Remarks on the Ground State Energy of the Spin-Boson Model.

An Application of the Wigner-Weisskopf Model.

Masao Hirokawa

Department of Mathematics, Faculty of Science, Okayama University, Okayama 700-8530, Japan e-mail: hirokawa@math.okayama-u.ac.jp

Abstract For the ground state energy of the spin-boson (SB) model, we give a new upper bound in the case with infrared singularity condition (i.e., without infrared cutoff), and a new lower bound in the case of massless bosons with infrared regularity condition. We first investigate spectral properties of the Wigner-Weisskopf (WW) model, and apply them to SB model to achieve our purpose. Then, as an extra result of the spectral analysis for WW model, we show that a non-perturbative ground state appears, and its ground state energy is so low that we cannot conjecture it by using the regular perturbation theory.

Mathematics Subject Classifications (2000): 81Q10, 47B25, 47N50 Key Words: massless quantum field, Fock space, infrared problem, spin-boson model, Wigner-Weisskopf model, ground state energy

Contents

1 Introduction

2 Spectral Properties of Wigner-Weisskopf Model 2.1 Review 2.2 Existence of a Non-Perturbative Ground State 2.3 Proof of Theorem 2.3

3 Ground State Energy of Spin-Boson Model 3.1 New Upper and Lower Bounds for the Ground State Energy 3.2 Proofs of Theorem 3.1 and Corollary 3.2 3.3 Proof of Theorem 3.3

4 Discussion

4.1 Wigner-Weisskopf Model 4.2 Spin-Boson Model

1 Introduction

The spin-boson (SB) model describes a two-level system coupled to a quantized Bose field. There are many papers treating it [LCDFGW, EG, Am, Ar1, Da2, FNV, Gé1, Gé2, HüS1, HüS2, Sp1, SSW, AH1, AHH, AH2, JP, KiMa, AKV, Ts]. Especially, for the ground state energy of this model, we know several approximate expression by, for instance, [EG, Ts]. Spohn and Dümcke analyzed a variational upper bound for the ground state energy of the spin-boson model through the Ising model [SD, §7]. Recently the author gave an explicit one in the way of [mH2], still he proved it in the case of massless bosons with infrared cutoff. In this paper, we give a new upper bound for the ground state energy of SB model without infrared cutoff, and a new lower bound for it in the case of massless bosons with infrared regularity condition, and argue how an effect by the spin appears in the ground state energy.

We take a Hilbert space of bosons to be

F_b := F ( L^2 ( R^d )) ≡ ∞⨁ n=0 [ ⊗^n_s L^2 ( R^d )] (1.1)

(d ∈ N) the symmetric Fock space over L^2(R^d) (⊗^n_s K denotes the n-fold symmetric tensor product of a Hilbert space K, ⊗^0_sK ≡ C). In this paper, we set both of h̄ (the Planck constant divided by 2π) and c (the speed of light) one, i.e., h̄ = c = 1.

Let ω : R^d → [0, ∞) be a Borel measurable function such that 0 ≤ ω(k) < ∞ for all k ∈ R^d and ω(k) ≠ 0 for almost everywhere (a.e.) k ∈ R^d with respect to the d-dimensional Lebesgue measure. We here assume that

inf_{k∈}R_d ω(k) = 0 (1.2)

because we are interested in the case without infrared cutoff. Let ω̂ be the multiplication operator by the function ω, acting in L^2(R^ν). We denote by dΓ(ω̂) the second quantization of ω̂ [RS2, §X.7] and set

H_b = dΓ(^ω) = ∫ R^{d dk ω(k)a(k)∗a(k),} where a(k) is the operator-valued distribution kernels of the smeared annihilation operator a(f), so a(k)^∗ is that of creation operator a(f)^∗: a(f) = ∫ R^{d dk a(k)f(k), (1.3)} a(f)^∗ = ∫ R^{d dk a(k)∗f(k) (1.4)} for every f ∈ L^2(R^d) on F_b. Let Ω_0 be the Fock vacuum in F_b:

Ω_0 := {1, 0, 0, · · ·} ∈ F_b. (1.5)

The Segal field operator ϕ_S (f) (f ∈ L^2(R^d)) is given by

ϕ_S (f) := 1 √ 2 (a (f)^∗ + a (f)) . (1.6)

The inner product (resp. norm) of a Hilbert space K is denoted ( · , · )_K, complex linear in the second variable (resp. ‖ · ‖_K). For each s ∈ R, we define a Hilbert space M_s = { f : R^d → C, Borel measurable | ω^{s/2}f ∈ L^2(R^ν) }

with inner product (f, g)_s := (ω^{s/2}f, ω^{s/2}g)_L2_(Rν_) and norm ‖f‖_s := ‖ω^{s/2}f‖_L2_(Rd_), f ∈ M_s. We shall assume the following (A.1) to obtain upper bounds for the ground state energy:

(A.1) The function λ(k) of k ∈ R^d satisfies that λ ∈ M_{−1} ∩ M_0.

We call the following condition the infrared singularity condition (see [Pf1], [Da2, p153], [AH2]) ‖λ‖_{−2} = ∞, ( i.e., λ/ω /∈ L^2 ( R^d )) . (1.7) Conversely, we call the following condition the infrared regularity condition: λ ∈ M_{−2} ( i.e., λ/ω ∈ L^2 ( R^d )) . (1.8) The Hamiltonian of the spin-boson model is defined by H_{SB} := μ 2 σ_3 ⊗ I + I ⊗ H_b + √ 2ασ_1 ⊗ ϕ_S (λ) (1.9) = H_b + μ 2 √ 2αϕ_S (λ) √ 2αϕ_S (λ) H_b − μ 2 acting in the Hilbert space F := C^2 ⊗ F_b = F_b ⊕ F_b, (1.10) where 0 < μ is a splitting energy, and σ_1, σ_3 the standard Pauli matrices,

σ_1 = ( 0 1 1 0 ) , σ_3 = ( 1 0 0 −1 ) .

For simplicity, we denote the decoupled free Hamiltonian (α = 0) by H_0:

H_0 := μ 2 σ_3 ⊗ I + I ⊗ H_b (1.11) = H_b + μ 2 0 0 H_b − μ 2 .

For the above H_{SB}, we temporally introduce an infrared cutoff ν > 0 such that the infrared regularity condition, λ/ω_ν ∈ L^2(R^d), holds for ν > 0, which raise the bottom of the frequency ω(k) of bosons (see [AH2]):

ω_ν(k) := ω(k) + ν, ν > 0, (1.12) H_b(ν) := dΓ(^ω_ν), (1.13)

H_{SB}(ν) := μ 2 σ_3 ⊗ I + I ⊗ H_b(ν) + √ 2ασ_1 ⊗ ϕ_S (λ), (1.14)

where ν means the lower bound of the frequency which we can observe precisely by an equipment. Of course, we shall remove ‘ν’ later by taking the limit ν ↓ 0 such as making the precision better.

For simplicity, we put

H_{SB}(0) := H_{SB}. (1.15)

For a linear operator T on a Hilbert space, we denote its domain by D(T ). It is well-known that H_{SB}(ν) is self-adjoint on

D (H_{SB} (ν)) = D (I ⊗ H_b (ν)) , (1.16) and bounded from below for all α ∈ R (1.17)

for every ν ≥ 0 by [AH1, Proposition 1.1(i)] since σ_1 is bounded now.

For a self-adjoint operator T bounded from below, we denote by E_0(T ) the infimum of the spectrum σ(T ) of T :

E_0(T ) = inf σ(T ).

In this paper, when T is a Hamiltonian, we call E_0(T ) the ground state energy of T even if T has no ground state.

For H_{SB}(ν) (ν ≥ 0) we set

E_{SB}(ν) := E_0 (H_{SB} (ν)) .

It is well known that for ν > 0 − μ 2 − α^2 ‖ ‖ ‖ ‖ λ √ ω_ν ‖ ‖ ‖ ‖ 2

0 ≤ E_{SB}(ν) ≤ − μ 2 e^{−2α2‖λ/ων ‖20} − α^2 ‖ ‖ ‖ ‖ λ √ ω_ν ‖ ‖ ‖ ‖ 2

0 (1.18) by easy estimation and the variational principle ( [Ar1, Theorem 2.4] and [Da2, p.161]).

In this paper, we give new upper and lower bounds for E_{SB}(0) in the massless case. The idea to obtain the bounds is very simple as follows: we know the model of a quantum harmonic oscillator (QHO) with the RWA-interaction is derived from the linear coupling model of the QHO coupled with a Bose field by neglecting the terms which were not observed by an equipment (see [mH1, Remark on RWA]). Such the approximation is called the rotating wave approximation (RWA). The Wigner-Weisskopf (WW) model has the same form as the model of QHO with the RWA-interaction, so we can regard WW model as the model derived from the spin-boson (SB) model through RWA as well as QHO with the RWA-interaction. But there is a difference between WW model and QHO with the RWA-interaction. Namely, WW and SB models describe models of the spin coupled with a Bose field. So, although QHO with the RWA-interaction cannot restore the neglected terms, WW can do it in the sense of (2.8) and (3.17) below. Thus, we prove Theorem 3.1 (upper bound) in terms of WW model by regarding WW as an approximation of SB model, and using the difference as mentioned above and the variational principle. Moreover, this idea with the simple means which Lieb and Yamazaki already used in [LY] for the polaron model brings Theorem 3.3 (lower bound).

2 Spectral Properties of Wigner-Weisskopf Model

To obtain the bounds for the ground state energy of SB model, we use the properties of WW model [WW, Pf2, Da1, HüS2, AH2]. So, in this section, we describe fundamental properties of the Wigner-Weisskopf model.

