SEMICLASSICAL RESOLVENT ESTIMATES FOR TRAPPING PERTURBATIONS

VINCENT BRUNEAU AND VESSELIN PETKOV

Abstract. We study the semiclassical estimates of the resolvent R(λ + iτ), λ ∈ J ⊂⊂ R^+, τ ∈]0, 1] of a self-

adjoint operator L(h) in the space of bounded operators L(H0^{,s}, H0^{,−s}), s > 1/2. In the general case of long-range trapping ”black-box” perturbations we prove that the estimate of the cut-off resolvent ‖χ(x)R(λ+i0)χ(x)‖_{H→H} ≤ C exp(Ch^{−p}), χ(x) ∈ C^∞0 (R^n), p ≥ 1 implies the estimate ‖R(λ + iτ)‖_{s,−s} ≤ C1 exp(C1h^{−p}).

1. Introduction The purpose of this paper is to obtain semiclassical estimates for the resolvent R(z) = (L(h) − z)^{−1}, z ∈ C \ R of a self-adjoint operator L = L(h) depending on h ∈]0, h_0] for z ∈ B_± = {z = λ + iτ ∈ C : λ ∈ J, ±τ ∈]0, 1]}, J =]μ_0, μ_1[⊂⊂ R^+ . The operator L is defined in a domain D ⊂ H of a complex Hilbert space H with an orthogonal decomposition H = H_{R0} ⊕ L^2(R^n \ B(0, R_0)), B(0, R_0) = {x ∈ R^n : |x| ≤ R_0}, n ≥ 2 and L satisfies the long-range ”black box” assumptions (1.7)-(1.15) described below. Introduce the spaces H^{0,s} = H_{R0} ⊕ L^2(R^n \ B(0, R_0), ⟨x⟩^sdx), ⟨x⟩ = (1 + |x|^2)^{1/2}.

First we show that for s > 1/2 and fixed h > 0 the limits lim ϵ→0, ϵ>0 R(λ ± iϵ) = R(λ ± i0), λ ∈ J (1.1) exist in the space of bounded operators L(H^{0,s}, H^{0,−s}), where here and below we omit in R(z) the dependence of h. Next we give semiclassical resolvent estimates ‖R(λ ± iτ)‖_{s,−s} ≤ Cr(h), λ ∈ J, τ ∈]0, 1], h ∈]0, h_0], (1.2) where ‖.‖_{s,−s} denotes the norm in L(H^{0,s}, H^{0,−s}). Such estimates have been obtained by many authors in great generality in the case when every λ ∈ J is a non-trapping energy level for the principal symbol l_0(x, ξ) of a differential operator L (see [18], [5], [19], [8], [25], [15], [16], [24] and the survey article [17] for other references). The proofs of these estimates are essentially based on Mourre method [12], [3], [13] and the main point is to construct a conjugate operator A(h) for which the Mourre inequality (5.2) holds (see Section 5.1). Roughly speaking we call these operators non-trapping perturbations and in this case we have r(h) = h^{−1} in (1.2). Moreover, for such perturbations there are no resonances converging sufficiently fast to the real axis as h → 0. The case of trapping energy levels is more complicated. First, without the non-trapping assumption, in general, a Mourre type inequality is not true. Secondly, resonances converging exponentially fast to the real axis could exist and, consequently, we must have r(h) = e^{Ch} �p with some p ≥ 1. In the special case of a Schrödinger operator −h^2Δ + V (x), with potential V (x) having the form of a ”well in an island”, the results in [6], [7] imply the estimate (1.2) with r(h) = e^{Ch} �1 . Recently, for long-range trapping perturbations in the exterior of an obstacle, Burq [2] established the estimate ‖χ(x)R(λ + i0)χ(x)‖_{H→H} ≤ C exp(Ch^{−p}), λ ∈ J, 0 < h ≤ h_0, (1.3) 1

with p = 1 and some constants C > 0, h_0 > 0, provided χ(x) ∈ C^∞_0 (R^n ) is equal to 1 on B(0, R_0). In fact, Burq [2] obtained the estimate ‖(L_θ(h) − λ)^{−1}‖_L2_{(Hθ )} ≤ Ce^{C1h} �p , λ ∈ J, (1.4) with p = 1, L_θ(h) being the operator given by complex scaling (see [22], [20]). On the other hand, the estimate (1.4) implies immediately (1.3) since we have χ(x)R(λ + i0)χ(x) = χ(x)(L_θ (h) − λ)^{−1}χ(x) for suitably chosen χ(x) (see Lemma 3.5 in [22]). Next, denote by Res L(h) the set of resonances of L(h) and assume that there exist ϵ > 0, c > 0 and q ≥ 1 so that

dist {Res L(h), [μ_0, μ_1]} ≥ ϵ exp(−ch^{−q}), 0 < h ≤ h_0.

Then an application of Lemma 1 in [23] with g(h) = exp(−^c_2 h^{−q} ) yields the estimate (1.4) with p ≥ q. Thus we have several sufficient conditions leading to the estimate (1.3).

In this work we show that an estimate of the cut-off resolvent ‖χ(x)R(λ + i0)χ(x)‖_H, λ ∈ J, implies an estimate of ‖R(λ + iτ)‖_{s,−s} with the same order p in the bound exp(Ch^{−p}). Consequently, we extend the result of [2] replacing the cut-off factor χ(x) by a function ψ(x) ∈ C^∞(R^n ) which is equal to ⟨x⟩^{−s}, s > 1/2 for |x| ≥ R_1 > R_0. Moreover, for long-range perturbations in R^n studied in [2], we prove the conjecture of Robert [16] who claimed that (1.2) with r(h) = C exp(Ch^{−p}) holds for general trapping perturbations. Under this assumption, Robert [16] obtained a Weyl type asymptotic for the scattering phase related to two h-admissible pseudodifferential operators L_1(h), L_2(h). Our main result is the following.

Theorem 1. Let L(h) be a self-adjoint operator satisfying the ”black box” assumptions (1.7) − (1.15). Then for fixed s > 1/2 and for sufficiently small fixed h the limits

R(λ ± i0) = lim Im z→0, ± Im z>0 R(z), Re z = λ ∈ J, exist in L(H^{0,s}, H^{0,−s}) uniformly with respect to λ ∈ J. Moreover, if there exist δ > 0 and p ≥ 1 such that ‖χ(x)R(λ ± i0)χ(x)‖_{H→H} ≤ C exp(Ch^{−p}), λ ∈]μ_0 − δ, μ_1 + δ[, 0 < h ≤ h_0, (1.5) holds, then for each s >^1_2 there exist C_s > 0, h_1 > 0 such that for (λ, τ) ∈ J×]0, 1] we have ‖R(λ ± iτ)‖_{s,−s} ≤ C_s exp(C_sh^{−p}), 0 < h ≤ h_1. (1.6) The idea of our proof is to construct a self-adjoint operator L̃ = L̃(h) on L^2(R^n ) such that each λ ∈ J is a non-trapping energy level for L̃ and L(h)ψ = L̃(h)ψ for any ψ ∈ C^∞_0 (R^n ) supported away from a ball B(0, R). For this purpose we show that the bounded trajectories related to the symbol of L(h) and to the energy levels λ ∈ J are included in a compact set. Next we represent R(z) by a sum of terms involving the resolvent R̃(z) of L̃ (see Section 3) and an application of the semiclassical estimates for non-trapping energy levels reduces the problem to the estimation of ‖χ(x)R(z)χ(x)‖_H (see Proposition 3). In Section 2 our approach is motivated by the proof of Lemma 1.2 in [7] concerning the operator L(h) = −h^2Δ + V (x), where the potential V (x) involves a ”well in an island”. Having an ”island” around the trapped trajectories, Gérard, Martinez and Robert have introduced a perturbation W_0(x) ∈ C^∞_0 (R^n ) such that the perturbed symbol |ξ|^2 + V (x) + W_0(x) becomes a non-trapping Hamiltonian for energy levels λ ∈ J. We prove a similar result in the general case by constructing a perturbation l̃(x, ξ) of l_0(x, ξ) (see Proposition 2) so that all λ ∈ J are non-trapping energy levels for l̃(x, ξ). The existence of l̃(x, ξ) implies immediately the existence of an operator L̃(h) with the properties mentioned above. Finally, let us mention that the estimate (1.6) combined with the argument of Robert [16] lead to a Weyl asymptotic of the scattering phase for general long-range perturbations in R^n when we have not a ”black box”.

