Convergence of spectra of mesoscopic systems collapsing onto a graph.

Peter Kuchment Department of Mathematics and Statistics

Wichita State University Wichita,KS 67260-0033

Hongbiao Zeng Department of Mathematics and Statistics

Wichita State University Wichita,KS 67260-0033

Abstract

Let M be a finite graph in the plane and M^ε be a domain that

looks like the ”-fattened graph M (exact conditions on the domain are given). It is shown that the spectrum of the Neumann Laplacian

on M^ε converges when ” ! 0 to the spectrum of an ODE problem on M. Presence of an electromagnetic field is also allowed. Consid-

erations of this kind arise naturally in mesoscopic physics and other areas of physics and chemistry. The results of the paper extend the ones previously obtained by J. Rubinstein and M. Schatzman.

2000 MSC: 35Q40, 35P15, 35J10, 81V99 Key words and phrases: mesoscopic system, Schrödinger operator, spectrum

1 Introduction

In recent years one has witnessed growing interest in spectral theory of differential (versus difference) operators on graphs. Although probably one of the first such studies was done in physical chemistry [47], the main thrust in this direction came from the mesoscopic physics [29]. Recent progress in nanotechnology and microelectronics enables one to manufacture circuits of thin semiconductor strips called “quantum wires” or thin superconducting structures. This triggered mathematical investigation of spectra of differential operators on thin domain shrinking to a graph (see the survey [15] and references therein and papers [43]-[46] and [49]). Quasi-one-dimensional models that reduce to differential problems on graphs are known to describe quantum wires ([50], [51], [15]), atomic [30] and molecular wires [2], high temperature granular superconductors ([1], [11], [43]-[46]), and free-electron theory of conjugated molecules ([27], [28], [47]). Similar, although not identical problems arise in study of thin high contrast photonic crystals (see the surveys [5, 34] and papers [18]-[22], [35, 36]). Consideration of such structures leads to spectral problems for differential and pseudo-differential operators on graphs. In 3D analogous analysis produces similar problems on surface structures. It is interesting to mention that at the same time often similar but seemingly unrelated graph models arouse in scattering theory, spectral theory, tomography, theory of dynamical systems, probability, and other areas of physics and mathematics ([4], [6], [7]-[14], [23]-[25], [31], [32], [39]-[41]). In most of these cases the domain was assumed to shrink to a graph, and a natural asymptotic consideration was applied. The resulting eigenvalue problems on graphs usually look as follows: along each edge of the graph one has the spectral problem − d^2u ds^2 = λ^2u

or some its generalization, with “appropriate” boundary conditions imposed at each vertex. Finding the boundary conditions at the vertices and proving convergence of the spectrum when the domain shrinks to a graph are still problematic in many cases. The main difficulty comes from the behavior around the vertices of the graph. The case when the domain shrinks to a smooth curve or surface is much simpler and was successfully treated for the Dirichlet and Neumann Laplace operators (see correspondingly [15] and references therein and [49]). The most interesting case of spectra in narrow domains surrounding nonsmooth graphs was considered in [46] for the Neumann Laplacian and in [5, 19, 20, 21, 22, 34, 35, 36] for the problems of the photonic crystals theory. The recent preprint [48] provides some type of resolvent convergence for the Neumann Laplacian. Convergence of solutions of the heat equation generated by the Neumann Laplacian on a “fattened graph” domain was obtained in [23, 24]. However, [23, 24, 48] do not discuss convergence of the spectrum.

This paper addresses the case of the Neumann Laplace operator on a domain shrinking to a graph. In comparison with [46], the proofs are streamlined and simplified, smoothness condition on the geometry of the domain in vicinity of vertices is removed, the domain is allowed to have variable thickness along the edges of the graph (which changes the limit of the spectrum), and presence of an electric potential is allowed. The results are easily transferable to graphs in higher dimensions, to the case of slightly thicker vertex junctions, and to periodic systems.

The next section contains the definitions of the main objects, the formulation of the problem, and the statement of the main results. In order to simplify the exposition of the proofs, we chose to start with a simpler particular case. This is done in the Section 3, where the proof is provided of the convergence of the spectrum for the Neumann Laplace operator in absence of electromagnetic field. This result is extended to the case of presence of electric and magnetic potentials in the Section 4. Final remarks are presented in the Section 5, where in particular some extensions and open questions are mentioned. The last section contains acknowledgments.

2 Definitions of main objects and formulation of the main results

Let M be a finite graph smoothly embedded into R^2 in such a way that each edge is a finite segment of a C^2-curve. The (finite) set of vertices is denoted by V = {v_l} and edges are denoted by {M_j}. Each edge M_j is equipped with the arc length coordinate x_j, whose range spans an interval [a_j, b_j]. It is assumed that the arc length parametrization represents the edge M_j as the image of this interval under a C^2-mapping φ_j : [a_j, b_j] → R^2 with nonvanishing derivative. The edges are assumed to intersect transversely and only at the vertices (loops are allowed). The notation J (v) will be used for the set of all indices j such that the edge M_j contains the vertex v. We will be interested in “fattened graph” domains M^ε in the plane that can be roughly described as ε-neighborhoods of the graph M. Let us make this notion more precise. We will assume that for any ε > 0 the domain M^ε is a neighborhood of M that consists of narrow “tubes” M^ε_j going along the edges and of suitable neighborhoods V^ε_l of vertices:

M^ε = ( ∪_j M^ε_j ) ∪ ( ∪_l V^ε_l ) . We will now impose the precise conditions on these parts of M^ε. Although the conditions might look complicated, they actually are not, as the figure below will indicate.

1. For each edge M_j and ε > 0 positive numbers γ^2_ε and γ^1_ε are defined such that γ^i_ε ∼ γ^iε when ε → 0, and γ^2 > γ^1 > 0. If the edge M_j is represented as φ_j ([a_j, b_j]) (see the notations above), we define a^i_{j,ε} = a_j + γ^i_ε and b^i_{j,ε} = b_j − γ^i_ε, where i = 1, 2. Then for small ε we have a^2_{j,ε} > a^1_{j,ε} > a_j, b^2_{j,ε} < b^1_{j,ε} < b_j, and the expressions ( a^2_{j,ε} − a^1_{j,ε} ) , ( a^1_{j,ε} − a_j ) , ( b^2_{j,ε} − b^1_{j,ε} ) , and ( b^1_{j,ε} − b_j ) are of order ε when ε → 0. The meaning of these numbers will be clarified in further conditions and the figure below.

2. For each edge M_j two strictly positive functions g_j, h_j ∈ C^1[a_j, b_j] are defined. The “tube” M^ε_j is defined as follows:

M^ε_j = { (x_j, y_j)| x_j ∈ [a^1_{j,ε}, b^1_{j,ε}], −εg_j(x_j) < y_j < εh_j(x_j) } , where y_j is the coordinate normal to the edge and x_j is the arc length coordinate along the edge as before. So, the tube does not reach the ends of the edge M_j, but rather ends at the distance γ^1_ε of order ε away from them. For sufficiently small ε the tubes M^ε_j are assumed to be disjoint.

3. The neighborhoods V^ε_l of vertices are disjoint with the tubes M^ε_j . The narrow sides { (x_j, y_j) ∈ M^ε_j | x_j = a^1_{j,ε} or x_j = b^1_{j,ε} } are the only joint boundaries of M^ε_j and the adjacent neighborhoods V^ε_l .

4. There exist positive numbers r and R such that for any ε and l the neighborhood V^ε_l contains the open ball B^ε_l of radius rε centered at v_l and is contained in the similar ball of radius Rε.

5. Let an edge M_j have the vertices v_l (where x_j = a_j) and v_m (where x_j = b_j). We denote by S^ε_{j,l} and S^ε_{j,m} respectively the end portions, or “sleeves” of the tube M^ε_j defined as follows: S^ε_{j,l} = { (x_j, y_j) ∈ M^ε_j | x_j ∈ [a^1_{j,ε}, a^2_{j,ε}] } ,

S^ε_{j,m} = { (x_j, y_j) ∈ M^ε_j | x_j ∈ [b^2_{j,ε}, b^1_{j,ε}] } . We assume that the enlarged neighborhood

U^ε_l = V^ε_l ∪ ⋃ j∈J(v_l) S^ε_{j,l}

is starshaped with respect to the ball B^ε_l . This means that for any point in this neighborhood and any point in the ball the segment connecting these points belongs to the neighborhood.

Fig. 1.

The structure of the domain M^ε. Here U^ε_l is V^ε_l with attached “sleeves” S^ε_{j,l}. The Neumann Laplace operator −Δ_ε in L^2(M^ε) is defined in the standard way by means of its quadratic form

E^ε (u, u) = ∫ M^ε |∇u|^2 dA with the domain H^1 (M^ε) (see for instance [12]). Here dA denotes the area element. The goal is to understand the behavior of the spectrum σ(−Δ_ε) of this operator when ε → 0. Our main result states that this spectrum converges to the spectrum of a second order differential operator on the graph M. This operator, which depends on the shape of the tubes M^ε_j , is defined below.