We define a matrix c by

c := ( 0 0 1 0 ) . (2.1)

And let

H_b(0) := H_b, (2.2) ω_0(k) := ω(k), k ∈ R^d. (2.3)

Then, for every μ_0 ∈ R and ν ≥ 0, we define a Hamiltonian H_α(μ_0 ; ν) of the Wigner- Weisskopf model by

H_α(μ_0 ; ν) := μ_0c^∗c ⊗ I + I ⊗ H_b(ν) + α (c^∗ ⊗ a (λ) + c ⊗ a (λ)^∗) (2.4) = ( H_b(ν) + μ_0 αa (λ) αa (λ)^∗ H_b(ν) ) . We call H_α(μ_0 ; ν) the Wigner-Weisskopf Hamiltonian. We may put for ν = 0

H_α(μ_0) := H_α(μ_0 ; 0). (2.5)

Remark 2.1 The Wigner-Weisskopf model is one of several examples of the generalized spin-boson model. We know it if we put B_1 ≡ (c^∗ + c)/ √ 2, B_2 ≡ i(c^∗ − c)/ √ 2; λ_1 ≡ λ and λ_2 ≡ iλ.

It is easy to prove that H_α (μ_0 ; ν) is self-adjoint on D (H_α (μ_0 ; ν)) = D (I ⊗ H_b (ν)) , (2.6) and bounded from below (2.7) for every ν ≥ 0 by [AH1, Proposition 1.1(i)] since each B_j is bounded, and U^∗_1 ~H_α(μ_0 ; ν)U_1 = H_α(μ_0 ; ν) for every ν ≥ 0, (2.8) where the unitary operator U_1 is given by U_1 := σ_1 ⊗ I = ( 0 I I 0 ) , (2.9)

and ~H_α(μ_0 ; ν) is given by ~H_α(μ_0 ; ν) := μ_0cc^∗ ⊗ I + I ⊗ H_b(ν) + α (c^∗ ⊗ a (λ)^∗ + c ⊗ a (λ)) (2.10) = ( H_b(ν) αa (λ)^∗ αa (λ) H_b(ν) + μ_0 ) . Remark 2.2 For μ_0 < 0, the above Wigner-Weisskopf Hamiltonian H_α(μ_0 ; ν) was treated in [AH2, Theorem 6.15]. On the other hand, for μ_0 ≥ 0, H_α(μ_0 ; ν) was treated in [HüS2, §6] with ν > 0, and [AH2, Theorem 6.14] with ν ≥ 0.

As we did in [AH2, §6.2], we introduce a function D^α_{μ0,ν} for μ_0 ∈ R and ν ≥ 0 by D^α_{μ0,ν}(z) := −z + ε_0 − α^2 ∫ R^{d dk} |λ(k)|^2 ω_ν(k) − z , (2.11) defined for all z ∈ C such that |λ(k)|^2/|z − ω_ν(k)| is Lebesgue integrable on R^d. Remark 2.3 It is well-known that the Wigner-Weisskopf model is the simplified Lee model [Le, KaMu, We] & [Ta, §5.2], and the solution of D^α_{ε0,ε1,ν}(z) = 0 gives the renormalized mass for the Lee model.

As we mentioned in [AH2, §6.2], D^α_{μ0,ν}(z) is defined in the cut plane C_ν := C \ [ν , ∞) , ν ≥ 0 (2.12) and analytic there. It is easy to see that D^α_{μ0,ν}(x) is monotone decreasing in x < ν. Hence, the limit

d^α_ν (μ_0) := lim_{x↑ν} D^α_{μ0,ν}(x) (2.13)

= −ν + μ_0 − α^2 lim_{t↓0} ∫ R^{d dk} |λ(k)|^2 ω_ν(k) − ν + t exists. Actually, for a.e. k ∈ R^d, 0 < |λ(k)|^2 ω_ν(k) − ν + t < |λ(k)|^2 ω(k) , t > 0 and lim_{t↓0} |λ(k)|^2 ω_ν(k) − ν + t = |λ(k)|^2 ω(k) (a.e.),

and we assumed λ/ √ ω ∈ L^2(R^d) in (A.1), moreover set ω_ν(k) := ω(k) + ν (ν > 0, k ∈ R^d). So, by the Lebesgue dominated convergence theorem, we have

d^α_ν (μ_0) = −ν + μ_0 − α^2 ∫ R^{d dk} |λ(k)|^2 ω(k) . (2.14)

We may put for ν = 0

D^α_{μ0} (z) := D^α_{μ0,0}(z), (2.15) d^α(μ_0) := d^α_0 (μ_0). (2.16)

The Wigner-Weisskopf model has a conservation law for a kind of the particle number in the following sense:

We define

N_P :=

1 + σ_3 2 ⊗ I + I ⊗ N_b, (2.17)

which was already introduced in [HüS2, §6], where N_b is the boson number operator,

N_b := dΓ(1) = ∑ ℓ=0 ℓP^{(ℓ)}. (2.18)

Here (2.18) is the spectral resolution of N_b, and P^{(ℓ)} is the orthogonal projection onto the ℓ-particle space in F_b for each ℓ ∈ {0} ∪ N. The spectral resolution of N_P is given as

N_P = ∑ ℓ=0 ℓP_ℓ, (2.19)

where

P_ℓ =

1 − σ_3

2 ⊗ P^{(0)} if ℓ = 0,

1 + σ_3

2 ⊗ P^{(ℓ−1)} +

1 − σ_3

2 ⊗ P^{(ℓ)} if ℓ ∈ N.

(2.20)

H_α(μ_0 ; ν) is reduced by P_ℓF for every α ∈ R and each ℓ ∈ {0} ∪ N, i.e., P_ℓH_α(μ_0 ; ν) ⊂ H_α(μ_0 ; ν)P_ℓ, (2.21) which means that D (P_ℓH_α (μ_0 ; ν)) ⊂ D (H_α (μ_0 ; ν) P_ℓ) , P_ℓH_α (μ_0 ; ν) Ψ = H_α(μ_0 ; ν)P_ℓΨ for Ψ ∈ D (P_ℓH_α (μ_0 ; ν)) (see [Ka, p.278]). So, for every α ∈ R, H_α(μ_0 ; ν) is decomposed to the direct sum of H_{ℓ,α}(μ_0 ; ν)’s as H_α(μ_0 ; ν) = ∞⨁ ℓ=0 H_{ℓ,α}(μ_0 ; ν), (2.22)

where H_{ℓ,α}(μ_0 ; ν) is self-adjoint on the closed subspace F_ℓ defined by F_ℓ := P_ℓF (2.23) for each ℓ ∈ {0} ∪ N and F = ∞⨁ ℓ=0 F_ℓ. (2.24) The proof of the above statement is that, for instance, we have only to extend [Ka, Problem 3.29] to its infinite version by repeating [Ka, Problem 3.29] with the closedness of H_α(μ_0 ; ν).

We call F_ℓ the ℓ-sector. We define a vector Ω^0 ∈ F_0 by Ω^0 := ( 0 1 ) ⊗ Ω_0 = ( 0 Ω_0 ) . (2.25) Then, we have ‖Ω^0‖ = 1. (2.26) For every f ∈ D(^ω_ν) (ν ≥ 0), we define a vector Ω^1(f) ∈ F_1 by Ω^1(f) := ( 1 0 ) ⊗ Ω_0 + ( 0 1 ) ⊗ a(f)^∗Ω_0 = ( Ω_0 a (f)^∗ Ω_0 ) . (2.27) Then, we have ‖Ω^1(f)‖ = ( 1 + ‖f‖^2_0 )1/2 . (2.28)

When a zero E^α_{μ0,ν} of D^α_{μ0,ν}(z) exists in (−∞ , ν), we define a function by g^α_{μ0,ν}(k) := −α λ(k) ω_ν(k) − E^α_{μ0,ν} ∈ D(^ω_ν), k ∈ R^d. (2.29)

Especially, we may put for ν = 0

E^α_{μ0} := E^α_{μ0,0}, (2.30) g^α_{μ0} := g^α_{μ0,0}. (2.31)

For a self-adjoint operator T , we denote the set of all essential spectra of T by σ_{ess}(T ), and pure point spectra by σ_{pp}(T ).

By the definition (2.4) of the Hamiltonian H_α(μ_0; ν), the free Hamiltonian of the Wigner-Weisskopf model is H_0(μ_0; ν) for every μ_0 ∈ R and ν ≥ 0. Then, it is clear that

σ_{pp} (H_0 (μ_0; ν)) = {0 , μ_0} , (2.32) σ_{ess} (H_0 (μ_0; ν)) = [min {0 , μ_0} , ∞) , (2.33) 0 and μ_0 are simple, (2.34) the unique eigenvector of 0 is Ω^0 ∈ F_0, (2.35) and the unique eigenvector of μ_0 is Ω^1(0) ∈ F_1. (2.36)

2.1 Review

The following theorem follows from [AH2, Proposition 6.13, Theorems 6.14 and 6.15] with a slight revision.

Theorem 2.1 (a) Let ν, d^α_ν (μ_0) ≥ 0. Then,

0 ∈ σ_{pp} (H_α (μ_0 ; ν)) , (2.37) σ_{ess} (H_α (μ_0 ; ν)) = [ν , ∞) . (2.38)

In particular, 0 is the ground state energy of H_α (μ_0 ; ν) with its unique ground state Ω^0 ∈ F_0.

