Fractal Dimensions and Quantum Evolution Associated with Sparse Potential Jacobi Matrices

Jean-Michel Combes and Giorgio Mantica

September 18, 2000

Abstract We study the quantum dynamics generated via Schrödinger equation by sparse-potential Jacobi matrices on l2(Z+). Exact bounds for the upper and lower intermittency functions governing the asymptotic growth of moments are derived in terms of the fractal dimensions of the spectral measure. Numerical experiments suggest that these bounds are sharp in the case of very sparse barriers.

1 Introduction

We consider an evolution equation in Hilbert space H with scalar product (·, ·): i ∂ϕ_t ∂t = Hϕ_t, ϕ_{t=0} = ϕ ∈ H. (1)

H is here a self-adjoint operator with spectral resolution H = ∫ λdE_λ. Much interest has been devoted in the last years to the following question: which information on the dynamical properties of {ϕ_t, t ∈ R} are encoded in the spectral measure dμ_ϕ(λ) := d(ϕ, E_λϕ), (2) and–of course–in which form they can be decoded.

Conventional wisdom about this problem rests on the so-called RAGE theorem [1] which provides a general qualitative answer: if the spectral measure is continuous, then time-averages of the projection of ϕ_t in a given finite dimensional subspace of H tend to zero as time goes to infinity. On the other hand, this theorem has a poor quantitative content and its interpretation is somewhat misleading, in particular in regards to the relation between dynamical localization and the pure point nature of the spectrum. Need for refinements arose from the discovery of many types of singular spectra in one-electron models solid state physics, like random or quasi-periodic potentials: the interest in the transport properties of such systems [2, 3], and in the dynamics of kicked systems [4, 5], required more complete and quantitative answers.

A first major step in this direction was accomplished by I. Guarneri [6, 7] in a pioneering work which lead, after some refinements [8, 9], to a general bound relating ”growth exponents” as defined below to the Hausdorff and fractal dimensions of the spectral measure μ_ϕ. More precisely, let {e_n}_{n∈}N be an orthonormal basis in H, and let the moment of order α be defined by

ν_α(t) := 1 T ∫_T 0 ∑ n n^α|(e_n, ϕ_t)|^2 dt, α ∈ R. (3) We obviously assume that this definition makes sense for a suitable ϕ. We the define the growth exponents β^±(α) via

β^±(α) = 1 α lim_{T →∞} (^{sup}inf ) log ν_α(T ) log T , α > 0. (4)

The variation of these exponents with the moment index α is highly non-trivial: this has been also denoted the quantum intermittency function [11]. The result quoted above is a general inequality for β^−(α):

β^−(α) ≥ dim_H (μ_ϕ), (5)

which calls in cause dim_H (μ_ϕ), the Hausdorff dimension of the spectral measure. Upper exponents are described by a more recent bound by I. Guarneri and H. Schulz-Baldez [12], to the extent that

β^+(α) ≥ dim_p(μ_ϕ). (6)

The new dimension appearing in this bound, dim_p(μ_ϕ), is the packing (or Tricot) fractal dimension. These dimensions can be defined in terms of the local exponents as follows.

Let μ be any probability measure. The local upper and lower dimensions d^±_μ (x) the measure μ at the point x ∈ R are defined by

d^±_μ (x) := lim_{T →∞} (^{sup}inf ) log μ([x −^1_T , x +^1_T ]) − log(T )

. (7)

Usually, this equation is written in terms of ε =^1_T : the above form is better in the present context, for it shows that as time progresses, a better resolution of the spectral measure is obtained.

The Hausdorff and Tricot dimensions follow from the local dimensions as essential superior limits:

dim_H (μ_ϕ) := μ − ess sup d^−_μ (x), (8) and dim_p(μ_ϕ) := μ − ess sup d^+_μ (x). (9)

A natural question is whether the bounds (5) and (6) are sharp, and in which sense. There is at least one reason why they cannot be so, for any choice of the basis in Hilbert space. This is the fact that the l.h.s. of (5) and (6) depend on the chosen basis while the r.h.s. do not. It is then clear that even within the same basis set, re-labelling the basis elements can radically alter growth exponents, and can even make them infinite. One of the crucial contents of the inequality (5) is that this action cannot render them zero, in any case. One should also mention that basis independent growth exponents can also be defined [8, 13, 14] for the “effective dimension” or “entropy” of ϕ_t and of the associated density matrices, but we shall not discuss them here.

The above leads to the idea that if these bounds have a chance to be sharp, this could be for some “natural” or “dynamical” basis adapted to the time evolution of the solution of eq. (1). It was suggested in [15] that the most convenient basis for eq. (1) is that of the orthogonal polynomials of μ, that is, the basis of the cyclic subspace generated by {H^nϕ, n ∈ N} in which H is a tridiagonal matrix. As a matter of fact, most models of quasi-periodic systems so far studied in the literature are expressed in such a basis from the very start [16], and so will be the model we consider here.

And yet, even in this basis, sharpness of the bounds (5) and (6) is rather exceptional. First of all, it must be also noted that the l.h.s. of (5) and (6) involve the moment index α, while the r.h.s. does not [17]. The functions β^±(α) are clearly non decreasing in α, and examples exist where they are strictly increasing [15, 11] . This is the effect of the so-called quantum intermittency phenomenon [19].

Evidently then, the bounds we considered are at their best in the limit α → 0, which defines the exponents β^±(0). These are associated to the evolution of the logarithmic moment (see sect. 3). Even here, it has been observed [19] that the logarithmic gap γ := β^−(0) − dim_H (μ_ϕ) in general is strictly larger than zero. The sole non-trivial example where equality has been detected is the dynamics generated by Jacobi matrices of real Julia sets [15, 19, 20, 21]). We shall mention again this system, for it is exceptional in many respects. A new case with zero logarithmic gap will be presented in this paper.