Let us denote by p(x) the piecewise-smooth (with possible discontinuity at the vertices) function on M that coincides on each edge M_j with the sum h_j(x) + g_j(x). Now our ambient space is the weighted L^2-space H = L^2(M, p(x)dx). Here dx denotes the arc length measure along edges. The space H^1 (M) consists of functions f on M whose restriction f_j to each edge M_j belongs to H^1(M_j) and such that f is continuous on M (i.e., the boundary values of f at any vertex are the same for any edge adjacent to this vertex). We now define a self-adjoint operator A_p in H by its quadratic form E (u, u) = ∑ j ∫ M_j |u^′(x_j)|^2 p(x_j)dx_j.

with the domain H^1 (M). One can check that this is a closed form and hence it defines a self-adjoint operator A_p:

A_pf(x_j) = − 1 p d dx_j ( p df dx_j ) , f ∈ D(A_p), x_j ∈ M_j. It is also not hard to check that any function f from the domain D(A_p) of the operator A_p satisfies the following boundary conditions at each vertex v:

1. f is continuous through the vertex (since f ∈ H^1 (M)). 2. ∑ j∈J(v) p_j (v) df_j dx_j (v) = 0,

where J (v) is the set of all indices j such that the j-th edge M_j is adjacent to v, x_j is the arc length coordinate on M_j measured starting from v, and f_j and p_j denote the restrictions of the functions f and p to the edge M_j (so p_j (v) must be understood as the limit value along M_j of p_j at the vertex v).

It is easy to show that the spectra of both positive operators −Δ_ε and A_p are discrete (due to compactness of embedding of the corresponding H^1- spaces into L^2). We denote the eigenvalues counted in increasing order with their multiplicity by λ_n(−Δ_ε) and λ_n(A_p) respectively.

The main results of this paper are the following theorems:

Theorem 1 Under the conditions imposed above on the graph M and the domains M^ε, the following equality holds for each n = 1, 2, ... :

lim_{ε→0} λ_n(−Δ_ε) = λ_n(A_p).

This theorem can be generalized for the case of presence of an electromagnetic field. Let a Lipschitz real valued function q (electric potential) and

an R^2 -valued vector function A of class C^1 (magnetic potential) be defined

in a fixed (i.e., independent of ε) neighborhood of the graph M. The definitions of the operators −Δ_ε and A_p can be modified to include these fields.

Namely, the domains of the corresponding quadratic forms remain the same, while the expressions for the quadratic forms now are modified as follows: ∫ M^ε ( |(∇ + iA)u|^2 + q |u|^2 ) dx (1)

and ∑ j ∫ M_j

(| | | | df dx_j + iA^τ_j f | | | | 2 + q |f|^2 ) p dx_j (2)

correspondingly. Here A^τ_j denotes the tangential component of the field A along the edge M_j. We will denote these operators by H_ε(A, q) and H_M (A, q) correspondingly. As a differential expression, H_M (A, q) acts as H_M (A, q)f = − 1 p ( d dx_j + iA^τ_j ) p ( d dx_j + iA^τ_j ) f + qf along the edge M_j, with the domain consisting of all functions f ∈ H^1 (M) such that f ∈ H^2 (M_j) for each j and such that at each vertex v ∑ j,v∈M_j p_j (v) ( df dx_j (v) + iA^τ_j (v) f (v) ) = 0.

Here the derivatives are taken in the direction away from the vertex v along the edges M_j containing v, and p_j is the restriction of p to the edge M_j. Notice that the values p_j (v) do not have to be the same for different M_j containing v.

Theorem 2 The statement of the Theorem 1 holds true for the operators H_ε(A, q) and H_M (A, q) with the quadratic forms (1) and (2) correspondingly.

3 Proof of the Theorem 2.1

The main idea of the proof is clear and has been used many times before, see for instance [46, 49, 48, 22]. One represents the eigenvalues λ_n(−Δ_ε) and λ_n(A_p) using the minimax principle and then one needs to be able to transplant H^1-functions from M^ε to M and back in such a way that the

Rayleigh ratio does not increase much. Let us introduce now the “extension” Q^ε : H^1 (M) → H^1 (M^ε) and “averaging” P^ε : H^1 (M^ε) → H^1 (M) mappings that do this job.

The idea of the definition of the mapping Q^ε is natural. It was used in [46]. A function f ∈ H^1 (M) is shrunk on each edge to a little bit shorter segment, making at the same time its value around each vertex constant. Then the function is extended to M^ε in such a way that it is constant around vertices and independent on the normal variables around the shortened edges. Let us now make this more precise. The same local coordinates (x_j, y_j) as before (arc length and normal) will be used. We will denote by ψ_j : [a^1_{j,ε}, b^1_{j,ε}] → [a_j, b_j] the 1-to-1 linear mapping between these two segments.

Definition 3 For u ∈ H^1 (M) we define the function Q^εu on M^ε as follows:

Q^εu = { u (v_l) in V^ε_l u ∘ ψ_j extended as a constant with respect to y_j in M^ε_j (3) Lemma 4 1. For any sufficiently small ε > 0 the operator Q^ε maps H^1 (M) into H^1 (M^ε).

2. For any sufficiently small ε > 0 and for any u ∈ H^1 (M), the following inequalities hold:

||Q^εu||^2_L2_{(M} ε_) ≥ ε (1 + O(ε)) ||u||^2_L2_{(M)} , (4)

E^ε (Q^εu, Q^εu) ≤ ε (1 + O(ε)) E (u, u) , (5)

where O(ε) does not depend on u.

Proof: The first statement of the lemma is elementary. Indeed, if u ∈ H^1 (M), then from the construction it is obvious that Q^εu ∈ H^1 ( M^ε_j ) for any j and Q^εu ∈ H^1 (V^ε_l ) for any l. Since the construction guarantees that Q^εu is continuous through the joint straight boundaries of M^ε_j and V^ε_l , this implies that u ∈ H^1 (M^ε).

Let us now prove the second statement. We estimate the L^2-norm first. Neglecting the sets V^ε_l we get

||Q^εu||^2_L2_{(M} ε_) ≥ ∑ j ∫ M^ε_j |Q^εu|^2 dA.

In each tube M^ε_j we can change coordinates in the integral to the arc length and normal coordinates (x_j, y_j), which via a direct calculation leads to dA = (1 + O(ε))dx_jdy_j. (6) Since the function Q^εu does not depend on y_j in this set, we get ∑ j ∫ M^ε_j |Q^εu|^2 dA = (1 + O(ε)) ∑ j b1_{j,ε}∫

a1_{j,ε} |u_j ∘ ψ_j|^2 h_j (x_j )ε∫

−g_j (x_j )ε dy_jdx_j

= ε(1 + O(ε)) ∑ j b1_{j,ε}∫

a1_{j,ε} |u_j ∘ ψ_j|^2 p(x_j) dx_j

= ε(1 + O(ε))[ ∑ j b1_{j,ε}∫

a1_{j,ε} |u_j ∘ ψ_j|^2 p ∘ ψ_j dx_j

+ ∑ j b1_{j,ε}∫

a1_{j,ε} |u_j ∘ ψ_j|^2 (p − p ∘ ψ_j) p ∘ ψ_j p ∘ ψ_j dx_j]. (7)

Due to smoothness and positivity of p_j and since ψ_j(x_j) − x_j = O(ε), we obtain that (p − p ∘ ψ_j) p ∘ ψ_j = O(ε) (8) and hence the sum in (7) is equal

ε(1 + O(ε)) ∑ j b1_{j,ε}∫

a1_{j,ε} |u_j ∘ ψ_j|^2 p ∘ ψ_j dx_j

Changing variables ψ_j(x) → x and using the obvious estimate ψ^′_j = (1 + O(ε)) (9) we obtain ∑ j ∫ M^ε_j |Q^εu|^2 dA = ε (1 + O(ε)) ||u||^2_L2_{(M)} . (10)

which implies the required inequality

||Q^εu||^2_L2_{(M} ε_) ≥ ε (1 + O(ε)) ||u||^2_L2_{(M)} .

Let us move now to estimating the quadratic form E^ε (Q^εu, Q^εu). According to the definition of Q^εu, we get

E^ε (Q^εu, Q^εu) = ∑ j ∫ M^ε_j |∇Q^εu|^2 dA,

which up to a factor (1 + O(ε)) is ∑ j b1_{j,ε}∫

a1_{j,ε} h_j (x_j )ε∫

−g_j (x_j )ε | | |( u ∘ ψj)^′_{xj} | | |^2 dyjdxj = ∑ j b1_{j,ε}∫

a1_{j,ε} | | |( u ∘ ψj)^′_{xj} | | |^2 h_j (x_j )ε∫

−g_j (x_j )ε dy_j dxj

= ε ∑ j b1_{j,ε}∫

a1_{j,ε} | |( u ∘ ψj)^′_{xj} | |^2 p(xj) dxj.

Now replacing p_j by p_j ∘ ψ_j with the estimate (8) like before, we arrive at the expression

ε(1 + O(ε)) ∑ j b1_{j,ε}∫

a1_{j,ε} |( u ∘ ψ_j)^′|^2 p ∘ ψ_j dx_j,

and consequently by changing variables and using (9) at

ε(1 + O(ε)) ∑ j b_j∫

a_j | u^′|^2 p dx_j = ε(1 + O(ε))E (u, u) .

The lemma is proven.

Corollary 5 Under the conditions imposed above on the graph M and the domains M^ε, the following inequality holds for each n = 1, 2, ... : lim sup_{ε→0} λ_n(−Δ_ε) ≤ λ_n(A_p). (11)

Proof. We use the standard min-max formula for the eigenvalues that works for both operators A = −Δ_ε and A = A_p:

λ_n = inf_{dim W =n} sup u ∈ W u ≠ 0 R (u) .