Now we will recall the abstract ”black box” assumptions given in [22], [20] and [21]. Suppose that D satisfies 1lRn_{\B(0,R0)}D = H^2(R^n \ B(0, R_0)), (1.7) uniformly with respect to h in the sense of [20]. More precisely, equip H^2(R^n \ B(0, R_0)) with the norm ‖ < hD >^2 u‖_L2 , < hD >^2= 1 + (hD)^2 and equip D with the norm ‖(L + i)u‖_H. Then we require that 1lRn_{\B(0,R0)} : D −→ H^2(R^n \ B(0, R_0)) is uniformly bounded with respect to h and this map has a uniformly bounded right inverse.

Assume that 1l_{B(0,R0)}(L + i)^{−1}is compact (1.8) and (Lu)|R_{n\B(0,R0)} = Q ( u|R_{n\B(0,R0)} ) , (1.9) where Q is a formally self-adjoint differential operator Qu = ∑ |α|≤2 a_α(x; h)(hD_x)^αu, (1.10)

with a_α(x; h) = a_α(x) independent of h for |α| = 2 and a_α ∈ C^∞_b (R^n ) uniformly bounded with respect to h.

Next we assume the following properties: There exists C > 0 such that l_0(x, ξ) = ∑ |α|=2 a_α(x)ξ^α ≥ C⟨ξ⟩^2, ⟨ξ⟩ = (1 + |ξ|^2)^{1/2}. (1.11)

There exists γ > 0 such that for every (α, β) ∈ N^n × N^n , we have |∂^α_x ∂^β_ξ ( ∑ |α|≤2 a_α(x; h)ξ^α − |ξ|^2 ) | ≤ C_{α,β} ⟨x⟩^{−γ−|α|}⟨ξ⟩^2 (1.12) uniformly with respect to h.

There exist θ_0 ∈]0, π[, ϵ > 0 and R_1 > R_0 so that the coefficients a_α(x; h) of Q can be extended holomorphically in x to {rω; ω ∈ C^n , dist (ω, S^{n−1}) < ϵ, r ∈ C , |r| > R_1, arg r ∈ [−ϵ, θ_0 + ϵ)} (1.13) and (1.12) extend to this larger set.

Let R > R_0, T = (R/R̃Z)^n, R̃ > 2R. Set H^# = H_{R0} ⊕ L^2(T \ B(0, R_0)) and consider a self-adjoint operator L^# : H^# −→ H^# with domain D^# = {u ∈ H^# : χu ∈ D, (1 − χ)u ∈ H^2}, where χ ∈ C^∞_0 (B(0, R); [0, 1]) is equal to 1 near B(0, R_0). Take a differential operator Q^# = ∑ |α|≤2 a^#_α (x; h)(hD)^α

with a^#_α (x; h) = a_α(x; h) for |x| < R, put L^#u = L(χu) + Q^#((1 − χ)u), u ∈ D^# and denote by N(L^#, [−λ^2, λ^2]) the number of eigenvalues of L^# in the interval [−λ^2, λ^2]. Then we assume that N(L^#, [−λ^2, λ^2]) = O( ( λ h )_n# ), n^# ≥ n, λ ≥ 1. (1.14)

Finally, we suppose that

σ_{pp}(L(h)) ∩ [μ_0 − δ, μ_1 + δ] = ∅, h ∈]0, h_0], (1.15)

where δ > 0 is the constant in (1.5). A typical example for an operator satisfying the conditions (1.7)-(1.15) is an elliptic self-adjoint Schrödinger operator P = ∑ |α|≤2 a_α(x; h)(hD_x)^α with C^∞ coefficients in the connex exterior Ω = R^n \ O of a bounded obstacle O with C^∞ boundary ∂Ω with Dirichlet or Neumann boundary condition on ∂Ω (see [2]). In this case D = H^2(R^n \ O) ∩ H^1_0 (R^n \ O) and P is a positive operator in L^2(R^n \ O).

Under the above assumptions the resonances close to the real axis can be defined by the method of complex scaling [22], [20] and they coincide with the poles of the meromorphic continuation of the resolvent (L(h) − z)^{−1} : H_{comp} −→ D_{loc} from Im z > 0 to a conic neighborhood of the positive real axis in the lower half plane. The set of resonances will be denoted by Res L(h).

The paper is organized as follows. Section 2 is devoted to the analysis of the non-trapping energy levels and to the construction of the symbol l̃(x, ξ). In Section 3 we prove Theorem 1 introducing the operator L̃(h) and exploiting the semiclassical estimates for non-trapping energy levels. In Section 4 we obtain some microlocal estimates closely related to the bounds of ‖R(z)‖_{s,−s}. In a further work we will apply the microlocal estimates given in Proposition 5 for the analysis of the semiclassical asymptotic of the scattering phase.

Acknowledgments. The authors are grateful to Didier Robert for helpful discussions and valuable comments concerning the non-trapping perturbations. We would to thank Maciej Zworski for helpful comments and discussions as well as for his suggestion to study the long-range ”black box” perturbations.

2. Classical trajectories and non-trapping energy levels

Let l(x, ξ) ∈ C^∞(R^n × R^n : R) be a classical Hamiltonian, and let H_l = (∂_ξl, −∂_xl) be the associated Hamiltonian vector field: H_l(f)(x, ξ) = {l, f}(x, ξ) = (∂_ξ l∂_xf − ∂_xl∂_ξf)(x, ξ), f ∈ C^∞(R^n × R^n ). Denote by Φ^t_l the Hamiltonian flow of l given by

Φ^t_l = exp(tH_l) : (x_0, ξ_0) → ( x(t, x_0, ξ_0), ξ(t, x_0, ξ_0) ) . Therefore for each λ ∈ R, the energy surface Σ_λ = l^{−1}(λ) is stable by Φ^t_l . In the exposition below we denote J =]μ_0, μ_1[⊂⊂ R^+ . We will say that (x, ξ) is a non-critical point for l(x, ξ) if ∇_{x,ξ}l(x, ξ) ≠ 0 and that λ is a non-critical energy level for l(x, ξ), if any (x, ξ) ∈ Σ_λ = l^{−1}(λ) is a non-critical point for l(x, ξ). We start by an examination of the bounded trajectories.

Lemma 1. Let μ_1 > μ_0 > 0 be fixed. Assume there exist μ ∈]0, μ_0[, R > 0 such that |x| ≥ R, (x, ξ) ∈ l^{−1}(]μ_0, μ_1[) ⇒ | 1 4 {l, x · ∂_ξ l}(x, ξ) − l(x, ξ)| ≤ μ. (2.1) Then for each λ ∈ J and each (x_0, ξ_0) ∈ Σ_λ with |x_0| > R the function x(·, x_0, ξ_0) is non-bounded.

