Integrated density of states for random Schrödinger operators on manifolds^1

Norbert Peyerimhoff^2 and Ivan Veselić^{2,3}

peyerim@math.ruhr-uni-bochum.de
ivan@mathphys.ruhr-uni-bochum.de

16 August 2000

Abstract We consider a Riemannian manifold X admitting a compact quotient X/Γ, i.e., Γ is a cocompact subgroup of the isometries acting properly discontinuously on X. We show, under certain conditions on Γ, that it is possible to define an integrated density of states for Γ-ergodic random Schrödinger operators on X (see Theorem 7). These conditions are, e.g., satisfied if Γ has polynomial growth.

Physical and geometrical setting

The integrated density of states (IDS) is a quantity introduced in the quantum theory of solids corresponding to the number of electron states per unit volume in a given energy interval ]−∞, E[. The electron levels correspond to eigenvalues of a Schrödinger operator which models the motion of an electron in condensed matter. For the medium one assumes a certain form of homogeneity, which is mathematically encoded in the ergodicity of the electrostatic potential which is produced by the medium. For the physical and mathematical background see, e.g., [4, 8, 5, 13].

For Euclidean configuration spaces the IDS is introduced mathematically as follows:

1. Let Λ_l ⊂ R^d be a cube of lenght l and centered at 0.

2. Consider a family of Schrödinger operators H^ω = −Δ + V^ω, ω ∈ Ω, with ergodic potential V^ω. (Precise definition of ergodicity will follow.) Note that we use the sign convention that −Δ is a positive operator.

3. Restrict H^ω to Λ_l with Dirichlet boundary conditions to get H^ω_l .

1Keywords: Integrated density of states, random Schrödinger operators, Riemannian manifold with compact quotient, amenable groups, Templeman’s ergodic theorem 2Fakultät für Mathematik, Ruhr Universität Bochum, 44780 Bochum, Germany 3Sonderforschungsbereich 237, Unordnung und große Fluktuationen

4. Call N^ω_l (E) := #{i | λ_i(H^l_ω) < E} the eigenvalue counting function of H^ω_l . Here λ_i(H^l_ω) are the eigenvalues of H^ω_l , enumerated in non-decreasing order and including multiplicities.

5. Under certain conditions on the family of ergodic potentials V^ω, ω ∈ Ω one can show that, for almost all ω, say, in the set Ω^′ of full measure, the limit lim_{l→∞} N^ω_l (E) l^d = N^ω(E) = N(E) (1)

exists for all continuity points of N and is independent of ω ∈ Ω^′.

The limit (1) is called the IDS of the family H^ω. Note that, by definition, the functions N^ω_l (·) are non-negative, monotone increasing and left-continuous. Since, in the thermodynamic limit (l → ∞), the randomness disappears, the IDS N(E) is called self-averaging. Once the non-randomness of the IDS has been established, one relates it to the spectrum of the operators H^ω, ω ∈ Ω. In the Euclidean case it is known [7] that the set of points of increase {λ ∈ R | N(λ + ϵ) − N(λ − ϵ) > 0 ∀ϵ > 0} (2) contains the spectrum of H^ω, which is independent of ω almost surely.

The Euclidean Laplace operator and the associated fundamental operators from physics can be naturally generalized to Riemannian manifolds. The spectrum of these physical operators then also reflects local and global geometric properties of the underlying manifold. In 1992, Adachi and Sunada [2] carried over techniques developed by mathematical physicists (cf. e.g. [15, 9]) to define an IDS of an periodic Schrödinger operator on a Riemannian manifold. In this new situation one encounters the nontrivial problem how to replace the cubes Λ_l, l → ∞, which exhaust the Euclidean space. Actually, in R^d one is allowed to choose much more general exhaustions to define the (same) IDS.

In [2] the following geometrical setting is considered:

• Let X be a d-dimensional, non-compact, complete, connected Riemannian manifold.

• Let Γ ⊂ be a discrete, amenable subgroup of the isometries acting freely and properly discontinously on X such that the quotient M := X/Γ is compact. Then Γ is finitely generated.