Here R (u) = (Au, u) (u, u) is the Rayleigh quotient, λ_n is the n-th eigenvalue (counted in non-decreasing order) of the self-adjoint operator A (as −Δ_ε or A_p), and W is an ndimensional subspace of the domain of the quadratic form of the operator. Let W ⊂ H^1(M) be the n-dimensional subspace spanned by the eigenfunctions u_{1,}u_{2,}...u_n of A_p corresponding to the eigenvalues λ_{1,}λ_{2,}....λ_{n.}. For this choice of W we have λ_n = sup u ∈ W u ≠ 0 R (u) .

Consider the subspace Q^εW ⊂ H^1 (M^ε). Notice that by the construction the linear mapping Q^ε has zero kernel, so dim Q^εW = dim W = n. Then λ_n(−Δ_ε) ≤ sup_{u∈Q εW} (∇u, ∇u) (u, u) =sup_{u∈W} (∇Q^εu, ∇Q^εu) (Q^εu, Q^εu) =sup_{u∈W} E^ε (Q^εu, Q^εu) (Q^εu, Q^εu) . The lemma above implies the following estimate for the last expression: E^ε (Q^εu, Q^εu) (Q^εu, Q^εu) ≤ (1 + O(ε)) E (u, u) (u, u) , which leads to the inequality λ_n(−Δ_ε) ≤ (1 + O(ε))λ_n(A_p) and proves the corollary.

Remark 1 This proof does not require the starshapedness condition on the neighborhoods of vertices.

We now move to the averaging operator P^ε and to proving the opposite inequality for the eigenvalues λ_n(−Δ_ε) and λ_n(A_p).

We define the normal average (that we will denote N_ju) of a function u in M^ε_j in the natural way:

N_ju (x_j) = 1 εp (x_j) h_j (x_j )ε∫

−g_j (x_j )ε u (x_j, y_j) dy_j.

Let B be the unit disk in R^2 centered at the origin. Consider a function ω ∈ C^∞_0 (B) with unit average. One can translate and homothetically shrink ω to produce functions ω_l ∈ C^∞_0 (B^ε_l ) of unit average, where B^ε_l ⊂ V^ε_l are the disks described in the condition 4 imposed on the domain M^ε. Let us also introduce a cut-off function

ρ(x) ∈ C^∞_0 (R), ρ(0) = 1, ρ(x) = 0 when |x| > 0.5 min_j | |b^1_{j,ε} − a^1_{j,ε} | | . We are ready now to define the operator P^ε. Its definition differs from the one suggested in [46].

Given u ∈ H^1 (M^ε), we introduce a function P^εu on the graph M as follows.

Definition 6 Let M_j be an edge connecting the vertices v_l (where x_j = a_j) and v_m (where x_j = b_j). Then we define:

(P^εu) (x_j) = c (v_l) = 1 vol(B^ε_l ) ∫ B^ε_l ω_l (y) u (y) dy (12)

if x_j ∈ [ a_j, a^1_{j,ε} ] , (P^εu) (x_j) = c (v_m) = 1 vol(B^ε_m) ∫ B^ε_m ω_m (y) u (y) dy (13)

if x_j ∈ [ b^1_{j,ε}, b_{j,ε} ] , and finally

(P^εu) (x_j) = N_ju (x_j) + [ c (v_l) − N_ju ( a^1_{j,ε} )] ρ(x_j − a^1_{j,ε}) (14)

+ [ c (v_m) − N_ju ( b^1_{j,ε} )] ρ(x_j − b^1_{j,ε}) if x_j ∈ [ a^1_{j,ε}, b^1_{j,ε} ] . The meaning of these formulas is quite simple. Namely, the formulas (12) and (13) mean that around any vertex v_l the value of P^εu is defined as the weighted (with the weight ω_l) average of u over the ball B^ε_l . The main contribution into P^εu along the edge (formula (14)) is just the normal average N_ju of u. However, this average would not fit continuously with the constant values (12) and (13) around the vertices. In order to correct this, the two additional terms are added in (14) in order to adjust the values of N_ju close to the vertices.

Our last major step in proving Theorem 1 is to establish the following estimates:

Lemma 7 1. For any sufficiently small ε > 0 the operator P^ε maps H^1 (M^ε) into H^1 (M).

2. For any sufficiently small ε > 0 and for all u ∈ H^1 (M^ε)

E (P^εu, P^εu) ≤ ε^{−1}(1 + O( √ ε))E^ε (u, u) (15) and ||P^εu||^2_L2_{(M)} ≥ ε^{−1} [( 1 + O( √ ε) ) ||u||^2_L2_{(M} ε_) − O( √ ε)E^ε (u, u) ] . (16)

Here O( √ ε) is uniform with respect to u.

Before attempting the proof of this lemma, we obtain its corollary that is of interest to us.

Corollary 8 For every n = 1, 2, ...

lim inf_{ε→0} λ_n (−Δ_ε) ≥ λ_n (A_p) .

The Corollaries 5 and 8 obviously imply the Theorem 1. Let us show that the Corollary 8 follows from the Lemma 7. The proof is mostly similar to the proof of the Corollary 5, except that the mapping P^ε might (and actually does) have a non-zero kernel and that the inequality (16) has an additional term O( √ ε)E^ε (u, u). Let us fix an integer N > 0 and look only at the eigenvalues λ_n (−Δ_ε) with n < N. Then the estimate (11) implies that |λ_n (−Δ_ε)| < C when n < N and ε → 0. Consider now the subspace W_ε ⊂ H^1(M^ε) spanned by the eigenfunctions corresponding to these eigenvalues λ_n (−Δ_ε). The proof in fact only requires that the operator P^ε considered on the subspace W_ε has zero kernel. We can now justify that this is true if ε is small enough. Indeed, since |λ_n (−Δ_ε)| < C, we have the estimate

E^ε (u, u) ≤ C ||u||_L2_{(M} ε_) (17)

on W_ε. If now u ∈ W_ε, we get from (16) the estimate ||P^εu||^2_L2_{(M)} ≥ ε^{−1} ( 1 − C √ ε ) ||u||^2_L2_{(M} ε_) ,

which obviously implies that for ε small enough P^εu = 0 if and only if u = 0. This finishes the proof of the Corollary 8.

Our last task is to prove the Lemma 7. The whole proof hinges on a string of simple Poincare type inequalities.

Lemma 9 Let f ∈ H^1[a, b], then b∫ a

| | | | | f(y) − 1 b − a b∫ a f(t)dt | | | | | 2 dy ≤ ( b − a π )_2^b∫ a | | | df dy | | | 2 dy. (18)

Proof. Expressions in both sides of (18) after dividing by (b − a) are invariant with respect to shifts and dilations, so it is sufficient to prove (18) for one interval [a, b], for instance [0, π]. Extending a function f ∈ H^1[0, π] as an even function to [−π, π] and expanding the extension into Fourier series ∑ f_ne^{inx}, one reduces (18) to the obvious inequality ∑ n≠0 |f_n|^2 ≤ ∑ n≠0 n^2 |f_n|^2 .

Another proof of (18) follows from the equivalence of (18) to the inequality b∫ a |f^′|^2 dy b∫ a |f|^2 dy ≥ μ_1 on functions orthogonal to constants, where μ_1 = (π/(b−a))^2 is the first nonzero eigenvalue of the operator −^{d2}_{dy2} with the Neumann boundary conditions.

Lemma 10 Let [a, b] ⊂ [a^1_{j,ε}, b^1_{j,ε}] and Ω = { (x_j, y_j) ∈ M^ε_j | x_j ∈ [a, b] } be the corresponding piece of the tube M^ε_j . Then for any u ∈ H^1(Ω) we have

|N_ju(a)| = | | | | | | 1 εp(a) εh_j (a)∫

−εg_j(a) u (a, y) dy | | | | | | ≤ C √ ε |b − a| ||u||_H1_{(Ω)} , (19)

where the constant C depends on the graph M and on the functions g_j and h_j only. In particular, for any u ∈ H^1(M^ε) | |N_ju(a^1_{j,ε}) | | ≤ C√ ε ||u||_H1_{(M} ε_{j )} . (20)

Proof. Changing the variables x = (x_j −a)/(b−a), y = y_j/ε, one reduces the domain to the tube Ω^0 = {(x, y)| x ∈ [0, 1], y ∈ [−g_j(x), h_j(x)]} . Then the standard embedding theorems [12] provide the inequality | | | | | | 1 p(a) h_j (a)∫

−g_j (a) U (0, y) dy | | | | | | ≤ C ||U||_H1_{(Ω}0_) , (21)

where U (x, y) = u(a + (b − a)x, εy). (22) Replacing ||U||_H1_{(Ω}0_) by the equivalent expression ||∇U||_L2_{(Ω}0_) + ||U||_L2_{(Ω}0_) and changing the variables back in the right hand side of (21), one gets

(ε(b − a))^{−1/2} ∫ Ω (| | | ∂u ∂x_j | | | 2 (b − a)^2 + | | | ∂u ∂y_j | | | 2 ε^2 ) dx_jdy_j 1/2

+(ε(b − a))^{−1/2} ∫ Ω |u|^2 dx_jdy_j 1/2 ≤ C √ ε |b − a| ||u||_H1_{(Ω)} . This proves (19). The inequality (20) is a particular case of (19) when [a, b] = [a^1_{j,ε}, b^1_{j,ε}]. Let us recall now the following Sobolev’s representation theorem:

Lemma 11 (Theorem 1 on page 20 of [37]) Let Ω ⊂ R^m be a bounded domain of diameter d starshaped with respect to a ball B_δ ⊂ Ω of radius δ and let u ∈ H^1 (Ω). Let also ω ∈ C^∞_0 (B_δ) be such that the average of ω over B_δ is equal to 1. Then for almost all x ∈ Ω

u (x) = 1 vol(B_δ) ∫ B_δ ω (y) u (y) dy+ ∫ Ω ( f_1 (x; r, θ) r ∂u ∂y_1 + f_2 (x; r, θ) r ∂u ∂y_2 ) dy_1dy_2,

where r = |y − x|, θ = (y − x) r^{−1}, and f_i are infinitely differentiable functions such that |f_i| ≤ C (d/δ) . Here the constant C is independent of Ω and u.