The case of real Julia set matrices, and of Jacobi matrices associated with balanced measures of iterated function systems has unveiled the relation of the growth exponents with the multifractal dimensions D(q), q ∈ R, of the spectral measure μ_ϕ: this relation is exact only in the first case, and can be summed up in the relation β(α) = D(1 − α) [15, 19, 21]. The second case, to the contrary, has taught us that this relation is only approximate, and that discrepancies are brought about by subtle “renormalization” properties of the orthogonal polynomials of μ_ϕ [19]. This powerful tool is not available in the general case, and the quest for the intermittency function β is still open.

In fact, considerable difficulties arise outside the realm of I.F.S. and Julia Jacobi Hamiltonians, if one wants to test (5) and (6), and more generally the relations between spectral and dynamical properties. In typical examples from Schrödinger operator theory, for instance, both terms in the inequalities (5) and (6) are difficult to control, and even in numerical simulations the very existence of the phenomenon of quantum intermittency has frequently escaped detection. In addition, very few models with non-trivial Hausdorff dimension (i.e. different from zero and one) were known until recently [22]. In fact, even in the case of pure point measures, as found in the Anderson model or in almost periodic potentials in some regimes, it has taken a lot of effort to show that dynamical localization (β^−(α) = β^+(α) = 0 for all α > 0) takes place: see e.g. [23]. Notice that this result is not an obvious consequence of RAGE theorem: in [24] del Rio et al. give an example of a rank one perturbation of the almost-Mathieu Hamiltonian having pure point spectrum with exponentially decaying eigenfunctions and β^+_α = 1 for all α !

Notice moreover that in these examples on l_2(Z_+) the basis {e_n}_{n∈}N is the canonical choice e_n(k) = δ_{n,k}: except of course when dynamical localization takes place one cannot expect it to be adapted to the dynamics of waves in quasi-periodic potentials, and yet one has to stay with it, because of its physical meaning.

All together, these results seemed to suggest that (5) and (6) are at best rather rough estimates. Fortunately, a recent work of Jitomarkaya and Last [25] provided an example of a discrete onedimensional Schrödinger operator with non-trivial exact Hausdorff dimension of the local density of states. At the same time, this example is simple enough for analysis: it consists of sparse potential barriers placed along a homogeneous lattice. Since quantum motion is here elementary, being a sequence of tunneling processes through barriers, followed by ballistic motion in between these latter, one can hope to treat it theoretically to a fair extent. Moreover, the upper and lower growth exponents β^±_α should take here different values, and should give a correct overall description of the dynamics of the system, from which, in particular, we might draw a good test of the bounds mentioned above.

This is indeed what we shall do in the following. Our first main conclusion is that the bound (5) is sharp, at least in the limit of small positive α. We shall also show that for sparse enough barriers dim_p(μ_ϕ) is one, so that (6) is also sharp for all positive α. Moreover, we shall show that the obvious inequality β^− ≤ β^+ holds in the strict sense: for small positive α theoretically, and in the general case by numerical experiments. The spectral counterpart of these results, i.e. dim_H (μ_ϕ) < dim_p(μ_ϕ) reveals a rich multifractal structure of the local density of states.

The second main result of the paper is an upper bound for the lower intermittency exponents β^−(α), which appears numerically to be an exact description of these exponents for all values of α, in a case of very sparse barriers. We shall see that control of the function β^±(α) fully characterizes the dynamics of the moments of the wave-function ϕ_t.

This paper is organized as follows: in the next section we introduce the sparse barrier model and we enunciate the main results. These results are illustrated and completed by numerical computations in section 3. Proofs of the main theorems 2 and 3 and the related theory are presented in sections 4 and 5, respectively. The Conclusions complete the paper.

2 The sparse barrier model and main results

Consider the following Jacobi matrices on l_2(Z^+) (with Z^+ = {1, 2, 3, . . .}):

(H_θψ)(k) = ψ(k + 1) + ψ(k − 1) + V (k)ψ(k) + θδ_{1,k}ψ(k), (10) with Dirichlet boundary condition ψ(0) = 0. These matrices are labeled by the real parameter θ ∈ [θ_0, θ_1], 0 < θ_0 < θ_1 < ∞, which also plays the role of a boundary condition. The potential V (k) in eq. (10) is chosen to be null, except on a set B of selected barrier locations: B = {L_n, n ∈ Z^+}. Precisely,

V (k) = { 0 if k ∉ B k^{1−η2η} if k ∈ B (11)

In this equation, η is a parameter which ranges in the open interval (0, 1): the smaller η, the larger the exponent in the law (11) which links location and height of the barrier. The limit η = 0 corresponds to a Dirichlet condition at each L_n, and therefore to pure point spectrum. On the other hand, η = 1 gives barriers of constant height, and generically absolutely continuous spectrum if these are sparse enough.

Sparseness of the potential must be independently imposed: Following [25] we assume that the locations {L_n} fulfill the inequality_{n−1} ∏ j=1 L_j ≤ L^{δn}_n , (12)

for some vanishing sequence {δ_n}_{n∈}N.

We also take as initial wave function ϕ the Kronecker delta at site one:

ϕ(k) = δ_{1,k}. (13)

From now on, unless otherwise specified, the short-hand notation μ will denote the spectral measure μ_ϕ so constructed.