Proof. By definition, |x(t)|^2 satisfies { (|x|^2)^′ = { l, x^2 } (x, ξ) = 2x · ∂_ξl(x, ξ), (x · ∂_ξl(x, ξ))^′ = {l, x · ∂_ξl} (x, ξ). (2.2)

For (x_0, ξ_0) ∈ Σ_λ we have (x(t), ξ(t)) ∈ Σ_λ and this yields (x · ∂_ξl(x, ξ))^′ = 4λ + {l, x · ∂_ξ l} (x, ξ) − 4l(x, ξ). (2.3) Let |x_0| > R and (x_0, ξ_0) ∈ l^{−1}(]μ_0, μ_1[). Denote by [T_m, T_M ] the maximal interval containing t_0 = 0 so that | ( {l, x · ∂_ξ l} − 4l ) (x(t), ξ(t))| ≤ 4μ, t ∈ [T_m, T_M ]. (2.4) By the continuity of x(t) and |{l, x · ∂_ξ l} − 4l|(x(t), ξ(t)) a such interval exists and it is not reduced to {0}. From the relation (2.3) we deduce (x · ∂_ξ l(x, ξ))^′(t) ≥ 4(λ − μ) ≥ 4(μ_0 − μ), ∀t ∈ [T_m, T_M ], that is { (x · ∂_ξl(x, ξ))(t) ≥ x_0 · ∂_ξl(x_0, ξ_0) + 4(μ_0 − μ)t, ∀t ∈ [0, T_M ], (x · ∂_ξl(x, ξ))(t) ≤ x_0 · ∂_ξl(x_0, ξ_0) + 4(μ_0 − μ)t, ∀t ∈ [T_m, 0].

Then applying (2.2), we get |x(t)|^2 ≥ |x_0|^2 + 2x_0 · ∂_ξ l(x_0, ξ_0)t + 4(μ_0 − μ)t^2, ∀t ∈ [T_m, T_M ].

Consequently, if ±x_0 · ∂_ξ l(x_0, ξ_0) ≥ 0, for ±t ≥ 0, we have |x(t)|^2 ≥ |x_0|^2 + 4(μ_0 − μ)t^2 (2.5) which implies immediately that T_M = +∞ (if x_0 · ∂_ξ l(x_0, ξ_0) ≥ 0) or T_m = −∞ (if x_0 · ∂_ξl(x_0, ξ_0) ≤ 0) and (2.5) holds for any t ≥ 0 (or t ≤ 0). Thus, as soon as |x_0| > R, and l(x_0, ξ_0) ∈]μ_0, μ_1[, the function x(·, x_0, ξ_0) is non-bounded.

Proposition 1. Let μ_1 > μ_0 > 0 and let lim_{|ξ|→∞} l(x, ξ) = +∞. Assume there exists γ > 0 such that for every (α, β) ∈ N^n × N^n , |α| ≤ 1, |β| ≤ 2 we have |∂^α_x ∂^β_ξ ( l(x, ξ) − |ξ|^2 ) | ≤ C_{α,β} ⟨x⟩^{−γ−|α|}⟨ξ⟩^2. Then there exists a compact set K(J) ⊂ R^{2n} such that for each λ ∈ J, the set K(J)∩Σ_λ contains all bounded trajectories of the Hamiltonian flow Φ^t_l on Σ_λ and all critical points of l(x, ξ) in Σ_λ. Remark 1. In a more restrictive setting, this result is stated and exploited by the first author [1] to study the scattering phase for short-range trapping perturbations of the Laplacian. Proof. First, as lim_{|ξ|→∞} l(x, ξ) = +∞, it is easy to see that there exists M_{μ1} > 0 such that (x, ξ) ∈ Σ_λ, ∀λ ≤ μ_1 ⇒ |ξ| ≤ M_{μ1} . (2.6) Now we will prove that the x-component of the bounded trajectories and the critical points are included in a compact set. This means that outside a fixed compact set the x-component of the Hamiltonian trajectories are non-bounded and ∇_{x,ξ}l(x, ξ) ≠ 0.

Using Lemma 1 it is sufficient to establish the existence of R > 0 such that (2.1) holds with μ < μ_0. We write {l, x · ∂_ξ l} = ∂_ξ l · ∂_x(x · ∂_ξl) − ∂_xl · ∂_ξ(x · ∂_ξl) = |∂_ξl|^2 + ∑_n j=1 ∂_{ξj} l x · ∂_ξ ∂_{xj} l − ∂_xl · ∂_ξ(x · ∂_ξl). (2.7) Set r(x, ξ) = l(x, ξ) − |ξ|^2 and observe that |∂_ξ l|^2 = 4|ξ|^2 + 4ξ · ∂_ξ r + |∂_ξr|^2, which implies 1 4 |∂_ξl|^2 − l(x, ξ) = ξ · ∂_ξr + 1 4 |∂_ξr|^2 − r(x, ξ). (2.8)

Moreover, since ∂_{xj} l = ∂_{xj} r, we deduce the following representation 1 4 {l, x · ∂_ξ l} − l(x, ξ) = ξ · ∂_ξr + 1 4 |∂_ξr|^2 − r(x, ξ) + 1 4 n∑ j=1 ∂_{ξj} l x · ∂_ξ∂_{xj} r − ∂_xr · ∂_ξ(x · ∂_ξl). From the assumption on r we obtain | 1 4 {l, x · ∂_ξ l} − l(x, ξ)| ≤ C⟨x⟩^{−γ} ⟨ξ⟩^4. Thus we can find R = R(μ_0, μ_1, γ) such that (2.1) holds. Moreover taking R such that the RHS of (2.8) is bounded by μ < μ_0, we obtain |∂_ξl| ≠ 0 on l^{−1}(J) ∩ {(x, ξ); |x| > R}. Consequently, each (x, ξ) ∈ l^{−1}(J) ∩ {(x, ξ); |x| > R} is non-critical for l and for each λ ∈ J every trajectory with initial data | x_0 |> R is non-bounded.

Now we pass to the analysis of the non-trapping energy levels in the sense given in [18]. Recall that λ ∈ R is a non-trapping energy level for l(x, ξ) if for every R > 0 there exists T_R > 0 such that for (x_0, ξ_0) ∈ Σ_λ, |x_0| < R, we have |x(t, x_0, ξ_0)| > R, ∀|t| > T_R. Lemma 2. Let μ_1 > μ_0 > 0 and let lim_{|ξ|→∞} l(x, ξ) = +∞. If there exists μ ∈]0, μ_0[ such that

(x, ξ) ∈ l^{−1}(]μ_0, μ_1[) ⇒ | 1 4 {l, x · ∂_ξl}(x, ξ) − l(x, ξ)| ≤ μ, (2.9) then each λ ∈ J is a non-trapping energy level for l(x, ξ).

Proof. Our aim is to prove that x(·, x_0, ξ_0) is non-bounded in both directions t → ±∞ for any (x_0, ξ_0) ∈ Σ_λ. Following the proof of Lemma 1, we have | ( {l, x · ∂_ξ l} − 4l ) (x(t), ξ(t))| ≤ 4μ, ∀t ∈ R, (2.10) (there is no restriction on t by the assumption on l). Then we deduce |x(t)|^2 ≥ |x_0|^2 + 2x_0 · ∂_ξl(x_0, ξ_0)t + 4(μ_0 − μ)t^2, ∀t ∈ R.

On the other hand the set {ξ_0 : (x_0, ξ_0) ∈ Σ_λ , λ ≤ μ_1} is bounded. Consequently, for R > 0 and |x_0| < R, we conclude that x_0 · ∂_ξl(x_0, ξ_0) is bounded, and there exists C_R > 0 such that |x(t)|^2 ≥ 4|t| ( (μ_0 − μ)|t| − C_R ) . Thus, as soon as |t| > 2C_R + 2 √ C^2_R + (μ_0 − μ)R^2, we will have |x(t)| > R, hence λ is a non-trapping energy level.