We will use further for each vertex v_l a function ω_l ∈ C^∞_0 (B^ε_l ) described before. The function ω_l is chosen as the rε-dilation of a fixed function ω, and we drop ε in its notation.

Lemma 12 Let Ω be a bounded domain in R^2 of diameter d starshaped with respect to a ball B_δ of radius δ. Let also u ∈ H^1 (Ω) . Then there exists a constant u_0 such that ||u − u_0||_L2_{(Ω)} ≤ Cd^2/δ ||∇u||_L2_{(Ω)} , where C is independent of Ω and u.

Proof: Let ω be the function from the Lemma 11. If we define

u_0 = 1 vol(B_δ) ∫ B_δ ω (x, y) u (x, y) dxdy,

then the statement follows immediately from the Lemma 11 and the following known result (see for instance Theorem 7.3.1 in [38]):

Lemma 13 Let Ω be a bounded domain of diameter d in R^m , A be a continuous function defined on the closure of Ω × Ω, and T be the weakly singular integral operator of order β ∈ [0, m] T f (x) = ∫ Ω A (x, y) |x − y|^β f (y) dΩ.

Then T is defined and bounded on L^2 (Ω) and ||T f||_L2_{(Ω)} ≤ Cd^{m−β} ||A||_L1 ||f||_L2_{(Ω)} , where C depends only on m and β.

The Lemma 12 has the following immediate consequence:

Corollary 14 There exists a constant C such that for sufficiently small values of ε and for any u ∈ H^1 (U^ε_l ) the following inequalities hold:

‖u − c (v_l)‖_{L2}(_U ε_l ) ≤ Cε ‖∇u‖_{L2}(_U ε_l ) (23)

and hence ‖u − c (v_l)‖_{H1}(_U ε_l ) ≤ C ‖∇u‖_{L2}(_U ε_l ) . (24)

Here the average c(v_l) is defined in (12).

Our last auxiliary lemma provides estimates for the deviation between the cross-sectional and volume averages N_ju ( a^1_{j,ε} ) and c (v_l) of a function u ∈ H^1 (M^ε).

Lemma 15 There exists a constant C independent on ε such that for all u ∈ H^1 (U^ε_l ) | |c (v_l) − N_ju (a^1_{j,ε})| ≤ C ‖∇u‖_{L2} (U^ε_l ) . (25)

Proof: Let us homothetically enlarge the domain U^ε_l with the factor ε^{−1}. and call the new domain W^ε. Both sides of the inequality (25) do not change under homothety, so it is sufficient to prove it for the domains W^ε only. All the domains W^ε are uniformly bounded and starshaped with respect to the same disk of radius r. In this case due to standard embedding theorems applied to the enlarged sleeve S^ε_{j,l} we get | |c (v_l) − N_ju (a^1_{j,ε}) | | ≤ C ‖u − c (v_l)‖_{H1} (S^ε_{j,l}) ≤ C ‖u − c (v^l)‖H^1(W^ε_l ) . Now the Lemma 12 applies, which gives the uniform with respect to ε estimate ‖u − c (v_l)‖_{H1}(_W ε_l ) ≤ C ||∇u||_{L2}(_W ε_l ) .

Shrinking the domain back we get (25).

Corollary 16 For any u ∈ H^1 (M^ε) the following inequality holds ||u||_L2_{(U} ε_{l )} ≤ C √ ε ||u||_H1_{(M} ε_) (26)

with a constant C independent of u and ε.

Proof. We estimate ||u||_L2_{(U} ε_{l )} as follows: ||u||_L2_{(U} ε_{l )} ≤ ||u − c(v_l)||_L2_{(U} ε_{l )}+ | | | |c(v_l) − N_ju(a^1_{j,ε}) | | | |_{L2(U εl )}+ | | | |N_ju(a^1_{j,ε}) | | | |_{L2(U εl )} . According to (23), the first term is estimated from above by Cε ||u||_H1_{(M} ε_). The second and third terms together can be estimated by (| c(v_l) − N_ju(a^1_{j,ε}) | | + | |N_ju(a^1_{j,ε}) | |) (vol(U^ε_l ))^{1/2} ≤ Cε ( | |c(v_l) − N_ju(a^1_{j,ε}) | | + | |N_ju(a^1_{j,ε}) | |) . Since (20) and (25) show that | |c(v_l) − N_ju(a^1_{j,ε}) | | + | |N_ju(a^1_{j,ε}) | | ≤ Cε^{−1/2} ||u||_{H1(M ε)} , this proves (26).

We also will use the following elementary inequalities:

Lemma 17 For any real numbers a, b, c, and δ ∈ (0, 1) the following inequalities hold:

(1 − 2δ) a^2 − b^2 δ − c^2 δ ≤ (a + b + c)^2

≤ (1 + 2δ) a^2 + ( 1 + 2 δ ) b^2 + ( 1 + 2 δ ) c^2. (27)

Let us go back to the proof of the Lemma 7, which is our last task in the proof of the Theorem 1.

Proof of the Lemma 7. The proof of the first statement of the lemma is straightforward and we omit it. Let us prove the second statement. Since all the expressions in (15) and (16) are continuous in H^1(M^ε), it is sufficient to prove the lemma for infinitely smooth functions u only. So we will assume that u ∈ C^∞(M^ε). We will start with proving the inequality (15) first. The expression in the left hand side is

E (P^εu, P^εu) = ∑ j b_j∫

a_j | | |dP^εu dx_j | | |^2 p(x_j)dx_j.

Since the function P^εu is constant in a vicinity of the vertex, the integrand is non-zero on [a^1_{j,ε}, b^1_{j,ε}] only. The definition (14) of P^εu contains three terms. We need to estimate the (weighted) integrals of squares of derivatives of each of them. Due to (6), the measures dA and dx_jdy_j on M^ε_j differ by a factor (1 + O(ε)) only, so in order to shorten the expressions we will neglect their difference. Let us start with N_ju. It is beneficial to change the variables in the tube M^ε_j as follows: x = x_j, y = (y_j + εg_j (x_j)) εp (x_j) . This turns M^ε_j it into a flat constant width strip [a^1_{j,ε}, b^1_{j,ε}] × [0, 1]. Then we can rewrite

N_ju (x_j) = 1 εp (x_j) h_j (x_j )ε∫

−g_j (x_j )ε u (x_j, y_j) dy_j = 1∫ 0 u (x_j, ε (p (x_j) y − g_j (x_j))) dy.

This leads to dN_ju dx_j = ∫_1 0 ( ∂u ∂x_j + ∂u ∂y_j [ ε ( yp^′ − g^′_j )] ) dy

= 1 εp (x_j) εh_j (x_j )∫

−εg_j(x_j ) [ ∂u ∂x_j + ε ∂u ∂y_j ( y_j ε p^′ (x_j) p (x_j) + g_j (x_j) p^′ (x_j)

p (x_j)

− g^′_j (x_j) )] dy_j. (28) Hence, | | | dN_ju dx_j | | | ≤ 1 εp (x_j) εh_j (x_j )∫

−εg_j (x_j ) (| | | ∂u ∂x_j | | | + Cε | | | ∂u ∂y_j | | | ) dy_j,

which due to the Hölder inequality gives | | | dN_ju dx_j | | | 2 ≤ 1 εp (x_j) εh_j (x_j )∫

−εg_j(x_j ) (| | | ∂u ∂x_j | | | + Cε | | | ∂u ∂y_j | | | )_2 dy_j ≤ 1 + O(ε) εp (x_j) εh_j(x_j )∫

−εg_j (x_j ) |∇u|^2 dy_j.

