October 21, 2000

Asymptotic Dynamics of Nonlinear Schrödinger Equations:

Resonance Dominating and Radiation Dominating Solutions

Tai-Peng Tsai^�, Horng-Tzer Yau^y

Courant Institute New York University New York, NY, 10012

Abstract

We consider a linear Schrödinger equation with a small nonlinear perturbation

in R^3 . Assume that the linear Hamiltonian has exactly two bound states and its

eigenvalues satisfy some resonance condition. We prove that if the initial data is near a nonlinear ground state, then the solution approaches to certain nonlinear ground state as the time tends to infinity. Furthermore, the difference between the wave function solving the nonlinear Schrödinger equation and its asymptotic profile can have two different types of decay: 1. The resonance dominating solutions decay as t^{−1/2}. 2. The radiation dominating solutions decay at least like t^{−3/2}.

�ttsai@cims.nyu.edu yWork partially supported by NSF grant DMS-0072098, yau@cims.nyu.edu

1 Introduction

Let H_0 be the Hamiltonian H_0 = −Δ + V − e_0 with V a smooth localized potential and e_0 < 0 the ground state energy to −Δ + V . Consider the nonlinear Schrödinger equation

i∂_tψ = (−Δ + V )ψ + λ|ψ|^2ψ, ψ(t = 0) = ψ_0 (1.1)

where λ is a small positive or negative parameter. Our goal is to understand its asymptotic evolution as t → ∞. The nonlinear bound states to the Schrödinger equation (1.1) are solutions to the nonlinear equation

(−Δ + V )Q + λ|Q|^2Q = EQ, (1.2)

For any nonlinear bound state, ψ_t = Qe^{−iEt} is a solution to the nonlinear Schrödinger equation. We may obtain a family of such bound states from minimizing the corresponding nonlinear energy functional: H[ϕ] = ∫ 1 2 |∇ϕ|^2 + 1 2 V |ϕ|^2 + 1 4 λ|ϕ|^4 dx . For each N > 0 and λ sufficiently small, subject to the constraint ‖ϕ‖^2_L2 = N, there is a unique positive minimizer Q of H, which solves (1.2) for some E = E(N) and has exponential decay as x → ∞. We call this family nonlinear ground states.

Instead of N, we can use E as the parameter. From now on we will refer to this continuous family as {Q_E}_E. Let H_E = −Δ + V − E + λQ^2_E . (1.3) We have H_EQ_E = 0. Since λ is small, the spectral properties of H_E are similar to those of H_0.

Suppose the initial data of the nonlinear Schrödinger equation ψ_0 is near some Q_E. If −Δ + V has only one bound state, it was proved in [7] that the evolution will eventually settle down to some ground state Q_E1 with E_∞ close to E. Suppose now that −Δ + V has multiple bound states, say, two bound states: a ground state ϕ_0 with eigenvalue e_0 and an excited state ϕ_1 with eigenvalue e_1, i.e., H_0ϕ_1 = e_{01}ϕ_1 where e_{01} = e_1 − e_0. The question is whether the evolution with initial data ψ_0 near some Q_E will eventually settle down to some ground state Q_E1 with E_∞ close to E? Furthermore, can we characterize the asymptotic behavior of the evolution?

The family of ground states is stable in the sense that if

inf_{Ω,E} ‖ ‖ψ_0 − Q_E e^{iΩ} ‖ ‖_{L2} is small, it remains so for all t. Let ‖·‖_L2_{,loc} denote local L^2 norm. One expects that this difference is actually approaching to zero, i.e.,

lim_{t→∞} inf_{Ω,E} ‖ ‖ψ_t − Q_E e^{iΩ} ‖ ‖_{L2,loc} = 0 (1.4)

In this paper, we shall answer this question positively in the case of two bound states. Furthermore, we estimate precisely the rate of relaxation for certain class of initial data.

We start with a simple question concerning the asymptotic dynamics around a fixed ground state profile at t = ∞. More precisely, we first fix an E and the corresponding nonlinear ground state Q_E. Our goal is to analyze the detailed asymptotic behavior of those solutions converging to this nonlinear ground state as t → ∞. Although this problem seems to be simple, we found that there are two different types of behaviors for ψ_t − Q_Ee^{iΩ}: one is called resonance dominating solutions ; the other radiation dominating solutions. We first explain the Resonance condition on H_0 and the meanings of these solutions. Recall that the ground state and the excited state to H_0 are denoted by ϕ_0 and ϕ_1 respectively. The following two conditions are assumed for this paper.

Assumption A1: Resonance condition. Let e_{01} = e_1 − e_0 be the spectral gap of the ground state. We assume that 2e_{01} > |e_0| so that 2e_{01} is in the continuum spectrum of H_0. Furthermore, ( ϕ_0ϕ^2_1 , Im 1 H_0 − 0i − 2e_{01}

P_c^{H0} ϕ_0ϕ^2_1 ) > 0 . (1.5) Assumption A2 The bottom of continuum spectrum to −Δ + V , 0, is not a generalized engenvalue, i.e., not a resonance.

Fixed an E and its ground state Q_E. Let L^{(or)} be the operator obtained from linearizing the Schrödinger equation (1.1) around the trivial evolution Qe^{−iEt}, i.e.,

L^{(or)}k = −i { H_Ek + λQ^2(k + k̄) } , where H_E is defined in (1.3). It is more convenient to work with operators orthogonal to the ground state Q. Let Π be the projection which eliminates the Q-direction:

Πh = h − (c_0Q, h)Q , c_0 = (Q, Q)^{−1}

and let X denote its image, X = Π(L^2) .

Define the operator L acting on the space X = ΠL^2 by Lh = −i { Hh + λΠQ^2Π(h + h̄) } .

The operator can be written in matrix form L = [ 0 L_− L_+ 0 ] , L_− = H, L_+ = H + 2λΠQ^2Π.

With respect to L, we define generalized “eigenspaces”:

E_ν(L) :=

{ ψ : L^2ψ = −ν^2ψ } = { u + iv : u, v real, L_−L_+u = ν^2u, L_+L_−v = ν^2v } . Since the original Hamiltonian H_0 has only two bound states with the ground state projected out, there is exactly one value for ν, called κ, and dimRE_κ = 2. From simple perturbation theory, we know that κ = e_{01} + O(λ). We can normalized u and v such that (u, L_+u) = κ and v = κ^{−1}L_+u. Then (u, v) = 1 and the space E_κ(L) is just spanR {u, iv}.

Define the inner product ((ψ, ϕ)) = (Re ψ, Re ϕ) + (Im ψ, Im ϕ) .

The space of continuum spectrum of L can be characterized by

H_c(L) := {ψ : ψ ⊥ E_ν(L^∗) for all ν} ,

where L^∗ is the adjoint w.r.t. the inner product just defined. It is also clear from the definition that X = E_κ(L) ⊕ H_c(L) .

Notice that this is not an orthogonal decomposition. Explicitly, the eigenspace E_κ(L^∗) is simply spanR {v, iu}. Hence the continuum space is characterized by

H_c(L) = {w_1 + iw_2 : w_1 ⊥ v, w_2 ⊥ u} .

For any initial data ψ_0 near Q, we can solve γ_0 and ℓ_0 uniquely such that ψ_0 = [Q + γ_0Q + ℓ_0] e^{iθ0} , ℓ_0 ⊥ Q .

It is more convenient to express ψ_0 in term of Q and R = R_E defined by R_E = ∂_EQ_E We shall see in next section that R_E is of order λ^{−1}. We now rewrite the initial data as ψ_0 = [Q + a_0R + h_0] e^{iθ0} , h_0 ⊥ Q .

(cf. Lemma 9.1) From the decomposition of X, we can write h_0 = α_0u + β_0iv + η_0, η_0 ∈ H_c(L) .

Denote the L^2 norm of ψ_0 by n. Since the evolution is nonlinear, we can always re-scale λ so that n, the L^2 norm of ψ_0, takes any fixed value. It is more convenient to allow n to be a parameter between, say, 1 and 10. Define I_λ to be the interval so that the L^2 norm of the ground state Q_E is between 1 and 10. Let z_0 = α_0 + iβ_0. Define the notations ⟨x⟩ = √ 1 + x^2, {t}_ε = ε^{−2} + 2Γt, {t}_ε ∼ max { ε^{−2}, t }

where Γ is a constant to be specified later on. For the moment, we remark that Γ is of order 2λ^2 times the quantity in (1.5). When the subscript ε is understood, we shall drop it.

Theorem 1.1 (1) [Resonance dominating solutions] There exists small parameters λ_0 and ε_0 such that for any E ∈ I_λ and |λ| ≤ λ_0 the following hold. Suppose that

0 < |z_0| = ϵ ≤ ϵ_0,

‖η_0‖_H2_{∩W} 2,1_(R3_) ≤ C|z_0|^{2+σ} , for some small constant σ. Then we can find a small real number a_0 = a_0(E, h_0) such that the solution ψ(t) to the Schrödinger equation (1.1) with the initial data ψ_0 = Q + a_0R + h_0 can be decomposed as ψ(t) = [Q + a(t)R + h(t)] e^{iΩ(t)} (1.6) with a(0) = a_0, h(0) = h_0, Ω(0) = 0, and a(t), h(t) → 0 as t → ∞ in the following sense: Let h(t) = ζ(t) + η(t) with ζ(t) the component in E_κ(L) and η(t) the component in H_c(L). Then we have |a(t)| ≤ C {t}^{−1} ζ(t) . . . local, smooth, ‖ζ(t)‖_L2 ∼ {t}^{−1/2} , η(t) . . . dispersive wave, ‖η(t)‖_L4 ≤ C {t}^{−3/4+σ} , ‖η(t)‖_L2_{loc} ≤ C {t}^{−1} ,

where {t} = ε^{−2} + t. Also, Ω(t)/t → −E.

(2) [Radiation dominating solutions] For any χ_∞ ∈ H^2 ∩ W^{2,1}(R^3 ) small, there exist solutions of the form ψ(x, t) = [Q(x) + a(t)R(x)] e^{iΩ(t)} + χ(x, t) such that |a(t)| ≤ Ct^{−2}, ‖χ(·, t)‖_L2_{loc} ≤ Ct^{−3/2} and χ = χ_1 + χ_2, where χ_1 = e^{iΔt}χ_∞ and ‖χ_2(·, t)‖_L2 ≤ o(t^{−3/2}).

We have used the notation f ∼ g for Cg ≤ f ≤ C^{−1}g for some constant C. Thus the decay of the excited state for solutions constructed in part (1) is given precisely. Consequently, the two types of solutions are completely different. Return to the general question concerning the asymptotic mass of the ground state profile at t = ∞ (1.4). Instead of minimizing the L^2 norm, we prefer to determine the ground state profile by the condition ( ψ_t − Q_{E(t)} e^{iΘ(t)} , Q_{E(t)} ) = 0 (1.7)

We shall prove that there is a unique solution to this equation provided that the initial data is near some Q_{in} = Q_{Ein} (Lemma 9.2). Furthermore, we can determine the change between E(t) and E_{in}.

Theorem 1.2 Let λ_0 and ε_0 be given as in the first theorem. There is a small constant σ such that for any E_{in} ∈ I_λ with λ ≤ λ_0 the following properties hold:

(1) Suppose the initial data

ψ_0 = Q_{in} + a_{in}R_{in} + h_{in}

satisfies that

‖ψ_0 − Q_{in}‖_H2_{∩W} 2,1_(R3_) ∼ ‖h_{in}‖_H2_{∩W} 2,1_(R3_) + |a_{in}|λ^{−1} ≤ ϵ^{2+2σ}_0 .

Then there are solutions E(t) and Θ(t) to (1.7) such that lim_{t→∞} E(t) = E_∞, |E(t) − E_∞| ≤ C/⟨t⟩ . Furthermore, if we decompose ψ_t as in (1.6) with Q = Q_∞ being the profile at time t = ∞ then we have |a(t)| ≤ C {t}^{−1} , h(t) = ζ(t) + η(t) , ζ(t) . . . local, smooth, ‖ζ(t)‖_L2 ≤ {t}^{−1/2} , η(t) . . . dispersive wave, ‖η(t)‖_L4 ≤ C {t}^{−3/4} , ‖η(t)‖_L2_{loc} ≤ C {t}^{−1} .

where {t} = {t}_{ε0} .

(2) Suppose that 0 < ε = |z_{in}| ≤ ϵ_0, ‖η_{in}‖_H2_{∩W} 2,1_(R3_) ≤ Cε^{2+σ}, λ^{−1}|a_{in}| ≤ Cε^{2+2σ} , for some small constant σ. Then ψ_0 belongs to the class of resonance dominating solutions with respect to the final profile Q_E1.

We shall see in next section that R_E is of order λ^{−1}. This explains that a_{in} has to be order λ in order Theorem 1.2 to be correct. Notice that once we have proved the assertion (1) of Theorem 1.2, the second assertion follows from Theorem 1.1. The proof of Theorem 1.1 is complicated due to the construction of solutions to the Schrödinger equation with the boundary condition of h_0 at time t = 0 and that of a at the time t = ∞. If we are interested only in Theorem 1.2, we can omit this construction and the proof will be much simpler. We feel that this construction may be needed in other contents and so we keep it.