Introduce a function χ ∈ C^∞_0 ({x ∈ R^n ; |x| ≤ 2}), 0 ≤ χ ≤ 1 such that χ(x) = 1 for |x| ≤ 1 and set χ_R(x) = χ(^x_R ). We have the following

Proposition 2. Let μ_1 > μ_0 > 0. Assume there exists γ > 0 such that for every (α, β) ∈ N^n × N^n , |α| ≤ 1, |β| ≤ 2 we have |∂^α_x ∂^β_ξ ( l(x, ξ) − |ξ|^2 ) | ≤ C_{α,β} ⟨x⟩^{−γ−|α|}⟨ξ⟩^2. Then there exists R_c > 0 such that for R ≥ R_c, each λ ∈ J is a non-trapping and non-critical energy level for the Hamiltonian l̃(x, ξ) = l(x, ξ) − χ_R(x) ( l(x, ξ) − |ξ|^2 ) .

Proof. We will take R > 0 large enough in order to satisfy the conditions of Lemma 2 for l̃(x, ξ) = l(x, ξ) − χ( x R ) ( l(x, ξ) − |ξ|^2 ) . First, we have l̃(x, ξ) = |ξ|^2 + ( 1 − χ( x R ) )( l(x, ξ) − |ξ|^2 ) , and by the assumption on l, we obtain l̃(x, ξ) ≥ ⟨ξ⟩^2 ( 1 − C_{0,0}⟨x⟩^{−γ} ) − 1. Thus there exists R_1 such that for any R ≥ R_1, lim_{|ξ|→∞} l̃(x, ξ) = +∞ for |x| ≥ R and this holds also for

|x| ≤ R, where l̃(x, ξ) = |ξ|^2. Now, as in the proof of the Proposition 1, we have {l̃, x · ∂_ξl̃} = |∂_ξl̃|^2 + n∑ j=1 ∂_{ξj} l̃ x · ∂_ξ∂_{xj} l̃ − ∂_xl̃ · ∂_ξ(x · ∂_ξl̃). (2.11) Next notice that for r(x, ξ) = l̃(x, ξ) − |ξ|^2, the derivative of l̃ = |ξ|^2 + (1 − χ_R)r satisfies

|∂_ξl̃|^2 = 4|ξ|^2 + 4(1 − χ_R)ξ · ∂_ξ r + (1 − χ_R)^2|∂_ξ r|^2 and we deduce 1 4 |∂_ξl̃|^2 − l̃(x, ξ) = (1 − χ_R)ξ · ∂_ξ r + 1 4 (1 − χ_R)^2|∂_ξ r|^2 − (1 − χ_R)r(x, ξ). (2.12)

On the other hand, it is clear that

∂_{xj} l̃ = ∂_{xj} (1 − χ_R)r = (1 − χ_R)∂_{xj} r − 1 R ∂_{xj} χ( x R )r, and, consequently, n∑ j=1 ∂_{ξj} l̃ x · ∂_ξ ∂_{xj} l̃ − ∂_xl̃ · ∂_ξ(x · ∂_ξl̃)

= (1 − χ_R) n∑ j=1 ∂_{ξj} l̃ x · ∂_ξ ∂_{xj} r − ∂_xr · ∂_ξ (x · ∂_ξl̃)

− n∑ j=1 1 R ∂_{xj} χ( x R ) ( ∂_{ξj} l̃ x · ∂_ξr − r · ∂_{ξj} (x · ∂_ξl̃) ) . (2.13)

The function (1 − χ_R) (resp. ∂_xχ_R) is supported in {|x| ≥ R}, (resp. {2R ≥ |x| ≥ R}) and the assumptions on r(x, ξ) combined with the relations (2.11), (2.12), (2.13) lead to | 1 4 {l̃, x · ∂_ξl̃} − l̃(x, ξ)| ≤ C⟨R⟩^{−γ} ⟨ξ⟩^4. Finally, ξ being bounded on the the energy level Σ_λ, we can find R_c = R_c(μ_0, μ_1, γ) ≥ R_1 such that for any R ≥ R_c the function l̃ satisfies (2.9). Thus each λ ∈ J is a non-trapping energy level for l̃(x, ξ). Moreover, taking R_c such that the right hand side of (2.12) is bounded by μ < μ_0, we obtain |∂_ξl̃| ≠ 0 on l̃^{−1}(J) and, consequently, each λ ∈ J is a non-critical energy level for l̃(x, ξ). This completes the proof.

Remark 2. For a more complete analysis of the qualitative aspects of classical trajectories, we refer to the recent work of A. Knauf [11]. For the Hamiltonian l(x, ξ) =^1_2 |ξ|^2 + V (x), he obtained a topological condition for the existence of trapped trajectories.

3. Resolvent estimates

We start with the following proposition reducing the proof of the resolvent estimates to that for the cut-off resolvent.

Proposition 3. Let L(h) satisfy the ”black box” assumptions (1.7)−(1.12) and let J =]μ_0, μ_1[⊂⊂ R^+ . Then there exists a self-adjoint differential operator L̃ = L̃(h) on L^2(R^n ), satisfying the assumptions (1.7) − (1.12) such that each λ ∈ J is a non-trapping and non-critical energy level for L̃(h) and L(h)ψ = L̃(h)ψ for any ψ ∈ C^∞(R^n ) supported away from B(0, R_0). Moreover, for every s >^1_2 there exists C > 0, h_0 > 0 and ρ > R_0 such that for χ ∈ C^∞_0 (R^n ) with χ(x) = 1 for |x| ≤ ρ, we have ‖R(z)‖_{s,−s} ≤ Ch^{−2} ( 1 + ‖χR(z)χ‖_{H→H} ) , uniformly with respect to z ∈ B_± = {z ∈ C ; (Re z, ± Im z) ∈ J×]0, 1]} and h ∈ (0, h_0].

Proof. Choose a function Φ ∈ C^∞_0 ({x ∈ R^n ; |x| ≤ 2}; R), 0 ≤ Φ ≤ 1 such that Φ(x) = 1 for |x| ≤ 1 and set χ_R(x) = Φ(^x_R ) for R > R_0, where R_0 is the constant in the ”black box” assumptions. Introduce the self-adjoint operator on L^2(R^n ) L̃ = (1 − χ_R)Lχ_R + χ_RL(1 − χ_R) + (1 − χ_R)L(1 − χ_R) + χ_R(−h^2Δ)χ_R (3.1)

= Q + χ_R(−h^2Δ − Q)χ_R, (3.2) where Q is the formally self-adjoint differential operator given in the Introduction.

According to Proposition 2, there exists R_c > R_0 such that if R ≥ R_c, every λ ∈ J is a non-trapping and non-critical energy level in the sense mentioned in Section 2 for the principal symbol l̃_0(x, ξ) of L̃(h) having the form l̃_0(x, ξ) = l_0(x, ξ) − χ^2_R(x) ( l_0(x, ξ) − |ξ|^2 ) with l_0(x, ξ) = ∑ |α|=2 a_α(x)ξ^α. Clearly, for ψ = 0 on the support of χ_R, we have L̃ψ = Qψ = Lψ.

Let χ_1 ∈ C^∞_0 (R^n ) be equal to 1 on the support of χ_R and let χ_2 ∈ C^∞_0 (R^n ) be equal to 1 on the support of χ_1. Using L̃(1 − χ_1) = L(1 − χ_1), we have R(z) = R(z)χ_2 + (1 − χ_1)R̃(z)(1 − χ_2) + R(z)[L̃, χ_1]R̃(z)(1 − χ_2), (3.3) where R̃(z) = (L̃(h) − z)^{−1}, z ∈ C , Im z ≠ 0.