So we get_{b1} j,ε∫ a1_{j,ε} p (x_j) | | | dN_ju dx_j | | | 2 dx_j ≤ 1 + O(ε) ε ∫ M^ε_j |∇u|^2 dA. (29)

The remaining two terms in P^εu are similar, so we will estimate only one

of them: b1_{j,ε}∫

a1_{j,ε} p (x_j) | | | d dx_j ([ c (v_l) − N_ju ( a^1_{j,ε} )] ρ(x_j − a^1_{j,ε}) ) | | | 2 dx_j

= | |c (v_l) − N_ju (a^1_{j,ε}) | |^2 b1_{j,ε}∫

a1_{j,ε} p (x_j) | |ρ^′(x_j − a^1_{j,ε}) | |^2 dx_j

≤ C | c (v_l) − N_ju ( a^1_{j,ε} )|_2 , which after using (25) can be estimated from above by C ||∇u||^2_L2_{(M} ε_). Bring-

ing all these estimates together and using (27), we can now complete the proof

of the bound (15). Namely, choosing in (27) δ = √ ε, we get b1_{j,ε}∫

a1_{j,ε} p (x_j) | | | dP^εu dx_j | | | 2 dx_j ≤ ( ( 1 + 2 √ ε ) 1 + O(ε) ε + C ( 1 + 2 √ ε )) ||∇u||^2_L2_{(M} ε_)

= 1 + O( √ ε) ε ||∇u||^2_L2_{(M} ε_) , This gives (15)

Let us now move to the proof of (16). We will still assume that u ∈

C^∞(M^ε). We need to compare the L_2 norms of the function u and of its

averaged version P^εu. The inequality (18) gives εh_j (x_j )∫

−εg_j(x_j )

| | | | | | u(x_j, y_j) − 1 εp (x_0) εh_j (x_j )∫

−εg_j(x_j ) u(x_j, t)dt | | | | | |

2 dy_j ≤ ε^2p^2 (x_j) εh_j(x_j )∫

−εg_j (x_j ) | | | ∂u ∂y_j | | | 2 dy_j or_{εhj (xj )} ∫ −εg_j(x_j ) |u − N_ju|^2 dy_j ≤ ε^2p^2 (x_j) εh_j (x_j )∫

−εg_j (x_j ) | | | ∂u ∂y_j | | |^2 dy_j

Integrating with respect to x_j and using (6), we get b1_{j,ε}∫

a1_{j,ε} εh_j (x_j )∫

−εg_j (x_j ) |u − N_ju|^2 dy_jdx_j ≤ Cε^2 ∫ M^ε_j |∇u|^2 dA. (30)

Let us estimate from below the norm

||N_ju||^2_{L2(Mj ,pdx)} ≥ ||N_ju||^2_{L2([a}1_{j,ε,b}1_{j,ε],pdx)} = b1_{j,ε}∫

a1_{j,ε} |N_ju|^2 pdx_j = ε^{−1} ∫ M^ε_j |N_ju|^2 dy_jdx_j.

Representing N_ju = u − (u − N_ju) and using the inequality (27) with a = u,

b = u − N_ju, c = 0, and δ =^{√ε}_2 , we get ∫ M^ε_j |N_ju|^2 dy_jdx_j ≥ ( 1 − √ ε ) ∫ M^ε_j |u|^2 dy_jdx_j − 2 √ ε ∫ M^ε_j |u − N_ju|^2 dy_jdx_j. Using now (30), we obtain ||N_ju||^2_{L2(Mj ,pjdx)} ≥ ε^{−1} ( 1 + O( √ ε) ) ( ||u||^2_L2_{(M} ε_{j )} − Cε^{3/2} ||∇u||^2_L2_{(M} ε_{j )} ) . (31)

The quantity that we need to estimate from below in (16) is ||P^εu||^2. The

definition of P^ε, (27), and (31) result in b1_{j,ε}∫

a1_{j,ε} |P^εu (x_j)|^2 p (x_j) dx_j ≥ (1 − 2 √ ε) b1_{j,ε}∫

a1_{j,ε} |N_ju (x_j)|^2 p (x_j) dx_j

− | c (v_l) − N_ju ( a^1_{j,ε} )|_2 √ ε b1_{j,ε}∫

a1_{j,ε} | |ρ(x_j − a^1_{j,ε}) | |^2 p (x_j) dx_j

− | c (v_m) − N_ju ( b^1_{j,ε} )|_2 √ ε b1_{j,ε}∫

a1_{j,ε} | |ρ(x_j − b^1_{j,ε}) | |^2 p (x_j) dx_j

≥ (1 − C √ ε) ε [∫ M^ε_j |u|^2 dx_jdy_j − Cε^{3/2} ∫ M^ε_j |∇u|^2 dx_jdy_j ]

− C √ ε | |c (v_l) − N_ju (a^1_{j,ε}) | |^2 − C√ ε | |c (v_m) − N_ju (b^1_{j,ε}) | |^2 .

According to the Lemma 15, we can estimate the last expression from below

to get_{b1} j,ε∫ a1_{j,ε} |P^εu (x_j)|^2 p (x_j) dx_j

≥ (1 − C √ ε) ε [∫ M^ε_j |u|^2 dx_jdy_j − Cε^{3/2} ∫ M^ε_j |∇u|^2 dx_jdy_j ] − C √ ε ‖∇u‖^2_{L2}(_U ε_l )

≥ (1 − C √ ε) ε [∫ M^ε_j |u|^2 dx_jdy_j − Cε^{3/2} ∫ M^ε_j |∇u|^2 dx_jdy_j − C √ ε ‖∇u‖^2_{L2}(_U ε_l ) ] . Adding these inequalities for all values of j and using then (26), we obtain ∑ j b1_{j,ε}∫

a1_{j,ε} |P^εu (x_j)|^2 p (x_j) dx_j

≥ (1 − C √ ε) ε [ ‖u‖^2_L2_{(M} ε_) − C √ ε ‖∇u‖^2_L2_{(M} ε_) − ∑ l ‖u‖^2_{L2}(_U ε_l ) ]

≥ (1 − C √ ε) ε [ ‖u‖^2_L2_{(M} ε_) − C √ ε ‖∇u‖^2_L2_{(M} ε_) ] . This finishes the proof of the Lemma 7 and hence of the Theorem 1.

4 Operators with electromagnetic fields

Let a Lipschitz real valued function q (electric potential) and an R^2 -valued vector function A of class C^1 (magnetic potential) be defined in a neighborhood of the graph M. The definitions of the operators −Δ_ε and A_p can be modified to include these fields. Namely, the ambient spaces and the domains of the corresponding quadratic forms remain the same, while the expressions for the quadratic forms now are modified as follows:

E^ε (u, u; A, q) = ∫ M^ε ( |(∇ + iA)u|^2 + q |u|^2 ) dx (32)

and E (f, f; A, q) = ∑ j ∫ M_j (| | | df dx_j + iA^τ_j f | | | 2 + q |f|^2 ) pdx_j (33)

correspondingly. Here A^τ_j denotes the tangential component of the field A along the edge M_j. Namely, if ϕ_j : [a_j, b_j] → R^2 is the C^2-mapping representing the edge M_j, then A^τ_j = A ·^{dφj}_{dxj} . We will denote these operators by H_ε(A, q) and H_M (A, q) correspondingly. As a differential expression, H_M (A, q) acts as H_M (A, q)f = − 1 p ( d dx_j + iA^τ_j ) p ( d dx_j + iA^τ_j ) f + qf along the edge M_j, with the domain consisting of all functions f ∈ H^1 (M) such that f ∈ H^2 (M_j) for each j and that at each vertex v ∑ j∈J(v) p_j (v) ( df dx_j (v) + iA^τ_j (v) f (v) ) = 0.

Here the derivatives df/dx_j are taken in the direction away from the vertex v along the edges M_j containing v, and p_j is the restriction of p to the edge M_j. The values p_j (v) do not have to be (and usually are not) the same for different indices j such that v ∈ M_j. Our goal now is prove the statement of the Theorem 2 for these operators:

Theorem 2. Under the imposed conditions,

lim_{ε→0} λ_n(H_ε(A, q)) = λ_n(H_M (A, q)) (34) for any n = 1, 2, ....

We notice first of all that shifting if necessary by a constant, we can assume without loss of generality that q > c > 0. The proof of the theorem follows the same lines as (and actually uses several parts of) the proof of Theorem 1. The convergence (34) will be established if we introduce appropriate extension and averaging operators Q^ε : H^1(M) → H^1(M^ε) and P^ε : H^1(M^ε) → H^1(M) such that they do not increase significantly the corresponding Rayleigh ratios. The definition (12) - (14) of P^ε is the same as when the electromagnetic field is absent, while the definition (3) of Q^ε needs to be modified a little to allow for the presence of the magnetic potential.

Let us define the tubular domain B^ε_j (which is just a little bit shortened M^ε_j ) as follows:

B^ε_j = { (x_j, y_j)| x_j ∈ [a^2_{j,ε}, b^2_{j,ε}], −εg_j(x_j) < y_j < εh_j(x_j) } . The following objects will be needed: ν = ν(x_j, y_j) is the unit tangent vector at the point (x_j, y_j) ∈ B^ε_j to the coordinate line x_j = const in the direction of increase of y_j and τ = τ(x_j, y_j) is the unit normal vector to this line. Analogously, ρ = ρ(x_j, y_j) is the unit tangent vector to the coordinate curve y_j = const in the direction of increase of x_j. Notice that τ − ρ = O(ε). The vector fields (i.e., first order differential operators) corresponding to ν, τ, and ρ respectively, are denoted by N, T , and R. So, in particular R = ∂/∂x_j , N = ∂/∂y_j , and T = ∂/∂x_j + L(ε), where L(ε) is a first order differential operator with continuous O(ε) coefficients. We also introduce in M^ε_j the normal and tangential components A^ν_j = A·ν and A^τ_j = A·τ of the magnetic potential A.