The resonance solutions for nonlinear Klein-Gordon equations were first proved in an important paper [8] by Soffer and Weinstein. They consider real solutions to the nonlinear Klein-Gordon equation

∂^2_t u + B^2u = λu^3, B^2 := (−Δ + V + m^2), (1.8)

with λ a small nonzero number. Assume that B^2 has only one eigenvector (the ground state) ϕ, B^2ϕ = Ω^2ϕ, with the resonance condition Ω < m < 3Ω (and some positivity assumption similar to that appears in assumption A1). Rewrite real solutions to equation (1.8) as u = aϕ + η with

a(t) = Re A(t)e^{iΩt}, Re A^′(t)e^{iΩt} = 0.

Then A and η satisfy the equations

Ȧ = 1 2iΩ e^{−iΩt} ( ϕ, λ(aϕ + η)^3 ) (1.9) (∂^2_t + B^2)η = P_cλ(aϕ + η)^3 (1.10)

Theorem 1.1 in [8] states that all solutions decay as A(t) ∼ ⟨t⟩^{−1/4} , ‖η(t)‖_L1 ∼ ⟨t⟩^{−3/4} . In particular, the ground state is unstable and will decay as a resonance with rate t^{−1/4}.

We first remark that the proof in [8] has only established the upper bound t^{−1/4}. Furthermore, an universal lower bound of the form t^{−1/4} is in fact incorrect. From the previous work of [1, 2], it is clear that radiation dominating solutions decaying much faster than t^{−1/4} exist. Similar to Theorem 1.1, we have two cases:

1. η(0) ≪ A(0) : the dominant term on the right side of (1.9) is λa^3ϕ^3. 2. η(0) ≫ A(0) : the dominant term is λη^3 .

In case 2, another type of solutions arises, namely, those with decay rate A(t) ∼ ⟨t⟩^{−2} , ‖η‖_L1 ∼ ⟨t⟩^{−3/2} . We shall sketch a construction of such solutions at the end of section 10.

Notice that all solutions in [8] decay as a function of t. Therefore, we can view [8] as a study of asymptotic dynamics around vacuum. Although most works concerning asymptotic dynamics of nonlinear evolution equations have been concentrated on cases with vacuum as the unique profile at t = ∞, more interesting and relevant cases are asymptotic dynamics around solitons (such as the Hartree equations [2]). The soliton dynamics have extra complications involving translational invariance. The current setting of nonlinear Schrödinger equations with local potentials eliminates the translational invariance and constitutes an useful intermediate step. This simplifies greatly the analysis but preserves a key difficulty which we now explain.

Recall that we need to approximate the wave function ψ_t by nonlinear ground states for all t. Since we aim to show that the error between them decay like t^{−1/2}, we have to track the nonlinear ground states with accuracy at least like t^{−1/2}. While the nonlinear ground states approximating the wave function ψ_t can in principle be defined, say, via equation (1.4) or (1.6), neither characterizations are useful unless we know the wave functions ψ_t precisely. Furthermore, even assuming we can track the approximate ground states reasonably well, the linearized evolution around these approximate ground states will be based on time-dependent, non-self adjoint operators L_t. At this point we would like to mention the approach of [7] based on perturbation around the unitary evolution e^{itH0} , where H_0 is the original self-adjoint Hamiltonian. While we do not know whether this approach can be extended to the current setting by combining with ideas of [8] (It is announced in [8] that its method can be extended to nonlinear Schrödinger equations as well. As the writing of this paper, there is no preprint available), such an approach will be difficult to extend to the Hartree or other equations with non-vanishing solitons. The main reason is that these dynamics are not perturbation of linear dynamics. We believe that perturbation around the profile at t = ∞ is a more nature setup. In this approach, at least we do not have to worry about the time dependence of approximate ground states in the beginning. But the linearized operator L = L_∞ is still non-self adjoint and it does not commute with the multiplication by i. So calculations and estimates based on L are rather complicated. Our first idea is to map this operator to a self-adjoint operator by a bounded transformation in Sobolev space. This map simplifies many calculations and in a sense brings the problem back to the self-adjoint case at least as far as estimates are concerned, see section 3. We then identify and calculate carefully leading oscillatory terms. Once this is done, the estimate of error terms are rather straightforward.

The estimates obtained from integrating the equation from t = ∞ can be viewed as uniform bounds for all T , provided that the approximate nonlinear ground states for all T are known. On the other hand, to pin down the approximate nonlinear ground states, we need to have precise estimates on the wave functions. It is thus nature to consider continuity method by assuming that the approximate nonlinear ground states and various estimates on the wave function are known up to time T . We then show that these estimates continue to hold up to time T + δT , with δT small but fixed, provided that all estimates are re-adjusted w.r.t. to the new nonlinear ground state at T + δT . There is some similarity between this idea and the standard renormalization group argument. Borrowing standard terminology, we decompose the wave function ψ_t into ”marginal” and ”irrelavent” directions at any time T . From T to T + δT , we run the dynamics of the Schrödinger equation. Now at time T + δT , the estimates for the irrelavent directions can be passed easily to time T + δT . The estimates on marginal direction however cannot be easily passed from T to T + δT . But those are terms we can essentially calculated rather precisely and their estimates can be established independently. Because of this similarity, we call this method dynamical mass renormalization. The marginal terms here are those with high oscillations.

Although we restrict to the small coupling constant case, in future study we hope to replace them by spectral assumptions on the operators L. This paper is divided into 10 sections:

Section 2. The set-up of the problem Section 3. Properties of the linearized operator Section 4. Main oscillation terms Section 5. Estimates on dispersive wave Section 6. Excited state equation and normal form Section 7. Change of the mass of the ground state Section 8. Contraction mapping Section 9. Dynamical renormalization of mass Section 10. Radiation dominating solution

It is a great pleasure to thanks M. Weinstein for explaining to us the beautiful idea in the work [8] and, in particular, to call our attention to the toy model in [8] which contains the basic idea of the resonance decaying in a very illuminating way.

2 The set-up of the problem

2.1 Ground state family

We first review the construction of the ground state family {Q_E}_E mentioned in Section 1. The results we reviewed in this subsection follow from simple perturbation theory and we shall not give details. Denote the standard L_2 inner product by (f, g) ≡ ∫ f̄g d^3x . Let Q = Q_E satisfy (−Δ + V − e_0)Q + λQ^3 = E^′Q .

where E^′ = E − e_0. Let Q_E = wϕ_0 + h with h real and orthogonal to ϕ_0. Then h satisfies (H_0 − E^′)h + λ(wϕ_0 + h)^3 = E^′wϕ_0, We can solve w and h so that w^2 = O(λ^{−1}E^′), ‖h‖_2 = O(λw^3) (2.1) where we have used that the spectral gap of the operator −Δ + V − e_0 is of order one.

Let R = ∂_EQ_E. Recall L^{(or)}_+ = −Δ + V − E + 3λQ^2.

Then by differentiating the equation of Q_E w.r.t E, we have L^{(or)}_+ R_E = Q_E Denote by |0⟩ the ground state to L^{(or)}_+ of norm 1. We also have Q_E = w|0⟩ + O(λw) Hence

R = (L^{(or)}_+ )^{−1} [w|0⟩ + O(λw)] = O(λ^{−1}w^{−1}) |0⟩ + O(λw) = O(λ^{−1}w^{−2}) Q + O(w) . (2.2)

2.2 The set-up of the problem

We consider solutions ψ(t) to the equation (1.1) The picture is that the solution ψ(t) can be decomposed to two parts: one represents a soliton, the other one the radiation. The radiation part will disperse to infinity. The soliton part will converge to a soliton Q_N1, while its L^2-norm is changing in time. Hence it is natural to consider solutions of the form ψ = (Q_{E(t)} + h(t))e^{iΩ(t)} , (2.3) and study its evolution. If we consider a minimization problem inf_{Ω,E} ‖ ‖ψ − Q_E e^{iΩ} ‖ ‖_{L2} . Then ψ = (Q_E + h) e^{iΩ} with Im h ⊥ Q_E, Re h ⊥ R_E. Hence we almost have h(t) ⊥ Q_{E(t)} in our problem, with some small correction.

Since this setup would introduce a time-dependent linear operator, we try to find a good approximation with a fixed Q = Q_E. For this fixed Q, let H = −Δ + V − E + λQ^2 , (we have HQ = 0), and let Π be the projection which eliminates the Q-direction: Πh = h − (c_0Q, h)Q , c_0 = (Q, Q)^{−1} Let X denote its image, X = Π(L^2) .

If we assume ψ = (Q + k(t))e^{i[−Et+θ(t)]} . Then the equation for k(t) is ∂_tk = L^{(or)}k − iF (k) − iθ̇(Q + k) , (2.4) where L^{(or)}k = −i { Hk + λQ^2(k + k̄) } , and F (k) = λQ(2|k|^2 + k^2) + λ|k|^2k .

In view of (2.3), it is natural to assume k = aR + h, R = ∂_EQ_E . Here a(t) is small and compensates the change of L^2 norm of the soliton. Since we would like h(t) ⊥ Q for all t. Hence we look for solutions of the form ψ = (Q + aR + h) e^{iΩ}, (Ω = −Et + θ(t)) .

We note that ψ can be written in this form if ψ is sufficiently close to Q. Specifically, we let e^{iΩ} be the phase of P_Qψ and choose a so that ‖P_Qψ‖_{L2} = ‖Q + aP_QR‖_{L2} . Then h is obtained by h = ψ e^{−iΩ} − Q − aR ∈ X.

We also note, by differentiating the equation of Q w.r.t. E, L^{(or)}R = −iQ . We substitute k = aR + h into (2.4) and obtain ∂_th = −ȧR − aiQ + L^{(or)}h − iF (k) − iθ̇(Q + aR + h) . Since we would like h ⊥ Q, we choose ȧ and θ̇ so that the right side of the above equation is perpendicular to Q. Using h ⊥ Q and Hh ⊥ Q we obtain the equations for a and θ: ȧ = (c_1Q, Im F (k)) , c_1 = (Q, R)^{−1} , θ̇ = −(1 + c_0c^{−1}_1 a)^{−1} [a + (c_0Q, λQ^2(h + h̄)) + (c_0Q, Re F (k))] , where c_0 = (Q, Q)^{−1}. Then the equation of h is ∂_th = Lh + ΠF_{all} , Lh = −i { Hh + ΠλQ^2Π(h + h̄) } , F_{all} = −iθ̇h − iF (k) − [ (c_1Q, Im F ) + iaθ̇ ] R_Π , R_Π := ΠR .

Here we have used the equation for ȧ.

Next we compute F (k) = F (h + aR):

F (k) = λQ(2|h|^2 + h^2) + 2λaQR(2h + h̄) + 3λa^2QR^2 + λ(aR + h)^2(aR + h̄) . With respect to L, we can decompose X as X = E_κ ⊕ P_c^L (X) , where the direct sum is not orthogonal, and

E_κ = {αu + βiv : α, β ∈ R} , u, v real, L_+u = κv, L_−v = κu, (u, v) = 1.

We write h(t) = α(t)u + β(t)iv + η(t) . Their equations are α̇ = κβ + (v, Re F_{all}) , β̇ = −κα + (u, Im F_{all}) , ∂_tη = Lη + P_c^LΠ(F_{all}) .

(Note (v, Πf) = (v, f), and similarly for u.) The linear parts of the equations for α(t) and β(t) form a rotation. To single out the rotation, we study z(t) = α(t) + iβ(t) = pμ^{−1}, μ(t) = e^{iκt}. Here μ^{−1} captures the rotation part and we expect a slower oscillation in p. Note that z(t) can be obtained from h(t) by

z(t) = (v, Re h(t)) + i (u, Im h(t)) .

The function p(t) satisfies μ^{−1}ṗ = (v, Re F_{all}) + i(u, Im F_{all}) = (v, Im(F + θ̇h) − (c_1Q, Im F )R_Π) + i(u, − Re(F + θ̇h) − aθ̇R_Π) = (v, Im F ) − (v, R_Π) (c_1Q, Im F ) + i(u, − Re F ) + [(v, Im h) + i(u, − Re h)]θ̇ − ic_3aθ̇ = (ṽ, Im F ) + i(u, − Re F ) + [(v, Im h) + i(u, − Re h) − ic_3a]θ̇ = (ṽ, (F − F̄ )/2i) + i(u, −(F + F̄ )/2) + [(v, (h − h̄)/2i) + i(u, −(h + h̄)/2) − ic_3a]θ̇ = −i [ (ũ_+, F ) + (ũ_−, F̄ ) + { (u_+, h) + (u_−, h̄) + c_3a }˙ θ ] , where c_3 = (u, R_Π), ṽ = v − (v, R_Π)c_1Q ∉ X, and

u_+ =^1_2 (u + v) = O(1), u_− =^1_2 (u − v) = O(λ), ũ_+ =^1_2 (u + ṽ) = O(1), ũ_− =^1_2 (u − ṽ) = O(λ).

Their orders are derive from the simple facts: (v, R_Π) = O(1), c_2 = O(λ) and c_3 = (u, R_Π) = O(1).

Summarizing, we have

ψ = (Q + aR + h) e^{iΩ}, h = ζ + η = (zu_+ + z̄u_−) + η , ȧ = (c_1Q, Im F (k)) , c_1 = (Q, R)^{−1} , θ̇ = −(1 + c_0c^{−1}_1 a)^{−1} [a + (c_0Q, λQ^2(h + h̄)) + (c_0Q, Re F (k))] , (2.5) ∂_tη = Lη + P_c^LΠ(F_{all}) z(t) = α(t) + iβ(t) = pμ^{−1}, μ(t) = e^{iκt}, μ^{−1}ṗ = −i [ (ũ_+, F ) + (ũ_−, F̄ ) + { (u_+, h) + (u_−, h̄) + c_3a }˙ θ ] , where F_{all} = −iθ̇h − iF (h + aR) − [ (c_1Q, Im F ) + iaθ̇ ] R_Π , R_Π := ΠR , (2.6) F (h + aR) = λQ(2|h|^2 + h^2) + 2λaQR(2h + h̄) + 3λa^2QR^2 + λ(aR + h)^2(aR + h̄) . (2.7) This is the equation we shall solve for the rest of this paper.

