ k ≤ S − 1, are bounded subsets of N^2.

We are looking for formal transseries solutions X(t, z) in the powers of e_q(t) and z, of (16) of the form

(17) X(t, z) = ∑ l,β≥0

X_{l,β}(t)(e_q(t))^l z^β β!

where X_{l,β}(t) are holomorphic functions on the open set S.

By inserting the formal transseries (17) in (16), identifying the powers of e_q(t) and z, and using the relation

e_q(q^{p0,k} t) =

p_{0,k}−1∏

h=0 (1 + u( 1 q^ht

))e_q (t)

for the function e_q(t) deduce from (3), we get the following lemma.

Lemma 6 For given holomorphic functions on S, X_{l,j}(t), l ≥ 0, 0 ≤ j ≤ S − 1, consider the functions X_{l,β}(t), l ≥ 0, β ≥ S defined by the following recursion relation

(18)

X_{l,β+S}(t) β! = S−1∑ k=0 ∑ l_1+l_2=l ∑ β_1+β_2=β

b_{l1,β1,k}(t)X_{l2,β2+k}(q^{p0,k} t) β_2! ( p_{0,k} −1∏

h=0 (1 + u( 1 q^ht

)))^{l2} q^{−m1,k β2}

for all t ∈ S, for all β ≥ 0. Then the formal transseries X(t, z) in (17) is a solution of (16).

In the next result we give sufficient conditions for which there exist holomorphic solutions X(t, z) of (16) on the product (S \ Θ) × C. We also study the rate of growth of these solutions near the singular set Θ × C.

From Lemma 1 a), to each integer p_{0,k} ≥ 1 one can attach an integer m_{0,k} ≥ 1 such that

sup_{t∈S̄} | | | | p_{0,k}−1∏

h=0 (1 + u( 1 q^ht )) | | | | ≤ |q|^{m0,k} .

Theorem 2 Consider the partial q−difference differential equation (16). We make the following assumption.

Assumption (B):

i) The set P_{S−k,m0,k,m1,k} , defined in section 3, is not empty, ii) I_k = P_{S−k,m0,k,m1,k} , for all 0 ≤ k ≤ S − 1.

Let X_{l,j}(t), l ≥ 0, 0 ≤ j ≤ S − 1, be bounded holomorphic functions on S, continuous on S̄, satisfying the following estimates. There exist C, K > 0 such that

(19) sup_{t∈S̄} |X_{l,j} (t)| ≤ CK^l|q|^{−l2}

for all l ≥ 0, for all 0 ≤ j ≤ S − 1.

Then, the formal transseries X(t, z) = ∑ l,β≥0 Xl,β(t)(eq (t)) l z^β

β! constructed in Lemma 6, solution of (16), defines a holomorphic function on the open set M = (S \ Θ) × C.

Moreover, the function X(t, z) has the following rate of growth near the set Θ × C. There exist constants C > 0, X > 0 such that for all 1 ≤ j ≤ s, n ≥ 0, there exists a constant C_{j,n} > 0 such that

(20) sup_{|z|<r} |X(t, z)| ≤ C exp( 1 2 (C_{j,n}(log |t − q^{−n}/n_j|)^2 + (log( 2r X ))^2))

for all t ≠ q^{−n}/n_j in a small neighborhood of q^{−n}/n_j in C^∗ and all r > 0. This implies in particular that X(t, z) has at most sub-exponential growth near the singular sets {q^{−n}/n_j } × C, 1 ≤ j ≤ s, n ≥ 0.

Proof From Lemma 1, we get a constant m_{0,k} > 0 such that

sup_{t∈S̄} | | | | p_{0,k}−1∏

h=0 (1 + u( 1 q^ht )) | | | | ≤ |q|^{m0,k} .

Let X_{l,j} (t), l ≥ 0, 0 ≤ j ≤ S − 1, be bounded holomorphic functions on S, continuous on S̄ satisfying the estimates (19) and let X_{l,β}(t), l, β ≥ 0 be the functions constructed from the recursion relation (18). In the following, we put

w_{l,β} = sup_{t∈S̄} |X_{l,β}(t)| , |b|_{l,β,k} = sup_{t∈S̄} |b_{l,β,k}(t)|,

for all l, β ≥ 0 and 0 ≤ k ≤ S − 1. By construction, we have that |b|_{l,β,k} = 0 if (l, β) /∈ I_k, for 0 ≤ k ≤ S − 1.

From the fact that the set S is invariant under the dilations t → q^{p0,k} t, we get the following inequalities for the numbers w_{l,β},

(21) w_{l,β+S} β! ≤ S−1∑ k=0 ∑ l_1+l_2=l ∑ β_1+β_2=β

|b|_{l1,β1,k}w_{l2,β2+k} β_2!

|q|^{m0,k l2} |q|^{−m1,k β2}

for all l, β ≥ 0.

In the following, we put

ϕ_j(t) = ∑ l≥0 w_{l,j} t^l , |b|_k(t, x) = ∑ l,β≥0

|b|_{l,β,k}t^lx^β = ∑ (l,β)∈I_k

|b|_{l,β,k}t^lx^β

for all 0 ≤ j, k ≤ S − 1.

We consider now the auxiliary q−difference differential equation

(22) ∂^S_x V (t, x) =

S−1∑ k=0 |b|_k(t, x)(∂^k_x V )(|q|^{m0,k} t, x|q|^{−m1,k} )

with initial conditions

(23) (∂^j_xV )(t, 0) = ϕ_j(t) , 0 ≤ j ≤ S − 1.