Our geometric setting is the same as in [2]. However, instead of a single periodic operator we consider a random family of Schrödinger operators H^ω := −Δ + V^ω, ω ∈ Ω, with the following properties.

• (Ω, A, P ) is a probability space with a group of ergodic measure perserving transformations T_γ , γ ∈ Γ. Ergodicity of the group of measure preserving transformations means that the only sets A ∈ A which are invariant under all T_γ , γ ∈ Γ are those with P (A) = 0 or P (A) = 1.

• The potential is a jointly measurable stochastic process V : Ω × X → R and, for technical reasons, we require V^ω ∈ C^∞(X), ∀ω and a uniform bound on the derivatives

‖∇^kV^ω‖_∞ ≤ C for all ω ∈ Ω, k ≤ 1 2 dim(X) + 2 . (3)

• The Γ-action on the potential and on X are consistent in the following sense: For all γ ∈ Γ we have

V^ω(γx) = V^{Tγ ω}(x) . (4)

This property is called ergodicity of the stochastic process V^ω.

Already earlier Sznitman [16, 17] studied the IDS for the Schrödinger operator with a random Poissonian potential on a hyperbolic manifold. This setting however differs from ours, both regarding the geometry of the manifold, as well as the ergodicity properties of the random potential.

If we define U_γ f(x) := f(γx) as the unitary operator on L^2(X) corresponding to the isometry γ : X → X, (4) can be written in the form U_γ V^ωU^∗_γ = V^{Tγ ω}. Since −Δ is invariant under the operators U_γ one gets

U_γ H^ωU^∗_γ = H^{Tγ ω}. (5)

There are two approaches at hand to prove the convergence in (1). Either one uses the Laplace transform of the normalised eigenvalue counting function, which can be written in terms of the trace of the corresponding heat equation semigroup. In this case one applies a pointwise ergodic theorem for additive (w.r.t. domains) processes. Or one uses Dirichlet-Neumann bracketing to show that the eigenvalue counting functions form themselves a superadditive process. For such processes there are also ergodic theorems avaliable [3, 10]. However only in the abelian case they assure the pointwise existence of a limit. In our non-abelian setting we would get just a limit in mean.

Thus we rely on the first alternative and therefore need some tools from the theory of heat equation semigroups.

Heat kernel bounds

Under the above assumptions H^ω is a densely defined selfadjoint operator on L^2(X). By the spectral theorem we can define the operator exp(−tH^ω) which has an integral kernel k^ω(t, ·, ·). Let D ⊂ X be a regular domain, i.e., a connected subset with compact closure and smooth boundary. We denote the restriction of H^ω to D with Dirichlet boundary conditions by H^ω_D and the corresponding heat kernel of exp(−tH^ω_D) by k^ω_D(t, ·, ·).

Since the heat kernel depends monotonously on the domain (see [6, 18]), we have 0 ≤ k^ω_D(t, x, y) ≤ k^ω(t, x, y) ∀ t > 0; x, y ∈ D . (6)

We need, however, more information about the integral kernels. Firstly, we would like to bound the rhs of (6) by some constant independent on x, y and ω. Furthermore we would like to control the difference between the heat kernel on the whole manifold and the one restricted to the domain D. We collect this information in the following lemma.

Lemma 1 Let k^ω, k^ω_D be the heat kernels as above. Then we have (a) k^ω(t, x, y) ≤ C(t), ∀x, y; ω, (b) ∀t, ϵ > 0 ∃h = h(t, ϵ) < ∞ such that, for all regular domains D and all ω ∈ Ω, we have 0 ≤ k^ω(t, x, y) − k^ω_D(t, x, y) ≤ ϵ ∀x, y ∈ D \ ∂_hD, (7) where ∂_hD := {x ∈ D| d(x, ∂D) ≤ h}. The proof of (a) for a fixed potential V^ω can be infered from section 3 in [11].

Actually the dependence of the heat kernel on the potential can be bounded by a function of the sup-norm of the potential only. Since our family of potentials has an uniform norm bound we can choose the constant C(t) to be independent of ω. The proof of (b) uses a result about unit propagation speed of the wave equation with potential, as it can be found, for example, in [18]. The bound on the difference of the two heat kernels is then obtained by an argument of U. Bunke as outlined in Theorem 2.26 of [12]. See also [14].