3 Properties of the linearized operator

3.1 Spectral decomposition

Recall that, for given E, H_E = −Δ + V − E + λQ^2_E and H_EQ_E = 0. Recall Π be the projection which eliminates the Q-direction: Πh = h − (h, Q)Q . and the operator L acting on the space X = ΠL^2 by Lh = −i { Hh + ΠλQ^2Π(h + h̄) } . We also have L_− = H, L_+ = H + 2ΠλQ^2Π. With respect to L, we can define generalized “eigenspaces”:

E_ν(L) :=

{ ψ : L^2ψ = −ν^2ψ } = { u + iv : u, v real, L_−L_+u = ν^2u, L_+L_−v = ν^2v } . In our case, the only value for ν is κ. It is natural to define

H_c(L) := {ψ : ψ ⊥ E_ν(L^∗) for all ν} ,

since it is invariant under L. The orthogonality is defined with respect to the inner product ((ψ, ϕ)) = (Re ψ, Re ϕ) + (Im ψ, Im ϕ) , and we know

E_ν (L^∗) = {v + iu : u, v real, u + iv ∈ E_ν(L)} .

It is also clear from the definition that X = ⊕_ν E_ν(L) ⊕ H_c(L) .

Hence,

H_c(L) =

{ ϕ_1 + iϕ_2 : ϕ_1 ⊥ v, ϕ_2 ⊥ u, for all v, u such that L_+L_−v = ν^2v, L_−L_+u = ν^2u } .

In our situation, since we only have two simple eigenvalues for H_0 and the ground state is factored out, we can prove by perturbation argument that there are real u and v such that

E_κ = {au + biv : a, b ∈ R} , L_+u = κv, L_−v = κu, (u, v) = 1 .

Since L_+L_− and L_−L_+ are not self-adjoint, it is not convenient to use them to characterize

H_c(L). We define two operators

B = Π(L_−)^{1/2}Π, A = √ BL_+B . Note that both A and B are self-adjoint and positive on X. With these operators, if we define w = κ^{−1/2}Bv, we have w is the normalized eigenvector for the operator A and u = ν^{−1/2}Bw, v = ν^{1/2}B^{−1}w, Aw = κw, (w, w) = 1. Hence the continuum spectrum of H_c(L) can be characterized by

H_c(L) =

{ ψ = ψ_1 + iψ_2 : ψ_1, ψ_2 real , ψ_1 ⊥ B^{−1}w_ν, ψ_2 ⊥ Bw_ν for all ν } = { ψ = ψ_1 + iψ_2 : ψ_1, ψ_2 real , B^{−1}ψ_1, Bψ_2 ∈ H_c(A) } = { ψ = Bϕ_1 + iB^{−1}ϕ_2 : ϕ_1, ϕ_2 real , ϕ_1, ϕ_2 ∈ H_c(A) } . The maps B and B^{−1} change the differentiability of the functions. A better way is to use A^{−1/2}B and A^{1/2}B^{−1} instead. Notice that both operators are bounded in weighted Sobolev spaces H^{s,p} ∩ X since A and B are strictly positive and the numbers of differentiations cancel exactly in both operators. We have established a one-to-one correspondence between the spectral decomposition of X with respect to L and that with respect to A: ψ ∈ E_κ(L) ←→ Uψ ∈ E_κ(A), ψ ∈ H_c(L) ←→ Uψ ∈ H_c(A),

where U is the operator

U(f + ig) = A^{1/2}B^{−1}f + iA^{−1/2}Bg, for real f, g ∈ X. (3.1)

Moreover, the operators U and U^{−1} are bounded in weighted Sobolev spaces H^{s,p} ∩ X.

We have several ways to decompose L as products:

L = V^{−1}_1 [ 0 1 −A^2 0 ] V_1 V_1 = [ B^{−1} 0 0 B ]

= V^{−1}_2 [ jA 0 0 −jA ] V_2 j = √ −1, V_2 = 1 √ 2 [ 1^1_{jA} −jA 1 ] V_1

= U^{−1} [ 0 A −A 0 ] U U = [ A^{1/2}B^{−1} 0 0 A^{−1/2}B ]

We prefer using the last one since it has a simpler form: L = U^{−1}(−iA) U , with U given in (3.1).

This decomposition will be especially useful when we integrate integrals of the form ∫_t 0 e^{(t−s)L} P_c^L e^{2iκs}ϕ ds . For this purpose, it is convenient to decompose

U = U_+ + U_−C, U_± = A^{1/2}B^{−1} ± A^{−1/2}B . (3.2)

Here C is the conjugation operator, and both U_+ and U_− are self adjoint. Hence [U, i] ≠ 0 but [U_±, i] = 0.

3.2 Estimates

Here we collect some estimates on the operator A.

Lemma 3.1 We have the following estimates for the operator A: ‖ ‖ ‖⟨x⟩^{−β} e^{−itA} Pc^A ⟨x⟩^{−β} ϕ ‖ ‖ ‖_{L2} ≤ C ⟨t⟩^{−3/2} ‖ϕ‖_L2 (3.3) and, for q = 4, 8, ‖ e^{−itA} P_c^A ϕ ‖ L^q ≤ C ⟨t⟩ −3(^1_2 −^1_q ) ‖ϕ‖_{Lq}0 . (3.4)

For smooth local functions ϕ, we have ‖ ‖ ‖⟨x⟩^{−β} e^{−itA} 1 A − 0i − 2κ P_c^A ⟨x⟩^{−β} ϕ ‖ ‖ ‖_{L2} ≤ C ⟨t⟩^{−6/5} (3.5)

Notice when the operator A is the Laplacian, these estimates are obvious and can be checked directly. In order to prove them for the general operator A, we have to show that the restriction of A onto its continuum spectrum can be mapped into the standard Laplacian. This is exactly the wave operator. The wave operator for the standard operator −Δ + V is proved to be bounded in Sobolev space W^{k,p} by Yajima [11]. We notice the operator A can be written as a perturbation of −Δ + V in the following way: Let K = H^{−1/2}2λQ^2H^{−1/2}. Then A = H^{1/2}(1 + K)^{1/2}H^{1/2}. Since

(1 + K)^{1/2} = 1 + ( (1 + K)^{1/2} − 1 ) = 1 + K (1 + K)^{1/2} + 1

=: 1 + KK_1 .

Hence

A = H^{1/2} { 1 + H^{−1/2}2λQ^2H^{−1/2}K_1 } H^{1/2} = H + 2λQ^2H^{−1/2}K_1H^{1/2} .

Similarly, since

(1 + K)^{1/2} = 1 + 1 2 K + −^1_4 K^2 (1 + K)^{1/2} + 1 +^1_2 K

=: 1 + 1 2 K − 1 4 K^2K_2 ,

we have A = H + λQ^2 − λQ^2H^{−1}λQ^2H^{−1/2}K_2H^{1/2} .

We shall adapt methods in [11] to prove the this Lemma in a separate paper.

Lemma 3.2 ( Qu^2_+ , Im 1 A − 0i − 2κ P_c^A ΠQu^2_+ ) > 0 . (3.6) Define Γ ≡ 2λ^2 ( Qu^2_+ , Im 1 A − 0i − 2κ P_c^A ΠQu^2_+ ) > 0 . (3.7)

This Lemma is just a simple continuity argument. Notice that if λ = 0 then the statement of this lemma is just the assumption A.1. Since λ is small, by continuity it holds for small λ. A more detailed argument will be given in the paper proving Lemma 3.1.

We shall need the following estimate on the commutator of U and i:

Lemma 3.3 ‖[U, i]ϕ‖_L8/7 ≤ O(λ) ‖ϕ‖_L4 . (3.8) The commutator [U, i] can be expressed in terms of [A^{1/2}, B]. It is clear that A^{1/2} = B when λ = 0. The rest of the proof is just simple perturbation argument. The details will be given in the paper proving Lemma 3.1.

4 Main oscillation terms

We now identify the main oscillation terms in equation (2.5). We shall use the complex amplitude of the excited state, z, as the reference. Recall z(t) = e^{−iκt}p(t). Eventually we will have p(t) ∼ t^{−1/2} and its oscillation is much smaller than κ. The change of mass on the direction of the nonlinear ground state is given by a. We will also show that a = O(z^2) and the order of the dispersive wave η(t) is also of order O(z^2). Assuming these orders, the second order term in F , F^{(2)}, is given explicitly by:

F^{(2)} = λQ(2|ζ|^2 + ζ^2) = z^2ϕ_{(20)} + zz̄ϕ_{(11)} + z̄^2ϕ_{(02)} where ζ = zu_+ + z̄u_− and

ϕ_{(20)} = λQ(u^2_+ + 2u_+u_−) = λQu^2_+ + O(λ^2), ϕ_{(11)} = 2λQ(u^2_+ + u^2_− + u_+u_−) = O(λ), (4.1) ϕ_{(02)} = λQ(u^2_− + 2u_+u_−) = O(λ^2).

We shall write F^{(2)} = z^αϕ_α, where α is a double indices (ij) with i + j = 2 and i, j ≥ 0. The repeated indices mean summation. We shall use β later on to denote double indices summing to 3 and γ for 4.

4.1 Main oscillation term in a and F

We start with identifying the main oscillation terms of a(t). We have fixed the boundary condition of a at t = ∞ and set a(∞) = 0. Thus we can rewrite the equation for a(t) into the following equivalent integral equation: a(t) = ∫_t ∞ (c_1Q, Im F (k)) ds . As the oscillation term of order z^2 in F comes from F^{(2)}, we have up to second order in z^2

(c_1Q, Im F ) ∼ A^{(2)}

where A^{(2)} = ( c_1Q, λQ Im ζ^2 ) Since ζ = zu_+ + z̄u_−, we have

Im ζ = Im z (u_+ − u_−), Im ζ^2 = (Im z^2) (u^2_+ − u^2_−) .

Therefore, we have

A^{(2)} = C_1 Im z^2, C_1 = ( c_1Q, λQ(u^2_+ − u^2_−) ) = O(λ^2) ,

We can integrate A^{(2)} by parts to have: ∫_t ∞ A^{(2)} ds = C_1 Im ∫_t ∞ z^2 ds = C_1 Im ∫_t ∞ μ^{−2}p^2 ds

= C_1 Im 1 −2iκ { μ^{−2}p^2 − ∫_t ∞ μ^{−2}2pṗ ds }

As we shall prove later on, the last integral is higher order term. The first term on the right hand side can be written explicitly as

C_1 Im 1 −2iκ μ^{−2}p^2 = a_{20}(z^2 + z̄^2) ,

where a_{20} =

C_1 4κ = λ 4κ { c_1Q, Q(u^2_+ − u^2_−) } = O(λ^2) , (4.2) We shall prove later on that the last term a_{20}(z^2 + z̄^2) is the main oscillatory term in a.

We denote the rest by b, i.e., a = a_{20}(z^2 + z̄^2) + b (4.3) As shall prove a, b, ȧ = O(z^2), but ḃ = O(z^3). In other words, b is the part of a that has slower oscillation. From the equation of a, we have the following equation for b:

ḃ = (c_1Q, Im(F − F^{(2)})) − 4(?) Re a_{20}zμ^{−1}ṗ . (4.4)

Assuming that b and η are of order z^2, we can decompose F into

F = F^{(2)} + F^{(3)} + ~F^{(3)} + F^{(4)}

where F^{(2)} and F^{(3)} denote terms of order z^2 and z^3, respectively, and F^{(4)} denotes higher order terms:

F^{(2)} = λQ(2|ζ|^2 + ζ^2) = z^2ϕ_{(20)} + zz̄ϕ_{(11)} + z̄^2ϕ_{(02)} F^{(3)} = 2λQ[(ζ + ζ̄)η^{(2)} + ζη̄^{(2)}] + λ|ζ|^2ζ + 2λa_{20}(z^2 + z̄^2)QR(2ζ + ζ̄) ~F^{(3)} = 2λbQR(2ζ + ζ̄) (4.5) F^{(4)} = 2λQ[(ζ + ζ̄)η^{(3)} + ζη̄^{(3)}] + λQ [ 2|η|^2 + η^2 ] + 2λaQR(2η + η̄) + 3λa^2QR^2 + λ [ |k|^2k − |ζ|^2ζ ] , We can also rewrite the equation of θ into

θ̇ = c_2(z + z̄) + F_θ , (4.6)

where c_2 = (c_0Q, λQ^2u) = O(λ) and

F_θ = −(1 + c_0c^{−1}_1 a)^{−1} [ a + (c_0Q, λQ^2(η + η̄)) + (c_0Q, Re F (k)) ] . (4.7)

4.2 Main oscillation term in η

We now identify the main oscillation term in η. We first rewrite the equation of η using the operator A as ∂_tη = Lη − P_c^L iθ̇η + P_c^L ΠF^♯ , F^♯ = −iθ̇ζ − iF (k) − [(c_1Q, Im F ) + iaθ̇]R_Π . (4.8) Notice that F^♯ and F^{all} differs only by the term iθ̇η. Observe also that −iθ̇ζ is not killed by P_c^L since [L, i] ≠ 0. Let η^⋄ = Uη . Since L = U^{−1}(−iA)U and U P_c^L = P_c^A U, we have ∂_tη^⋄ = −iAη^⋄ − P_c^A Uiθ̇U^{−1}η^⋄ + P_c^A UΠF^♯ = −iAη^⋄ − iθ̇η^⋄ − P_c^A [U, i]θ̇U^{−1}η^⋄ + P_c^A UΠF^♯ .