Let us move on now to the definition of the extension operator Q^ε. While in the absence of magnetic potential we extended functions from M_j as constants in y_j, now we have to extend them as appropriate exponents. Namely,

Definition 18 For u ∈ H^1 (M) , we define the function Q^εu on M^ε as follows:

Q^εu = u (v) in V^ε_l (v) 1 a2_{j,ε}−a1_{j,ε} [ a^2_{j,ε} − x_j + ( x_j − a^1_{j,ε} ) e^{rj} ] u (v) in S^ε_{j,l} e^{rj} (u ∘ ψ_j) (x_j, 0) in B^ε_j

. (35)

Here, analogously to (3), ψ_j is the linear mapping that stretches the segment

[ a^2_{j,ε}, b^2_{j,ε} ] to [a_j, b_j] and r_j(x_j, y_j) = −i ∫_{yj} 0 A^ν_j (x_j, y) dy. We will denote later the function (u ∘ ψ_j) (x_j, 0) involved in (35) by ~u, so in B^ε_j we have Q^εu = e^{rj} ~u.

There are two differences between this definition and the one in the absence of magnetic potential. First of all, the exponential factor exp r_j arises in the tubular part. Secondly, since in the vicinity of the vertex the extended function is constant, while at the edge of the tube B^ε_j it is not, in order to preserve continuity of the extended function one needs a (linear) homotopy between them in the sleeve S^ε_{j,l}.

Our goal now is to prove Lemma 19 and Lemma 21 below that are analogs of Lemmas 4 and 7. This would immediately lead to the statement of the theorem.

Lemma 19 1. For any sufficiently small ε > 0 the operator Q^ε maps H^1 (M) into H^1 (M^ε).

2. For any sufficiently small ε > 0 and for any u ∈ H^1 (M), the following inequalities hold:

||Q^εu||^2_L2_{(M} ε_) ≥ ε ( 1 + O( √ ε) ) ||u||^2_L2_{(M)} , (36) E^ε (Q^εu, Q^εu; A, q) ≤ ε ( 1 + O( √ ε) ) ( E (u, u; A, q) + O (ε) ||u||^2_L2_{(M)} ) , (37) where O(ε) and O ( √ ε) depend on ε and the potentials only (and do not depend on u).

Proof: The first statement of the lemma is obvious, since the extended function Q^εu by the construction belongs to H^1 in each of the parts V^ε_l (v), S^ε_{j,l}, and B^ε_j , and is continuous through their boundaries.

Let us shift to proving (36) of the second claim of the lemma. Suppose that u ∈ H^1 (M). Neglecting the sets U^ε_l , we get

||Q^εu||^2_L2_{(M} ε_) ≥ ∑ j ∫ M^ε_j |Q^εu|^2 dxdy.

Since |exp (r_j)| = 1, starting from here the estimates of the corresponding part of the proof of Lemma 4 are applicable, which yields (36).

The last task is to prove (37). Let us first of all notice a straightforward inequality that holds for any u ∈ H^1(M): ||u||^2_H1_{(M)} ≤ C ( E (u, u; A, q) + ||u||^2_L2_{(M,pdx)} ) . (38)

The integration over M^ε in the expression for E^ε (Q^εu, Q^εu; A, q) can be split into two: over U^ε_l (v) (which is the union of V^ε_l (v) with the sleeve S^ε_{j,l}) and over B^ε_j . In U^ε_l (v), according to (35), Q^εu = ζ_εu(v), where ζ_ε is a function which is bounded with its derivative uniformly with respect to ε. Hence, we can estimate ∫ U^ε_l (v) ( |(∇ + iA)Q^εu|^2 + q |Q^εu|^2 ) dA = |u(v)|^2 ∫ U^ε_l (v) ( |(∇ + iA)ζ_ε|^2 + q |ζ_ε|^2 ) dA

≤ Cε^2 |u(v)|^2 ≤ Cε^2 ||u||^2_H1_{(M)} ≤ Cε^2 ( E (u, u; A, q) + ||u||^2_L2_{(M,pdx)} ) , (39)

where we used (38). Consider now the tubular part B^ε_j . Then we have the following relations:

∇ = νN + τT, A = A^ν_j ν + A^τ_j τ, Nr_j = −iA^ν_j , and Re^{rj} = O(ε). (40)

The integrand of the integral over the tube B^ε_j can be transformed as follows:

|(∇ + iA)Q^εu|^2 + q |Q^εu|^2 = |(∇ + iA)e^{rj} ~u|^2 + q |~u|^2

= |(∇ + ∇ (r_j) + iA)~u|^2 + q(x_j, 0) |~u|^2 + (q − q(x_j, 0)) |~u|^2 . (41)

Using (40) and T =^∂_{∂xj} + L(ε), we transform the first term into

|(∇ + ∇ (r_j) + iA)~u|^2 = | |(νN + τT + (νN + τT ) (r_j) + i (A^ν_j ν + A^τ_j τ)) ~u | |^2 = | | |τ( ∂ ∂x_j + iA^τ_j )~u + L_1(ε)~u | | | 2 , where L_1(ε) is a first order differential operator with continuous O(ε) coefficients. Using this and the Lipschitz property of q, one can estimate (41) from above by | | | |τ( ∂ ∂x_j + iA^τ_j )~u + L_1(ε)~u | | | | 2 + q(x_j, 0) |~u|^2 + O(ε) |~u|^2 .

Now integrating over B^ε_j , eliminating the stretching function ψ_j as this was done in (7) - (10), and using (38) again, we get the estimate ∫ B^ε_j ( |(∇ + iA)Q^εu|^2 + q |Q^εu|^2 ) dA ≤ ε ( 1 + O( √ ε) ) ( E (u, u; A, q) + O (ε) ||u||^2_L2_{(M)} ) .

This inequality together with (39) proves (37) and finishes the proof of the lemma.

Application of the minimax description of the eigenvalues leads to the

Corollary 20 For any n = 1, 2, ...

lim sup_{ε→0} λ_n(H_ε(A, q)) ≤ λ_n(H_M (A, q)).

In order to get an estimate from below for λ_n(H_ε(A, q)), we use the same averaging operator P^ε : H^1(M^ε) → H^1(M) as in the preceding section.(see Definition 6).

Lemma 21 For any sufficiently small ε > 0 and for any u ∈ H^1 (M^ε) ||P^εu||^2_L2_{(M)} ≥ ε^{−1} [( 1 + O( √ ε) ) ||u||^2_L2_{(M} ε_) − O( √ ε)E^ε (u, u; A, q) ] (42) and E (P^εu, P^εu; A, q) ≤ ε^{−1}(1+O( √ ε))(E^ε (u, u; A, q)+O(ε) ||u||^2_L2_{(M} ε_)). (43)

Here O( √ ε) is uniform with respect to u.

Proof: Let us mention first the following analog of (38): for u ∈ H^1(M^ε)

||u||^2_H1_{(M} ε_) ≤ C ( E^ε (u, u; A, q) + ||u||^2_L2_{(M} ε_) ) . (44)

Inequality (42) follows from (16) and (44). So, let us prove (43). We prove it in two steps. Since E (P^εu, P^εu; A, q) = E (P^εu, P^εu; A, 0) + (qP^εu, P^εu) , (45) we will estimate each of the two terms separately. Consider E (P^εu, P^εu; A, 0) first.

The definition (14) of P^ε in M^ε_j consists of three terms. Let us tackle the

first (and the main) of them N_j. Simple calculation (see (28)) shows that | | |dN^ju dx_j + iA^τ_j N_ju | | |^2

= | | | | 1 εp (x_j) ∫_{εhj (xj )} −εg_j (x_j ) ( ∂u ∂x_j + ε ∂u ∂y_j w_j + iA^τ_j (x_j, 0)u ) dy_j | | | | 2

≤ 1 εp (x_j) ∫_{εhj (xj )} −εg_j(x_j ) | | | ∂u ∂x_j + ε ∂u ∂y_j w_j + iA^τ_j (x_j, 0)u | | | 2 dy_j (46)

with the uniformly bounded function

w_j = y_j ε p^′ (x_j)

p (x_j) + g_j (x_j) p^′ (x_j)

p (x_j)

− g^′_j (x_j) .