Thus we obtain ‖R(z)‖_{s,−s} ≤ C ( ‖R(z)χ_2‖_{s,−s} + ‖R̃(z)‖_{s,−s} + ‖R(z)χ_2‖_{s,−s}‖[L̃, χ_1]R̃(z)‖_{s,s} ) , (3.4)

where here and below we denote by C > 0 different constants independent on h and z. Next, [L̃, χ_1] is a first order h-admissible differential operator with compactly supported coefficients, so there exists C > 0 such that ‖[L̃, χ_1]R̃(z)‖_{s,s} ≤ C‖[L̃, χ_1]R̃(z)‖_{s,−s}. Moreover, the interval J contains non-trapping energy levels for L̃(h), and we can estimate ‖R̃(z)‖_{s,−s} and ‖[L̃, χ_1]R̃(z)‖_{s,−s} by Lemma 4 and Corollary 1 (see Section 5.1). Consequently, there exist C > 0 and h_0 > 0 such that for any h ∈ (0, h_0] we have ‖R(z)‖_{s,−s} ≤ Ch^{−1} ( 1 + ‖R(z)χ_2‖_{s,−s} ) . (3.5)

On the other hand, using the equality ‖R(z)χ_2‖_{s,−s} = ‖χ_2R(z)‖_{s,−s} and introducing χ_2 in the estimates (3.4), (3.5), we obtain ‖R(z)χ_2‖_{s,−s} ≤ Ch^{−1} ( 1 + ‖χ_2R(z)χ_2‖_{H→H} ) . (3.6)

Finally, (3.5) and (3.6) yield ‖R(z)‖_{s,−s} ≤ Ch^{−2} ( 1 + ‖χ_2R(z)χ_2‖_{H→H} ) .

Proposition 4. Assume that L(h) satisfies the assumptions (1.7) − (1.15). Then for small h_0 > 0 and fixed s > 1/2, h ∈ (0, h_0] the limits R(λ ± i0) = lim Im z→0, ± Im z>0 R(z), Re z = λ ∈ J, exist in L(H^{0,s}, H^{0,−s}) uniformly with respect to λ ∈ J.

Proof. Take a cut-off function χ ∈ C^∞_0 (R^n ) equal to 1 on B(0, R_0). We shall prove that there exists h_0 > 0 such that for fixed h ∈ (0, h_0] and s > 1/2, we have ‖R(z) − R(z^′)‖_{s,−s} ≤ C_{h,s} ( |z − z^′|^{δ1} + |z − z^′| + ‖χ ( R(z) − R(z^′) ) χ‖_{H→H} ) , with δ_1 ∈ (0, 1/2) uniformly with respect to z, z^′ ∈ B_±.

As in the proof of the Proposition 3, we choose R > R_c and introduce χ_R and an operator L̃ = L̃(h) with non-trapping energy levels in J. Let χ_1 ∈ C^∞_0 (R^n ) be equal to 1 on the support of χ_R and let χ_2 ∈ C^∞_0 (R^n ) be equal to 1 on the support of χ_1. Set R(z, z^′) = R(z) − R(z^′) and R̃(z, z^′) = R̃(z) − R̃(z^′). According to (3.3), we have R(z, z^′) = R(z, z^′)χ_2 + (1 − χ_1)R̃(z, z^′)(1 − χ_2) +R(z, z^′)[L̃, χ_1]R̃(z)(1 − χ_2) + R(z^′)[L̃, χ_1]R̃(z, z^′)(1 − χ_2).

and we deduce ‖R(z, z^′)‖_{s,−s} ≤ C‖R(z, z^′)χ_2‖_{s,−s} ( 1 + ‖[L̃, χ_1]R̃(z)‖_{s,s} ) +C‖R̃(z, z^′)‖_{s,−s} + C‖R(z^′)χ_2‖_{s,−s} ‖[L̃, χ_1]R̃(z, z^′)‖_{s,s}. For fixed h Lemma 6 in Section 5.2 implies that the cut-off resolvent χ(x)R(z)χ(x) is analytic in B_+ and the norm ‖χ_2R(z)χ_2‖_{H→H} will be uniformly bounded with respect to z ∈ B_±. Applying Proposition 3 for s > 1/2, we conclude that ‖R(z^′)χ_2‖_{s,−s} is also uniformly bounded with respect to z ∈ B_±. On the other hand, since J is non-trapping for L̃, we can apply Corollary 1. Thus, as in the proof of Proposition 3, for any s > 1/2 there exists C_s such that ‖[L̃, χ_1]R̃(z)‖_{s,s} ≤ C_sh^{−1} uniformly with respect to z ∈ B_±. Moreover, for s and h fixed, there exists C_{h,s} such that ‖R̃(z, z^′)‖_{s,−s} + ‖[L̃, χ_1]R̃(z, z^′)‖_{s,−s} ≤ C_{h,s} ( |z − z^′| + |z − z^′|^{δ1} ) , uniformly with respect to z, z^′ ∈ B_±. Consequently, there exists C_{h,s} > 0, such that ‖R(z, z^′)‖_{s,−s} ≤ C_{h,s} ( |z − z^′|^{δ1} + |z − z^′| + ‖R(z, z^′)χ_2‖_{s,−s} ) . Next, using the equality ‖R(z, z^′)χ_2‖_{s,−s} = ‖χ_2R(z, z^′)‖_{s,−s}, and introducing the cut-off function χ_2 in the above estimates, we obtain ‖R(z, z^′)χ_2‖_{s,−s} ≤ C_{h,s} ( |z − z^′|^{δ1} + |z − z^′| + ‖χ_2R(z, z^′)χ_2‖_{s,−s} ) . This implies immediately ‖R(z, z^′)‖_{s,−s} ≤ C_{h,s} ( |z − z^′|^{δ1} + |z − z^′| + ‖χ_2R(z, z^′)χ_2‖_{s,−s} ) .

From Lemma 6 we deduce the analyticity of χ_2R(z, z^′)χ_2 so for fixed h and s > 1/2, the limits R(λ ± i0) = lim Im z→0, ± Im z>0 R(z), Re z = λ ∈ J exist in L(H^{0,s}, H^{0,−s}).

For the proof of our principal result we need the following Lemma 3. Let L(h) satisfy the assumptions (1.7) − (1.15) and assume the estimate (1.5) fulfilled. Then for every χ ∈ C^∞_0 (R^n ) equal to 1 on B(0, R_0) there exist C > 0 such that for (λ, τ) ∈ J×]0, 1] we have ‖χ(x)R(λ ± iτ)χ(x)‖_{H→H} ≤ Ce^{Ch} �p , 0 < h ≤ h_0. (3.7) Proof. Set S_θ = {z ∈ C : −2θ < arg z ≤ π/4}, where 0 < θ ≤ θ_0 is fixed and θ_0 ∈]0, π[ was introduced in the assumption (1.13) making possible a complex scaling of L(h). Choose μ/2 > δ > 0 so that (1.5) holds for λ ∈ [μ_0 − δ, μ_1 + δ] and consider the compact set Ω_δ = {z ∈ S_θ : μ_0 − δ ≤ Re z ≤ μ_1 + δ} .

Then for every m ∈ N, Lemma 1 in [23] yields ‖χ(L(h) − z)^{−1}χ‖ ≤ C(Ω_δ , m) exp ( C(Ω_δ , m)h^{−k} ) , 0 < h ≤ h_0(Ω_δ, m) (3.8) for z ∈ Ω_δ \ ⋃ z_j ∈Res L(h)∩Ω_δ D(z_j : h^m)

with k ≥ n and D(z_j : h^m) = {z ∈ C : |z − z_j | ≤ h^m}. For the number of the scattering resonances we have the estimate (see [22], [20]) ♯{z_j : z_j ∈ Res L(h) ∩ Ω_δ} ≤ C_1(Ω_δ )h^{−n♯} with n^♯ ≥ n. Next we fix an integer m satisfying 2m ≥ n^♯ + 1 and take 0 < h_1(Ω_δ , m) ≤ h_0(Ω_δ , m) small enough to arrange 4C_1(Ω_δ )h^{2m−n♯} < δ for 0 < h ≤ h_1(Ω_δ , m). This implies immediately the existence of γ_1(h), γ_2(h) so that

μ_0/2 ≤ μ_0 − δ < γ_1(h) < μ_0 − δ 2 , μ_1 + δ 2 < γ_2(h) < μ_1 + δ , and γ_j (h) + iτ /∈ ⋃ z_j ∈Res L(h)∩Ω_δ D(z_j : h^m), j = 1, 2, τ ≥ 0 .