Let η̃ = e^{iθ}η^⋄ and use U^{−1}η^⋄ = η, we get ∂_tη̃ = −iAη̃ + e^{iθ} P_c^A UΠF^♯ − e^{iθ} P_c^A [U, i]θ̇η . (4.9) Hence η̃(t) = e^{−iAt}η̃_0 + ∫_t 0 e^{−iA(t−s)} P_c^A { e^{iθ}UΠF^♯ − e^{iθ}[U, i]θ̇η } ds . (4.10) Since η = U^{−1}e^{−iθ}η̃ and U is bounded in Sobolev spaces, for the purpose of estimation we can treat η and η̃ the same.

From the the definition of η̃ (4.19), the integrand is e^{iθ}UΠF^♯ −e^{iθ}[U, i]θ̇η. We first identify the main term in F^♯:

F^♯ = −iθ̇ζ − iF (k) − [(c_1Q, Im F ) + iaθ̇]R_Π := i z^αϕ^♯_α + F^{♯♯}.

We have already decomposed F into orders in z. To identify the main term of F^♯, it remains to decompose −iθ̇ζ and (c_1Q, Im F )R_Π. From the equation of θ (2.5), we have −iθ̇ζ = −ic_2(z + z̄)(zu_+ + z̄u_−) − iF_θζ Also (c_1Q, Im F )R_Π = (c_1Q, ϕ_{20} − ϕ_{02})R_Π Im z^2 + O(z^3).

Recall the decomposition of F in (4.5)and F^{(2)} = z^αϕ_α. We can now write F^♯ = i z^αϕ^♯_α + F^{♯♯}, where F^{♯♯} denote the higher order terms and ϕ^♯ is defined as follows:

ϕ^♯_{20} = −ϕ_{20} − c_2u_+ +^1_2 (c_1Q, ϕ_{20} − ϕ_{02})R_Π = −ϕ_{20} − c_2u_+ + O(λ^2) , ϕ^♯_{11} = −ϕ_{11} − c_2(u_+ + u_−) = O(λ) , (4.11) ϕ^♯_{02} = −ϕ_{02} − c_2u_− +^1_2 (c_1Q, ϕ_{20} − ϕ_{02})R_Π = O(λ^2) .

Here we have used ϕ_{20} = O(λ) = ϕ_{11}, ϕ_{02} = O(λ^2), c_2 = O(λ) and R_Π = O(1). Also note that they are all real.

Recall (3.2). Since Ui = (U_+ + U_−C)i = i(U_+ − U_−C), We have

P_c^A e^{iθ}Uiz^αΠϕ^♯_α = P_c^A e^{iθ}i(U_+ − U_−C)z^αΠϕ^♯_α = e^{iθ}iz^αΦ_α

where

Φ_{20} = P_c^A { U_+Πϕ^♯_{20} − U_−Πϕ^♯_{02} } , Φ_{11} = P_c^A { (U_+ − U_−)Πϕ^♯_{11} } , Φ_{02} = P_c^A { −U_−Πϕ^♯_{20} + U_+Πϕ^♯_{02} } . Hence we can rewrite the integrand in (4.19) as

e^{iθ}iz^αΦ_α + P_c^A { e^{iθ}UΠF^{♯♯} − e^{iθ}[U, i]θ̇η } . The leading term in η̃ is (I) ≡ ∫_t 0 e^{−iA(t−s)}e^{iθ}iz^αΦ_α ds = ∫_t 0 e^{−itA}e^{is(A−0i)} ( μ^{[α]}(e^{iθ}p^2)(s)iΦ_α ) ds (μ = e^{iκs}) = e^{−itA} [ e^{is(A−0i)}[e^{iθ}z^α](s) i(A − 0i + [α]κ) iΦ_α ]_t s=0 + (II) = η̃^{(2)} − e^{−itA}(e^{iθ}z^α)(0)~η_α + (II) , (4.12)

where η̃^{(2)} = e^{iθ}z^α~η_α, ~η_α = 1 A − 0i + [α]κ Φ_α and (II) is the error from integration by parts, (II) = − ∫_t 0 e^{−i(t−s)A} { μ^α d ds (e^{iθ}p^α)~η_α } ds . Also note the sign of 0i is so that the last two terms in (4.12) decay as t → ∞.

We have identify the main oscillation term in η̃ and we denote the remaining term in by η^{(3)}:

η̃ = η̃^{(2)} + η̃^{(3)}. (4.13)

Notice that η̃^{(2)} is not in L^2 and this is not an L^2 decomposition. It is, however, very useful for local behavior as it identifies the local oscillation.

From (4.19) we obtain the equation for η̃^{(3)}:

η̃^{(3)}(t) = e^{−iAt}η̃_0 − e^{−iAt}(e^{iθ}z^α)(0)~η_α − ∫_t 0 e^{−iA(t−s)} { μ^{[α]} d ds (e^{iθ}p^α)~η_α } ds + ∫_t 0 e^{−iA(t−s)} P_c^A { e^{iθ}UΠ [ F^{♯♯} + iη^2η̄ ] − e^{iθ}[U, i]θ̇η } ds (4.14) + ∫_t 0 e^{−iA(t−s)} P_c^A e^{iθ}UΠ(−iη^2η̄) ds = η̃^{(3)}_1 + η̃^{(3)}_2 + η̃^{(3)}_3 + η̃^{(3)}_4 + η̃^{(3)}_5 .

We treat η̃^{(3)}_5 separately because η^2η̄ is a non-local term. Notice that η̃^{(2)} ∉ L^2, but is still “orthogonal” to the eigenvector of A.

From the decomposition of η̃ and the relation η = U^{−1}e^{−iθ}η̃, we have the corresponding decomposition for η: η(t) = η^{(2)}(t) + η^{(3)}(t) .

where η^{(j)} = U^{−1}e^{−iθ}η̃^{(j)} = U^{−1}z^α ~η_α, j = 2, 3 .

Summarizing, we have decompose a, F and η into terms in order of z. The main oscillatory terms of order z^2 in a is a_{20}(z^2 + z̄^2) and

a = a_{20}(z^2 + z̄^2) + b (4.15)

with ḃ = (c_1Q, Im(F − F^{(2)})) − 4 Re a_{20}zμ^{−1}ṗ . (4.16)

The nonlinear term F is decomposed into orders in (4.5) with the second order term F^{(2)} explicitly given. We also rewrite the equation of θ into

θ̇ = c_2(z + z̄) + F_θ , (4.17)

where c_2 = (c_0Q, λQ^2u) = O(λ) and

F_θ = −(1 + c_0c^{−1}_1 a)^{−1} [ a + (c_0Q, λQ^2(η + η̄)) + (c_0Q, Re F (k)) ] . (4.18)

The dispersive wave η is related to η̃ by the relation η = U^{−1}e^{−iθ}η̃ with η̃ satisfies

η̃(t) = e^{−iAt}η̃_0 + ∫_t 0 e^{−iA(t−s)} P_c^A { e^{iθ}UΠF^♯ − e^{iθ}[U, i]θ̇η } ds . (4.19)

Furthermore, it can be decomposed into η̃^{(2)} + η̃^{(3)} with η̃^{(2)} = e^{iθ}z^α~η_α, ~η_α = 1 A − 0i + [α]κ Φ_α and η̃^{(3)} satisfies the equation (4.14). For Theorem 1.1 the boundary conditions are a(∞) = 0 = b(∞) 0 < |z_0| ≤ ϵ_0 (4.20) ‖η_0‖_H2_{∩W} 2,1_(R3_) ≤ |z_0|^2 We now collect a few properties of the operator U. We can expand U_± in order of λ as U_+ = 1 + O(λ), U_− = O(λ).

Notice that P_c^A Uc_2u_+ = O(λ^2) since Uu_+ is almost orthogonal to H_c(A). Hence we have Φ_{20} = − P_c^A Πϕ_{20} + O(λ^2), Φ_{11} = O(λ), Φ_{02} = O(λ^2) .

We may decompose U^{−1} = U^⋄_+ + U^⋄_−C, U^⋄_± =^1_2 (BA^{−1/2} ± B^{−1}A^{1/2}) . (4.21) then η^{(2)} = ( U^⋄_+ + U^⋄_−C ) z^α ~η_α = z^2η_{20} + zz̄η_{11} + z̄^2η_{02} , where η_{20} = U^⋄_+~η_{20} + U^⋄_−~η_{02}, η_{11} = U^{−1} ~η_{11}, η_{02} = U^⋄_+~η_{02} + U^⋄_−~η_{20} .

If we expand U_+ = 1 + O(λ), U_− = O(λ), U^⋄_+ = 1 + O(λ), U^⋄_− = O(λ), then we get

η_{20} = ~η_{20} + O(λ^2) = −1 A − 0i − 2κ P_c^A Πϕ_{20} + O(λ^2) , η_{11} = O(λ) , η_{02} = O(λ^2) .

5 Estimates of dispersive wave

We now estimate solutions to the equations (2.5) with the decompositions into main oscillatory and higher order terms in section 4. We first need to choose a suitable norm. Define {t} = ε^{−2} + 2Γt, {t} ∼ max { ε^{−2}, t } .

and M(T ) := sup_{0≤t≤T} { {t}^{1/2} |z(t)| + {t}^{3/4−σ} ‖η(t)‖_L4 + {t}^{1+σ/4} ‖ ‖η^{(3)}(t) ‖ ‖_{L2loc} }

Recall that b, the slow oscillation part of a, is defined via (4.15) and satisfies the equation (4.16). We assume that the function b is in the following space B_T :

B_T = { b(t) : |b(t)| ≤ D {t}^{−1} , 0 ≤ t ≤ T } , (5.1)

where D = 2B_{22}/Γ is some constant. The precise form of the constant is not important, it merely has to be an order one constant bigger than the true behavior of b which we shall derive. The class B is nonempty since it contains the constant function 0.

Our setting is thus given at the end of section 4 except we now assuming the estimate (5.1) on b (and thus on a too) up to time T . From now on, we fix T .

Theorem 5.1 Suppose η, h, a, θ, z are solutions to the equations (2.5). Assuming the estimate (5.1) on b, we have M(t) ≤ 2 for all t ≤ T .

Moreover, if we further assume |z_0| = ε > 0 and ‖η_0‖ ≤ |z_0|^{2+σ}, then |z(t)| ≥ c {t}^{−1/2}.

Our strategy is to show that M(0) ≤ 3/2 and that M(t) ≤ 3/2 if M(t) ≤ 2. By continuity of M(t), this would imply that M(t) ≤ 3/2 for all t ≤ T . So for the rest of this and next sections, we shall use freely that M(t) ≤ 2 to prove that M(T ) ≤ 3/2. The proof of this theorem will be completed after Lemma 6.1. We now start the proof.

Due to the presence of the non-local term h^3 in F , we first need a global norm estimate on η, which we choose to be ‖η(t)‖_L4 . Our goal is to prove that ‖η(t)‖_L4 ≤ C {t}^{−3/4} log {t} which agrees with that of free evolution.

We first recall some basic facts concerning the Schrödinger equation which provide some useful feeling on the size of various quantities. Since we shall proceed with iteration scheme, our a, z and η do not solve the Schrödinger equation and we will not use these facts.

The H^1 norm of ψ_t is uniformly bounded if λ is sufficiently small. (It can be proved by using the conservation of the Hamiltonian and the Gagliado-Nirenberg inequality.) Hence ‖h(t)‖_H1 is uniformly bounded since h = ψe^{iθ} − Q. Assuming z(t) is bounded, then ζ(t) and η(t) are both bounded in H^1, uniformly in t, since ζ = zu_+ + z̄u_− and η = h − ζ.

Return to a global estimate for η. Since η = U^{−1}e^{−iθ}η̃ and U is bounded in Sobolev spaces, for the purpose of estimation we can treat η and η̃ the same. Recall [U, i] is a local operator satisfying the estimate at Lemma 3.3.

We will need the following calculus lemma: Lemma 5.2 Let 0 < d < 1 < m. {t} ≡ ε^{−2} + 2Γt. ∫_t 0 |t − s|^{−d} {s}^{−m} ds ≤ Cε^{2m−2} {t}^{−d} . Also, ∫_t 0 |t − s|^{−d} {s}^{−1} ds ≤ C {t}^{−d} log(ε^2 {t}) . If, instead, d ≥ m > 1, ∫_t 0 ⟨t − s⟩^{−d} {s}^{−m} ds ≤ C {t}^{−m} . Proof. Denote the first integral by (I). If t ≤ ε^{−2}, then {t} ∼ ε^{−2} and (I) ∼ ∫_t 0 |t − s|^{−d}ε^{2m} ds . ε^{2m}ε^{−2(1−d)} = ε^{2m−2}ε^{2d} ∼ ε^{2m−2} {t}^{−d} . If t ≥ ε^{−2}, then {t} ∼ 2Γt and (I) ≤ ∫_{t/2} 0 Ct^{−d} {s}^{−m} ds + ∫_t t/2 C|t − s|^{−d}C {t}^{−m} ds ≤ Ct^{−d}ε^{2(m−1)} + Ct^{1−d} {t}^{−m} ∼ C {t}^{−d} ε^{2(m−1)} + C {t}^{1−d−m} ≤ Cε^{2m−2} {t}^{−d} . For the second case, denote the second integral by (II). If t ≤ ε^{−2}, then {t} ∼ ε^{−2} and (II) ∼ ∫_t 0 ⟨t − s⟩^{−d} ε^{2m} ds ≤ ε^{2m} · C ∼ C {t}^{−m} . If t ≥ ε^{−2}, then {t} ∼ Γ ⟨t⟩ and (II) ∼ ∫_t 0 ⟨t − s⟩^{−d} Γ^{−m} ⟨s⟩^{−m} ds ≤ CΓ^{−m} ⟨t⟩^{−m} ∼ C {t}^{−m} . We conclude the lemma. Q.E.D.