Under these conditions the Hausdorff dimension of the spectral measure features an exact interpolation between the two extreme cases, in the sense defined by the following Theorem:

Theorem 1 (Jitomarskaya, Last). Let H_θ be defined according to (10-12), with η ∈ (0, 1). Then, for Lebesgue almost every θ the restriction of the spectral measure μ_ϕ to [−2, 2] has Hausdorff dimension η. More was indeed proven in [25]: the restriction of μ_ϕ to [−2, 2] has exact dimension η in the sense that d^−_μ (x) = η for μ-a.e. x ∈ [−2, 2]. This measure however is not exactly scaling, in the sense that d^−_μ (x) is not equal to d^+_μ (x) for μ-a.e. x ∈ [−2, 2]. In fact, we shall prove the following

Theorem 2 Under the assumptions of Theorem 1 one has d^+_μ (x) = 1 for μ-a.e. x ∈ (−2, 2).

It is easy to see that outside [−2, 2] the spectrum of H_θ is pure point for all θ. We need to mention that for general θ Ref. [25] only provides a lower bound η and an upper bound^{2η}_{1+η} on the Hausdorff dimension of the restriction of μ to [−2, 2].

We now consider an initial state ϕ with associated spectral measure necessarily enclosed in (−2, 2): this can be obtained letting ϕ = f(H_θ)e_1

where e_1 is the first basis state of l_2(Z^+), eq. (13), where f ∈ C^∞_0 (R), with suppf ⊂ (−2, 2), and ‖f‖_∞ = 1. For simplicity of notation we omit to specify the dependence of ϕ on θ. For the same reason, the spectral measure shall be concisely expressed as μ, and we shall also leave as implicit the dependence of the exponents β on ϕ.

It follows from the above construction of ϕ and by Theorem 1 that under the sparseness condition (12) dim_H (μ) = η (14)

for almost every θ, whereas Theorem 2 implies that

dim_p(μ) = 1 (15) for all θ.

Notice that as a consequence of (6) and (15) one has β^+(α) = 1 for all α > 0 so that the inequality (6) is obviously sharp in this case! Indeed, this result can be obtained directly, without prior recourse to (6), along the lines of the proof of Theorem 2 and under much weaker conditions on the sequence of L_n’s than those in eq. (12). At the same time it must be observed that in so doing we have no general estimate on dim_p(μ), since the proof of Theorem 2 given here definitely requires condition (12).

In a sense, also inequality (5) is sharp. This is made precise by the following Theorem, whose proof occupies the main part of this paper.

Theorem 3 Let H_θ be given by (10) and (11), with η ∈ (0, 1), and assume that for some a > 1 and all n ∈ Z large enough L_{n+1} ≥ aL_n. (16)

Then, for all α, 0 < α ≤ 2, and almost all θ one has β^−(α) ≤ η α + 1 ηα + 1 (17)

An immediate consequence of Theorem 3 and of (5) is that dim_H (μ) ≤ η since lim_{α→0} β^−(α) ≤ η. Furthermore it immediately follows from (5) and (14) that (5) is sharp in the following sense:

Corollary 1 Under the assumptions of Theorem 1 one has lim α→0+ β^−(α) = dim_H (μ)

for almost every θ.

Sections 4 and 5 will be devoted to the proof of theorems 2 and 3. Let us now illustrate the content of these theorems by numerical experiments.

3 Pictures of quantum motion within sparse barriers

The factual content of the theorems presented in the previous section is best illustrated by the results of numerical experiments. While it is certainly true that numerical experiments provide only finite-time simulations, and, as such, cannot rigorously prove or disprove any of the Theorems presented, it is equally true that they can investigate much wider situations than those required by the hypotheses we were bound to formulate. Therefore, numerical experiments constitute at the same time a verification and a stimulus for rigorous analysis and a source of heuristic intuition.

In turning to the case at hand, it is significant to show before anything else how motion between barriers takes place. To better achieve this goal, a minor variation with respect to eq. (10) and (11) has been performed: the Hamilton operator has been divided throughout by the constant value 2. In so doing, the continuum spectrum is contained in the interval [−1, 1], and the speed of “free” propagation becomes unity. It is then possible to compare directly space (i.e. basis index, or lattice number) and time.

A first instance of this comparison is seen in fig. 1, where the following dynamical situation (which shall be kept constant throughout this section) is considered: barriers are situated at L_1 = 1, L_2 = 10, and L_3 = 1000. The parameter η takes the value η =^2_5 , so that the exponent ξ = 1 − η 2η (18)

appearing in the potential, eq. (11), takes the value ξ =^3_4 . We shall vary this parameter later on. Plotted are the first and second moment, ν_1 and ν_2, as function of time, together with the barrier heights, depicted as vertical bars, as a function of position (measured in the same units as of time). Motion of the wave packet along the lattice (i.e. the basis {e_n}) corresponds to the growth of these moments. It is then apparent that when the wave packet reaches a barrier, this slows down its propagation, effectively arresting moment growth for a time span which grows with the height of the barrier. The essence of the dynamics under investigation is then the balance between in-barrier propagation and tunneling through barriers.

This is also evident when observing, at fixed time t, the projection of the wave packet ϕ_t on the basis states e_n, as we do in fig. 2: the “occupation probabilities” |(e_n, ϕ_t)|^2 are plotted versus n, once again with barrier locations super-imposed.

Figure 1: First and second moment ν_1 and ν_2 as a function of time. Also shown are barrier locations with their heights.

The crucial quantity in the analysis performed in this paper is the ratio

ρ_α(t) = 1 α log ν_α(t) log t

, (19)

whose upper and lower limits are β^±(α). Indeed, we find it interesting to investigate the behaviour of moments ν_α defined as in eq. (3) but without the Cesaro time averaging required by the theory. At the same time, we choose a single value of θ. In so doing, we stay closer to the actual dynamical behaviour of the system.