The integrand | | |^{∂u}_{∂xj} + ε^{∂u}_{∂yj} wj + iA^τ_j (xj, 0)u | | |^2 can be transformed into | | | | ( ∂u ∂x_j + iA^τ_j (x_j, y_j)u ) + i ( A^τ_j (x_j, 0) − A^τ_j (x_j, y_j) ) u + εw_j ∂u ∂y_j | | | | 2 . Since the magnetic potential is in C^1 and w is bounded, Lemma 17 gives an

estimate of (46) from above by ≤ ( 1 + O( √ ε) ) | | | ∂u ∂x_j + iA^τ_j (x_j, y_j)u | | | 2 + O ( ε^{3/2} ) ( |u|^2 + | | | ∂u ∂y_j | | | 2)

≤ ( 1 + O( √ ε) ) |∇u + iAu|^2 + O ( ε^{3/2} ) ( |u|^2 + |∇u|^2 ) . (47)

Thus, ∫_{b1} j,ε a1_{j,ε} | | | | dN_ju dx_j + iA^τ_j N_ju | | | | 2 p(x_j)dx_j

≤ 1 + O ( √ ε) ε ∫ M^ε_j |∇u + iAu|^2 dA + O ( ε^{1/2} ) ∫ M^ε_j ( |u|^2 + |∇u|^2 ) dA (48)

Let us now move to estimating the energy of the remaining two terms in P^εu (see (14)). They are defined in the same way, so it is sufficient to estimate the first of them. This leads to the expression | |c (v_l) − N_ju (a^1_{j,ε}) | |^2 b1_{j,ε}∫

a1_{j,ε} p (x_j) | |ρ^′(x_j − a^1_{j,ε}) + iA^τ_j ρ(x_j − a^1_{j,ε}) | |^2 dx_j

≤ C | |c (v_l) − N_ju (a^1_{j,ε}) | |^2 , (49)

which according to Lemma 15 can be estimated from above by C ‖∇u‖^2_L2_{(M} ε_). Now using lemma 17 again and putting (48) and (49) together, we obtain b1_{j,ε}∫

a1_{j,ε} p (x_j) | | | | dP^εu dx_j + iA^τ_j P^εu | | | | 2 dx_j

≤ 1 + O( √ ε) ε ∫ ∫ M^ε |∇u + iAu|^2 dA + O(ε) ||u||^2_H1_{(M} ε_) . (50) We also need to estimate the part of the energy functional containing integration over the neighborhood U^ε_l of a vertex v_l. In this neighborhood P^εu equals the constant c (v_l) (see (12)). Hence, the only non-zero part of the energy functional (remember that we do not take yet the electric potential into account) is a1_{j,ε}∫

a_j | |iA^τ_j c (v_l) | |^2 dx_j ≤ Cε |c (v_l)|^2 ≤ C ‖u‖^2_{H1(M ε)} . (51)

The last inequality above follows from (20) and (25). Now (50), (51), and (44) imply E (P^εu, P^εu; A, 0) ≤ (1 + O( √ ε)) ε [ E^ε (u, u; A,0) + O(ε) ‖u‖^2_L2_{(M} ε_) ] . (52)

What remains is to estimate the expression (qP^εu, P^εu). It consists of two types of terms:_{a1} j,ε∫ a_j q (x_j, 0) |c (v_l)|^2 p (x_j) dx_j (53) and_{b1j,ε} ∫ a1_{j,ε} q (x_j, 0) |P^εu|^2 p (x_j) dx_j. (54)

According to the last inequality in (51) and boundedness of q and p, the

expression in (53) does not exceed C ||u||^2_H1_{(M} ε_). The integral (54) can be

estimated from above using Lemma 17 by ( 1 + O( √ ε) )^b 1 j,ε∫ a1_{j,ε} q (x_j, 0) |N_ju|^2 p (x_j) dx_j

+ ( 1 + O ( 1 √ ε ))^{b1j,ε}∫ a1_{j,ε} q_j (x, 0) [ c (v_l) − N_ju(a^1_{j,ε}) ]_2 ρ^2 ( x_j − a^1_{j,ε} ) p (x_j) dx_j

+ ( 1 + O ( 1 √ ε ))^{b1j,ε}∫ a1_{j,ε} q_j (x, 0) [ c (v_m) − N_ju(b^1_{j,ε}) ]_2 ρ^2 ( x_j − b^1_{j,ε} ) p (x_j) dx_j. (55)

After adding expressions (55) for all edges M_j, we can bounded the first tem

as follows: ∑ j b1_{j,ε}∫

a1_{j,ε} q (x_j, 0) |N_ju|^2 p (x_j) dx_j ≤ 1 ε ∑ j b1_{j,ε}∫

a1_{j,ε} q (x_j, 0) εh_j (x_j )∫

−εg_j(x_j ) |u(x_j, y_j)|^2 dy_j dxj

≤ 1 ε ∑ j b1_{j,ε}∫

a1_{j,ε} εh_j (x_j )∫

−εg_j (x_j ) |q (x_j, 0) − q (x_j, y_j)| |u(x_j, y_j)|^2 dy_jdx_j

+ 1 ε ∑ j b1_{j,ε}∫

a1_{j,ε} εh_j (x_j )∫

−εg_j(x_j ) q (x_j, y_j) |u(x_j, y_j)|^2 dy_jdx_j

≤ (1 + O (ε)) ( C ||u||^2_L2_{(M} ε_) + 1 ε ∫ M^ε q |u|^2 dA ) . (56)

The last step in proving the lemma is to estimate the second (and similarly the third) term in (55). Here we use (25) to get b_j∫

a_j q (x_j, 0) [ c (v_l) − N_ju(a^1_{j,ε}) ]_2 ρ^2 (x − a_j) p (x_j) dx_j

≤ C [ c (v_l) − N_ju(a^1_{j,ε}) ]_2 ≤ C ‖∇u‖^2_{L2}(_U ε_l ) (57)

Inequalities (52), (44), (56), and (57) together lead to (43). This finishes the proof of the lemma.

As in the previous section, the last lemma implies

Corollary 22 For any n = 1, 2, ...

lim inf_{ε→0} λ_n(H_ε(A, q)) ≥ λ_n(H_M (A, q)).

The proof of Theorem 2 consists in combining the Corollaries 20 and 22.

5 Final remarks

1. We were inspired by the ground breaking paper [46]. Let us provide here a little bit more detailed comparison between its results and proofs and those of the current work.

Additional features that we allowed are variable thickness of the pipes around the graph edges and presence of an electric potential. As our results show, variable thickness leads to a different limit operator on graph.

One of the main difficulties is to handle neighborhoods of vertices of the graph. As we have realized, the details of the geometry of the domain M^ε near a graph vertex (for instance, smoothness of the boundary) are irrelevant. What is important, though, is the validity of suitable Poincare inequalities uniformly with respect to ε (see Corollary 14 and Lemma 15). It is achieved in [46] by imposing significant smoothness condition on the boundary of the junction, which involves some uniform with respect to ε estimates ((4.6) and (4.7) in [46]) on up to the second derivative of the function parametrizing the boundary. However, when one manufactures quantum wires circuits, it is probably hard to achieve smoothness of the junction. We instead impose a much simpler starshapedness condition that does not require any smoothness. Although we believe that this condition is not restrictive in practical situations, it is certainly also not necessary. We believe that an additional effort would yield a weaker (some kind of a “uniform C”) sufficient condition on the domain (see related discussion on the conditions of validity of the Poincare inequality in [37]). The construction of the averaging operator P^ε is different from the one used in [46], which lead to significant simplification of the proof and to elimination of most of what was called in [46] “plumber shop”.

2. One of the conditions on the domain was that the diameters of the junction regions V^ε_l decay as ε. One can see that the proof still works when these diameters decay faster than √ ε (but not faster than ε).

However, as the results of [23] suggest, if the diameters decay slower than √ ε and hence the vertex neighborhoods look like large protrusions in narrow tubes, the asymptotics of the spectrum should look differently. We plan to address this issue elsewhere.

3. It is often interesting to consider periodic meshes of quantum wires (see for instance [3], [17], [16]). Then the graph M instead of being finite is assumed to be periodic with respect to a lattice Γ on the plane. The domain M^ε and the magnetic and electric potentials A and q are assumed to be periodic with respect to Γ as well. In this situation the operators H_ε(A, q) on M^ε and H_M (A, q) on M have continuous spectra. An analog of the Theorem 2 holds in the following form:

Theorem 23 For any C > 0 the following convergence takes place: lim_{ε→0} σ(H_ε(A, q)) ∩ [−C, C] = σ(H_M (A, q)) ∩ [−C, C]. Here the limit is understood in the meaning of Hausdorff distance between sets.

The proof is based on applying the Floquet theory first (see [42], [33]), which reduces both operators to the direct integrals of the corresponding Bloch Hamiltonians on the torus depending on the quasimomentum. Treating these operators on the torus is done exactly as for the finite graphs on the plane, while quasimomenta are included into the magnetic potential and hence treated as in the proof of Theorem 2. So, the periodic situation boils down to the one for the finite graphs on the torus in presence of electromagnetic fields, which is covered by our considerations above.

4. The statements and the proofs of the main theorems 1 and 2 also hold in multidimensional case, i.e. for “fattened graph” domains in R^m . One only needs to assume that the tubes M^ε_j have sufficiently smooth boundaries and denote by εp(x) the (m − 1)-dimensional area of the normal section of M^ε_j at a point x of the edge M_j.

5. The case of the Dirichlet Laplacian is more interesting from the physics point of view, but at the same time much more complicated and less studied than that of the Neumann Laplacian. One complication is obvious: when the domain shrinks, the lower bound of the spectrum of the Dirichlet Laplacian diverges, so in order to have any finite limit the spectrum must be rescaled, for instance by shifting the lowest eigenvalue to zero. Another is that it is not clear what vertex boundary conditions the limit operator should satisfy. In the smooth case (i.e., when vertices are absent), this procedure works well and leads to a limit operator on the curve M [15]. Another interesting difference with the Neumann case is that the limit operator involves the curvature of M, which does not occur for the Neumann conditions. There are apparently no results of the kind presented in this paper for the Dirichlet Laplacian when the vertices are present. One can find a survey of this topic and additional references in [15].