5.1 Estimates in L^4 and L^2

Lemma 5.3 Suppose that η̃ is given by equation (4.19) and recall η = U^{−1}e^{−iθ}η̃. Assuming the estimate (5.1) on b and M(T ) ≤ 2, we have ‖η(t)‖_L4 ≤ C {t}^{−3/4} log {t} . Moreover, we have ‖η̃(t)‖_L2 ≤ ε^{1/2} . Proof. From the defining equation of η̃, we have ‖~η(t)‖_L4 ≤ C ‖~η_0‖_H1_{∩L}4/3 ⟨t⟩^{−3/4} + ∫_t 0 C|t − s|^{−3/4} {‖ ‖F^♯(s) ‖ ‖_{L4/3} + |θ̇| ‖η(t)‖_4 } ds . From the definitions of F ♯ and ζ, we have ‖ F^♯(s) ‖ L^{4/3} + | θ̇| ‖η(t)‖_4 ≤ C|θ̇| ‖ζ(t)‖_{4/3} + ‖F (s)‖_{L4/3} + C|aθ̇| , From the Holder inequality and the definition of ‖F (s)‖_L4/3 we can bound ‖F (s)‖_L4/3 by ‖F (s)‖_L4/3 ≤ C ( ‖h‖^2_L4 + |a| ‖h‖_L4 + |a|^2 + ‖ ‖h^3 ‖ ‖_{L4/3} + |a|^3) . Since ‖h^3‖_L4/3 = ‖h‖^3_L4 and ‖h(s)‖_L4 ≤ ‖ζ(s)‖_L4 + ‖η(s)‖_L4 , we have from the assumption M ≤ 2 that ‖h(s)‖_L4 ≤ C {s}^{−1/2} + C {s}^{−3/4} log {s} ≤ C {s}^{−1/2} , Therefore we have ‖F (s)‖_L4/3 ≤ C {s}^{−1} and thus ‖ ‖F^♯(s) ‖ ‖_{L4/3} ≤ C {s}^{−1} . Since ⟨t⟩^{−1} ≤ ε^{−2} {t}^{−1} and ‖η(t)‖_L4 ∼ ‖~η(t)‖_L4 , we conclude ‖η(t)‖_L4 ≤ Cε^{−3/2} ‖η_0‖_H1_{∩L}4/3 {t}^{−3/4} + ∫_t 0 |t − s|^{−3/4}C {s}^{−1} ds ≤ C {t}^{−3/4} log {t} . Here we have used Lemma 5.2 in the last integration.

We now bound ‖η(t)‖_L2 . Since d 2dt (η̃, η̃) = Re(η̃, ∂_tη̃) = Re(η̃, e^{iθ} P_c^A UΠF^♯ − e^{iθ} P_c^A [U, i]θ̇η) , we have d dt ‖η̃‖^2_L2 ≤ C ‖η̃‖_L4 · {‖ ‖F^♯(s) ‖ ‖_{L4/3} + |θ̇| ‖η(t)‖_4 } ≤ C {t}^{−3/4} log {t} C {t}^{−1} = C {t}^{−7/4} log {t} . In the second inequality we use our previous estimates. Hence

‖η̃‖^2_L2 ≤ Cε^4 + ∫_∞ 0 C {t}^{−7/4} log {t} ≤ ε , and we conclude ‖η̃(t)‖_L2 ≤ ε^{1/2} . Q.E.D.

5.2 Local decay of η^{(3)}

Recall η^{(3)} = U^{−1}e^{−iθ}η̃^{(3)} and η̃^{(3)} satisfies the equation (4.14). We want to show that η̃^{(3)} is

smaller than η̃^{(2)} locally. Define the local L^2 norm by

‖f‖_L2_{loc} = ‖ ‖⟨x⟩−β_0 f ‖ ‖ L^2

for a fixed sufficiently large β_0 > 0, which will become clear later on.

Lemma 5.4 Assuming the estimate (5.1) on b and M(T ) ≤ 2 for all T , we have ‖ ‖η̃^{(3)} ‖ ‖_{L2loc} ≤ C {t}^{−1−σ/2} ≤ Cε^{σ/2} {t}^{−1−σ/4} , ‖ ‖η^{(3)} ‖ ‖_{L2loc} ≤ Cε^σ {t}^{−1−σ/4} (5.2)

In particular, for a local function ϕ we have | |(ϕ, η^{(3)}) | | ≤ C {t}^{−1−σ/4} , (5.3) | |(ϕ, |η|^2 + |η|^3) | | ≤ C ‖η‖^2_{L2loc} + C ‖η‖_{L2loc} ‖η‖^2_{L4} ≤ C {t}^{−2} . (5.4)

Proof. We first estimate η̃^{(3)}_j appearing on the right side of the equation for η̃^{(3)} (4.14).

From the definition and the estimates Lemma 3.1 on A, we have ‖ ‖ ‖η̃^{(3)}_1 ‖ ‖ ‖_{L2loc} ≤ C ⟨t⟩^{−9/8} (‖η0‖_H1 + ‖η0‖_L8/7 ) ≤ Cε^{σ/4} {t}^{−9/8} ‖ ‖ ‖η̃^{(3)}_2 ‖ ‖ ‖_{L2loc} ≤ C {t}^{−9/8} . ‖ ‖ ‖η̃^{(3)}_3 ‖ ‖ ‖_{L2loc} ≤ C ∫_t 0 ⟨t − s⟩^{−9/8} {s}^{−3/2} ds ≤ C {t}^{−9/8} .

To estimate η̃^{(3)}_4 , we recall the definition of F^{♯♯} and rewrite

F^{♯♯} + iη^2η̄ = ( F^♯ − iz^αϕ^♯_α ) + iη^2η̄ = −i[θ̇ − c_2(z + z̄)]ζ − i { F − F^{(2)} − η^2η̄ } − [ (c_1Q, Im(F − F^{(2)})) + iaθ̇ ] R_Π .

Since M ≤ 2, we have |θ̇ − c_2(z + z̄)| ≤ C {s}^{−1}, |a| ≤ C {s}^{−1}, ‖ ‖⟨x⟩^{β0} (F − F^{(2)} − η^2η̄) ‖ ‖_{L2} ≤ C {s}^{−3/2}, and |(c_1Q, Im(F − F^{(2)}))| ≤ {s}^{−3/2}. Hence, by Lemma 3.1 we have ‖ ‖η̃(3)_4 ‖ ‖ L^2_{loc} ≤ ∫_t 0 ⟨t − s⟩^{−3/2} ‖ ‖⟨x⟩β_0 (F_{♯♯} + iη_2η̄) (s) ‖ ‖ L^2 ds ≤ ∫_t 0 ⟨t − s⟩^{−3/2} C {s}^{−3/2} ds ≤ C {t}^{−3/2} . We now consider η̃^{(3)}_5 . Denote the integrand e^{−iA(t−s)} P_c^A e^{iθ}UΠ(−iη^2η̄) by X(t, s) and

decompose the time interval into (0, t − σ) and (t − σ, t). From the triangle inequality, we

have ‖ ‖η̃(3)_5 ‖ ‖ L^2_{loc} ≤ ∫_{t−σ} 0 ‖X(t, s) ds‖_L2_{loc} + ∫_t t−σ ‖X(t, s) ds‖_L2_{loc} We can bound the L^2_{loc} norm by either L^8 or L^4 norm. Thus ‖ ‖ ‖η̃^{(3)}_5 ‖ ‖ ‖_{L2loc} ≤ C ∫_{t−σ} 0 ‖X(t, s)‖_L8 ds + C ∫_t t−σ ‖X(t, s)‖_L4 ds From Lemma 3.1, we have ‖X(t, s)‖_L8 = ‖ e^{−iA(t−s)} P_c^A e^{iθ}UΠ(−iη^2η̄) ‖ L^8 ≤ 1 |t − s|^{9/8} ‖ η^3 ‖ L^{8/7} and ‖X(t, s)‖_L4 = ‖ ‖e^{−iA(t−s)} P_c^A e^{iθ}UΠ(−iη^2η̄) ‖ ‖_{L8} ≤ 1 |t − s|^{9/8} ‖ ‖η^3 ‖ ‖_{L4/3} From the Holder inequality and the global estimate of η in Lemma 5.3 we have ‖ ‖η^3(s) ‖ ‖_{L8/7} ≤ ‖η‖^{1/2}_2 ‖η‖^{5/2}_4 ≤ Cε^{1/4} ( {s}^{−3/4} ln {s} )_{5/2} ≤ Cε^{1/4} {s}^{−7/4} , ‖ ‖η^3(s) ‖ ‖_{L4/3} ≤ ‖η‖^3_{L4} ≤ ( {s}^{−3/4} ln(2 + s)

)_3 ≤ C {s}^{−2} . If t ≥ 2ε^{−2}, then {t} ∼ t. We choose σ = t/2 and thus ‖ ‖η̃^{(3)}_5 ‖ ‖_{L2loc} ≤ C ∫_{t/2} 0 1 |t − s|^{9/8} C {s}^{−7/4} ds + C ∫_t t/2 1 |t − s|^{3/4} C {s}^{−2} ds ≤ C ∫_{t/2} 0 C {t}^{−9/8} {s}^{−7/4} ds + C ∫_t t/2 1 |t − s|^{3/4} C {t}^{−2} ds ≤ C {t}^{−9/8} (ε^{−2})^{−3/4} + C {t}^{−2} t^{1/4} ≤ Cε^{5/4} {t}^{−9/8} .

On the other hand, if t < 2ε^{−2}, then {t} ∼ ε^{−2} and we choose σ = t to get ‖ ‖ ‖η̃^{(3)}_5 ‖ ‖ ‖_{L2loc} ≤ C ∫_t 0 1 |t − s|^{3/4} C(ε^{−2})^{−2} ds ≤ Cε^4t^{1/4} ≤ Cε^{7/2} ∼ Cε^{5/4} {t}^{−9/8} . Combining two cases, we conclude ‖ ‖ ‖η̃^{(3)}_5 ‖ ‖ ‖_{L2loc} ≤ Cε^{5/4} {t}^{−9/8} . The lemma follows from all the estimates on η^{(3)}_j , j = 1, · · · , 5. Q.E.D.

6 Excited state equation and normal form

6.1 Excited state equation

Return to the basic equation (2.5) and recall the equation for ṗ: ṗ = −iμ [ (ũ_+, F ) + (ũ_−, F̄ ) + { (u_+, h) + (u_−, h̄) + c_3a }˙ θ ] , (6.1)

where c_3 = (u, R_Π), c_1 = (Q, R)^{−1}. Recall that

z, p = O(z), a, η = O(z^2), η^{(3)} = O(z^3) .

We now expand the right hand side of the equation for ṗ into terms in order of z: ṗ = μ { c_αz^α + d_βz^β + d_1bz + d_2bz̄ + P^{(4)} } (6.2)

The coefficients will be computed later on and their properties are summarized in the following lemma. The proof of this lemma is just straightforward computation and the reader can check it rather easily.

Lemma 6.1 We can rewrite the equation of p into the form (6.2) such that the coefficients d_1, d_2 and all c_α are purely imaginary. Moreover, Re d_{21} = −Γ + O(λ^3), with

Γ ≡ 2λ^2 ( Qu^2_+, Im 1 A − 0i − 2κ P_c^A ΠQu^2_+ ) ≥ 0 . (6.3)

Proof. There are two parts in p equation: (ũ_+, F )+(ũ_−, F̄ ) and { (u_+, h) + (u_−, h̄) + c_3a }˙ θ. We first consider the second part: { (u_+, h) + (u_−, h̄) + c_3a }˙ θ = { (u_+, ζ + η^{(2)}) + (u_−, ζ̄ + η̄^{(2)}) + c_3a } · · { (c_0Q, λQ^2(ζ + ζ̄ + η^{(2)} + η̄^{(2)}) + a + (c_0Q, Re F^{(2)}) } + ~P^{(4)}_2 = ( (u_+, ζ) + (u_−, ζ̄) ) · (c_0Q, λQ^2(ζ + ζ̄)) + [ (u_+, η^{(2)}) + (u_−, η̄^{(2)}) + c_3a ] · (c_0Q, λQ^2(ζ + ζ̄)) + ( (u_+, ζ) + (u_−, ζ̄) ) · [ a + (c_0Q, λQ^2(η^{(2)} + η̄^{(2)})) + (c_0Q, Re F^{(2)}) ] + P^{(4)}_2 .