(b) Let d^α_ν (μ_0) < 0 < ν and α^2‖λ/ √ ω_ν‖^2_0 ≤ μ_0. Then, { 0 , E^α_{μ0,ν} } ⊂ σ_{pp} (H_α (μ_0 ; ν)) , (2.39) σ_{ess} (H_α (μ_0 ; ν)) = [ν , ∞) , (2.40)

with 0 ≤ E^α_{μ0,ν} < ν. In particular, 0 is the ground state energy of H_α(μ_0 ; ν). Moreover, if α^2‖λ/ √ ω_ν‖^2_0 < μ_0, then 0 < E^α_{μ0,ν}; 0 is simple, and Ω^0 ∈ F_0 is the unique ground state of H_α(μ_0 ; ν), (2.41) if α^2‖λ/ √ ω_ν‖^2_0 = μ_0, then 0 = E^α_{μ0,ν}; Ω^0 ∈ F_0 and Ω^1(g^α_{μ0,ν}) ∈ F_1 are the degenerate ground states of H_α(μ_0 ; ν). (2.42)

(c) Let d^α_ν (μ_0) < 0 < ν and μ_0 < α^2‖λ/ √ ω_ν‖^2_0. Suppose that

2ν − μ_0 > α^2 ‖ ‖ ‖ ‖ λ √ ω_ν ‖ ‖ ‖ ‖ 2

0 − M (α, μ_0, ω_ν) + ‖λ‖^2_0 M (α, μ_0, ω_ν) , (2.43)

where

M (α, μ_0, ω_ν) := ∫ R^{d dk} |λ(k)|^2 ω_ν(k) − μ_0 + α^2‖λ/ √ ω_ν‖^2_0

. (2.44)

Then, { E^α_{μ0,ν} , 0 } ⊂ σ_{pp} (H_α (μ_0 ; ν)) , (2.45)

σ_{ess} (H_α (μ_0 ; ν)) = [ E^α_{μ0,ν} + ν , ∞ ) , (2.46)

with E^α_{μ0,ν} < 0. In particular, E^α_{μ0,ν} is the ground state energy of H_α(μ_0 ; ν) with its ground state Ω^1(g^α_{μ0,ν}) ∈ F_1.

Proof. Parts (a) and (b) follows from [AH2, Proposition 6.13, Theorem 6.14]. For (2.41), we did not state the simpleness of 0 in [AH2, Theorem 6.14(ii)]. But, if we use α^2‖λ/ √ ω_ν‖^2_0 < μ_0 instead of [AH2, (6.60)], then we get α^2a(λ)^∗a(λ) ≤ μ_0H_b(ν). So, we obtain the simpleness in the same way as the proof of that in [AH2, Proposition 6.13(i)] by using the argument in [HüS2] which derives [HüS2, (6.14)] from [HüS2, (6.3)]. In order to prove part (c), we have only to modify [AH2, Theorem 6.15]. Here we note the following. By applying [AH2, Proposition 6.13(ii)] to our assumption, we have E_0 (H_α (μ_0 ; ν)) ≤ E^α_{μ0,ν} < μ_0, which is essential in [AH2, (6.72)] in the proof of [AH2, Theorem 6.15], not μ_0 < 0.

Remark 2.4 We are also interested in the case for the large absolute value of the coupling constant(i.e., |α| ≫ 1). Fix μ_0 and make |α| so large. Then, we have d^α_ν (μ_0) < 0. Thus, we have to investigate the case for d^α_ν (μ_0) < 0 to investigate the case for large |α|. See Theorem 2.3 below.

Remark 2.5 In [ν , ∞) for ν ≥ 0, we can make a different eigenvalue from both of E^α_{μ0,ν} and 0 by adding some conditions to ω(k) and λ(k) as we mentioned in [AH2, Remark 6.4]. Namely, as an effect of the scalar Bose field, a new eigenvalue appears in (ν , ∞).

Remark 2.6 It is easy to check that ‖ ‖ ‖ ‖ λ √ ω_ν ‖ ‖ ‖ ‖ 2

0 − M (α, μ_0, ω_ν) > 0. (2.47)

Let μ_0 ≥ 0. Then, if ν = 0, then (2.43) does not hold by (2.47). Let μ_0 < 0. Then, by the definition (2.44), we get M (α, μ_0, ω_ν) < ∫ R^{d dk} |λ(k)|^2 −μ_0 = ‖λ‖^2_0 −μ_0 since μ_0 < 0 now, which implies that

the left hand side of (2.43) > −μ_0

since μ_0 < 0 < M (α, μ_0, ω_ν). Thus, (2.43) is meaningful for the case of massive bosons only.

In Theorem 2.1(c), we cannot show the ground state energy of H_α(μ_0) for the massless bosons under the condition d^α(μ_0) < 0 alone as we remarked in Remark 2.6, but if we add the condition (S), then we can determine the pure point spectra of H_α(μ_0) completely for the massless bosons by using Skibsted’s result [Sk, Theorem 3.1]. So, we need the following condition:

(S) λ^{(1)} ∈ M_0 ⋂ M_{−2}, where

λ^{(1)}(k) := ∂ ∂|k| λ(k) + (d − 1)λ(k) 2|k| , k ∈ R^d (2.48)

considered as a distribution on C^∞_0 (R^d \ {0}).

Remark 2.7 Assuming (S) practically amounts to assuming the infrared regularity condition, namely not the infrared singularity condition (1.8).

Proposition 2.2 Assume (A.1), (S) and (1.8). Let ω(k) = |k| and d^α(μ_0) < 0. Then,

σ_{pp} (H_α (μ_0)) = { E^α_{μ0} , 0 } , (2.49) σ_{ess} (H_α (μ_0)) = [ E^α_{μ0} , ∞ ) (2.50)

for all α ∈ R with

α^2 < 1 4‖λ^{(1)}‖^2_0

. (2.51)

Especially, E^α_{μ0} is the simple ground state energy with its unique ground state Ω^1(g^α_{μ0} ) ∈ F_1, and 0 is the simple first excited state energy with its unique first excited state Ω^0 ∈ F_0.

Proof. First, we had already known that E^α_{μ0} ∈ σ_{pp} (H_α (μ_0 ; ν)) with its eigenvector Ω^1(g^α_{μ0} ), and 0 ∈ σ_{pp} (H_α (μ_0)) with its eigenvector Ω^0. We note here that, if d^α(μ_0) < 0, then

μ_0 < α^2 lim_{t↓0} ∫ R^{d dk} |λ(k)|^2 ω(k) + t ≤ α^2 ∫ R^{d dk} |λ(k)|^2 ω(k) (2.52)

since ∫ R^{d dk} |λ(k)|^2 ω(k) + t < ∫ R^{d dk} |λ(k)|^2 ω(k) for all t > 0. Moreover, by [AH2, Lemma 6.5(ii)] and (2.52), we get E^α_{μ0} < 0. The existence of a ground state follows from [Gé2, Theorem 1] which is an improvement of [AH1, Theorem 1.3]. On the other hand, set β := α^2‖λ^{(1)}‖^2_0. Then, we get 2(1 − β)^{−1} < 3 by (2.51). Thus, by [Sk, Theorem 3.7] which is an improvement of [HüS2], we know that the total number of all eigenvectors of H_α (μ_0; ν) is less that 3, namely 2. Therefore, we obtain (2.49), parts (b) and (c). (2.50) follows from [Ar2, Theorem 3.6].

2.2 Existence of a Non-Perturbative Ground State

We use the following condition in the main theorem below:

(A.2) The functions, ω(k), λ(k), are continuous, and lim |k|→∞ ω(k) = ∞. (2.53)

Moreover, there exist constants γ_ω > 0 and C_ω > 0 such that |ω(k) − ω(k^′)| ≤ C_ω|k − k^′|^{γω} (1 + ω (k) + ω (k^′)) , k, k^′ ∈ R^d. (2.54)

Theorem 2.3 Let ν ≥ 0. Assume (A.1). Then, (a) there exists α_{WW}(ν) > 0 such that { E^α_{μ0,ν} , 0 } ⊂ σ_{pp} (H_α (μ_0; ν)) (2.55) with E_0 (H_α (μ_0; ν)) < min { E^α_{μ0,ν} , 0 } , (2.56) σ_{ess} (H_α (μ_0; ν)) = [E_0 (H_α (μ_0; ν)) + ν , ∞) (2.57)

for every α ∈ R with |α| > α_{WW}(ν).

(b) Let ν > 0 (massive bosons). Assume (A.2) in addition. Then, there exists a ground state Ψ_{WW} ∈ F of H_α (μ_0; ν), namely

H_α (μ_0; ν) Ψ_{WW} = E_0 (H_α (μ_0; ν)) Ψ_{WW},

such that { E_0 (H_α (μ_0; ν)) , E^α_{μ0,ν} , 0 } ⊂ σ_{pp} (H_α (μ_0; ν)) , (2.58) with (2.56) Ψ_{WW} /∈ F_0 ∪ F_1 (2.59)

for every α ∈ R with |α| > α_{WW}(ν).

(c) Let ν = 0 (massless bosons). Assume (A.2), ∇ω ∈ L^∞(R^d) and (1.8) in addition.

Then, there exists a ground state Ψ_{WW} ∈ F of H_α (μ_0; ν) such that (2.56), (2.58) and (2.59) hold for every α ∈ R with |α| > α_{WW}(0).

Remark 2.8 When the case of massive bosons (ν > 0), we can apply the regular perturbation theory to WW model for sufficiently small absolute value of the coupling constant α, and then Theorem 3.1 says that we get either E^α_{μ0,ν} or 0 as the ground state energy. Theorem 2.3 means that, for sufficiently large absolute value of the coupling constant, a non-perturbative ground state appears as an influence of the scalar Bose field, and its ground state energy is so low that we cannot conjecture it by the regular perturbation theory for sufficiently small absolute value of the coupling constant. We will clarify the other non-perturbative properties of Ψ_{WW} in [AH3]. For other models, the similar phenomenon were investigated by Hiroshima and Spohn [fHS].

The following Figures 3-6 show the spectra which we had found, so not all:

(I) For |α| < α_{WW}(ν):

(I-a) Let d^α_ν (μ_0) ≥ 0. Then

Point Spectra

0 ν_{μ0 moves}

? Ground State Energy

Excited State Energy

Essential Spectrum x h AA AAU PPPP

PPPP

PPPPPq ? ? (I-b) Let d^α_ν (μ_0) < 0.