The limit of ρ_α for vanishing α is of particular interest, as we have seen. Numerically, it is difficult to directly investigate this limit. A more reliable estimate is effected by considering instead the quantity

ρ_0(t) = ν_{log}(t) log t

, (20)

where the logarithmic moment ν_{log}(t) is defined by

ν_{log}(t) := ∑ n log(|n|)|(e_n, ϕ_t)|^2. (21)

Figure 2: Quantum occupation probabilities |(e_n, ϕ_t)|^2 versus n at fixed time t = 30699. Also shown are barrier locations with their heights.

Again, Cesaro averaging is not effected in the numerical computations of ν_{log}(t).

These ratios are plotted in fig. 3 versus time, for various values of α, including zero: α = 0, 1, 2, 3, 4, 5 (lowest five curves, in order, from bottom up). Barrier are here located as in the case of figures 1 and 2, and are again indicated by vertical lines. The height parameters are now different, and are η =^5_9 and ξ =^2_5 .

This figure, as well as the preceding two, is limited to a time range which envelops three barriers only. And yet, this range is quite challenging: the basis size reached by the wave packet is about 200,000. Within these limitations, the figure brings evidence of most of the theoretical results of this paper: let us illustrate them in sequence.

Firstly, let us consider the local maxima occurring at the barrier “times” t_n = L_n. At these times, the head of the wave-packet arrives at a barrier. In passing from one maximum to the next, at fixed α, the value of the maximum grows. Theorem 2 assures that these values tend to the largest possible value, one. This is certainly more evident in figure for the largest value of α, α = 5, due to the monotonicity of these quantities with α.

Indeed, the limit of α → ∞ can be investigated by another auxiliary quantity, the effective basis size of the wave packet: this is defined as the number of wave-packet projections |(e_n, ϕ_t)|^2 larger than a fixed, very low threshold. This quantity has theoretical and computational relevance, as discussed in [28]. The related logarithmic ratio, ρ_∞, defined analogously with eq. (19), appears in the figure as the topmost curve, which regularly slides down on the horizontal line at value one.

To sum up, we expect the local maxima at barrier locations to converge to the value one for any α, the earlier the larger the value of α. This illustrates Theorem 2 and the consequent result β^+(α) = 1 of the previous section.

Another crucial result evident in fig. 3 is the fact that β^− is strictly less than β^+. The former quantity can be inferred by the local minima of the curves ρ_α(t), occurring after the barrier times, and before tunneling has taken place: it is at these times that the blocking effect of these latter is maximal. We must discriminate here between the rapid oscillations which are due to “bouncing” of the wave packet, and which presumably fade away in the limit of infinite time (as they do with

Figure 3: Moment growth ratio ρ_α(t) versus time, for the case described in the text, and α = 0, 1, 2, 3, 4, 5, ∞ (bottom to top curves). The horizontal lines mark the values ρ =^5_9 ,^5_7 ,^{15}_{19} ,^5_6 ,^{25}_{29} ,^{15}_{17} , 1, which are to be orderly associated to the mentioned curves via eq. (22). The vertical lines mark the location of the barriers.

increasing α) and the underlying behaviour. In any case, it clearly appears that the difference β^+(α) − β^−(α) is strictly larger than zero. We shall come back on this point momentarily, in figure 5. Theoretically, the last result is implied in force of Theorem 3. Our numerical results lead us to the stronger statement, which asserts that

β^−(α) = η α + 1 ηα + 1 . (22)

Therefore, it seems that the estimate (17) is more than a bound: we interpolate rapid fluctuations, minima lie on the horizontal lines in the figure, which are obtained by eq. (22).

The fact that (17) is exact is trivially true for α = ∞, and it was rigorously proven for α = 0 in sect. 2. The numerical results show that it is plausible that this result holds for any α, and without Cesaro time averaging.

A further verification of eq. (22) can be effected by varying η, which corresponds, as we know, to varying the barrier heights, via the exponent ξ. This is done in fig. 4. The comments made for fig. (3) still apply. Indeed, as we are here varying the Jacobi Hamiltonian, this test is even more stringent than the previous.

The dynamical implications of this fact are of paramount importance, and will be discussed in the Conclusions. Here, we can now go back to the time evolution of the first moment, ν_1(t), for η =^5_9 , ξ =^2_5 , which is shown in fig. 5. It asymptotically oscillates between two power law lines, of the form t^{β±(1)}, with unit prefactor: our bounds are then a quite satisfactory description of the dynamics. Similar conclusions can be drawn in all other cases, for various α and η. We are now ready to go back to exact analysis, for the proofs of the theorems of section 2.

Figure 4: Moment growth ratio ρ_1(t) versus time, for various values of η: η =^2_5 ,^1_2 ,^5_9 ,^2_3 (bottom to top curves). The horizontal lines mark the values β^−(1) =^4_7 ,^2_3 ,^5_7 ,^4_5 , which follow orderly from eq. (22).

Figure 5: First moment ν_1(t) versus time, for the case described in the text, with η =^5_9 . The dotted lines have equation t^{β±(1)}, with β^+(1) = 1, and β^−(1) =^5_7 . The vertical lines mark the location and height of the barriers.

4 Proof of Theorem 2.

The idea of the proof of Theorem 2 is the following. Because of the sparseness of the potential barriers the time evolution of a wave packet can be well approximated, on large time-scales, by a finite rank reduction of the full potential V . More precisely, let

H^{(N)} = H_0 + V^{(N)},

with V^{(N)}(k) = { V (k) for k < L_{N+1}, 0 for k ≥ L_{N+1},

where H_0 is the free discrete Laplacian on Z^+, and where V is given by eq. (11) plus the θ dependent boundary condition. Accordingly, H^{(N)} has absolutely continuous spectrum; in addition we shall see momentarily a good estimate of its local density of states which, by comparison, will yield estimates on the upper local exponents for H at certain energy scales.