Thus for k > n fixed the estimate (3.8) holds for z = γ_j (h) + iτ, j = 1, 2, τ ≥ 0. Set ϵ =^δ_{10} and introduce the domain Π_δ = {z = λ + iτ : μ_0 − δ ≤ λ ≤ μ_1 + δ, 0 ≤ τ ≤ h^M } ⊂ Ω_δ , where 2M > k. By a modification of the argument in [23], Lemma 2, we may construct a function f(z, h) holomorphic in Π_ϵ with the properties:

(i) |f(z, h)| ≤ e in Π_δ ,

(ii) |f(z, h)| ≥ 1/2 in [μ_0 − ϵ, μ_1 + ϵ] + i[0, h^M ],

(iii) for z ∈ Π_δ ∩ {z : Re z ≤ μ_0 − 4ϵ, or Re z ≥ μ_1 + 4ϵ} we have |f(z, h)| ≤ C_ϵ exp ( − ϵ^2 2h^{2M} ) , 0 ≤ h ≤ h(ϵ).

To construct f(z, h), take a function ψ(x) ∈ C^∞_0 (R^n ), 0 ≤ ψ(x) ≤ 1, such that ψ(x) = { 0, x /∈ [μ_0 − 3ϵ, μ_1 + 3ϵ], 1, x ∈ [μ_0 − 2ϵ, μ_1 + 2ϵ] and put

f(z, h) = (πα^2)^{−1/2} ∫ exp ( − (x − z)^2 α^2 ) ψ(x)dx, α = h^M . The check of (i) is trivial. For (ii) write z = u + iv and take u ∈ [μ_0 − ϵ, μ_1 + ϵ]. Then

|f(z, h) − 1| ≤ (πα^2)^{−1/2} exp ( v2 α^2 ) ∫ exp ( − (x − u)^2

α^2 ) |ψ(x) − 1|dx ≤ π^{−1/2}e ∫ e^{−y2} |ψ(αy + u) − 1|dy ≤ 2π^{−1/2}e ∫ R\B(0,^ϵ_α ) e^{−y2} dy ≤ 1 2 , for 0 < h ≤ h(ϵ) since^ϵ_α −→ ∞ as h → 0. Finally, to deal with (iii), assume for example that u ≤ μ_0 − 4ϵ.. We have |f(z, h)| ≤ (πα^2)^{−1/2} exp ( v2 α^2 ) ∫ exp ( − (x − u)^2

α^2 ) ψ(x)dx ≤ Aπ^{−1/2}h^{−M} exp ( − ϵ^2 α^2 ) ≤ C_ϵ exp ( − ϵ^2 2α^2 ) , 0 ≤ h ≤ h(ϵ). Our assumptions imply that the cut-off resolvent F (z, h) = χ(x)R(z)χ(x) has no poles on the real axis (see Appendix 5.2). Thus the function G(z, h) = f(z, h)F (z, h) is holomorphic in Π_ϵ. For Im z = 0 we have ‖G(z, h)‖ ≤ eCe^Ch^p , while for Im z = h^M we get ‖G(z, h)‖ ≤ Ce h^M ≤ e^{C1h} . For z ∈ Π_δ, Re z = γ_j (h), j = 1, 2, combining the estimates for |f(z, h)| and ‖F (z, h)‖, we obtain ‖G(z, h)‖ ≤ C_ϵe^Ch^k e^{− ϵ2}h^{2M} ≤ C_2, 0 < h ≤ h(ϵ). As in [23], by applying the maximum principle for G(z, h) in Π_ϵ, we deduce the estimate (3.7) for λ ∈ J, 0 < τ ≤ h^M . The result for h^M ≤ τ ≤ 1 follows trivially from the inequality ‖χ(x)R(λ + iτ)χ(x)‖_{H→H} ≤^C_τ and the proof is complete.

From Proposition 3 and Lemma 3 we deduce Theorem 1.

4. Microlocal resolvent estimates In this section we obtain microlocal resolvent estimates in the trapping case. They are inspired by the microlocal estimates in Lemma 2.3 of [19] corresponding to the non-trapping case. In [19] (see also [16] for more general Hamiltonians), Robert-Tamura constructed an approximation of the propagator exp(ith^{−1}L) by a Fourier integral operator which is uniform with respect to the time t and h. It is convenient to localize in the outgoing or incoming regions of the phase space Γ^±(R, d, σ_±) = {(x, ξ) ∈ R^{2n} : |x| > R, d^{−1} < |ξ| < d, ⟨x.ξ⟩ |x||ξ| > < σ_±}, (4.1)

where d > 1, −1 < σ_± < 1 and R ≫ 1 is large enough.

Consider a symbol ω_±(x, ξ) ∈ C^∞(R^{2n} ) such that supp ω_± ⊂ Γ^±(R, d, σ_±) and |∂^α_x ∂^β_ξ ω_±(x, ξ)| ≤ C_{α,β,L}⟨x⟩^{−|α|}⟨ξ⟩^{−L} (4.2) for any L ≫ 1. Then we have the following

Proposition 5. Let J ⊂⊂ R^+ and ψ ∈ C^∞_b (R^n ) be supported away from B(0, R_0). Then there exists χ ∈ C^∞_0 (R^n ), χ = 1 on B(0, R_0) such that for any (λ, τ) ∈ J × [0, 1] and h ∈ (0, h_0] the following assertions hold:

i) For any s > 1/2, δ > 1 there exist C > 0 and h_0 > 0 such that for h ∈ (0, h_0] we have ‖ψR(λ ± iτ)ψω_±(x, hD_x)‖_{−s+δ,−s} ≤ Ch^{−2}(1 + ‖χR(λ ± iτ)χ‖_{H→H}). (4.3) ii) If σ_+ > σ_−, then for any s ≫ 1, there exist C > 0 and h_0 > 0 such that for h ∈ (0, h_0] we have ‖ω_∓(x, hD_x)ψR(λ ± iτ)ψω_±(x, hD_x)‖_{−s,s} ≤ Ch^{−2}(1 + ‖χR(λ ± iτ)χ‖_{H→H}). (4.4) Proof. As in the proof of the Proposition 3, there exists a self-adjoint differential operator L̃ = L̃(h) on L^2(R^n ), such that each λ ∈ J is a non-trapping energy level for L̃ and the equality (3.3) holds. Then i) is a consequence of Proposition 3 and i) of Lemma 5. We use also the resolvent estimate (as in Corollary 1) and the fact that ⟨x⟩^{−s}ω_±(x, hD_x)⟨x⟩^s is a bounded pseudo-differential operator for any s ∈ R (see [4], [14]).

According to (3.3) we have ω_∓(x, hD_x)ψR(z)ψω_±(x, hD_x) = ω_∓(x, hD_x)ψR(z)χ_2 ( 1 + [L̃, χ_1]R̃(z)(1 − χ_2) ) ψω_±(x, hD_x) +ω_∓(x, hD_x)(1 − χ_1)R̃(z)(1 − χ_2)ω_±(x, hD_x).