(I-b-1) If μ_0 > α^2‖λ/ √ ω_ν‖^2_0, then

Point Spectra

E^α_{μ0} 0 ν_{μ0 moves}

Ground State Energy

Excited State Energy

Excited State Energy

Essential Spectrum

x x h � �ff AA AAU PPPP

PPPP

PPPPPq ? œ

(I-b-2) If μ_0 = α^2‖λ/ √ ω_ν‖^2_0, then

Point Spectrum

0 = E^α_{μ0} ν_{μ0 moves}

Degenerate Ground State Energy

Excited State Energy

Essential Spectrum x h � �ff PPPP

PPPP

PPPPPq ? œ

(I-b-3) If μ_0 < α^2‖λ/ √ ω_ν‖^2_0, and all other hypothese in Theorem 2.1(c) hold,

then

Appearance or disappearance of depends on the condition for λ by an effect of

the scalar Bose field as non-purterbative eigenvalue.

Point Spectra

0 E^α_{μ0} E^α_{μ0} + ν_{μ0 moves}

Ground State Energy

Excited State Energy

Excited State Energy

Essential Spectrum

x x h � �ff AA AAU PPPP

PPPP PPPPPq ? œ

Figure 1: Spectra We Had Found for WW Model (I) for ν > 0

(II) For |α| > α_{WW}(ν): If all hypotheses in Theorem 2.3 (b) hold, then

Appearance or disappearance of depends on the condition for λ, and ? appears

by an effect of the scalar Bose field. Both of ? and are non-perturbative eigenvalues.

Point Spectra

0 E^α_{μ0} g.s.e.+ν μ^0 moves

Ground State Energy

Excited State Energies

Excited State Energy

Essential Spectrum

? x x h � � �ß � �ff AA AAU PPPP

PPPP PPPPPq ? œ

Figure 2: Spectra We Had Found for WW Model (II) for ν > 0

(I) For |α| < α_{WW}(0):

(I-a) If d^α(μ_0) ≥ 0, then

Appearance or disappearance of depends on the condition for λ by an effect of the scalar Bose field as non-perturbative eigenvalue.

Point Spectra

0 μ_0 moves

? Ground State Energy

Excited State Energy

Essential Spectrum x h AA AAU PPPP

PPPP

PPPPPq ? ?

(I-b) If all hypotheses in Proposition 2.2 hold, then

Point Spectra

0 E^α_{μ0} μ_0 moves

Ground State Energy

Excited State Energy

Essential Spectrum

x x h � �ff AA AAU ? œ

Figure 3: Spectra We Had Found for WW Model (I) for ν = 0

(II) For |α| > α_{WW}(0): If all hypotheses in Theorem 2.3 (c) hold, then

Appearance or disappearance of depends on the condition for λ, and ? appears by an effect of the scalar Bose field. Both of ? and are non-perturbative eigenvalues.

Point Spectra

0 E^α_{μ0} μ_0 moves

Ground State Energy Excited State Energies Excited State Energy

Essential Spectrum

? x x h � � �ß � �ff AA AAU PPPP

PPPP PPPPPq ? œ

Figure 4: Spectra We Had Found for WW Model (II) for ν = 0

2.3 Proof of Theorem 2.3

Here, we set the following condition

(D)_ν The function |λ(k)|^2 |ω_ν(k) − x| is not Lebesgue integrable for all x ∈ (ν , ∞),

and we prove the following lemma:

Lemma 2.4 Let ν ≥ 0, and Ψ ∈ F be an eigenvector of H_α(μ_0; ν).

(a) If Ψ ∈ F_0, then Ψ = cΩ^0 for some c ∈ C \ {0}.

(b) If Ψ ∈ F_1 is a ground state and d^α_ν (μ_0) ≠ 0, then Ψ = cΩ^1(g^α_{μ0,ν}) for some c ∈ C\{0}, and d^α_ν (μ_0) < 0.

(c) If Ψ ∈ F_1 with eigenvalue below ν, then Ψ = cΩ^1(g^α_{μ0,ν}) for some c ∈ C \ {0}, and d^α_ν (μ_0) < 0.

(d) Fix ν ≥ 0 arbitrarily, and assume d^α_ν (μ_0) ≠ 0 and (D)_ν. If Ψ ∈ F_1, then Ψ = cΩ^1(g^α_{μ0,ν}) for some c ∈ C \ {0}, and d^α_ν (μ_0) < 0.

Proof. It is easy to see that there exists just one eigenvector Ω^0 in F_0 but the constanttimes Ω^0. So, we have part (a). In the case of parts (b), (c) and (d), we can write as

Ψ =: ( Ω_0 a(g)^∗Ω_0 ) ∈ F_1, g ∈ D(^ω_ν), (2.60) and H_α(μ_0; ν)Ψ = EΨ. (2.61)

If Ψ is a ground state and d^α_ν (μ_0) ≠ 0, then E ≤ 0 since 0 ∈ σ_{pp} (H_α (μ_0; ν)) by [AH2, Proposition 6.13], and E ≠ 0 since d^α_ν (μ_0) ≠ 0. So especially E < ν. By (2.61), we get

(μ_0 − E + α (λ , g)_0) Ω_0 = 0, (2.62) a ({αλ + (ω_ν − E) g})^∗ Ω_0 = 0. (2.63)

Considering (Ω_0 , L.H.S. of (2.62))_{Fb} = 0, we get

μ_0 − E + α (λ , g)_0 = 0. (2.64)

Considering (a (f)^∗ Ω_0 , L.H.S. of (2.63))_{Fb} = 0 for every f ∈ L^2(R^d), we get

(f , αλ + (ω_ν − E) g)_0 = 0,

so that αλ + (ω_ν − E) g = 0

in L^2(R^d), which implies that g(k) = −α λ(k) ω_ν(k) − E a.e. k ∈ R^d. (2.65)

Inserting (2.65) into (2.64), we have

μ_0 − E − α^2 ∫ R^{d dk} |λ(k)|^2 ω_ν(k) − E = 0.

So, E is a zero of D^α_{μ0,ν}(z) below ν. Suppose that d^α_ν (μ_0) ≥ 0. Then D^α_{μ0,ν}(z) has no zero in C_ν by [AH2, Lemma 6.5(i)], which is a contradiction. Thus, d^α_ν (μ_0) < 0. So, by [AH2, Lemma 6.5(ii)], D^α_{μ0,ν}(z) (z ∈ C \ [ν , ∞)) has a unique simple zero. Thus, E = E^α_{μ0,ν}, and g = cg^α_{μ0,ν} for some c ∈ C \ {0}. Thus, we have part (b), and the proof of part (b) includes that of part (c). Under assumptions in part (d), D^α_{μ0,ν}(z) does not have a zero in [ν , ∞). Because (D)_ν implies that D^α_{μ0,ν}(z) does not have a zero in (ν , ∞) by the similar reason in [AH2, Remark 6.4]. And d^α_ν (μ_0) ≠ 0 implies that E < ν in the same way above. Therefore, part (d) can be proved in the same way as part (b).

To show the existence of a non-perturbative ground state for sufficiently large |α|, we prove the following lemma.

Lemma 2.5 Fix μ_0 arbitrarily. Let ν ≥ 0. Then, even under infrared singularity condition (1.7), we have

min {0 , μ_0} − α^2 ‖ ‖ ‖ ‖ λ √ ω_ν ‖ ‖ ‖ ‖ 2

0 ≤ E_0 (H_α (μ_0; ν)) ≤ μ_0 2 − α^2 4 ‖ ‖ ‖ ‖ λ √ ω_ν ‖ ‖ ‖ ‖ 2

0 . (2.66)

Thus, for any parameter α = α_t (t > 0) and sequence α = α_n (n ∈ N) with |α| → ∞ as t ↑ ∞ and n ↑ ∞, lim |α|→∞ E_0 (H_α (μ_0; ν)) = −∞, (2.67) − ‖ ‖ ‖ ‖ ‖ λ √ ω_ν ‖ ‖ ‖ ‖ ‖ 2

0 ≤ limsup |α|→∞ E_0 (H_α (μ_0; ν)) α^2 ≤ − 1 4 ‖ ‖ ‖ ‖ ‖ λ √ ω_ν ‖ ‖ ‖ ‖ ‖ 2

0 . (2.68)

Remark 2.9 For (2.68), we cannot apply [AH1, Proposition 1.4] to E_0 (H_α (μ_0; ν)) because [AH1, (A.6)] dose not hold now, namely B_1 ≡ (c^∗ + c)/ √ 2 and B_2 ≡ i(c^∗ − c)/ √ 2 are not commutative.

Proof of Lemma 2.5. We can define a self-adjoint operator H_{test}(ν) acting in F for ν ≥ 0 by H_{test} (ν) := μ_0 2 I ⊗ I + I ⊗ H_b(ν) + α √ 2 σ_1 ⊗ ϕ_S (λ) (2.69)

= H_b(ν) + μ^02 α√ 2 ϕ_S (λ) α√ 2 ϕ_S (λ) H_b(ν) + μ^02

with D (H_{test} (ν)) = D (I ⊗ H_b (ν)). Then we get H_{test} (ν) = 1 2 { H_α(μ_0 ; ν) + ~H_α(μ_0 ; ν) }

on D (I ⊗ H_b (ν)), which implies that, for all Ψ ∈ D (I ⊗ H_b (ν)) = D (H_{test} (ν)) = D (H_α (μ_0 ; ν)) = D ( ~H_α (μ_0 ; ν) ) with ‖Ψ‖_F = 1,

(Ψ , H_{test} (ν) Ψ)_F = 1 2 { (Ψ , H_α (μ_0 ; ν) Ψ)_F + ( Ψ , ~H_α (μ_0 ; ν) Ψ ) F }

≥ 1 2 { E_0 (H_α (μ_0 ; ν)) + E_0 ( ~H_α (μ_0 ; ν) )} . Since E_0 (H_α (μ_0 ; ν)) = E_0 ( ~H_α (μ_0 ; ν) ) by (2.8), we have

E_0 (H_{test} (ν)) ≥ E_0 (H_α (μ_0 ; ν)) for every ν ≥ 0. (2.70)

By [AH1, Proposition 1.4], we get

μ_0 2 − α^2 4 ‖λ/ √ ω_ν‖^2_0 ≤ E_0 (H_{test} (ν)) . (2.71)

Let Ψ_{V H} be the ground state of the van Hove model H_b(ν) + α √ 2 ϕ_S (λ) for ν > 0. Then ( Ψ_{V H} Ψ_{V H} ) is the eigenvector of H_{test}(ν) with its eigenvalue μ_0 2 − α^2 4 ‖λ/ √ ω_ν‖^2_0. So, by (2.71), we have E_0 (H_{test} (ν)) = μ_0 2 − α^2 4 ‖λ/ √ ω_ν‖^2_0

for ν > 0. At last, by [AH2, Proposition 3.2(iii)], we have

E_0 (H_{test} (ν)) = μ_0 2 − α^2 4 ‖λ/ √ ω_ν‖^2_0 for ν ≥ 0. (2.72)

By (2.70) and (2.72), we obtain the right inequality of (2.66). We can obtain the left inequality of (2.66) by [AH2, (2.21)]. The equalities (2.67) and (2.68) follows from (2.66) directly.