Let therefore ϕ^{(N)}_t , t ∈ R, be the solution of Schrödinger’s equation (1) with H^{(N)} in place of H and ϕ given by eq. (13). Let also μ^{(N)} be the associated spectral measure. An elementary time estimate follows:

Lemma 1 Assume L_{n+1} ≥ aL_n for some a > 1 and all integer n; let Δ_n := L_n − L_N for n > N. Then if N is large enough one has ‖ϕ_t − ϕ^{(N)}_t ‖ ≤ C2^{−ΔN+1} if |t| < Δ_{N+1} 8e (23)

for some constant C independent of N.

Proof. Let b_n(k) = δ_{Ln,k}. Expanding ϕ^{(N)}_s = exp{−iH^{(N)}s}ϕ in powers of s to order Δ_n gives:

|(b_n, ϕ^{(N)}_s )| ≤ 2 s^{Δn} Δ_n!

‖(H^{(N)})^{Δn} b_n‖ ≤ 2 s^{Δn} Δ_n! ‖H^{Δn}_0 b_n‖, according to our definition of Δ_n, and thanks to the fact that H^{(N)} couples only next neighbors sites. Stirling’s formula, and ‖H_0‖ ≤ 2 then imply that |(b_n, ϕ^{(N)}_s )| ≤ √ 8πΔ^{− 12}_n 4^{−Δn} , (24)

if 0 ≤ s ≤^{Δn}_{8e} . Now from Duhamel’s formula one has that for t > 0

ϕ_t − ϕ^{(N)}_t = ∑ n≥N+1 L 1−η 2η n ∫_t 0 b_{n,t−s} (b_n, ϕ^{(N)}_s ) ds,

where obviously b_{n,t−s} is the Schrödinger evoluted of the initial state b_n for time t − s. Accordingly, ‖ϕ_t−ϕ^{(N)}_t ‖ ≤ ∑ n≥N+1 L 1−η 2η n ∫_t 0 |(b_n, ϕ^{(N)}_s )|ds ≤ √ 8π ∑ n≥N+1 L 1−2η 2η n 4^{−Δn} ≤ √ 8πA^{1−2η2η} ∑ n≥N+1 Δ 1−2η 2η n 4^{−Δn} ,

with A =^a_{a−1} and where we have used (24) in the second inequality. Terms in the last sum in the equation above are bounded by 2^{−Δn} for N large enough. The estimate Δ_n − Δ_{N+1} ≥ (a^{n−N−1} − 1)Δ_{N+1} valid for n ≥ N + 1 then completes the proof.

By duality on the previous Lemma, we expect that the spectral measures μ and μ^{(N)} should have comparable weights on an energy scale inversely proportional to Δ_{N+1}. A form of this duality is expressed by the next Lemma: Let B 1_T (x) := (x −^1_T , x +^1_T ). Then,

Lemma 2 Under the conditions of Lemma 1 one has, for all ε > 0 and all x ∈ R

|μ(B 1_T (x)) − μ^{(N)}(B 2_T (x))| ≤ C_ε T^2

, for T_N 2 ≤ T ≤ T_N , (25)

where T_N = (

Δ_{N+1} 8e )^{11+ε} ,

and C_ε depends only on ε.

Proof. Let f ∈ C^∞_0 (R) be positive, equal to 1 on (−1, 1), and with support in (−2, 2). For T > 0 let f_T (λ) := f(λT ). Then,

μ(B 1_T (x)) ≤ ∫ f_T (λ − x)dμ(λ) ≤ μ(B 2_T (x)), and by Fourier transform

μ(B 1_T (x)) ≤ 1 T ∫ e^{ixt}f̂( t T )(ϕ, e^{−iHt}ϕ) dt ≤ μ(B 2_T (x)). (26) Of course, the same inequalities (26) also hold when μ^{(N)} and H^{(N)} take the place of μ and H. Then,

|μ(B 1_T (x)) − μ^{(N)}(B 2_T (x))| ≤ ∫ |t|<T 1+^ε ‖ϕ_t − ϕ^{(N)}_t ‖ dt + 2 T ∫ |t|>T 1+^ε |f̂( t T )| dt. The first integral above is certainly smaller than^1_{T 2} on account of (23), if N is large enough. The second integral is easily estimated by writing |f̂(^t_T )| ≤ C_n(^T_t )^n for some constant C_n depending only on n. When n is large enough (depending on ε) the integral is then apparently smaller than

C_n(_ε)

T 2 , which completes the proof.

The next Lemma states that μ^{(N)} has absolutely continuous restriction to (−2, 2). More importantly, it also provides bounds on the weight of intervals under μ^{(N)}, through a suitable control of the Radon-Nykodin derivative due to B. Simon [29].

Lemma 3 Let the sparseness condition (12) hold, and let ε, T_N be defined as in Lemma 1. There exist a sequence {ε_N }_N with lim_{N→∞} ε_N = 0 such that for all x ∈ (−2, 2):

μ^{(N)}(B 1_T (x)) ≤ C_εT^{εN −1}, for T_N 2 ≤ T ≤ T_N , (27)

for some constant C_ε depending only on ε.

Proof. We refer to [29] (theorem 2J) for the proof that dμ^{(N)} dλ ≤ 4 π sup_n ‖T^{(N)}(λ; n, 0)‖^6 (28)

where T^{(N)} is the fundamental matrix for H^{(N)} at energy λ, defined by

T^{(N)}(λ; n, 0) = N∏ k=1 A(λ, k), and A(λ, k) = ( λ − V (k) −1 1 0 ) .