However, ω_∓(x, hD_x)ψR(z)χ_2 = ( χ_2R(z)ψω_∓(x, hD_x)^∗ )_∗ , then using (3.3), the Proposition 3 and Lemma 5 once more we obtain that the operator ω_∓(x, hD_x)ψR(λ ± iτ)χ_2 exists in L(L^2_{−s}, L^2_s) for (λ, τ) ∈ J × [0, 1] and following estimates hold ‖ω_∓(x, hD_x)ψR(λ ± iτ)χ_2‖_{−s,s} ≤ Ch^{−1}(1 + ‖χ_2R(λ ± iτ)χ_2‖_{H→H}). Consequently, according to Lemma 5, ω_∓(x, hD_x)ψR(λ ± iτ)ψω_±(x, hD_x) exists in L(L^2_{−s}, L^2_s) for (λ, τ) ∈ J × [0, 1] and these operators satisfy the claimed estimate (4.4).

5. Appendix

5.1. Resolvent estimates in the non-trapping case. In this section we recall some resolvent estimates in a non-trapping energy interval for a self-adjoint differential operator L̃ = L̃(h) defined in a dense domain in L^2(R^n ). We say that J ⊂⊂ R^+ is non-trapping for L̃(h) if every λ ∈ J is a non-trapping energy level for the principal symbol of L̃(h) in the sense of Section 2. Denote by ‖.‖_{s,s}0 the norm of L(L^{2,s}, L^{2,s} 0 ), where L^{2,s} is the weight space L^2(R^n , ⟨x⟩^sdx).

Lemma 4. Let L̃ = L̃(h) be a self-adjoint differential operator having the form (1.10) and satisfying (1.11)− (1.12). Let J ⊂⊂ R^+ be an open non-trapping interval for L̃(h) and let s > 1/2. Then i) for h ∈ (0, h_0] fixed, there exists C_{h,s} > 0 such that for any z, z^′ ∈ B_± we have ‖(L̃ − z)^{−1} − (L̃ − z^′)^{−1}‖_{s,−s} ≤ C_{h,s}|z − z^′|^{δ1} , δ_1 = (s − 1/2)/(2s − 1/2). ii) for λ ∈ J, the limits

(L̃ − λ ∓ i0)^{−1} := lim Im z→0, ± Im z>0 (L̃ − z)^{−1}, Re z = λ,

exist in L(L^{2,s}, L^{2,−s}), and there exists C > 0 and h_0 > 0 such that for z ∈ B_± and h ∈ (0, h_0] we have ‖(L̃ − z)^{−1}‖_{s,−s} ≤ Ch^{−1}. (5.1) Proof. This result can be obtained following the Mourre theory. First, there exists a conjugate operator A = A(h) to L̃ satisfying the following Mourre inequality: ∀Φ ∈ C^∞_0 (J), ∃γ_0 > 0 such that for all h ∈ (0, h_0], we have

Φ(L̃)i^{−1}[L̃, A]Φ(L̃) ≥ γ_0hΦ(L̃)^2. (5.2)

For the construction of A(h) we refer to [16], where a more general setup has been considered. The operator A(h) has the form of a h-pseudodifferential operator with symbol F (x, ξ) = K(x, ξ) + 2x.ξ ⟨ξ⟩^2 , where K ∈ C^∞(R^n ×R^n ) is compactly supported with respect to x and K is uniformly bounded with respect to (x, ξ).

According to Mourre type results, we deduce that L̃ has no eigenvalues in J for h small enough (see [12], [3]) and for s > 1/2 the following assertions hold (see [13], [10] and [8],[15], [16] for operators depending on h): i’) for h ∈ (0, h_0] fixed, there exists C_h > 0 such that for z, z^′ ∈ B_± = {z ∈ C ; (Re z, ± Im z) ∈ J×]0, 1]} we have ‖⟨A⟩^{−s} ( (L̃ − z)^{−1} − (L̃ − z^′)^{−1} ) ⟨A⟩^{−s}‖_L2_{→L}2 ≤ C_h|z − z^′|^{δ1} . ii’) there exist C > 0 and h_0 > 0 such that for z ∈ B_± and h ∈ (0, h_0] we have

‖⟨A⟩^{−s}(L̃ − z)^{−1}⟨A⟩^{−s}‖_L2_{→L}2 ≤ Ch^{−1}, < A >= (1 + A^2)^{1/2} (5.3)

Let us note that the operators ⟨x⟩^{−s}⟨A⟩^s, ⟨A⟩^s⟨x⟩^{−s}, s ≥ 0, are uniformly bounded with respect to h in L(L^2). This follows from the functional calculus developed by Dimassi-Sjöstrand (see Sections 7 and 8 in [4]) or by using a complexe interpolation as in Lemma 8.2 of [13]. Then, writing ⟨x⟩^{−s}(L̃ − z)^{−1}⟨x⟩^{−s} = ⟨x⟩^{−s}⟨A⟩^s ⟨A⟩^{−s}(L̃ − z)^{−1}⟨A⟩^{−s} ⟨A⟩^s⟨x⟩^{−s}, we complete the proof.

Corollary 1. Let P be a p-order h-admissible differential operator, p ≤ 2 and let s > 1/2. Then, under the assumptions of the lemma 4 the following assertions hold:

i”) for h ∈ (0, h_0] fixed, there exists C_{h,s} > 0 such that for z, z^′ ∈ B_± we have ‖P ( (L̃ − z)^{−1} − (L̃ − z^′)^{−1} ) ‖_{s,−s} ≤ C_{h,s} ( |z − z^′| + |z − z^′|^{δ1} ) . ii”) there exists C > 0 and h_0 > 0 such that for z ∈ B_± and h ∈ (0, h_0] we have ‖P (L̃ − z)^{−1}‖_{s,−s} ≤ Ch^{−1}. (5.4) Proof. The ellipticity of L̃ and the functional calculus developed by Dimassi-Sjöstrand (see Sections 7 and 8 in [4]) imply that the operator ⟨x⟩^{−s}P (L̃ − i)^{−1}⟨x⟩^s is uniformly bounded in L(L^2) with respect to h, for s ≥ 0. Then ii”) is a direct consequence of ii) and the resolvent equation (L̃ − z)^{−1} = (L̃ − i)^{−1} + (z − i)(L̃ − i)^{−1}(L̃ − z)^{−1}.

In the same way i”) is a direct consequence of i) and the relation

(L̃ − z)^{−1} − (L̃ − z^′)^{−1} = (z − z^′)(L̃ − i)^{−1}(L̃ − z)^{−1} + (z^′ − i)(L̃ − i)^{−1} ( (L̃ − z)^{−1} − (L̃ − z^′)^{−1} ) .

Finally, we formulate some microlocal resolvent estimates which generalize Lemma 2.3 of [19].

Lemma 5. Let L̃ = L̃(h) be a self-adjoint differential operator having the form (1.10) and satisfying (1.11)− (1.12). Let J ⊂⊂ R^+ be an open non-trapping interval for L̃(h) and let ω_±(x, ξ) be a symbol supported in an outgoing (incoming) region as in Section 4. Then for any (λ, τ) ∈ J × [0, 1] the following assertions hold:

i) For any s > 1/2, δ > 1 there exist C > 0 and h_0 > 0 such that for h ∈ (0, h_0] we have ‖(L̃ − λ ∓ iτ)^{−1}ω_±(x, hD_x)‖_{−s+δ,−s} ≤ Ch^{−1}. (5.5) ii) If σ_+ > σ_− then for any s ≫ 1, there exist C > 0 and h_0 > 0 such that for h ∈ (0, h_0] we have ‖ω_∓(x, hD_x)(L̃ − λ ∓ iτ)^{−1}ω_±(x, hD_x)‖_{−s,s} ≤ Ch^N . (5.6) for any N ∈ N.

The proof of this lemma is analogous to the proof of Lemma 2.3 of [19] exploiting the constructions of long time approximations in section 4 of [16] for a large class of long range perturbations of the Laplacian. The essential point is the construction of the phase φ_± (see Proposition 4.1 of [16]).