From the estimates (19), we get in particular that the series ϕ_j (t) belong to the space G^{|q|}(T_0, X_0) for T_0 > 0 small enough and X_0 > 0. From the assumption (B), the set P_{S−k,m0,k,m1,k} is not empty and the polynomial |b|_k(t, x) is of P_{S−k,m0,k,m1,k} −type, for all 0 ≤ k ≤ S − 1. We deduce that the assumption (A) of Theorem 1 is fulfilled for the Cauchy problem (22), (23). From Theorem 1, we deduce that the problem (22), (23) has a unique formal series solution

V (t, x) = ∑ l,β≥0

v_{l,β}t^l x^β β! which satisfies V (t, x) ∈ G^{|q|}(T, X) for T, X > 0 small enough.

By inserting this latter expansion in (22), (23), we get the following equalities for the numbers v_{l,β},

(24) v_{l,β+S} β! = S−1∑ k=0 ∑ l_1+l_2=l ∑ β_1+β_2=β

|b|_{l1,β1,k}v_{l2,β2+k} β_2!

|q|^{m0,k l2} |q|^{−m1,k β2} .

for all l, β ≥ 0, with initial data

(25) v_{l,j} = w_{l,j} , l ≥ 0 , 0 ≤ j ≤ S − 1.

From the relations (21), (24) and (25), we get that

(26) w_{l,β} ≤ v_{l,β}

for all l, β ≥ 0. In particular, from the fact that V (t, x) ∈ G^{|q|}(T, X) for T, X > 0 small enough and the inequality lβ ≤ l^2/2 + β^2/2, we get that there exist C, T, X > 0 such that

(27) |w_{l,β}| ≤ C|q|^{P (l,β)}β!( 1 T )^l( 1 X )^β ≤ C|q|^{−l2/2−β2/2}β!( 1 T )^l( 1 X )^β

for all l, β ≥ 0.

From (27), we deduce that the formal series in the powers of τ and z

W (t, τ, z) = ∑ l,β≥0

X_{l,β}(t)τ^l z^β β! satisfies the estimates for τ ∈ C, z ∈ C, |z| < r, r > 0,

sup_{|z|<r} sup_{t∈S̄} |W (t, τ, z)| ≤ ∑ l,β≥0

|w_{l,β}||τ|^l r^β β! ≤ C( ∑ l≥0 |q|^{−l2/2}( |τ| T )^l)( ∑ β≥0 |q|^{−β2/2}( r X )^β)

for all τ ∈ C, z ∈ C, |z| < r, for all r > 0. So that W (t, τ, z) defines a holomorphic function on S × C^2. Moreover, from Lemma 2.2 in [8], we get the following estimates. There exists C^′ > 0 such that

(28) sup_{|z|<r} sup_{t∈S} |W (t, τ, z)| ≤ C^′ exp( 1 2 ((log(2|τ|/T ))^2 + (log(2r/X))^2))

for all τ ∈ C^∗, all r > 0.

We deduce that the function X(t, z) = W (t, e_q(t), z), solution of (16), defines a holomorphic function on M = (S \ Θ) × C. Moreover, from the estimates (28), there exist C^′, T, X > 0 such that

(29) sup_{|z|<r} |X(t, z)| ≤ C^′ exp( 1 2 ((log(2|e_q (t)|/T ))^2 + (log(2r/X))^2))

for all t ∈ S \ Θ and all r > 0.

From Proposition 1, the function e_q(t) is meromorphic at the point q^{−n}/n_j for all 1 ≤ j ≤ s and n ≥ 0. So that for all 1 ≤ j ≤ s and n ≥ 0, there exist two constants m_{j,n}, M_{j,n} > 0 and a positive integer d_{j,n} ≥ 1 such that

m_{j,n}/|t − q^{−n}/n_j|^{dj,n} ≤ |e_q(t)| ≤ M_{j,n}/|t − q^{−n}/n_j|^{dj,n} ,

for all t ≠ q^{−n}/n_j in a small neighborhood of q^{−n}/n_j. In particular, we get that

(30) 0 ≤ log(

2|e_q (t)| T ) ≤ log(

2M_{j,n} T |t − q^{−n}/n_j |^{dj,n} ) for all t ≠ q^{−n}/n_j in a small neighborhood of q^{−n}/n_j. Finally, the estimates (29) and (30) yield the estimates (20). �

References

[1] J.P. Bézivin, Sur les équations fonctionnelles aux q-différences, Aequationes Math. 43 (1993), 159–176.

[2] B. Braaksma, R. Kuik, Asymptotics and singularities for a class of difference equations.

Analyzable functions and applications, 113–135, Contemp. Math., 373, Amer. Math. Soc., Providence, RI, 2005.

[3] L. Di Vizio, J.-P. Ramis, J. Sauloy, C. Zhang, Équations aux q-différences. Gaz. Math. No.

96 (2003), 20–49.

[4] J. Écalle, Introduction aux fonctions analysables et preuve constructive de la conjecture de Dulac. Actualités Mathématiques, Hermann, Paris, 1992.

[5] O. Costin, R.D. Costin, On the formation of singularities of solutions of nonlinear differential systems in antistokes directions. Invent. Math. 145 (2001), no. 3, 425–485.

[6] R. Kuik, Transseries in difference and differential equations, Thesis, Rijksuniversiteit Groningen, 2003.

[7] S. Malek, On functional linear partial differential equations in Gevrey spaces of holomorphic functions. Ann. Fac. Sci. Toulouse Math. (6) 16 (2007), no. 2, 285–302.

[8] J.P. Ramis, About the growth of entire functions solutions of linear algebraic q-difference equations. Ann. Fac. Sci. Toulouse Math. (6) 1 (1992), no. 1, 53–94.

[9] J. P. Ramis, C. Zhang, Développement asymptotique q−Gevrey et fonction thêta de Jacobi.

C. R. Math. Acad. Sci. Paris 335 (2002), no. 11, 899–902.