Accordingly, for λ ∈ [−2, 2], one has ‖T^{(N)}(λ; n, 0)‖ ≤ C n∏ k=1 V (L_k) ≤ C N∏ k=1 V (L_k), (29)

since ‖A(λ, k)‖ = 1 when V (k) = 0. Now, the sparseness condition (12) implies that N∏ k=1 V (L_k) = N∏ k=1 L 1−η 2η k ≤ L 1−η 2η δ_N+1

N+1 , (30)

where δ_{N+1} is the vanishing sequence element present in (12). The same condition also implies that L_{N+1} > 2Δ_{N+1}, for N large enough. Therefore, eqs. (28-30) imply that dμ^{(N)} dλ ≤ T^{εN}_N , (31)

with ε_N = 12δ_{N+1}(1 + ε)^{1−η}_{2η} . Then (27) follows.

We can now complete the Proof of Theorem 2. It follows from (25) and (27) that μ((x − 1 T_N , x + 1 T_N )) ≤ CT^{εN −1}_N for all x ∈ (−2, 2). Since lim ε_N = 0 it follows that d^+_μ (x) ≤ 1. On the other hand Theorem 2J of [29] also provides a lower bound, dμ^{(N)} dλ ≥ 1 4π sup_n ‖T^{(N)}(λ; n, 0)‖^{−6},

which along the same lines leads to dμ^{(N)} dλ ≥ T^{−εN}_N . This in turn implies d^+_μ (x) ≥ 1 and completes the proof.

5 Proof of Theorem 3.

The main ingredients of the proof presented in this section are energy-space decoupling methods, and spectral averaging over the parameter θ. For notational convenience in this section, we shall adopt Dirac notation ⟨n|ϕ⟩ for the scalar product (e_n, ϕ). Also, all constants appearing in the estimates will be denoted by the letter C.

Of particular importance is the resolvent R_θ(z) := (H_θ − z)^{−1}, with Im z ≠ 0, θ ∈ [θ_0, θ_1].

Lemma 4 Let H_θ be given by (10), (11), and assume that (16) holds. If I ⊂ (−2, 2) is a closed interval, then for N large enough one has: |⟨L_N |R_θ(E + i T )|1⟩|^2 ≤ CT L^{− 1η}_N Im ⟨1|R_θ(E + i T )|1⟩, (32)

for a constant C depending only on I.

Proof. Let χ_N (k) =^{k−LN −1}_{LN −LN −1} for L_{N−1} < k ≤ L_N and zero elsewhere. The geometric resolvent equation (see e.g. [30]) gives

χ_N R_θ = R^{(N)}χ_N − R^{(N)}[χ, H_θ]R_θ, (33) where R^{(N)} is the resolvent of any self-adjoint operator acting as H on the support of χ_N ; we choose it to be H_0 + V_N , with V_N (k) = V (L_N ) if k = L_N and zero elsewhere. It is then well known (see e.g. [31]) that ⟨L_N |R^{(N)}|k⟩ = ⟨L_N |R_0|k⟩ V (L_N )⟨L_N |R_0|L_N ⟩ + 1 . An elementary computation then shows that sup_{E∈I} |⟨L_N |R^{(N)}(E + i T )|p⟩| ≤ C(I)V (L_N )^{−1}, (34) where C(I) only depends on I. Since χ_N |1⟩ = 0 one obtains from eq. (33), (34), and Cauchy- Schwartz inequality |⟨L_N |R_θ|1⟩|^2 ≤ 2 (L_N − L_{N−1})^2 L_N∑

k=L_{N −}1 |⟨L_N |R^{(N)}|k⟩|^2 L_N∑

k^′ =L_{N −}1 |⟨k^′|R_θ|1⟩|^2 ≤

≤ 4T (L_N − L_{N−1})^2 Im ⟨1|R_θ|1⟩ L_N∑

k=L_{N −}1 |⟨L_N |R^{(N)}|k⟩|^2 ≤ 4C^2(I)T L_N − L_{N−1} L^− 1−η η N Im ⟨1|R_θ|1⟩ ≤

≤ 4AC^2(I)T L^{− 1η}_N ⟨1|R_θ|1⟩ with A =^{a−1}_a .

The next Lemma is a well known spectral averaging result under rank one perturbations with variable strength (see e.g. [32]):

Lemma 5 ∫_{θ1} θ0 |⟨1|R_θ(E + I T )|1⟩| dθ < C (35) for some finite constant C independent of E ∈ I and T ≠ 0.

From this lemma we can obtain a bound on the moments ν_α over the canonical basis (as defined in eq. (3)) and averaged over the boundary conditions. The initial state of the evolution, ϕ, is chosen to be ϕ = f(H_θ)e_1 where with f ∈ C^∞_0 (R), and suppf ⊂ I, as in lemma 4.

Lemma 6 Let γ(α) = η^{α+1}_{ηα+1} , and {T_N }_N a sequence of times defined by T^{γ(α)}_N = L_N . Then, if 0 < α ≤ 2 one has ∫_{θ1} θ0 ν_α(T_N )dθ ≤ CT^{αγ(α)} (36)

for some constant C independent of N and α.