Assumptions on the group Γ

In the Euclidean case, any monotone exhaustion of R^d by cubes Λ_{l1} , Λ_{l2} , . . . guaranteed the existence of a nonrandom IDS by an application of an abelian ergodic theorem. Actually there is much more freedom. One is even allowed to shift the cubes a little bit on each scale, so that the cubes do not contain the preceeding ones any more; one can choose balls instead of cubes or other convex domains as long as they satisfy some very reasonable growth conditions, cf. [9, 10].

On a Riemannian manifold one has to deal with the problem to find an adequate substitute for the cubes Λ_l. This problem already appeared in [2] for a single operator with periodic potential. If one considers a Γ-ergodic family of potentials and wants to prove existence of the IDS there is need for a nonabelian ergodic theorem. We will use an ergodic theorem due to Tempelman [19, 20]. This theorem is only applicable for exhaustions or summing sequences (the analoga of Λ_{l1} , Λ_{l2} , . . . ) which satisfy much more restrictive conditions than those imposed in abelian ergodic theorems. The following definition lays the grounds to apply Tempelman’s ergodic theorem (in the version given in [10]).

Definition 2 A sequence of subsets {I_n}_{n∈N} of Γ is called an admissible summing sequence if (P 0) I_n ⊂ I_{n+1}, , 0 < |I_n| < ∞ ∀n ∈ N, (P 1) ∀γ : |I_nΔI_nγ|/|I_n| −→ 0 for n → ∞, (P 2) ∃K < ∞ : |I^{−1}_n I_n| ≤ K|I_n| . Here |A| denotes the cardinality of a finite set A.

The condition (P1) is an formulation of Følner’s condition for discrete groups. (P2) is a growth condition which can be understood best, e.g., in the particular case where the sets I_n are combinatorial balls of radius n (w.r.t. a word metric): Doubling the radius increases the cardinality of the ball by only a constant multiple. Admissible summing sequences are the main input in Tempelman’s ergodic theorem applied to the group T_γ , γ ∈ Γ. In the next section, we construct, to a given admissible summing sequence, a corresponding sequence of subsets of the Riemannian manifold to which we will restrict our Schrödinger operators.

Admissible exhaustions and the main result

As explained in section 3 of [2], there exists a smooth triangulation of the compact manifold M and, by lifting the simplices to X in a suitable manner, we obtain a connected polyhedral Γ-fundamental domain F. Particularly F consists of finitely many smooth images of d-dimensional simplices which can overlap only at their boundaries.

Definition 3 For an admissible summing sequence {I_n}_{n∈N} we define

D_n = ⋃ γ∈I_n γF (8)

where F is a fundamental domain as explained above. We call {D_n}_{n∈N} an admissible exhaustion if, additionally,

(P ) For all h > 0 :

vol(∂_hD_n) vol(D_n)

−→ 0 for n → ∞ . (9)

It was shown in [1, 2] that the geometric condition (P) is automatically satisfied if |I_nA^n − I_n| ≤ |I_n|/(n|A^n|), for all n ∈ N, where A ⊂ Γ is the following particular set of generators: A = {γ : γF ∩ F ≠ ∅}.

Lemma 4 For an admissible exhaustion {D_n}_{n∈N} and any δ > 0 there exists a sequence {M_n}_{n∈N} of regular domains such that: D_n \ ∂_δD_n ⊂ M_n ⊂ D_n , ∂M_n ⊂ ∂_δD_n , ∀n, (10) and, for n → ∞, we have | | | ||D^n|^{−1} ∫ D_n k^ω(t, x, x)dx − |M_n|^{−1} ∫ M_n k^ω_{Mn} (t, x, x)dx | | | | −→ 0 . (11)

We call {M_n}_{n∈N} a regularisation of {D_n}_{n∈N}.

For the proof of (11) one uses Lemma 1(b) to bound the difference of the kernels by some arbitrary small number ϵ > 0 away from the boundary of D_n. The region near the boundary, where this estimate is not valid, is small by property (P). There we use Lemma 1(a) and the fact that the symmetric difference of M_n and D_n is small, as well.