Here P^{(4)}_2 denotes the remaining terms. We first observe that line 4, lines 5–6, and P^{(4)}_2 are of orders O(z^2), O(z^3) and O(z^4), respectively. Hence line 4 contributes to c_αz^α, line 5–6 to d_βz^β and d_1bz + d_2bz̄, and P^{(4)}_2 to P^{(4)}. We also observe that the coefficients in line 4 are all real. Since there is a −iμ factor in front, their contribution to c_α are purely imaginary. Next we observe that the coefficients in lines 5–6 are real except those involving η^{(2)}. The terms with lowest λ-order are:

(u_+, η^{(2)}) · (c_0Q, λQ^2(ζ + ζ̄)) + (u_+, ζ) · (c_0Q, λQ^2(η^{(2)} + η̄^{(2)})) .

The first part is of order λ^3 since (u_+, η^{(2)}) = (P^A_κ u_+ +O(λ), P_c^A η^{(2)} +O(λ^2)), with P_c^A η^{(2)} = O(λ). The second part has order λ^2 terms, but not on z^2z̄. We conclude that the contribution to Re d_{21} from the second part of p-equation. is of order λ^3. Finally we observe that line 5–6 give a term d_{1,2}bz + d_{2,2}bz̄, with real d_{1,2} = O(1) and d_{2,2} = O(λ). Since there is a −iμ factor in front, their contribution to d_1 and d_2 are purely imaginary.

Now we look at the first part of the p equation. The contribution to c_αz^α is from F^{(2)}:

−i {(ũ_+, z^αϕ_α) + (ũ_−, z̄^αϕ_α)} ,

Clearly all coefficients of z^α are purely imaginary. Together with the analysis of second part of p-equation., we know c_α are purely imaginary.

The contribution to d_1bz + d_2bz̄ is from ~F^{(3)}: −i { (ũ_+, 2λbQR(2ζ + ζ̄) + (ũ_−, 2λbQR(ζ + 2ζ̄) }

with ζ = zu_+ + z̄u_−. Hence all coefficients of bz and bz̄ are purely imaginary. Together with the analysis of second part of p equation, we know d_1 and d_2 are purely imaginary.

The contribution to P^{(4)} is from F^{(4)}: P^{(4)}_1 = −i [ (ũ_+, F^{(4)}) + (ũ_−, F̄^{(4)}) ] , and we have P^{(4)} = P^{(4)}_1 − iP^{(4)}_2 .

The contribution to d_βz^β is from F^{(3)}: −i[(ũ_+, F^{(3)}) + (ũ_−, F̄^{(3)}] .

We only consider d_{21}. A coefficient in F^{(3)} has to have imaginary part in order to have a real part contribution to d_{21}. Hence only the first group of terms in F^{(3)}, 2λQ[(ζ + ζ̄)η^{(2)}, has contribution to Re d_{21}. Also, when we decompose η^{(2)} = z^αη_α, we can disregard η_{(11)} since it is real. Now, η_{(20)} = O(λ), η_{(02)} = O(λ^2), u_+ = O(1) and u_− = O(λ), hence the main part of (Re d_{21})z^2z̄ is in −i(ũ_+, 2λQ(z̄u_+)z^2η_{(20)}) Summarizing our efforts, we have Re d_{21} = Im(u_+, 2λQu_+η_{(20)}) + O(λ^3) = Im(2λQu^2_+, η_{(20)}) + O(λ^3) = (2λQu^2_+, Im −1 A − 0i − 2κ P_c^A Πϕ_{20}) + O(λ^3) = −(2λQu^2_+, Im 1 A − 0i − 2κ P_c^A ΠλQu^2_+) + O(λ^3) . Q.E.D.

6.2 Normal form

From Lemma 3.2, we have Γ > 0.

Lemma 6.2 We can rewrite the equation (6.2) of p into a normal form: q̇ = δ_{21}|q|^2q + d_1bq + g . (6.4) where q is a perturbation of p given in the proof. The coefficient δ_{21} satisfying the relation Re δ_{21} = Re d_{21} (6.5) If we assume the estimate (5.1) on b and M(T ) ≤ 2, then the error term g(t) given by (6.11) satisfies the bound |g(t)| ≤ C_1 {t}^{−3/2−σ} (6.6) for some constant C_1. Furthermore, there is a positive constant σ such that |q(t)| is bounded by (1 − σ) {t}^{−1/2} ≤ |q(t)| ≤ (1 + σ) {t}^{−1/2} . (6.7) and hence (1 − 2σ) {t}^{−1/2} ≤ |z(t)| ≤ (1 + 2σ) {t}^{−1/2} .

Proof of Theorem 5.1 From Lemma 6.1, we have {t}^{1/2} |z(t)| ≤ (1 + 2σ) From Lemma 5.3 and Lemma 5.4 we can bound {t}^{3/4−σ} ‖η(t)‖_L4 + {t}^{1+σ/4} ‖ ‖η^{(3)}(t) ‖ ‖_{L2loc}

by Cε^{σ/4}. Since ε is small, we have proved that M(T ) ≤ 3/2 and this concludes Theorem 5.1. Q.E.D.

We now prove Lemma 6.1. Proof. We have ṗ = μ [ c_αz^α + d_βz^β + d_1bz + d_2bz̄ + P^{(4)} ] and we want to obtain the normal form (6.4). We will repeatedly use the following formula:

μ^mp^α = d dt ( μ^mp^α iκm ) − μ^mp^α iκm f_α(z) (6.8)

where, if α = (α_0α_1), (|α| = α_0 + α_1 = 2, 3, 4 · · · )

f_α(z) = (α_0 + α_1C)(p^{−1}ṗ) (6.9) = (α_0 + α_1C)z^{−1} [ c_αz^α + d_βz^β + d_1bz + d_2bz̄ + P^{(4)} ]

and C denotes the conjugation operator. The formula is equivalent to integration by parts.

We first remove c_αz^α. Let

p_1 = p − c_α iκ(1 + [α]) μz^α. Since [α] is even, 1 + [α] ≠ 0. By (6.8)

ṗ_1 = ṗ − c_αμz^α − c_α iκ(1 + [α]) μz^αf_α(z)

Decomposing f_α(z) into two parts, we can write

d^+_β z^β = − c_α iκ(1 + [α]) μz^α(α_0 + α_1C)z^{−1}c_{α̃}z^{α̃} g_1 = − c_α iκ(1 + [α]) μz^α(α_0 + α_1C)z^{−1} [ d_βz^β + d_1bz + d_2bz̄ + P^{(4)} ]

and we get ṗ_1 = δ_βμz^β + d_1μbz + d_2μbz̄ + μP^{(4)} + g_1 with δ_β = d_β + d^+_β . Since d^+_β are purely imaginary, due to that c_α are purely imaginary, we have the key relation Re δ_β = Re d_β (6.10) Next we remove d_2μbz̄. Let p_2 = p_1 − μd_2bz̄ 2iκ . We have

ṗ_2 = ṗ_1 − μd_2bz̄ − μ^2d_2 2iκ (ḃp̄ + b ˙p̄) = μδ_βz^β + d_1μbz + (μP^{(4)} + g_1 + g_2) ,

where g_2 = − μ^2d_2 2iκ (ḃp̄ + b ˙p̄) . Finally we deal with δ_βz^β terms. Let

q = p_2 − ∑ β≠(21) δ_βμz^β iκ(1 + [β]) .

Note 1 + [β] ≠ 0 for β ≠ (21). We have

q̇ = ṗ_2 − μδ_βz^β + g_3 ,

with g_3 = − ∑ β≠(21)

δ_βμ^{1+[β]} iκ(1 + [β]) d dt (p^β). Hence

q̇ = δ_{21}μz^2z̄ + μd_1bz + (μP^{(4)} + g_1 + g_2 + g_3) = δ_{21}|p|^2p + d_1bp + (μP^{(4)} + g_1 + g_2 + g_3) = δ_{21}|q|^2q + d_1bq + g , where g = (μP^{(4)} + g_1 + g_2 + g_3) + δ_{21}(|p|^2p − |q|^2q) + d_1b(p − q) . (6.11) Hence we have arrived at the normal form. (Note that, although we kept ṗ and ḃ in the definition of g_2, it should be replaced by the corresponding equations (6.2) and (4.16).) Also note we have q = p − c_α iκ(1 + [α]) μz^α − μd_2bz̄ 2iκ − ∑ β≠(21) δ_βμz^β iκ(1 + [β])

. (6.12)

Finally, we can check the size of g satisfying the bound (6.6). To conclude this lemma, it remains to prove the estimate on q. But this follows from the next lemma. Q.E.D.

6.3 Decay and continuity estimates

In this subsection we present some calculus lemmas which deal with the decay of q(t) and its continuity on the error term g(t). We will write q(t) = ρ(t) e^{iω(t)} , where ρ = |q| and ω is the phase of q. Recall {t} = ε^{−2} + 2Γt, {t} ∼ max { ε^{−2}, t } . Before we proceed with proof, we first explain some simple facts of an ordinary differential equation.

Example. We consider real functions r(t) > 0 which solve

ṙ(t) = −Γr(t)^3 − ε (1 + t)^{−3} .

We have the following facts.

a. All solutions r(t) satisfy

r(t) ≤ (C + 2Γt)^{−1/2} with r(0) = C^{−1/2} .

b. There is a number r_1 such that if r(0) > r_1, then r(t) ∼ (C + 2Γt)^{−1/2}. c. There is a unique global solution r_0(t) such that

r_0(t) ∼ t^{−2} as t → ∞.

d. If r(0) < r_0(0), then r(t) = 0 in finite time. e. If r(0) > r_0(0), then ∫_∞ 0 r(s)^2ds = ∞.

Lemma 6.3 Let ε_0 > 0 be small. Suppose ρ(t) satisfy ρ̇ = −ρ^3 + g(t) , where |g(t)| < ε_0 ⟨t⟩^{−3/2−σ}, σ > 0. We can find 0 < ρ_1 ≤ ρ_2 , (depending on ε_0), such that (a) If ρ_1 < ρ(0) < ρ_2, then |ρ(t)| ∼ C ⟨t⟩^{−1/2}. (b) If 0 < ρ(0) < ρ_2, then |ρ(t)| ≤ C ⟨t⟩^{−1/2}.

The above example shows that the conclusion of (a) cannot be expected to hold if ρ(0) is too small. This is the main reason that there are two type of asymptotic behavior: the resonance dominating solutions given by case (a) and the dispersion dominating ones by (b). The proof of this lemma is elementary and similar to the next lemma and thus we omit it. Lemma 6.4 Let Γ > 0, σ > 0, and C_1 > 0 be given constants, independent of ε_0. Suppose a positive function ρ(t) satisfies ρ̇ = −Γρ^3 + g(t), , (6.13) (a) Suppose ρ(0) = ε with 0 < ε ≤ ε_0 and |g(t)| ≤ C_1 {t}^{−3/2−σ} , {t} ≡ ε^{−2} + 2Γt . Then there is a constant m = m(ε_0) > 1 such that m^{−1} {t}^{−1/2} ≤ ρ(t) ≤ m {t}^{−1/2} . Moreover, m(ε_0) → 1^+ as ε_0 → 0^+. (b) Suppose that ρ(0) ≤ ε_0 and |g(t)| ≤ C_1 {t}^{−3/2−σ}_0 , {t}_0 ≡ ε^{−2}_0 + 2Γt . Then we have for some constant C ρ(t) ≤ C {t}^{−1/2}_0 . Proof. We first prove part (a). Let ρ_+ = m {t}^{−1/2} and ρ_− = m^{−1} {t}^{−1/2}, with m > 1 to be determined. We have ρ_+(0) > ρ(0) > ρ_−(0). Moreover, ρ̇_+ = −Γm^{−2}ρ^3_+ = −Γρ^3_+ + Γ(1 − m^{−2})ρ^3_+ ≥ −Γρ^3_+ + g , if Γ(1 − m^{−2})m^3 {t}^{−3/2} ≥ C_1 {t}^{−3/2−σ} .

Also ρ̇_− = −Γm^2ρ^3_− = −Γρ^3_− − Γ(m^2 − 1)ρ^3_− ≤ −Γρ^3_− + g , if Γ(m^2 − 1)m^{−3} {t}^{−3/2} ≥ C_1 {t}^{−3/2−σ} . Since {t}^{−σ} ≤ ε^{2σ}, both inequalities hold if Γ(1 − m^{−2})m^3, Γ(m^2 − 1)m^{−3} ≥ C_1 ε^{2σ}_0 .

This is true for m > 1 arbitrarily close to 1 by choosing ε_0 sufficiently small. By comparison, we have ρ_−(t) < ρ(t) < ρ_+(t) for all t.

To prove part (b), note we can still define ρ_+ as a comparison function. Since ρ_+(0) ≥ ρ(0), the above argument still holds. Q.E.D.

The following lemma estimates the continuity of ρ in the error term g(t). Here we consider the case ρ(0) = ε > 0 only.

Lemma 6.5 Let Γ > 0, σ > 0, and C_1 > 0 be given constants, independent of ε_0. Suppose two positive function ρ_1(t) and ρ_2(t) satisfy ρ̇_i = −Γρ^3_i + g_i(t) (i = 1, 2) , ρ_1(0) = ρ_2(0) = ε , with 0 < ε ≤ ε_0 and |g_i(t)| ≤ C_1 {t}^{−3/2−σ} , |δg(t)| ≤ δ_0 {t}^{−3/2−σ} , where δg = g_2 − g_1 and δ_0 ≥ 0 is a small number. Then we have |ρ_2(t) − ρ_1(t)| ≤ δ_0ε^σ(Γσ)^{−1} {t}^{−(1+σ)/2} . Note that the decay rate is improved. Proof. Let r = δρ = ρ_2 − ρ_1. Then r satisfies ṙ = −Gr + δg, r(0) = 0, G = Γ(3ρ^2 + 3ρr + r^2) .