Proof. Let J_N (k) = 1 if k > L_N and zero otherwise. Then

ν_α(T ) ≤ L^α_N + 1 T ∫_T 0 ‖X^{α2} J_N ϕ_t‖^2dt, (37)

where the operator X used above has the obvious meaning of position operator: (Xϕ)(k) = kϕ(k). On the other hand (see e.g. [33] vol. III) 1 T ∫_T 0 ‖X^{α2} J_N ϕ_t‖^2dt ≤ e T ∫ R^{‖X} α 2 J_N R_θ(E + i T )ϕ‖^2dE (38)

from Parseval equality. We now refer to [34] for the derivation of the bound

‖[X^r, g(H_θ)]‖ ≤ C‖|ĝ|^{12} ‖_{L1} ‖t|ĝ|^{12} ‖_{L1} , 0 < r ≤ 1, (39) where ĝ(t) is the Fourier transform of g and C is some constant independent of g, r, and θ. Consider then the integral at r.h.s. in eq. (38): for E ∉ I we can apply eq. (39) to estimate the commutator of X^{α2} J_N with g(H_θ) = R_θ(E +^i_T )f(H_θ). Since J_N e_1 = 0 one easily obtains that ∫ R\I^{‖X} α 2 J_N R_θ(E + i T )f(H_θ)e_1‖^2dE ≤ CL^α_N (40)

if 0 < α ≤ 2, for some constant C independent of N and α. It remains to evaluate the integral over I. One simply commutes f(H_θ) and X^{α2} J_N to obtain ∫ I ‖X^{α2} J_N R_θ(E + i T )ϕ‖^2 ≤ C (∫ I ‖X^{α2} J_N R_θ(E + i T )e_1‖^2dE + L^α_N ) . (41)

Combining eqs. (37)-(41) gives ν_α(T ) ≤ C ( L^α_N + 1 T ∫ I ‖X^{α2} J_N R_θ(E + i T )e_1‖^2dE ) , (42)

with C independent of N and α. We can employ again the geometric resolvent equation to get

J_N R_θe_1 = R^Next|L_N + 1⟩⟨L_N |R_θ|1⟩ (43)

where R^Next is the resolvent of H_0 + V J_N (and is therefore independent of θ!). Then, eqs. (42) and (43) imply that ∫_{θ1} θ0 ν_α(T )dθ ≤ C ( L^α_N + 1 T ∫ I ‖X^{α2} R^Next(E + i T )|L_N + 1⟩‖^2dE × sup_{E∈I} ∫_{θ1} θ0 |⟨L_N |R_θ(E + i T )|1⟩|^2dθ ) . (44) We can now estimate the last factor at r.h.s. of eq. (44) by Lemmas 4 and 5 as follows: sup_{E∈I} ∫_{θ1} θ0 |⟨L_N |R_θ(E + i T )|1⟩|^2dθ ≤ CT L^{− 1η}_N . (45) As to the integral over I in eq. (44) we can use a rough ballistic estimate to get: 1 T ∫ I ‖X^{α2} R^Next(E + i T )|L_N + 1⟩‖^2dE ≤ C(L_N + T )^α. (46)

Finally, eqs. (44)-(46) imply that ∫_{θ1} θ0 ν_α(T )dθ ≤ C ( L^α_N + L^{− 1η}_N (L_N + T )^{α+1} ) . (47)

Choosing now T_N as stated gives eq. (36).

We are now ready for the Proof of Theorem 3. Let

Ω_N = {θ ∈ [θ_0, θ_1] s.t. sup_{0<α≤2} ν_α(T_N ) T^{αγ(α)} N > N^2}.

Then obviously ∑ N |Ω_N | < +∞ so that by Borel-Cantelli Lemma one has ν_α(T_N ) ≤ N^2T^{αγ(α)}_N for N large enough, and for almost every θ ∈ [θ_0, θ_1]. Estimate (17) follows since log T_N grows at least like N.

6 Conclusions

We have presented in this paper a detailed examination of the quantum motion taking place in sparse potential Jacobi matrices on l_2(Z_+). For this system, we have been able to derive exact bounds to the moment growth exponents β^±(α). These bounds have been examined numerically, and it is plausible to assume that they are indeed exact results, for very sparse barriers.

This has shown a strong form of intermittency: not only the function β^−(α) is increasing with α, but it is also different from β^+(α). By focusing attention also on the fractal properties of the associated spectral measure, we have shown that, in this example, the inequalities recently proposed for the growth exponents are sharp.

Sparseness of the barriers is at the same time a key for our derivation, and a limitation to its generality. A direction of future research will precisely involve releasing the sparseness request adopted herein.

• Jean Michel Combes, Centre de Physique Thèorique, Unité propre de Recherche 7061, CNRS Luminy, Case 907, F-13288 Marseille - Cedex 9

• Giorgio Mantica, Int. Center for the Study of Dynamical Systems, Università dell’Insubria Via Lucini, 3 I-22100 Como, and Istituto Nazionale Fisica della Materia, unità di Milano, and Istituto Nazionale Fisica Nucleare, Sez. di Milano.

References

[1] H.L Cycon, R.G. Froese, W. Kirsch and B. Simon, Schrödinger Operators, Springer Verlag, (Berlin, 1987) and references therein.

[2] H.Hiramoto and S.Abe, Dynamics of an Electron in Quasi-Periodic Systems. I. Fibonacci Model, J.Phys.Soc. Japan 57 (1988) 230-240; II. Harper Model, ibid., (1988) 1365-1371.

[3] S.Abe and H.Hiramoto, Fractal Dynamics of Electron Wave Packets in One-Dimensional Quasi Periodic Systems, Phys. Rev. A. 36 (1987) 5349-5352.

[4] R.Artuso, G.Casati, D.L.Shepelyansky, Fractal spectrum and anomalous diffusion in the Kicked Harper Model Phys. Rev. Lett. 68 (1992) 3826, R.Artuso, F.Borgonovi, I.Guarneri, L.Rebuzzini, G.Casati, Phase Diagram in the kicked Harper model, Phys. Rev. Lett. 69 (1992) 3302, and R. Artuso, G. Casati, F. Borgonovi, L. Rebuzzini and I. Guarneri, Fractal and dynamical properties of the kicked Harper model, Int.J.Mod.Phys. B8 (1994) 207.