The ergodicity of V^ω implies (5). An analogous relation is valid for the spectral projections of H^ω as can be inferred from [21, Theorem 7.15] and the uniqueness of the spectral projection. U_γ E(λ, ω)U^∗_γ = E(λ, T_γ ω) . (12) This relation also holds for exp(−tH^ω) and thus its kernel k^ω(t, x, y) is an ergodic stochastic process in the following sense k^ω(t, γx, γx) = k^{Tγ ω}(t, x, x) . (13) This enables us to apply later the next lemma to the heat kernels.

Lemma 5 Let {D_n}_{n∈N} be an admissible exhaustion and f : Ω × X → R be a Γ-ergodic stochastic process. Then lim_{n→∞} |D_n|^{−1} ∫ D_n f(ω, x)dx = |F|^{−1} E [∫ F f(•, x)dx ] . (14)

Here E denotes the expectation with respect to the measure P .

Proof: Set F (ω) = |F|^{−1} ∫ F f(ω, x)dx. Now transform the term on the lhs of (14). |D_n|^{−1} ∫ D_n f(ω, x)dx = |I_n|^{−1} ∑ γ∈I_n |F|^{−1} ∫ γF f(ω, x)dx = |I_n|^{−1} ∑ γ∈I_n |F|^{−1} ∫ F f(ω, γx)dx = |I_n|^{−1} ∑ γ∈I_n |F|^{−1} ∫ F f(T_γ ω, x)dx = |I_n|^{−1} ∑ γ∈I_n F (T_γ ω) −→ f̃(ω)

for n → ∞ and a measurable f̃ : Ω → R. Here we used that

1. D_n can be written as an union of translates of the fundamental domain F, 2. γ is an isometry and thus preserves the volume element dx, 3. we can transfer the action of γ from the geometric to the random parameter by the ergodicity of the process f, 4. admissible summing sequences satisfy the conditions of Tempelman’s ergodic theorem.

We additionally know from this ergodic theorem that the function f̃ is invariant under all T_γ , γ ∈ Γ. By assumption, these transformations are ergodic and, thus, f̃ is constant almost surely. The convergence calculated above implies that this constant has to be equal to E (F ). □ In order to prove our main result (Theorem 7) we need, finally, the following lemma (see [15, Lemma 5.2]). It will be used to derive convergence of the normalized eigenvalue counting function from convergence of the corresponding heat kernels.

Lemma 6 (Šubin) Let N_n : R → R^+ be a sequence of left-continuous, monotone increasing functions such that

1. there exists a c ∈ R : N_n(λ) = 0 ∀λ ≤ c, n ∈ N, 2. there exists a C : R^+ → R : ψ_n(t) := ∫ e^{−λt}dN_n(λ) ≤ C(t) ∀n ∈ N, t > 0, 3. lim_{n→∞} ψ_n(t) =: ψ(t) exists for all t > 0.

Then the limit N(λ) := lim_{n→∞} N_n(λ) exists at all continuity points. N is a non-negative, monotone increasing, leftcontinuous function of λ, and its Laplace transform is ψ.

Theorem 7 Let {D_n}_{n∈N} be an admissible exhaustion and {M_n}_{n∈N} a regularisation of {D_n}. Define

ϕ^ω_n (λ) := #{ eigenvalues of H^ω_{Mn} ≤ λ}, N^ω_n = |M_n|^{−1}ϕ^ω_n . (15) Then, for almost all ω ∈ Ω, the limit N(λ) = lim_{n→∞} N^ω_n (λ) (16) exists at all continuity points of N(·). Moreover, N is a non-negative, monotone increasing, left-continuous function (independent of ω).