We have r(t) = ∫_t 0 e^{− R ts G(τ)dτ}δg(s) ds . (6.14) Note |r(t)| < ρ_+(t) − ρ_−(t), hence

G(t) ≥ Γ[3ρ^2_− − 3ρ_+(ρ_+ − ρ_−)] = 3Γ[m^{−2} − m(m − m^{−1})] {t}^{−1} ≥ 2Γ {t}^{−1} if m is sufficiently close to 1. Hence ∫_t s G(τ)dτ ≥ ∫_t s 2Γ {τ}^{−1} dτ = 2Γ ∫_t s (2Γ)^{−1} [ln {τ}]^t_{τ=s} ≥

1 + σ 2 (ln {t} − ln {s}) and e^{− R ts G(τ)dτ} ≤ {t}^{−(1+σ)/2} · {s}^{((1+σ)/2} . By (6.14) we have |r(t)| ≤ ∫_t 0 {t}^{−(1+σ)/2} {s}^{(1+σ)/2} δ_0 {s}^{−3/2−σ} ds = δ_0{t}^{−(1+σ)/2} ∫_t 0 {s}^{−1−σ/2} ds ≤ δ_0ε^σ(Γσ)^{−1} {t}^{−(1+σ)/2} . Q.E.D.

7 Change of mass

For given Q_E and h_0, we want to find an a(t) = a(E, h_0; t) which satisfies a(∞) = 0, ȧ = (c_1Q, Im F (k)), |a(t)| ≤ Cλ^2 {t}^{−1} . 7.1 Decomposition of a(t)

We use the following equivalent integral equation for a(t): a(t) = ∫_t ∞ (c_1Q, Im F (k)) ds . Note k = aR + h = aR + ζ + η. We want to perform several integrations by parts so that we get the form a(t) = O(t^{−1}) + ∫_t ∞ O(t^{−2}) ds = O(t^{−1}) .

Using the decomposition of F (k), we have (c_1Q, Im F ) = A^{(2)} + A^{(za)} + A^{(zη)} + A^{(z3)} + A^{(4)} , where A^{(2)} = ( c_1Q, λQ Im ζ^2 ) A^{(za)} = (c_1Q, Im 2λaQRζ) A^{(zη)} = (c_1Q, Im 2λQζη) A^{(z3)} = ( c_1Q, Im λ|ζ|^2ζ ) A^{(4)} = ( c_1Q, Im { λQη^2 + 2λQRaη + λ [ |k|^2k − |ζ|^2ζ ]}) ,

Since ζ = zu_+ + z̄u_−, hence

Im ζ = Im z (u_+ − u_−), Im ζ^2 = (Im z^2) (u^2_+ − u^2_−) .

Therefore

A^{(2)} = C_1 Im z^2, C_1 = ( c_1Q, λQ(u^2_+ − u^2_−) ) = O(λ^2) ,

A^{(za)} = C_2 a Im z, C_2 = (c_1Q, 2λQR(u_+ − u_−)) = O(λ) .

First we integrate A^{(2)}: ∫_t ∞ A^{(2)} ds = C_1 Im ∫_t ∞ z^2 ds = C_1 Im ∫_t ∞ μ^{−2}p^2 ds

= C_1 Im 1 −2iκ { μ^{−2}p^2 − ∫_t ∞ μ^{−2}2pṗ ds }

= C_1 Re 1 2κ { μ^{−2}p^2 − ∫_t ∞ μ^{−1}2p [ c_αz^α + d_βz^β + d_1bz + d_2bz̄ + P^{(4)} ] ds }

= C_1 Re 1 2κ { z^2 − ∫_t ∞ 2z [ c_αz^α + d_βz^β + d_1bz + d_2bz̄ + P^{(4)} ] ds }

= a_{20}(z^2 + z̄^2) + ∫_t ∞ A_{2,3} + A_{2,4} ds ,

where

a_{20} =

C_1 4κ = λ 4κ ( c_1Q, Q(u^2_+ − u^2_−) ) = O(λ^2) ,

A_{2,3} = −4a_{20} Re zc_αz^α ,

A_{2,4} = −4a_{20} Re z [ d_βz^β + d_1bz + d_2bz̄ + P^{(4)} ] . As it will become clear, we will have a ≤ O(z^2) and it has two sources of contribution:

one is from the term a_{20}(z^2 + z̄^2), which has strong oscillation; another part b (4.15) has slower oscillations. Before we can handle b, we first need to integrate A^{(za)}: ∫_t ∞ A^{(za)} = ∫_t ∞ C_2a Im z

= C_2 Im 1 −iκ { az − ∫_t ∞ μ^{−1} d dt (ap) }

= C_2 Re 1 κ { az − ∫_t ∞ z(c_1Q, Im F ) + a(c_αz^α + d_βz^β + d_1bz + d_2bz̄ + P^{(4)}) }

= c_{za}a(z + z̄) + ∫_t ∞ A_{za,3} + A_{za,4} ds , where

c_{za} = C_2 /(2κ) = (c_1Q, 2λQR(u_+ − u_−)) /(2κ) = O(λ)

A_{za,3} = c_{za} Re z(c_1Q, Im F^{(2)})

A_{za,4} = c_{za} Re { z(c_1Q, Im(F − F^{(2)}) ) + a(c_αz^α + d_βz^β + d_1bz + d_2bz̄ + P^{(4)}) }

We now integrate A^{(zη)}. Recall η = U^{−1}η^⋄ = U^{−1}e^{−iθ}η̃. Let U^{−1}(f_1 +if_2) = U_1f_1 +iU_2f_2, where U_1 = BA^{−1/2} and U_2 = B^{−1}A^{1/2} are self-adjoint. Then

A^{(zη)} = (c_1Q, Im 2λQζη) = ∫ dx 2c_1λQ^2 Im ζη = ∫ dx 2c_1λQ^2 Im { (Re zu + (Im z)iv)U^{−1}η^⋄ }

= ∫ dx 2c_1λQ^2u(Re z)U_2 Im η^⋄ + 2c_1λQ^2v(Im z)U_1 Re η^⋄ = ∫ dx ϕ_2(Re z) Im η^⋄ + ϕ_1(Im z) Re η^⋄

where ϕ_2 = U_2(2c_1λQ^2u), ϕ_1 = U_1(2c_1λQ^2v),

and both are real. Hence

A^{(zη)} = ∫ dx ϕ_2 1 2 (z + z̄) 1 2i (η^⋄ − η^⋄) + ϕ_1 1 2i (z − z̄) 1 2 (η^⋄ + η^⋄)

= Im ∫ dx(ϕ_3z + ϕ_4z̄)η^⋄ , ϕ_3 = 1 2 (ϕ_1 + ϕ_2), ϕ_4 = 1 2 (−ϕ_1 + ϕ_2) .

We rewrite η^⋄(τ) = e^{−iθ}η̃ = e^{−iθ}e^{−iAτ} f(τ) where f = e^{iAτ} η̃. The reason we work with f, instead of η̃, is that those terms in^d_{dτ} f of same order (z^2) are explicit and do not involve differentiation. Now we have ∫_t ∞ A^{(zη)} = Im ∫_t ∞ (ϕ_3, zη^⋄) + (ϕ_4, z̄η^⋄) dτ

= Im ∫_t ∞ ( ϕ_3, e^{−iτ(A+κ)} ( pe^{−iθ}f )) dτ + Im ∫_t ∞ ( ϕ_4, e^{−iτ(A−κ)} ( p̄e^{−iθ}f )) dτ We deal with the first integral, which is equal to (note f ∈ H_c(A))

= Im ( ϕ_3, 1 −i(A + κ) e^{−iτ(A+κ)} ( pe^{−iθ}f ) )

− Im ∫_t ∞ ( ϕ_3, 1 −i(A + κ) e^{−iτ(A+κ)} d dτ ( pe^{−iθ}f ) ) dτ = Re ( 1 A + κ P_c^A Πϕ_3, ze^{−iθ}η̃ )

− Re ∫_t ∞ ( 1 A + κ P_c^A Πϕ_3, { (ṗ/p − iθ̇)ze^{−iθ}η̃ + ze^{−iθ} P_c^A [ e^{iθ}UΠF^♯ − e^{iθ}[U, i]θ̇η ]}) dτ = Re (ϕ_5, zη^⋄) − Re ∫_t ∞ ( ϕ_5, { (ṗ/p − iθ̇)zη^⋄ + z P_c^A [ UΠF^♯ − [U, i]θ̇η ]}) dτ where ϕ_5 = 1 A + κ P_c^A Πϕ_3 .

We are careful in adding P_c^A Π so that ϕ_5 makes sense. We can do so since f ∈ H_c(A).

Similarly, the second integral is equal to

= Re (ϕ_6, z̄η^⋄) − Re ∫_t ∞ ( ϕ_6, { (ṗ/p − iθ̇)z̄η^⋄ + z̄ P_c^A [ UΠF^♯ − [U, i]θ̇η ]}) dτ (7.1)

with ϕ_6 = 1 A − κ P_c^A Πϕ_4 .

We can rewrite their leading terms in the form

Re(ϕ_5, zη^⋄) + Re(ϕ_6, z̄η^⋄) = Re(zϕ_7 + z̄ϕ_8, η).

We get η from η^⋄ by a similar argument as before.

We also need to extract terms of order z^3 from the integrand of the remainder. They are from F^♯:

A_{zη,3} := Re(ϕ_5, z P_c^A UΠ(−iz^αϕ^♯_α)) + Re(ϕ_6, z̄ P_c^A UΠ(−iz^αϕ^♯_α)) ( ϕ^♯_α are defined in subsection 5.2.) Clearly they can be written as a sum of z^β, with |β| = 3. There is no a or η involved. We denote the others terms by A_{zη,4}. Note, although e^{iθ} appears in the computation, it does not show up in the last line.

Summarizing, we have

a = a_{20} ( z^2 + z̄^2 ) + c_{za}a(z + z̄) + Re(zϕ_7 + z̄ϕ_8, η) (7.2) + ∫_t ∞ A^{(z3)} + A_{2,3} + A_{(za,3)} + A_{(zη,3)} + A^{(4)} + A_{2,4} + A_{(za,4)} + A_{(zη,4)} ds (7.3)

We now write A^{(z3)} + A_{2,3} + A_{(za,3)} + A_{(zη,3)} = A_βz^β .

where A_β is the coefficient for z^β and can be computed from the left side of the equation. Since this term is of lower, we will not precise estimates on A_β. From integration by parts, we have ∫_t ∞ A_βz^β ds = a_βz^β − ∫_t ∞ a_βz^βf_β(z) ds, a_β = A_β i[β]κ . where f_β is defined in (6.9). Note [β] ≠ 0. Also note a_β = a¯_β.

Let a^{(4)} denote the total of the remaining integrals. We have

a(t) = a_{20}(z^2 + z̄^2) + a_βz^β + c_{za}a(z + z̄) + Re(zϕ_7 + z̄ϕ_8, η) + a^{(4)} (7.4) a^{(4)} = ∫_t ∞ A^{(4)} + A_{2,4} + A_{(za,4)} + A_{(zη,4)} − a_βz^βf_β(z) ds . (7.5)

It will be important to consider terms of order z^4, i.e., terms of the form

z^4, a^2, η^2, z^2a, z^2η, aη, zη^{(3)},

in the integrand of a^{(4)}. We are interested in those terms involving a.

We have the following Lemma.

Lemma 7.1 In the integrand of a^{(4)} (7.5), the only terms of order O(z^4) and involving a can be sumed in the form a(cz^2 + cz^2). Terms without the oscillation factor μ, i.e., a^2 and a|z|^2, do not occur. Also, we do not have terms of the form (zϕ + z̄ϕ, η^{(3)}).

Proof. Notice that the terms of order z^4 in the integrand of a^{(4)} (7.5), the function η^{(3)} does not appear explicitly. On the other hand, η^{(3)} can occur if we replace η substitute η by its decomposition z^αη_α + η^{(3)}. But we can check the terms resulting from such substitutions are of the form (ϕ, η^{(3)})a for some function ϕ. This proves the last statement of the lemma.

To verify the first statement, we inspect the terms in its integrand in the order: A^{(4)}, A_{2,4}, A_{za,4}, A_{zη,4}, and a_βz^βf_β(z).

1. In A^{(4)}, terms involving a are in (c_1Q, 2λQRa Im η) + (c_1Q, λ(aR + h)(aR + h̄) Im h) . those of order z^4 are

(c_1Q, 2λQRa Im η^{(2)}) = (c_1Q, 2λQRa Im(z^2η_{20} + z̄^2η_{02})) (c_1Q, λaR(ζ + ζ̄) Im ζ) = (c_1Q, λaR Im(z^2u^2_+ + z̄^2u^2_−)) .

Terms with |z|^2 are killed by the operator Im, (η_{11} and u_+u_− are real), and there is no a^2 term.

2. In A_{2,4} = −4a_{20} Re z [ d_βz^β + d_1bz + d_2bz̄ + P^{(4)} ] , d_2bz̄ is killed by the Re since d_2 is purely imaginary. We do get a term −4a_{20} Re zd_1bz, which does not give b^2 or b|z|^2 terms.