Proof of Theorem 2.3

We have only to consider large coupling constants α’s such that d^α_ν (μ_0) < 0 by Remark 2.4 (so, E^α_{μ0,ν} < 0 by [AH2, Proposition 6.13(ii)]). Then, (2.55) follows from [AH2, Proposition 6.13(ii)]. Fix ν ≥ 0 arbitrarily. We use the reductive absurdity. Suppose that there is no such an α_{WW}(ν) that (2.56) holds for every α ∈ R with |α| > α_{WW}(ν). Then, there exists a sequence {α_n}_{n∈}N such that E_0 (H_{αn} (μ_0; ν)) = E^{αn}_{μ0,ν} (< 0) and |α_n| → ∞ as n → ∞. Since E^{αn}_{μ0,ν} is the zero of D^{αn}_{μ0,ν}(z), we get

E^{αn}_{μ0,ν} = μ_0 − α^2_n ∫ R^{d dk} |λ(k)|^2 ω_ν(k) − E^{αn}_{μ0,ν} . Thus, we get E^{αn}_{μ0,ν} α^2_n = μ_0 α^2_n − ∫ R^{d dk} |λ(k)|^2 ω_ν(k) − E^{αn}_{μ0,ν} . (2.73)

By (2.67) in Lemma 2.5 and Lebesgue’s dominated convergence theorem, we have

liminf n→∞ (RHS of (2.73)) = lim_{n→∞} (RHS of (2.73)) = 0. (2.74)

By (2.68) in Lemma 2.5, we have −‖λ/ √ ω_ν‖^2_0 ≤ limsup_{n→∞} (LHS of (2.73)) ≤ − 1 4 ‖λ/ √ ω_ν‖^2_0,

which contradicts to (2.74). Thus, we obtain (2.56). (2.57) follows from [Ar3, Theorem 3.3]. Let ν > 0 now. Then, [AH1, (A.1)] is satisfied because the operator A in [AH1] is c^∗c now, and we assumed [AH1, (A.2), (A.4) and (A.5)] in our (A.1) and (A.2). The condition [AH1, (A.3)] is satisfied for all α because B_1 ≡ (c^∗ + c)/ √ 2 and B_2 ≡ i(c^∗ − c)/ √ 2 are bounded operators, namely all a_j’s in [AH1] are zero now. Thus, by [AH1, Theorem 1.2], H_α(μ_0; ν) has a ground state Ψ_{WW} for ν > 0, which implies (2.58). The existence of a ground state Ψ_{WW} for the case of massless bosons (i.e., ν = 0) is due to [Gé2, Theorem 1] which is an improvement of [AH1, Theorem 1.3]. (2.59) follows from Lemma 2.4.

3 Ground State Energy of Spin-Boson Model

3.1 New Upper and Lower Bounds for the Ground State Energy

In this subsection, we give new upper and lower bounds for the ground state energy in the case of massless bosons.

Theorem 3.1 (upper bound without infrared cutoff) Assume (A.1). For the Hamiltonian H_{SB} of the spin-boson model without infrared cutoff (i.e., even under the infrared singularity condition (1.7)), an upper bound is given as follows:

E_{SB}(0) ≤ − μ 2 + inf_{f∈D(} ^ω) 2αℜ(f , λ)_0 + (f , ωf)_0 + μ‖f‖^2_0 1 + ‖f‖^2_0

. (3.1)

Fix arbitrarily δ with

0 < δ < 1/3. (3.2)

(A.3) The splitting energy μ and the coupling constant α satisfy

α^2 ∫ R^{d dk} |λ(k)|^2 ( ω (k) + μ 2 )2 < 1 − 3δ δ^2

=: γ_δ . (3.3)

Corollary 3.2 Assume (A.1) and (A.3). If μα ≠ 0, then

E_{SB}(0) < − μ 2 − δα^2 ∫ R^{d dk} |λ(k)|^2 ω(k) + μ 2 . (3.4)

Remark 3.1 By Corollary 3.2, we know that

E_{SB}(0) < E_0(H_0). (3.5)

So, considering the diamagnetic inequality by Hiroshima [fH, Theorem 5.1], (3.5) means that there is a difference between the spin-boson model and the Pauli-Fierz model as far as concerning the ground state energy though the spin-boson model is regarded as an approximation of the Pauli-Fierz model in physics.

(A.4) The splitting energy μ and the coupling constant α satisfy

4α^2 ∫ R^{d dk} |λ(k)|^2 ω(k) < μ. (3.6)

Theorem 3.3 (lower bound in the case of massless bosons with infrared regularity condition) Let ω(k) = |k|. Assume (A.1), (A.4), (S), and (1.8). Then, for all α ∈ R with

α^2 < 1 12‖λ^{(1)}‖^2_0

, (3.7)

a lower bound is given as

E_{SB}(0) > − μ 2 − 2α^2 ∫ R^{d dk} |λ(k)|^2 ω(k) + μ 2 (3.8)

3.2 Proofs of Theorem 3.1 and Corollary 3.2

We prove Theorem 3.1 by decomposing the Hamiltonian, H_{SB}, of the spin-boson model into the sum of two Hamiltonians of the Wigner-Weisskopf model. That is all we have to do to prove our Theorem 3.1.

We define two vectors, −→ε_0 and −→ε_1 , in R^2 by −→ε_0 = (ε^−_0 , ε^+_0 ) and −→ε_1 = (ε^−_1 , ε^+_1 ), respectively. Set

E := { (−→ε_0 , −→ε_1 ) ∈ R^4 | (−→ε_0 , −→ε_1 ) satisfies the following (3.9) } .

ε^+_0 + ε^−_1 = μ, ε^−_0 + ε^+_1 = −μ. (3.9)

For instance, put

ε^+_0 = ε^±_1 = μ 2 and ε^−_0 = − 3 2 μ. (3.10)

Then, (ε_0 , ε_1) ∈ E.

In this section, we assume that (−→ε_0 , −→ε_1 ) ∈ E.

Proof of Theorem 3.1:

We put H^+_{WW} := H_{2α}(ε^+_0 ) + ε^+_1 cc^∗ ⊗ I, (3.11) H^−_{WW} := ~H_{2α}(ε^−_0 ) + ε^−_1 c^∗c ⊗ I. (3.12) We rewrite Ω^0 and Ω^1(f) as Ω^0_+ := Ω^0, (3.13) Ω^1_+(f) := Ω^1(f), f ∈ D(^ω_ν), ν ≥ 0. (3.14) We introduce new vectors as follows: Ω^0_− := U_1Ω^0 = ( 1 0 ) ⊗ Ω_0 = ( Ω_0 0 ) , (3.15)

Ω^1_−(f) := U_1Ω^1(f) = ( 1 0 ) ⊗ a(f)^∗Ω_0 + ( 0 1 ) ⊗ Ω_0 = ( a (f)^∗ Ω_0 Ω_0 ) , f ∈ D(^ω_ν), ν ≥ 0, (3.16) where U_1 is defined by (2.9).

By (1.16) and (2.6), we get H_{SB} = 1 2 ( H^+_{WW} + H^−_{WW} ) on D(I ⊗ H_b). (3.17) By (3.17), we get 1 2 {( Ω^0_+ , H^+_{WW}Ω^0_+ ) F + ( Ω^0_+ , H^−_{WW}Ω^0_+ ) F } = ( Ω^0_+ , H_{SB}Ω^0_+ ) F ≥ E_{SB}(0)‖Ω^0_+‖^2.

On the other hand, we have ( Ω^0_+ , H^+_{WW}Ω^0_+ ) F = ε^+_1 , ( Ω^0_+ , H^−_{WW}Ω^0_+ ) F = ε^−_0 .