5.2. Boundary values of the cut-off resolvent χR(z)χ. In this section we will show that for fixed h ∈ (0, h_0] the limits χ(x)R(λ ± i0)χ(x) = lim Im z→0, ± Im z>0 χ(x)R(z)χ(x), λ ∈ J exist in L(H, H), provided χ ∈ C^∞_0 (R^n ) is equal to 1 on B(0, R_0) and χ(x) = 0 for |x| ≥ R_0 + a_0, a_0 > 0. To do this it is sufficient to show that there are no resonances z_j in the interval ]μ_0 − δ, μ_1 + δ[.

Lemma 6. Assume (1.7) − (1.15) fulfilled. Then for 0 < h ≤ h_0 we have Res L(h)∩]μ_0 − δ, μ_1 + δ[= ∅.

Proof. The proof can be obtained from the results in [22], [20]. Here we will only give indications of how to extract it from there. We assume h fixed and let z_0 ∈ J be a resonance for L(h). Denote by H_{R0+a0} the space of elements of H that vanish outside B(0, R_0 + a_0). Then by using a complex scaling argument and Lemma 3.5 in [22], we conclude that for v ∈ H_{R0+a0} and z in a neighborhood of z_0 we have

(L − z)^{−1}v = N∑ j=1 (z_0 − z)^{−j} v_{−j} + G(z) (5.7)

with G(z) holomorphic in a neighborhood of z_0 and N independent of v. Consider the spectral projection π_{θ,z0} = 1 2πi ∫ γ(z0) (z − L_θ)^{−1}dz, L_θ being the operator obtained by complex dilation defined in a dense set D_θ of the space H_θ = H ⊕ L^2(Γ_θ \ B(0, R_0)) with 0 < θ ≤ θ_0 (see [20]), while γ(z_0) : [0, 2π] ∋ s −→ z_0 + ϵe^{is} with ϵ > 0 small enough. Let F_{θ,z0} be the image π_{θ,z0} (H_θ) and let

π_{0,z0} = 1 2πi ∫ γ(z0) (z − L)^{−1}dz : H_{comp} −→ D_{loc}.

Then exploiting the equality (3.3) and the fact that the resolvent R̃(z) is holomorphic in a small neighborhood of z_0, as in Proposition 3.6 in [22], we conclude that there exists a bijection between the spaces F_{θ,z0} and π_{0,z0} (H_{R0+a0} ). Since z_0 is a resonance, the space F_{θ,z0} is not trivial and we can find v ∈ H_{R0+a0} so that (5.7) holds with ∑_N j=1(z_0 − z)^{−j} v_{−j} ≠ 0. For simplicity assume that v_{−j} = 0 for j = 2, ..., N and let v_{−1} ≠ 0.

Take a cut-off function Φ(x) ∈ C^∞_0 (R^n ) equal to 1 on B(0, R_0) so that (Φ, v_{−1})_H ≠ 0. Therefore, lim_{ϵ→0}(Φ, iϵ(L − z_0 + iϵ)^{−1}v_{−1})_H = (Φ, P_{{z0}}v_{−1})_H ≠ 0,

P_{{z0}} being the spectral projector of L related to z_0, and we get z_0 ∈ σ_{pp}(L) which contradicts (1.15). The case of a multiple pole can be treated in the same way.

References

[1] V. Bruneau, Semi-classical behavior of the scattering phase for trapping perturbations of the Laplacian, Comm. in P.D.E.,

24, 5 & 6, (1999),1095-1125.

[2] N. Burq, Absence de résonances près du réel pour l’opérateur de Schrödinger, Exposé XVII, Séminaire EDP, Ecole Polytechnique, 1997/1998.

[3] H. L. Cycon, R. G. Froese, W. Kirsch, B. Simon, Schrödinger operators with application to quantum mechanics and global geometry, Texts and Monographs in Physics, Springer-Verlag, Berlin, Heidelberg, 1987.

[4] M. Dimassi, J. Sjöstrand, Spectral asymptotics in the semi-classical limit, Lecture Notes, (to appear).

[5] C. Gérard, A. Martinez, Principe d’absorption limite pour des opérateurs de Schrödinger à longue portée, C. R. Acad.

Sci. Paris, 306 (1988), 121-123.

[6] C. Gérard, A. Martinez, Semi-classical asymptotics of the spectral function of long range Schrödinger operators, J. Funct.

Anal. 84 (1989), 226-254.

[7] C. Gérard, A. Martinez and D. Robert, Breit-Wigner formulas for the scattering poles and total scattering cross-section in the semi-classical limit, Comm. Math. Phys. 121 (1989), 323-336.

[8] P. Hislop, S. Nakamura, Semiclassical resolvents estimates, Ann. Inst. H. Poincaré (Physique théorique), 51 (1989), 187- 198.

[9] H. Isozaki, H. Kitada, Modified wave operators with time independent modifiers, J. Fac. Sc. Univ. Tokyo Sect IA. 32 (1985), 77-104.

[10] A. Jensen, E. Mourre, P. Perry, Multiple Commutator Estimates and Resolvent Smoothness in Quantum Scattering Theory, Ann. Inst. H. Poincaré (Physique théorique) 41 (1984), 207-225.

[11] A. Knauf, Qualitative Aspects of Classical Potential Scattering, Preprint, 1998.

[12] E. Mourre, Absence of singular continuous spectrum for certain selfadjoint operators, Comm. Math. Phys., 78 (1981), 391-408.

[13] P. Perry, I. M. Sigal, B. Simon, Spectral analysis of N-body Schrödinger operators, Ann. Math. 114 (1981), 519-567. [14] D. Robert, Autour de l’approximation semi-classique PM, 68, Birkhäuser, Basel, 1987.

[15] D. Robert, Asymptotique de la phase de diffusion à haute énergie pour des perturbations du second ordre du Laplacien, Ann. Sci. Ecole Norm. Sup., 25 (1992), 107-134.

[16] D. Robert, Relative time-delay for perturbations of elliptic operators and semiclassical asymptotics, J. Funct. Anal. 126 (1994), 36-82.

[17] D. Robert, Semiclassical approximation in quantum mechanics. A survey of old and recent mathematical results, Helv.

Phys. Acta 71 (1998), 44-116.

[18] D. Robert and H. Tamura, Semiclassical estimates for resolvents and asymptotics for total scattering cross-sections, Ann.

Inst. H. Poincaré (Physique théorique), 46 (1987), 415-442.

[19] D. Robert and H. Tamura, Asymptotic behavior of the scattering amplitudes in semi-classical and low energy limits, Ann.

Inst. Fourier, 39 (1989), 155-192.

[20] J. Sjöstrand, A trace formula and review of some estimates for resonances, in Microlocal analysis and spectral theory (Lucca, 1996), 377–437, NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., 490, Kluwer Acad. Publ., Dordrecht, 1997.

[21] J. Sjöstrand, Resonances for bottles and trace formulae, Preprint, Ecole Polytechnique, 1998. [22] J. Sjöstrand and M. Zworski, Complex scaling and the distribution of scattering poles, J. Amer. Math. Soc. 4 (1991), 729-769.

[23] S. Tang and M. Zworski, From quasimodes to resonances, Math. Res. Lett., 5 (1998), 261-272. [24] A. Vasy and M. Zworski, Semiclassical estimates in asymptotically Euclidean scattering, Preprint, 1999. [25] X.P. Wang, Time-Decay of Scattering Solutions and Resolvents Estimates for Semi-classical Schrödinger Operators, J.

Differential Equations, 71 (1988), 348-395.

Département de Mathématiques Appliquées, Université de Bordeaux I, 351, Cours de la Libération, 33405 Talence, FRANCE vbruneau@math.u-bordeaux.fr petkov@math.u-bordeaux.fr