Proof: We check Šubin’s hypotheses:

1. ϕ^ω_n (λ) = 0 for all ω ∈ Ω, n ∈ N, if λ < −‖V^ω‖_∞. 2. |M_n|^{−1} ∫ e^{−tλ}dϕ^ω_n (λ) = |M_n|^{−1} ∑ λ_n∈σ(H^ω_{Mj} ) e^{−tλn}

= |M_n|^{−1} Tr e^{−tHωMj} = |M_n|^{−1} ∫ M_n k^ω_{Mn} (t, x, x)dx ≤ |M_n|^{−1} ∫ M_n k^ω(t, x, x)dx ≤ C(t). 3. lim_{n→∞} |M_n|^{−1} ∫ e^{−tλ}dϕ^ω_n (λ) = lim_{n→∞} |M_n|^{−1} ∫ M_n k^ω_{Mn} (t, x, x)dx = lim_{n→∞} |D_n|^{−1} ∫ D_n k^ω(t, x, x)dx = |F|^{−1} E [∫ F k^•(t, x, x)dx ] . Here we used the Lemmata 4 and 5. □ An Example

We supply a non-abelian example of a pair (X, Γ) which satisfies all necessary conditions to define an IDS in the above manner.

For any Riemannian manifold with a polynomially bounded cocompact discrete group of isometries an admissible exhaustion {D_n}_{n∈N} can be constructed. In particular, this is the case for nilpotent groups. Thus, an example is given by the Heisenberg group

X = 1 x y 0 1 z 0 0 1 | x, y, z ∈ R (17)

with a left-invariant metric, and Γ = X ∩ M(3, Z). X is diffeomorphic to R^3 , but non-abelian. Note that the discrete group Γ acts, by isometries, from the left on X and that the quotient Γ\X is compact.

An example for a Γ-ergodic potential on (X, Γ) is the analogue of the one which is called alloy-type potential in the Euclidean setting.

Let u : X → R be a smooth function supported in F. We choose Ω = ⨂ γ∈Γ R, equipped with the product measure P := ⨂ γ∈Γ μ, where μ is a probability measure on R. Consider the independent, identically distributed random variables π_γ : Ω → R, π_γ (ω) := ω_γ , γ ∈ Γ and the measure preserving transformations (T_γ (ω))_β := ω_{γβ}. Then the potential, given by

V^ω(x) := ∑ γ∈Γ ω_γ u(γx), (18)

is Γ-ergodic and satisfies the required regularity assumptions (3) to define the IDS. Actually, it seems that by using probabilistic estimates for the heat kernels, instead, these regularity assumptions can be relaxed to the ”natural”ones. These are formulated in terms of the expectation of some local L^p-norm of V^ω, cf. [9].

Discussion

The IDS is a quantity related to the restrictions of Schrödinger operators in a familiy H^ω, ω ∈ Ω, to suitable exhaustions of a non-compact Riemannian manifold X. It should be possible to use the same functional analytic arguments as in the Euclidean case to establish the equality of its points of increase (2) with the spectrum of H^ω.

The definition of an admissible exhaustion contains assumptions about both the sequence of subsets I_n of the group Γ as well as the geometry of the domains D_n. It would be desirable to formulate the conditions in terms of either grouptheoretic or geometric properties only. Recently, we observed, in the case of a polynomially bounded group Γ, that Theorem 7 is also valid for a sequence M_n ⊂ X of regularized geodesic balls with increasing radii satisfying condition (P). Thus for this choice one obtains via (16) a non-random IDS. It is natural to ask for more general classes of exhaustions of X, for which the normalised eigenvalue counting functions converge and whether they give rise to the same IDS.

The remark in Krengel [10] after the statement of Tempelman’s theorem implies the uniqueness of the IDS in the following sense. Let I_n, n ∈ N be a sequence of subsets of Γ, not necessarily admissible in our sense and D_n, n ∈ N as in (8). Assume that it satisfies condition (P) and that a regularisation M_n, n ∈ N exists. If the N^ω_n defined in (15) converge to a non-random limit N, then this has to be equal to the IDS defined in Theorem 7 by an admissible summing sequence. In particular any two admissible exhaustions give rise to the same IDS.

Note also that our choice of the admissible exhaustion depends on the pair (X, Γ) only. This means particularly, that it is independent of the properties of the family of Schrödinger operatorsH_ω, ω ∈ Ω. If one would allow for admissible exhaustions depending on the stochastic process V^ω, too, the convergence (16) of the normalised eigenvalue counting functions to an IDS could be achieved in more general geometric situations.