Thus, we have E_{SB}(0) ≤ 1 2 ( ε^−_0 + ε^+_1 ) = − μ 2 . (3.18) For every f ∈ D(^ω), we get ( Ω^1_+(f) , H^+_{WW}Ω^1_+(f) ) F = ε^+_0 + 2α {(f , λ)_0 + (λ , f)_0} + (f , ωf)_0 + ε^+_1 ‖f‖^2_0, (3.19) ( Ω^1_+(f) , H^−_{WW}Ω^1_+(f) ) F = ε^−_1 + (f , ωf)_0 + ε^−_0 ‖f‖^2_0. (3.20)

By (3.17), (3.19), and (3.20), we have ( ε^+_0 + ε^−_1 ) + 4αℜ (f , λ)_0 + 2 (f , ωf)_0 + ( ε^−_0 + ε^+_1 ) ‖f‖^2_0 = ( Ω^1_+ (f) , H^+_{WW}Ω^1_+ (f) ) F + ( Ω^1_+ (f) , H^−_{WW}Ω^1_+ (f) ) F = 2 ( Ω^1_+(f) , H_{SB}Ω^1_+(f) ) F ≥ 2E_{SB}(0)‖Ω^1_+(f)‖^2 = 2E_{SB}(0)‖Ω^1(f)‖^2. (3.21) Similarly, for every f ∈ D(^ω), we get ( Ω^1_−(f) , H^+_{WW}Ω^1_−(f) ) F = ε^+_1 + (f , ωf)_0 + ε^+_0 ‖f‖^2_0, (3.22) ( Ω^1_−(f) , H^−_{WW}Ω^1_−(f) ) F = ε^−_0 + 2α {(f , λ)_0 + (λ , f)_0} + (f , ωf)_0 + ε^−_1 ‖f‖^2_0. (3.23) By (3.17), (3.22), and (3.23), we have ( ε^−_0 + ε^+_1 ) + 4αℜ (f , λ)_0 + 2 (f , ωf)_0 + ( ε^+_0 + ε^−_1 ) ‖f‖^2_0 = ( Ω^1_− (f) , H^+_{WW}Ω^1_− (f) ) F + ( Ω^1_− (f) , H^−_{WW}Ω^1_− (f) ) F ≥ 2 ( Ω^1_−(f) , H_{SB}Ω^1_−(f) ) F ≥ 2E_{SB}(0)‖Ω^1_−(f)‖^2 = 2E_{SB}(0)‖Ω^1(f)‖^2. (3.24) By (2.28), (3.9) and (3.24), we obtain 2(1 + ‖f‖^2_0)E_{SB}(0) ≤ −μ + 4ℜ(f , λ)_0 + 2(f , ωf)_0 + μ‖f‖^2_0 = −μ(1 + ‖f‖^2_0) + 4ℜ(f , λ)_0 + 2(f , ωf)_0 + 2μ‖f‖^2_0, so we get E_{SB}(0) ≤ − μ 2 + 1 1 + ‖f‖^2_0 { 2αℜ (f , λ)_0 + (f , ωf)_0 + μ‖f‖^2_0 } (3.25) for all f ∈ D(^ω), which implies Theorem 3.1.

Proof of Corollary 3.2:

To prove Corollary 3.2, we introduce a parameter c ∈ R in the upper bound in Theorem 3.1:

For every c ∈ R, we define a function g_c ∈ D(^ω) by g_c(k) := −cα λ(k) ω(k) + μ 2 , k ∈ R^d. (3.26)

By Theorem 3.1 and (3.26), we have

E_{SB}(0) ≤ − μ 2 + inf_{f∈D(} ^ω) 2αℜ (f , λ)_0 + (f , ωf)_0 + μ‖f‖^2_0 1 + ‖f‖^2_0 ≤ − μ 2 + 2αℜ (g_c , λ)_0 + (g_c , ωg_c)_0 + μ‖g_c‖^2_0 1 + ‖g_c‖^2_0 = − μ 2 + 1 1 + ‖g_c‖^2_0 ( −2cα^2 ∫ R^{d dk} |λ(k)|^2 ω(k) + μ 2 + c^2α^2 ∫ R^{d dk} ω(k)|λ(k)|^2 ( ω(k) + μ 2 )2

+μc^2α^2 ∫ R^{d dk} |λ(k)|^2 ( ω(k) + μ 2 )2 ) .

Since ω(k) ω(k) + μ 2 < 1 and 1 ω(k) + μ 2 ≤ 2 μ , (3.27)

we have

E_{SB}(0) ≤ − μ 2 + 1 1 + ‖g_c‖^2_0 ( −2cα^2 ∫ R^{d dk} |λ(k)|^2 ω(k) + μ 2 + c^2α^2 ∫ R^{d dk} |λ(k)|^2 ω(k) + μ 2 +μc^2α^2 2 μ ∫ R^{d dk} |λ(k)|^2 ω(k) + μ 2 )

= − μ 2 + F (c)α^2 ∫ R^{d dk} |λ(k)|^2 ω(k) + μ 2 (3.28)

for all c ∈ R, where

F (c) :=

3c^2 − 2c 1 + ‖g_c‖^2_0 = 3c^2 − 2c γ (μ) c^2 + 1

, (3.29)

γ (μ) := α^2 ∫ R^{d dk} |λ(k)|^2 ( ω (k) + μ 2 )2 > 0. (3.30)

It is easy to show that −c_+(μ) = F (c_+ (μ)) ≤ F (c) (3.31) for every c ∈ R, where

c_+(μ) :=

−3 + √ 9 + 4γ (μ) 2γ (μ) > 0 (3.32)

since d dc F (c) =

2 (γ (μ) c^2 + 3c − 1)

(γ (μ) c^2 + 1)^2 . We define a function h(γ) by

h(γ) := 3 − √ 9 + 4γ 2γ (3.33)

for γ > 0. Then, we have easily the following: h (γ (μ)) = −c_+(μ) (3.34) by the definition (3.32) of c_+(μ).

Fix arbitrarily δ with 0 < δ < 1/3 as in (3.2). Let γ_δ be γ_δ := 1 − 3δ δ^2 as in (3.3). Then, we get h(γ_δ ) = −δ (3.35) since a unique solution of h(γ) = −δ with γ > 0 is given by γ_δ , or we can calculate directly in (3.3). Moreover, we get easily that if γ < γ^′, then h(γ) < h(γ^′) (3.36) since d dγ h(γ) = 2γ + 9 − 3 √ 9 + 4γ 2γ^2 √ 9 + 4γ = 2 √ 9 + 4γ(2γ + 9 + 3 √ 9 + 4γ) > 0.

By (3.34)-(3.36), we get if γ (μ) < γ_δ , then −c_+(μ) < −δ. (3.37) Thus, by (3.28), (3.31) and (3.37), we obtain

E_{SB}(0) ≤ − μ 2 + F (c_+ (μ)) α^2 ∫ R^{d dk} |λ(k)|^2 ω(k) + μ 2 = − μ 2 − α^2c_+ (μ) ∫ R^{d dk} |λ(k)|^2 ω(k) + μ 2 < − μ 2 − δα^2 ∫ R^{d dk} |λ(k)|^2 ω(k) + μ 2 since we assumed (3.3) in (A.3).

3.3 Proof of Theorem 3.3

As we mentioned in §1 Introduction, we employ (3.17) and the means which Lieb and Yamazaki already used in [LY] for the polaron model to get the lower bound.

We set H_{WW}(+μ) := H_{2α}(μ), (3.38) ~H_{WW}(−μ) := ~H_{2α}(−μ). (3.39) Namely, ε^+_0 = μ, ε^+_1 = 0 in (3.11), and ε^−_0 = −μ, ε^−_1 = 0 in (3.12). Then, by (2.8) we get H_{WW}(−μ) = H_{2α}(−μ) = U^∗_1 ~H_{WW}(−μ)U_1. (3.40) By (3.17), for all Ψ ∈ D(I ⊗ H_b) with ‖Ψ‖_F = 1 2(Ψ , H_{SB}Ψ)_F = (Ψ , H_{WW}(+μ)Ψ)_F + (Ψ , ~H_{WW}(−μ)Ψ)_F

≥ E_0 (H_{WW} (+μ)) + E_0 ( ~H_{WW} (−μ) )

= E_0 (H_{WW} (+μ)) + E_0 (H_{WW} (−μ)) . So, we have

E_{SB}(0) ≥ 1 2 {E_0 (H_{WW} (+μ)) + E_0 (H_{WW} (−μ))} . (3.41)

For H_{WW} (+μ), using the original notation, H_{WW} (+μ) = H_{2α}(μ), namely μ_0 = μ. Thus, we get by (3.6) in (A.4)

d^α(μ) = μ − lim_{x↑0} 4α^2 ∫ R^{d dk} |λ(k)|^2 ω(k) − x (3.42) ≥ μ − 4α^2 ∫ R^{d dk} |λ(k)|^2 ω(k) (3.43) > 0 (3.44) since ∫ R^{d dk} |λ(k)|^2 ω(k) − x < ∫ R^{d dk} |λ(k)|^2 ω(k) , x < 0. By Theorem 2.1(a) and (3.44), we have E_0 (H_{WW} (+μ)) = E_0 (H_{2α} (μ)) = 0. (3.45) On the other hand, for H_{WW} (−μ), using the original notation, H_{WW} (−μ) = H_{2α}(−μ), namely μ_0 = −μ. Thus, by Proposition 2.2, we have E_0 (H_{WW} (−μ)) = E_0 (H_{2α} (−μ)) = E^{2α}_{−μ} < 0 (3.46) for α ∈ R with (3.7), where E^{2α}_{−μ} is the zero of D^{2α}_{−μ}(z). Namely, E^{2α}_{−μ} = −μ − 4α^2 ∫ R^{d dk} |λ(k)|^2 ω (k) − E^{2α}_{−μ} . (3.47) And we have D^{2α}_{−μ} ( − μ 2 ) = − μ 2 − 4α^2 ∫ R^{d dk} |λ(k)|^2 ω(k) + μ 2 < 0. (3.48)

Since D^{2α}_{−μ} (x) is monotone decreasing in x < 0 as mentioned above, we have E^{2α}_{−μ} < − μ 2 by (3.48), which implies that ∫ R^{d dk} |λ(k)|^2 ω(k) − E^{2α}_{−μ} < ∫ R^{d dk} |λ(k)|^2 ω(k) + μ 2 by the direct computation. Thus, we have −μ − 4α^2 ∫ R^{d dk} |λ(k)|^2 ω(k) − E^{2α}_{−μ} > −μ − 4α^2 ∫ R^{d dk} |λ(k)|^2 ω(k) + μ 2 . (3.49)

The lower bound (3.8) follows from (3.41), (3.45) and (3.49).

4 Discussion

4.1 Wigner-Weisskopf Model

We knew in Theorem 2.3 that there exists a non-perturbative ground state Ψ_{WW} in F, and Ψ_{WW} does not belong to the 0-sector or 1-sector. But we have not yet known which sector Ψ_{WW} belongs to. This is an open problem. Remember the switch, appearing in Theorem 2.1, of the ground states between the 0-sector and the 1-sector. As |α| grows, are there such switches between the n-sector and the (n + 1)-sector for n = 0, 1, 2, · · · in sequence or not?