[5] M. Combescure, Ann. Inst. H. Poincaré Phys. Theor. 57 (1992) 68-87.

[6] I. Guarneri, Spectral Properties of Quantum Diffusion on Discrete Lattices, Europhys.Lett. 10, (1989) 95-100.

[7] I.Guarneri, On an Estimate Concerning Quantum Diffusion in the Presence of a Fractal Spectrum, Europhys.Lett. 21, (1993) 729-733.

[8] I.Guarneri and G.Mantica, On the Asymptotic Properties of Quantum Dynamics in the Presence of a Fractal Spectrum, Ann. Inst. H. Poincaré 61 (1994) 369.

[9] J.M. Combes, Connection between Quantum Dynamics and Spectral Properties of Time Evolution Operators, in W.F. Ames, E.M. Harrell, J.V. Herod, Eds, Differential Equations with Applications to Mathematical Physics, Boston, Academic Press (1993).

[10] J.M. Barbaroux, J.M. Combes, R. Montcho, Remarks on the Relations between Quantum Dynamics and Fractal Spectra, J. Math. Anal. and Appl. 213 (1997) 698-722.

[11] I. Guarneri and G. Mantica, Multifractal Energy Spectra and their Dynamical Implications, Phys. Rev. Lett. 73 (1994) 3379-3382.

[12] I.Guarneri, H. Schulz Baldes, Lower Bounds on Wave-Packet Propagation by Packing Dimensions of Spectral Measures, Math. Phys. Elec. J. 5 pap. 1 (1999).

[13] I. Guarneri, Singular Continuous Spectra and Discrete Wave Particle Dynamics, J. Math.

Phys. 37 (1996) 5195-5206.

[14] I.Guarneri, On the Dynamical Meaning of Spectral Dimensions, Ann. Inst. H. Poincaré 68 (1998) 491-506.

[15] G. Mantica, Quantum Intermittency in Almost Periodic Systems Derived from their Spectral Properties, Physica D 103 (1997) 576.

[16] B. Simon, Almost Periodic Schrödinger Operators: A Review, Adv. Appl. Math. 3 (1982) 463-490, and references therein.

[17] Recently, a refinement of (5) has been proposed, which takes the moment index into account:

I. Guarneri, H. Schulz-Baldes, Intermittent Lower Bound on Quantum Dyffusion, Lett. math. Phys. 49 (1999) 317-324.

[18] J.M. Barbaroux, F. Germinet, and S. Tcheremchansev, Non-linear Variation of Diffusion Exponents in Quantum Dynamics, C.R. Acad. Sci. Paris 330 (2000) 409-414.

[19] G. Mantica, Wave Propagation in Almost Periodic Structures, Physica D 109 (1997) 113-127.

[20] D. Bessis and G. Mantica, Orthogonal Polynomials Associated to Almost Periodic Schrödinger Operators, J. Comp. Appl. Math. 48 (1993) 17-32.

[21] G. Mantica, Quantum Intermittency: Old or New Phenomenon? J. Phys. IV France 8 (1998) 253.

[22] Jacobi matrices associated with I.F.S. are of course among these few, but efficient algorithms for their numerical computations are also recent: G. Mantica, A Stable Stieltjes Technique to Compute Jacobi Matrices Associated with Singular Measures, Constr. Approx. 12 (1996) 509-530.

[23] S. De Biévre, F. Germinet, Dynamical Localization for Discrete and Continuous Random Schrödinger Operators, Comm. Math. Phys. 194 (1998) 323-341.

[24] R. Del Rio, S. Jitomarskaya, Y. Last, and B. Simon: Operators with Singular Continuous Spectrum IV. Hausdorff Dimensions, Rank one Perturbations and Localization, J. D’Analyse Math. 69 (1996) 153-200.

[25] S. Jitomarskaya, Y. Last, Dimensional Hausdorff Properties of Singular Continuous Spectra, Phys. Rev. Lett. 76 (1996) 1765-1769.

[26] S. Jitomarskaya, Y. Last, Power Law Subordinacy and Decomposition of Singular Continuous Spectra I: Half line operators, Preprint (1999).

[27] Y. Last, Quantum Dynamics and Decomposition of Singular Continuous Spectra, J. Funct.

Anal. 142 (1996) 406-445.

[28] G. Mantica, Fourier Transforms of Orthogonal Polynomials of Singular Continuous Spectral Measures, Int. Ser. Numer. Mathematics 131 153-163 (1999).

[29] B. Simon, Bounded Eigenfunctions and Absolutely Continuous Spectra for One-Dimensional Schrödinger Operators, Proc. Amer. Math. Soc. 124 (1996) 3361-3369.

[30] Ph. Briet, J.M. Combes, P. Duclos, Spectral Stability under Tunneling, Comm. Math. Phys.

126 (1989) 133-156.

[31] M. Eizenman, Localization at weak disorder and at extreme energies: an elementary derivation, Comm. Math. Phys. 157 (1993) 245.

[32] J.M. Combes, P. Hislop, and E. Mourre, Spectral Averaging, Perturbation of Singular Spectra and Localization, Trans. Amer. Math. Soc. 348 (1996) 4883-4894.

[33] M. Reed, and B. Simon, Methods of Modern Mathematical Physics III: Scattering Theory, Academic Press, London-San Diego (1979).

[34] E. Mourre, Operateurs Conjugués et Proprietés de Propagation, Comm. Math. Phys. 91 (1983) 279-300.