6 Acknowledgments

The authors are indebted to Professors R. Carlson, P. Exner, M. Freidlin, V.Maz’ja, S. Molchanov, S. Novikov, V. Papanicolaou, J. Rubinstein, M. Schatzman, Y. Saito, R. Schrader, I. Verbitskii, and W. P. Ziemer for helpful discussions and information. The work of both authors was partly supported by the NSF Grant DMS 9610444 and by a DEPSCoR Grant. The authors express their gratitude to NSF, ARO, and to the State of Kansas for this support. The content of this paper does not necessarily reflect the position or the policy of the federal government, and no official endorsement should be inferred.

References

[1] S. Alexander, Superconductivity of networks. A percolation approach to the effects of disorder, Phys. Rev. B, 27 (1983), 1541-1557.

[2] A. Aviram and M. Ratner (Eds.), Molecular Electronics: Science and Technology, Ann. New York Acad. Sci., Vol. 852, 1998.

[3] Y. Avishai and J.M. Luck, Quantum percolation and ballistic conductance on a lattice of wires, Phys. Rew. B 45(1992), no.3, 1074-1095.

[4] J. E. Avron, A. Raveh, and B. Zur, Adiabatic quantum transport in multiply connected systems, Rev. Mod. Phys. 60(1988), no.4, 873-915.

[5] W. Axmann, P. Kuchment, and L. Kunyansky, Asymptotic methods for thin high contrast 2D PBG materials, J. of Lightwave Technology, 17(1999), no.11, 1996- 2007.

[6] L. Borcea, J. G. Berryman, and G. Papanicolaou, High-contrast impedance tomography, Inverse Problems 12 (1996), no. 6, 835–858.

[7] R. Carlson, Hill’s equation for a homogeneous tree, Electronic J. Diff.

Equations (1997), no.23, 1-30

[8] R. Carlson, Adjoint and self-adjoint operators on graphs, Electronic J.

Diff. Equations (1998), no.6, 1-10

[9] R. Carlson, Inverse eigenvalue problems on directed graphs, Trans.

Amer. Math. Soc. 351(10) (1999), 4069–4088.

[10] R. Carlson, Nonclassical Sturm-Liouville problems and Schrödinger Operators on Radial Trees, preprint 2000.

[11] P.-G. de Gennes, Champ critique d’une boucle supraconductrice ramefiee, C. R. Acad. Sc. Paris 292B (1981), 279-282.

[12] D. E. Edmunds and W. Evans, Spectral Theory and Differential Operators, Oxford Science Publ., Claredon Press, Oxford, 1990.

[13] W. D. Evans and D. J. Harris, Fractals, trees and the Neumann Laplacian, Math. Ann. 296(1993), 493-527.

[14] W. D. Evans and Y. Saito, Neumann Laplacians on domains and operators on associated trees, Preprint 1998

[15] P. Exner, P. Seba, Electrons in semiconductor microstructures: a challenge to operator theorists, in Proceedings of the Workshop on Schrödinger Operators, Standard and Nonstandard (Dubna 1988), World Scientific, Singapore 1989; pp. 79-100.

[16] P. Exner, Lattice Kronig-Penney models, Phys. Rev. Lett. 74(1995), 3503-3506.

[17] P. Exner, Contact interactions on graph superlattices, J. Phys. A 29(1996), 87-102.

[18] A. Figotin and P. Kuchment, Band-Gap Structure of the Spectrum of Periodic and Acoustic Media. I. Scalar Model, SIAM J. Applied Math. 56(1996), no.1, 68-88.

[19] A. Figotin and P. Kuchment, Band-Gap Structure of the Spectrum of Periodic and Acoustic Media. II. 2D Photonic Crystals, , SIAM J. Applied Math. 56(1996), 1561-1620.

[20] A. Figotin and P. Kuchment, 2D Photonic Crystals with Cubic Structure: Asymptotic Analysis, in Wave propagation in Complex Media, G. Papanicolaou (Editor ), IMA Volumes in Math. and Appl., Vol. 96, p. 23-30, 1997.

[21] A. Figotin and P. Kuchment, Spectral properties of classical waves in high contrast periodic media, SIAM J. Appl. Math. 58(1998), no.2, 683- 702.

[22] A. Figotin and P. Kuchment, Asymptotic models of high contrast periodic photonic and acoustic media (tentative title), parts I and II, in preparation.

[23] M. Freidlin, Markov Processes and Differential Equations: Asymptotic Problems, Lectures in Mathematics ETH Zürich, Birkhäuser Verlag, Basel, 1996.

[24] M. Freidlin and A. Wentzell, Diffusion processes on graphs and the averaging principle, Annals of Probability, 21(1993), no.4, 2215-2245.

[25] N. Gerasimenko and B. Pavlov, Scattering problems on non-compact graphs, Theor. Math. Phys., 75(1988), 230-240.

[26] C. Giovannella and C. J. Lambert (Editors), Lectures on Superconductivity in Networks and Mesoscopic Systems: Pontignano, Italy September 1997 (Aip Conference Proceedings, Vol 427), Amer Inst of Physics, 1998.

[27] J.S. Griffith, A free-electron theory of conjugated molecules. I. Polycyclic Hydrocarbons, Trans. Faraday Soc., 49 (1953), 345-351.

[28] J.S. Griffith, A free-electron theory of conjugated molecules. II. A derived algebraic scheme, {Proc. Camb. Philos. Soc., 49 (1953), 650-658.

[29] Y. Imry, Introduction to Mesoscopic Physics (Mesoscopic Physics and Nanotechnology), Oxford Univ Press, 1997.

[30] C. Joachim and S. Roth (Eds.), Atomic and Molecular Wires, NATO Adv. Ser.: E Appl. Sci., Vol. 341, Dordrecht, Kluwer, 1997.

[31] V. Kostrykin and R. Schrader, Kirchgoff’s rule for quantum wires, J.

Phys. A 32(1999), 595-630.

[32] V. Kostrykin and R. Schrader, Kirchgoff’s rule for quantum wires. II:

The inverse problem with possible applications to quantum computers, preprint 2000.

[33] P. Kuchment, Floquet Theory for Partial Differential Equations, Birkhäuser, Basel 1993.

[34] P. Kuchment, The Mathematics of Photonics Crystals, in Mathematical Modeling in Optical Science, G. Bao, L. Cowsar, and W. Masters (Editors), SIAM, to appear in 2000.

[35] P. Kuchment and L. Kunyansky, Spectral Properties of High Contrast Band-Gap Materials and Operators on Graphs, Experimental Mathematics, 8(1999), no.1, 1-28.

[36] P. Kuchment and L. Kunyansky, Spectral Properties of High Contrast Band-Gap Materials and Operators on Graphs, Part II, in preparation

[37] V.Maz’ja, Sobolev Spaces, Springer Verlag, Berlin 1985.

[38] S. G. Mikhlin, Mathematical Physics, an Advanced Course, North- Holland, Amsterdam 1970.

[39] S.Novikov, Schrödinger operators on graphs and topology, Russian Math Surveys, 52(1997), no. 6, 177-178.

[40] S.Novikov, Discrete Schrödinger operators and topology, to appear in Asian Math. J., 2(1999), no. 4, 841-853.

[41] S.Novikov, Schrödinger operators on graphs and symplectic geometry, The Arnoldfest (Toronto, ON, 1997), 397–413, Fields Inst. Commun., 24, Amer. Math. Soc., Providence, RI, 1999.

[42] M. Reed and B. Simon, Methods of Modern Mathematical Physics v. 4, Acad. Press, NY 1978.

[43] J. Rubinstein and M. Schatzman, Spectral and variational problems on multiconnected strips, C. R. Acad. Sci. Paris Ser. I Math. 325(1997), no.4, 377-382.

[44] J. Rubinstein and M. Schatzman, Asymptotics for thin superconducting rings, J. Math. Pures Appl. (9) 77 (1998), no. 8, 801–820.

[45] J. Rubinstein and M. Schatzman, On multiply connected mesoscopic superconducting structures, Sémin. Théor. Spectr. Géom., no. 15, Univ. Grenoble I, Saint-Martin-d’Hères, 1998, 207-220.

[46] J. Rubinstein and M. Schatzman, Variational problems on multiply connected thin strips I: Basic estimates and convergence of the Laplacian spectrum, preprint 1999.

[47] K. Ruedenberg and C. W. Scherr, Free-electron network model for conjugated systems. I. Theory, J. Chem. Physics, 21(1953), no.9, 1565-1581.

[48] Y. Saito, The limiting equation of the Neumann Laplacians on shrinking domains, preprint 1999.

[49] M. Schatzman, On the eigenvalues of the Laplace operator on a thin set with Neumann boundary conditions, Applicable Anal. 61(1996), 293- 306.

[50] M. Scheffler and R. Zimmermann (Eds.), The Physics of Semiconductors, Proceedings of 23rd Int. Conf., Berlin, July 21-26, 1996, Vol. 2. Singapore, World Scientific, 1996.

[51] P.A. Serena and N. Garcia (Eds.), Nanowires, NATO Adv. Ser.: E Appl.

Sci., Vol. 340, Dordrecht, Kluwer, 1997.

Peter Kuchment (corresponding author) Mathematics and Statistics Department Wichita State University Wichita, KS 67260-0033, U.S.A. Voice (316)978-3939 FAX (316)978-3748 e-mail kuchment@twsu.edu http://www.math.twsu.edu/Faculty/Kuchment

Hongbiao Zeng Mathematics and Statistics Department Wichita State University Wichita, KS 67260-0033, U.S.A. Voice (316)978-5751 FAX (316)978-3748