In Theorem 2.3 we assumed the infrared regularity condition, λ/ω ∈ L^2(R^d). The next open problem is whether the ground state Ψ_{WW} appears in the standard state space F under the infrared singularity condition, λ/ω /∈ L^2(R^d), or not.

Although the author cannot mention what the non-perturbative ground state in Theorem 2.3 (b) & (c) means in physics exactly, such the non-perturbative ground state seems to be called superradiant ground state [Pr1, Pr2] in physics from the point of view of superradiance of soft photons, and its existence was shown by Preparata with the path-integral method and confirmed by Enz [En] with another means. This notion of the superradiant ground state is an extension of the notion of superradiant states which first appeared in Dicke model [Di, Ha], which was investigated mathematically by Scharf [Sc1, Sc2] and by Hepp and Lieb [HL1, HL2, HL3]. Especially, Hepp and Lieb gave the ground state of the Dicke model.

We will show in [AH3] that Ψ_{WW} derives the other non-perturbative properties.

4.2 Spin-Boson Model

By (1.18) we have for every ν > 0

E_{SB}(ν) = − μ 2 e^{−2α2‖λ/ων ‖20Gν} − α^2 ‖ ‖ ‖ ‖ ‖ λ √ ω_ν ‖ ‖ ‖ ‖ ‖ 2

0 (4.1)

for some G_ν ∈ [0 , 1]. Under a condition we know a concrete expression of G_ν [mH2, Theorems 1.5 and 1.6]. We can prove that − μ 2 − α^2 ∫ R^{d dk} |λ(k)|^2 ω(k) ≤ lim_{ν↓0} E_{SB}(ν) = E_{SB}(0) ≤ −α^2 ∫ R^{d dk} |λ(k)|^2 ω(k) (4.2)

by (1.18) even under the infrared singularity condition (1.7) (see [AH2, Proposition 3.2(iii)]). Under (1.7) we have the infrared divergence

lim_{ν↓0} ‖ ‖ ‖ ‖ λ ω_ν ‖ ‖ ‖ ‖ 0 = ∞ (4.3)

appearing in the van Hove model. On the other hand, we have

0 ≤ G_ν ≤ 1, ν > 0. (4.4)

Then, the problem of expressing the E_{SB}(0) in the case without infrared cutoff is as follows: although lim_{ν↓0} ‖λ/ω_ν‖^2_0G_ν is apparently infinite (except for the fortunate case lim_{ν↓0} G_ν = 0) and the term of μ is seemingly removed as E_{SB}(0) = −α^2‖λ/ √ ω‖^2_0 under the limit ν ↓ 0, how does μ from the effect by the spin survive in E_{SB}(0)? In more concrete terms, how does μ from the effect by the spin influence −α^2‖λ/ √ ω‖^2_0 (the ground state energy of the van Hove model) from the effect by the Bose scalar field? The point the author would like to know best is this. Thus, we so found upper and lower bounds that we can clarify the role of μ in E_{SB}.

Let μα ≠ 0. Assume (A.1) and (A.3). Then, there exists δ < c_{μ,α} such that

E_{SB}(0) = − μ 2 − c_{μ,α}α^2 ∫ R^{d dk} |λ(k)|^2 ω(k) + μ 2 (4.5)

< −α^2 ∫ R^{d dk} |λ(k)|^2 ω(k) , (4.6)

and G_ν in (4.1) renormalizes the infrared divergence (4.3) in the following sense:

lim_{ν↓0} ‖ ‖ ‖ ‖ λ ω_ν ‖ ‖ ‖ ‖ 2

0 G_ν = − 1 2α^2 ln { 1 + 2α^2 μ (c_{μ,α} − 1) ∫ R^{d dk} |λ(k)|^2 ω(k) + μ 2 −α^2 ∫ R^{d dk} |λ(k)|^2 ω(k) ( ω (k) + μ 2 ) } < ∞. (4.7)

Moreover, let ω(k) = |k|, and assume (A.4), (S), and (1.8) in addition to (A.1) and (A.3). Then c_{μ,α} in (4.5) satisfies, for all α with (3.7),

c_{μ,α} ∈ (δ , 2) . (4.8)

We should not overlook that μ/2 appears in the denominator of the integrand in RHS of (4.5) as ω(k) + μ2 , though the denominators of the integrands in (4.2) had ω(k) only, and μ/2 was not in the denominators. Namely, under (A.1) and (A.3), the half of the splitting energy μ plays a role of the lower bound of frequency (like a mass) of bosons in E_{SB}(0) for all α ∈ R \ {0}. This may be meaningful for our attempt [AH2] to know the existence of the ground state of the generalized spin-boson Hamiltonian H_{GSB}(0) by evaluating the right differential of the ground state energy E_0 (H_{GSB} (ν)) at ν = 0. For the (standard) spin-boson model, the effect of μ/2 from the spin may prevent us from the infrared divergence as the van Hove model considering the right differential E^′_{SB}(0+) ≡ lim_{ν↓0} ν^{−1} (E_{SB} (ν) − E_{SB} (0)) for the argument in [AH2]. Namely, the estimation

as (4.2) is not suitable to evaluate E^′_{SB}(0+). Because (4.2) is obtained by regarding H_{SB}(ν) as the van Hove model H_{VH}(ν) perturbed by bounded operator (ν ≥ 0):

U^∗_2 H_{SB}(ν)U_2 = H_{VH}(ν) − μ 2 σ_1, (4.9) where

H_{VH}(ν) = I ⊗ H_b(ν) + √ 2ασ_3 ⊗ ϕ_s(λ) = ( H_b(ν) + √ 2αϕ_S(λ) 0 0 H_b(ν) − √ 2αϕ_S(λ) ) ,

U_2 = 1 √ 2 ( 1 −1 1 1 ) ⊗ I = 1 √ 2 ( I −I I I ) . And, under the infrared singularity condition (1.7), the right differential of the ground state energy E_{VH}(ν) = −α^2‖λ/ √ ω_ν‖^2_0 (ν ≥ 0) of H_{VH}(ν) is infinite [AH2, §6.1], i.e.,

E^′_{VH}(0+) = α^2 ‖ ‖ ‖ ‖ ‖ λ ω ‖ ‖ ‖ ‖ ‖ 2

0 = ∞. (4.10)

So, the appearance μ/2 in (4.5) may have the possibility of preventing the divergence (4.10) though we had left the problem of clarifying c_{μ,α}. This is an open problem.

Because of our purpose as mentioned above, the upper bound (3.4) in Corollary 3.2 and the lower bound (3.8) in Theorem 3.3 are not necessarily the best. But there is a possibility for our methods to get better bounds than those in this paper. For the upper bound, of course, we must seek the proper function f ∈ D(^ω) in (3.1) in Theorem 3.1 to minimize the upper bound. For the lower bound, remember (3.17). Then we have

E_{SB}(0) ≥ 1 2 { E_0 ( H^+_{WW} ) + E_0 ( H^−_{WW} )} for arbitrary (−→ε_0 , −→ε_1 ) ∈ E in the same way as (3.41). So, to maximize the lower bound, we must obtain E_0 (H^±_{WW}) for all of the parameters (−→ε_0 , −→ε_1 ) ∈ E. And then we shall be able to clarify the properties of the lower bound under several conditions concerning μ and α by controlling (−→ε_0 , −→ε_1 ) ∈ E in the same way as Lieb and Yamazaki considered the parameter for the lower bound of the ground state energy of the polaron model in [LY]. Thus, it is important to clarify the ground state energy of the Wigner-Weisskopf model under more general conditions than ours in this paper. The problem of investigating the lower bound as mentioned above is also open, which includes the problem of clarifying c_{μ,α}. Proofs of (4.6), (4.7), and (4.8):

By the left inequality in (4.2), we have

E_{SB}(0) ≥ − μ 2 − c_{max}α^2 ∫ R^{d dk} |λ(k)|^2 ω(k) + μ 2 , (4.11)

where c_{max} := (∫ R^{d dk} |λ(k)|^2 ω(k) ) ∫ R^{d dk} |λ(k)|^2 ω(k) + μ 2

−1 > 1. (4.12)

By Corollary 3.2 and (4.11), we have the existence of δ < c_{μ,α} in (4.5). Conditions (3.3) in (A.3) and (3.6) in (A.4) imply that

2(1 − δ)α^2 ∫ R^{d dk} |λ(k)|^2 ω(k) + μ 2 < 2(1 − δ)α^2 ∫ R^{d dk} |λ(k)|^2 ω(k) < 2α^2 ∫ R^{d dk} |λ(k)|^2 ω(k) by (3.2) < μ − 2α^2 ∫ R^{d dk} |λ(k)|^2 ω(k) by (3.6) in (A.4)

= μ 1 − α^2 ∫ R^{d dk} |λ(k)|^2 ω(k) μ 2 ≤ μ 1 − α^2 ∫ R^{d dk} |λ(k)|^2 ω(k) ( ω(k) + μ 2 ) by the second of (3.27).

So, we get

μ > α^2 ∫ R^{d dk |λ(k)|2} μ ω(k) ( ω(k) + μ 2 ) + 2(1 − δ) ω(k) + μ 2 = 2α^2 ∫ R^{d dk} |λ(k)|^2 ω(k) − 2δα^2 ∫ R^{d dk} |λ(k)|^2 ω(k) + μ 2 ,

which implies that − μ 2 − δα^2 ∫ R^{d dk} |λ(k)|^2 ω(k) + μ 2 < −α^2 ∫ R^{d dk} |λ(k)|^2 ω(k) . (4.13)

Inequality (4.6) follows from (3.4) and (4.13). The limit (4.7) follows from (4.1), (4.2) and (4.6).

We obtain (4.8) by (3.4) in Corollary 3.2 and (3.8) in Theorem 3.3.