Finally, it should be possible to study an ergodic family of operators where higher order parts of the operators depend on the random parameter ω and to carry through the same procedure as in this paper. Such a situation would occur if ω were related to the change of a magnetic field or to the change of the metric of the underlying Riemannian manifold.

Acknowledgements:

We gratefully acknowledge stimulating discussions with U. Abresch, W. Kirsch, G. Knieper and A. Thalmaier related to the subject of this work.

References

[1] T. Adachi. A note on the Følner condition for amenability. Nagoya Math.

J., 131:67–74, 1993. dedicated to Professor Nobunori Ikebe.

[2] T. Adachi and T. Sunada. Density of states in spectral geometry. Comment.

Math. Helv., 68(3):480–493, 1993.

[3] M. A. Akcoglu and U. Krengel. Ergodic theorems for superadditive processes. J. Reine Angew. Math., 323:53–67, 1981.

[4] V. Bonch-Bruevich, R. Enderlein, B. Esser, R. Keiper, A. Mirnov, and I. Zyvagin. Elektronentheorie ungeordneter Halbleiter. VEB Deutscher Verlag der Wissenschaften, 1984. Russisches Original: Moskau, Nauka,1981.

[5] R. Carmona and J. Lacroix. Spectral Theory of Random Schrödinger Operators. Birkhäuser, Boston, 1990.

[6] J. Dodziuk. Maximum principle for parabolic inequalities and the heat flow on open manifolds. Indiana University Mathematics Journal, 32(5):704– 716, 1983.

[7] H. Englisch and K.-D. Kürsten. Infinite representability of Schrödinger operators with ergodic potential. Z. Anal. Anwendungen, 3(4):357–366, 1984.

[8] W. Kirsch. Random Schrödinger operators. In H. Holden and A. Jensen, editors, Schrödinger Operators, Lecture Notes in Physics, 345, Berlin, 1989. Springer.

[9] W. Kirsch and F. Martinelli. On the density of states of Schrödinger operators with a random potential. J. Phys., A 15:2139–2156, 1982.

[10] U. Krengel. Ergodic Theorems. Studies in Mathematics. Walter de Gruyter, 1985. With a Supplement by Antoine Brunel.

[11] P. Li and S. T. Yau. On the parabolic kernel of the Schrödinger operator.

Acta Mathematica, 156:153–201, 1986.

[12] W. Lück and T. Schick. L^2-Torsion of hyperbolic manifolds of finite volume.

preprint downloaded from Münster homepage, 1999.

[13] L. A. Pastur and A. L. Figotin. Spectra of Random and Almost-Periodic Operators. Springer Verlag, Berlin, 1992.

[14] D. Ray and I. Singer. R-Torsion and the Laplacian on Riemannian manifolds. Adv.Math., 7:145–210, 1971.

[15] M. A. Šubin. Density of states of self adjoint operators with almost periodic coefficients. Amer. Math. Soc. Translations, 118:307–339, 1982.

[16] A.-S. Sznitman. Lifschitz tail and Wiener sausage on hyperbolic space.

Comm. Pure Appl. Math., 42(8):1033–1065, 1989.

[17] A.-S. Sznitman. Lifschitz tail on hyperbolic space: Neumann conditions.

Comm. Pure Appl. Math., 43(1):1–30, 1990.

[18] M. E. Taylor. Partial differential equations. I. Springer-Verlag, New York, 1996. Basic theory.

[19] A. Tempelman. Ergodic theorems for general dynamical sytems. Trans.

Moscow Math. Soc., 26:95–132, 1972. class. 28A65.

[20] A. Tempelman. Ergodic theorems for group actions. Informational and thermodynamical aspects, volume 78 of Mathematics and its Applications. Kluwer Academic Publishers, 1992.

[21] J. Weidmann. Lineare Operatoren in Hilberträumen. B. G. Teubner, Stuttgart, 1976. Mathematische Leitfäden.

[22] J. Weidmann. Linear operators in Hilbert spaces. Springer-Verlag, New York, 1980. Translated from the German by Joseph Szücs.