Acknowledgment

H. Spohn proposed the problem of expressing E_{SB}(0) independently of the existence of its ground state to me when I held discussions on [mH2] with him, though I assumed the existence in [mH2]. So, this is the beginning of the problem I dealt with in this paper. I wish to thank him for giving me the beginning of the problem. I argued the problem about E_{SB}(0) given by the limit (4.2) of the explicit expression for E_{SB}(ν) in [mH2] with V. Bach and A. Elgart when I visited Technische Universität Berlin during September 8-10, ’98. Then the above problem for (4.1) - (4.4) on the survival of μ arose. I wish to thank them for arrangements of my visiting Technische Universität Berlin and the hospitality. I am indebted to A. Arai for useful discussions which proofs in this paper were based on. I thank H. Spohn and F. Hiroshima for their hospitality at Technische Universität München during April 15-22, ’99, and discussing Spohn’s unpublished results. I wish to express H. Spohn, R. A. Minlos, H. Ezawa, K. Watanabe, K. Yasue, M. Jibu, F. Hiroshima, and the referee for valuable advice. I wish to thank J. Dereziński for discussing several aspects about the generalized spin-boson model at the summer school “Schrödinger Operators and Related Topics,” Shōnan Village Center, July 5-9, ’99, and also C. Gérard for telling me how to get his recent result which broke through a wall in Theorem 2.3 (c). My research is supported by the Grant-In-Aid No.11740109 for Encouragement of Young Scientists from Japan Society for the Promotion of Science.

References

[AKV] L. Accardi, S.V.Kozyrev and I.V.Volovich, Dynamics of dissipative two-level systems in the stochastic approximation, Phys. Rev. A 56 (1997), 1–6.

[Am] A. Amann, Ground states of a spin-boson model, Ann. Phys. 208 (1991), 414–448.

[Ar1] A. Arai, An asymptotic analysis and its application to the nonrelativistic limit of the Pauli-Fierz and a spin-boson model, J. Math. Phys. 31 (1990), 2653–2663.

[Ar2] A. Arai, “On the essential spectra of quantum field Hamiltonians” (preprint, 1998).

[Ar3] A. Arai, “Essential spectrum of a self-adjoint operator on an abstract Hilbert space of Fock type and applications to quantum field Hamiltonians” (preprint, 1999).

[AH1] A. Arai and M. Hirokawa, On the existence and uniqueness of ground states of a generalized spin-boson model, J. Funct. Anal. 151 (1997), 455–503.

[AH2] A. Arai and M. Hirokawa, “Ground states of a general class of quantum field Hamiltonians” (preprint, mp arc 99-179, 1999), to appear in Rev. Math. Phys..

[AH3] A. Arai and M. Hirokawa, “Stability of Ground States in Sectors and Its Application to the Wigner-Weisskopf Model” (preprint, 1999).

[AHH] A. Arai, M. Hirokawa and F. Hiroshima, On the absence of eigenvectors of Hamiltonians in a class of massless quantum field models without infrared cutoff, J. Funct. Anal. 168 (1999), 470–497.

[BFS] V. Bach, J. Fröhlich and I. M. Sigal, Spectral analysis for systems of atoms and molecules coupled to the quantized radiation field, Comm. Math. Phys. 207 (1999), 249–290.

[Da1] E. B. Davies, Dynamics of a multilevel Wigner-Weisskopf atom, J. Math. Phys. 15 (1974), 2036–2041.

[Da2] E. B. Davies, Symmetry breaking for molecular open system, Ann. Inst. Henri Poincaré A 35 (1981), 149–171.

[DJ] J. Dereziński and V. Jakšić, “Spectral theory of Pauli-Fierz Hamiltonians I” (preprint, 1998).

[Di] R. H. Dicke, Coherence in spontaneous radiation processes, Phys. Rev. 93 (1954), 99–110.

[En] C. P. Enz, On Preparata’s theory of a superradiant phase transition, Helv. Phys.

Acta 70 (1997), 141–153.

[FNV] M. Fannes, B. Nachtergaele and A. Verbeure, The equilibrium state of the spinboson model, Comm. Math. Phys. 114 (1988), 537–548.

[Gé1] C. Gérard, Asymptotic completeness for the spin-boson model with a particle number cutoff, Rev. Math. Phys. 8 (1996), 549–589.

[Gé2] C. Gérard, “On the existence of the ground states for massless Pauli-Fierz Hamiltonians” (preprint, mp arc 99-158, 1999).

[EG] E. P. Gross, Ground state of a spin-phonon system I. Variational estimates, J. Stat.

Phys. 54 (1989), 405–427.

[Ha] E. Hanamura, Quantum Optics (in Japanese), Iwanami-shoten, Tokyo, 1992.

[HL1] K. Hepp and E. H. Lieb, On the superradiant phase transition for molecules in a quantum radiation field: The Dicke maser model, Ann. Phys. (N.Y.) 76 (1973), 360–404.

[HL2] K. Hepp and E. H. Lieb, The equilibrium statistical mechanics of matter interacting with the quantized radiation field, Phys. Rev. A 8 (1973), 2517–2525.

[HL3] K. Hepp and E. H. Lieb, Phase transition in reservoir-driven open systems with applications to lasers and superconductors, Helv. Phys. Acta 46 (1973), 573–603.

[mH1] M. Hirokawa, An inverse problem in quantum field theory and canonical correlation functions. An application of a solvable model called the rotating wave approximation, J. Math. Soc. Japan 51 (1999), 337–369.

[mH2] M. Hirokawa, An expression of the ground state energy of the spin-boson model, J. Funct. Anal. 162 (1999), 178–218.

[fH] F. Hiroshima, Functional integral representation of a model in quantum electrodynamics, Rev. Math. Phys. 9 (1997), 489–530.

[fHS] F. Hiroshima and H. Spohn, “Binding through coupling to a field” (preprint, 1999).

[HüS1] M. Hübner and H. Spohn, Radiative decay: Nonperturbative approaches, Rev.

Math. Phys. 7 (1995), 363–387.

[HüS2] M. Hübner and H. Spohn, Spectral properties of the spin-boson Hamiltonian, Ann. Inst. Henri. Poincaré 62 (1995), 289–323.

[JP] V. Jakšić and C. -A. Pillet, “Spectral theory of thermal relaxation” pp.357-363 in XII th International Congress of Mathematical Physics ICMP ’97, eds. D. De Wit, A. J. Bracken, M. D. Gould and P. A. Pearce, International Press, Boston, 1999.

[Ka] T. Kato, Perturbation Theory for Linear Operators, Springer-Verlag, Berlin Heidelberg New York, 1980.

[KaMu] Y. Kato and N. Mugibayashi, Regular perturbation and asymptotic limits of operators in quantum field theory, Prog. Theor. Phys. 30 (1963), 103–133.

[KiMa] A. N. Kireev and A. Mann, Tunneling and localization in a two-state system interacting with a phonon bath, Phys. Rev. B 52 (1995), 9182–9185.

[Le] T. D. Lee, Some special examples in renormalizable field theory, Phys. Rev. 95 (1954), 1329–1334.

[LCDFGW] A. J. Leggett, S. Chakravarty, A. T. Dorsey, M. P. A. Fisher, A. Garg and W.

Zwerger, Dynamics of the dissipative two-state system, Rev. Mod. Phys. 59 (1987), 1–85.

[LY] E. H. Lieb and K. Yamazaki, Ground-state energy and effective mass of the polaron, Phys. Rev. 111 (1958), 728–733.

[Pf1] P. Pfeifer, “Chiral molecules, a superselection rule induced by the radiation field” Thesis, E. T. H. Zurich (1980).

[Pf2] P. Pfeifer, Radiative decay versus photonic Jahn-Teller distortion of molecular states, Phys. Rev. A 26 (1982) 701–704.

[Pr1] G. Preparata, QED Coherence in Matter, World Scientific, Singapore, 1995.

[Pr2] G. Preparata, “Quantum Field Theory of Superradiance” in Problems in Fundamental Modern Physics, eds. R. Cherubini, P. Dalpiaz and B. Minetti, World Scientific, Singapore, 1990.

[RS1] M. Reed and B. Simon, Method of Modern Mathematical Physics Vol. I, Academic Press, New York, 1975.

[RS2] M. Reed and B. Simon, Method of Modern Mathematical Physics Vol. II, Academic Press, New York, 1975.

[Sc1] G. Scharf, On a quantum mechanical maser model, Helv. Phys. Acta 43 (1970), 806–828.

[Sc2] G. Scharf, Time evolution of a quantum mechanical maser model, Ann. Phys. (N.Y.)

83 (1974), 71–102.

[Sk] E. Skibsted, Spectral analysis of N-body systems coupled to a bosonic field, Rev.

Math. Phys. 10 (1998), 989–1026.

[Sp1] H. Spohn, Ground state(s) of the spin-boson Hamiltonian, Commun. Math. Phys.

123 (1989), 277–304.

[Sp2] H. Spohn, Ground state of quantum particle coupled to a scalar boson field, Lett.

Math. Phys. 44 (1998), 9–16.

[SD] H. Spohn and R. Dümcke, Quantum tunneling with dissipation and Ising model over R, J. Stat. Phys. 41 (1989), 389–423.

[SSW] Spohn, H, Stückl, R. and W. Wreszinski, Localization for the spin J-boson Hamiltonian, Ann. Inst. Henri Poincaré 53 (1990), 225–244.

[Ta] Y. Takahashi, Quantum field theory I for condensed matter physicists (in Japanese), Baihukan, Tokyo, 1984.

[Ts] T. Tsuzuki, Ground state of a spin-boson system II. Wavefunction and variational study, Prog. Theo. Phys. 87 (1992), 569–581.

[We] R. A. Weder, On the Lee model with dilatation analytic cutoff function, J. Math.

Phys. 15 (1974), 20–24.

[WW] V. F. Weisskopf and E. P. Wigner, Berechnung der natürlichen Linienbreite auf Grund der Diracschen Lichttheorie, Z. Phys. 63 (1930), 54–73.