3. In A_{za,4} = c_{za} Re { z(c_1Q, Im(F − F^{(2)}) ) + a(c_αz^α + d_βz^β + d_1bz + d_2bz̄ + P^{(4)}) } , the terms of order z^4 and involving a are

c_{za} Re z(c_1Q, Im 2λQRaζ) = c(z + z̄)a Im z = ca Im z^2 c_{za} Re ac_αz^α = c_{za}a Re(c_{20}z^2 + c_{02}z̄^2)

here we have removed c_{11}|z|^2 since it is purely imaginary.

4. In A_{(zη,4)}, from the first integral, the terms of order z^4 and involving a come from F^♯. They are Re ( ϕ_5, z P_c^A UΠ { iaζ − i2λaQR(2ζ + ζ̄) − [(c_1Q, 2λaQR Im ζ) − iac_2(z + z̄)] R_Π }) where c_2 = (c_0Q, λQ^2(u_+ + u_−)) is real. There is a similar copy from the second integral. We first observe that there is no a^2 term. Then we compute to see there is no |z|^2a term. (The key is that every z and z̄ inside the { } is accompanied by an i. When we expand it out, izz̄a is killed by the Re operator in front.)

5. In a_βz^βf_β(z), all terms of order z^4 are of the form z^γ , |γ| = 4. Hence no a^2 and a|z|^2 terms.

We conclude that all terms in the integrand of a^{(4)} of order z^4 and involving a can be summed as a Re cz^2, with a complex constant c. Q.E.D.

7.2 Equation for b(t)

It turns out that the function a(t) is not ideal for the iteration. The main reason is its strong oscillation. As defined in (4.15), we write

a = a_{20}(z^2 + z̄^2) + b

and work with b. The benefit is that, although a(t), b(t), ȧ(t) ∼ z^2, but ḃ ∼ z^3, see (4.16). In other words, b(t) is the part of a(t) that has no strong oscillation. Another related reason for using b(t) is that δa(t) ∼ δ_0 {t}^{−1} log {t} , δb(t) ∼ δ_0 {t}^{−1} . To obtain the above result, we need to expand b further.

1. We substitute (4.15) into the equations of a(t), (7.2)–(7.3). We find that the function b(t) is of the form b = cb(z + z) + ∑ |β|=3 cz^β + Re(zϕ_7 + z̄ϕ_8, η) + ∫_t ∞ z^4 + η^2 + z^2η + z^2b + bη + O(z^5) dτ

We have ignored the complex constant factors in each term. Notice we do not have b^2, |z|^2b and zη^{(3)} in the integrand, due to the discussion in last subsection.

2. Next, we substitute of η = z^αη_α + η^{(3)} into the order z^4 terms, and z^4 terms only. In other words, we substitute η = z^αη_α + η^{(3)} into terms of the form z^2(ϕ, η) and (ϕ, η^2). (We already did so for terms of the form b(ϕ, η).) Then in terms of order z^4 we no longer see η.

3. Finally, in the integrand, all terms of order z^4 are of the form z^γ , |γ| = 4, and b Re cz^2. Now we integrate out b Re cz^2, Re ∫_t ∞ bcz^2 = Re bcz^2 −2iκ − Re ∫_t ∞ cμ^{−2} −2iκ d ds (bp^2) ds where d ds (bp^2) = ḃp^2 + 2bpṗ = O(z^5) .

We also integrate out terms z^γ with |γ| = 4, γ ≠ (22): Re ∫_t ∞ cz^γ = Re cz^γ [γ]iκ − Re ∫_t ∞ cμ^{[γ]} [γ]iκ d ds (p^γ) ds = Re cz^γ [γ]iκ − Re ∫_t ∞ O(z^5) ds . 4. Now we arrive at the form

b = Re { bz + bz^2 + z^3 + z^2z̄ + z^4 + z^3z̄ } + Re(zϕ_7 + z̄ϕ_8, η) + ∫_t ∞ B_{22}|z|^4 + B_5(z, b, η^{(2)}, η^{(3)}) dτ . (7.6)

Here B_5 is a complicated polynomial in its arguments, which including U, U^{−1} and ((A − κ)^{−1}ϕ, ·). It is of order O(z^5). We have ignored the constant factors in each term in the last expression of b. Note that B_5 does not contain e^{iθ}. (Its only appearance in this section is in the integration of A^{(zη)}, but we already observed that it disappears in the end.) We notice that the leading term in (7.6) is ∫_t ∞ B_{22}|z|^4.

We have obtained the main estimate Theorem 5.1 assuming the estimate (5.1) on b. We now need to prove the existence of the solution and check the assumption on b. Define the mapping

S(b)(t) = Re { bz + bz^2 + z^3 + z^2z̄ + z^4 + z^3z̄ } + Re(zϕ_7 + z̄ϕ_8, η) + ∫_t ∞ B_{22}|z|^4 + B_5(z, b, η^{(2)}, η^{(3)}) dτ . (7.7)

Recall the class B_T of b

B_T = { b(t) : |b(t)| ≤ D {t}^{−1} , 0 ≤ t ≤ T } , (7.8)

where D = 2B_{22}/Γ is some constant. Our goal is to show that S(b) maps B_T into itself. More precisely, we have the following Lemma.

Lemma 7.2 Suppose that M(t) ≤ 2 and |b(t)| ≤ D {t}^{−1} , 0 ≤ t ≤ T . Then we have |S(b)(t)| ≤ C_1(D) {t}^{−3/2} + B_{22} 2Γ {t}^{−1} ≤ D {t}^{−1} . Hence S map B_T to itself.

The following bound on B_{22} will be essential in Section 9.

Lemma 7.3 B_{22} = O(λ^4) .

Note that, if this is true, then

a = O(a_{20}z^2) + O(B_{22}z^2/Γ) = O(λ^2z^2), aR = O(λz^2).

Hence all coefficients of the r.s. of ȧ, (c_1Q, Im F ), are of order O(λ^2). In fact, those terms involving R = O(λ^{−1}) are of order O(λ^3), hence the estimates in the order of λ can be closed. Moreover, In F , although coefficients of terms in F^{(2)} are of order O(λ), the only term in F^{(3)} which is not of order O(λ^2) is from λ|ζ|^2ζ, namely the term λu^3_+z^2z̄. (Note aR = O(λ) and η_α = O(λ).) Hence when we consider the coefficients from F^{(3)}, it is often sufficient to consider the term λu^3_+z^2z̄.

Proof. Recall B_{22} is the coefficient of |z|^4 in the remainders when we integrate out the O(z^4) terms in a^{(4)} (see (7.5)), i.e., in

A^{(4)} + A_{2,4} + A_{(za,4)} + A_{(zη,4)} − a_βz^βf_β(z) .

We inspect the term |z|^4 from each term above. Note that, since ȧ = (c_1Q, Im F ), the operator Im elliminates many |z|^4 terms, although the coefficients of other powers of z, say z^3z̄, may be of a larger power.

From A^{(4)}, the contribution to the coefficient of |z|^4 is from (c_1Q, λ Im η_{20}η_{02}) = O(λ^4) and (c_1Q, λRa_{20}η_{20}) = O(λ^4).

From A_{2,4} we have −4a_{20} Re zd_βz^β. The coefficient of |z|^4 is −4a_{20}(Re d_{12}) = O(λ^4). (Note d_{12} = O(λ^2) although d_{21} = O(λ).)

From A_{(za,4)}, since c_{za} = O(λ) and c_1 = O(λ), the only term which is not of right order is from the term λu^3_+z^2z̄. We can check that it does not contribute to the coefficient of |z|^4.

From A_{(zη,4)}, the remainders are in the integrands of (7.1) and the other integral above it. Note that ϕ_5 and ϕ_6 are of order O(λ^2). Since ṗ/p, θ̇, and η all have λ in the coefficients of their leading terms, the only possible trouble is from F^{♯♯}, where the only term which is of order z^3 but without a factor λ^2 in its coefficient is the term λ|ζ|^2ζ, with the leading term λu^3_+z^2z̄. Since all other terms’ coefficients are of order λ^2 and this term does not contribute to |z|^4 in the end, the contribution from A_{(zη,4)} to B_{22} is of order λ^4.

Finally, for a_βz^βf_β(z), since the leading coefficients in f_β are c_α = O(λ), we would like to show that most a_β are of the order O(λ^3). Recall that a_β = A_β/(i[β]κ) and A_βz^β = A^{(z3)} + A_{2,3} + A_{za,3} + A_{zη,3}. Now A_{2,3} = O(a_{20}c_αz^3) = O(λ^3z^3), A_{za,3} = O(c_{2a}c_1λz^3) = O(λ^3z^3), A_{zη,3} = O(ϕ_5, ϕ_6) · O(ϕ^♯_αz^3) = O(λ^3z^3), and A^{(z3)} = (c_1Q, Im λu^3_+z^2z̄) + O(λ^3z^3). Hence the only trouble term is (c_1Q, Im λu^3_+z^2z̄). Note that the integrand in the remainder, (c_1Q, λu^3_+) Im z^2z̄^1_{i[21]κ} f_{21}(z), has no |z|^4 term due to the operator Im, hence the contribution from a_βz^βf_β(z) to B_{22} is of order λ^4. The proof is complete. Q.E.D.

Assuming the previous bound on b, we can also estimate θ. Since θ is defined by

θ(t) = S_3(b)(t) = [c_2/κ(z + z̄)]^t_0 + ∫_t 0 F_θ(s) ds we have |θ(t)| ≤ C log {t} . This estimate will not be used in the rigorous proof, but it provides an idea about its size.

8 Contraction map

We review what we have so far. Up to now, we have not shown the existence of the solution to the equations setup in section 4 with the boundary condition (4.20). Notice we cannot conclude this from the existence to the Schrödinger equation as the boundary condition of a is set at the time t = ∞ (4.20). We have obtained the main estimate Theorem 5.1 assuming the estimate (7.8) on b. We also proved a bound on the map S in Lemma 7.2, again, assuming an estimate on b. We now need to prove the existence of the solution and prove this bound on b. We shall achieve both goals simultaneously by proving the map S is a contraction map on the space B = B_{T =∞}. Once we have proved this, we have constructed rigorously the solution needed in part (1) of Theorem 1.1 and established all the upper bounds in part (1). To conclude part (1) of Theorem 1.1, it remains to prove the lower bound in ζ. The size of ζ is given by z and thus by ρ. From part (s) of Lemma 6.4, we conclude the lower bound of ζ provided that we can check the bound on g. Since g is given explicitly in (6.12) and we can estimate all terms in g from the upper bounds in part (1) of Theorem 1.1. This concludes part (1) of Theorem 1.1 assuming that S is a contraction on the space B. The rest of this section is a proof that S is a contraction.

We first recall the setting. For each b ∈ B, we can solve our system to get

z, p, q = S_1(b), η = S_2(b), θ = S_3(b) .

More specifically, for fixed E and h_0 ⊥ Q, our system is q̇ = δ_{21}|q|^2q + ic_4bq + g(b, η, θ; t) , q = p + O(z^2), given by (6.12), z = μ^{−1}p , q(0) given by p(0) = z(0) = (v, Re h_0) + i(u, Im h_0) , η̃(t) = e^{−iAt}η̃_0 + ∫_t 0 e^{−iA(t−s)} P_c^A { e^{iθ}UΠF^♯ − e^{iθ}[U, i]θ̇η } ds , η = U^{−1}e^{−iθ}η̃, η(0) = P_c^L h_0 , θ(t) = θ_0 + (c_2/κ) [z + z̄]^t_0 + ∫_t 0 F_θ(b, η, θ; s) ds . Note F^♯ is given by (4.8), and that q = p + cμz^α + cμbz̄ + cμz^β, for some constants c. In this system all a are already replaced by a_{20}(z^2 + z̄^2) + b. Hence we do not have a. We will also write ρ = |q|, q = ρ e^{iω} . From the equation of q we can write ω explicitly as ω(t) = ∫_t 0 [ Im δ_{21}ρ^2 + c_4b + Im(g/q) ] ds (8.1) Assuming the estimate on b in Lemma 7.2, we can bound ω by |ω(t)| ≤ C log {t} . This provides an idea on the size of ω, but we shall not need it in the following rigorous proof for b.

Return to the proof that S(b) is a contraction. Given b, b^′ ∈ B, we can define z, η, θ and z^′, η^′, θ^′ correspondingly. We use δ to denote the difference of quantities in these two sets. For example, δb = b − b^′, δη = η − η^′, δ|z| = |z| − |z^′| . If |δb(t)| ≤ δ_0 {t}^{−1} , we want to show |δS(b)(t)| ≤^1_2δ_0 {t}^{−1} . (8.2) Let us define N(T ) = sup_{0≤t≤T} { {t}^{1/2+σ} |δ|z|(t)| + {t}^{1/2} (log {t})^{−1} |δz(t)| + {t}^{3/4−σ} ‖δη(t)‖_L4 + {t}^{1+σ/4} ‖ ‖δη^{(3)}(t) ‖ ‖_{L2loc} + (log {t})^{−1} |δθ(t)| }

The key here is that δ|z| has a faster decay than |z|. We first want to show that N(T ) ≤ Cδ_0 uniformly for all T . Our strategy is to show that N(T ) ≤ Cε^σN(T ) + Cδ_0 (8.3) for all T . After this is proved, by choosing ε_0 sufficiently small we have N(T ) ≤ Cδ_0. We also have |δS(b)(t)| ≤ {t}^{−1} N {t}^{−1/2} log {t} + {t}^{−1/2} δ_0 {t}^{−1} + ∫_t ∞ {s}^{−3/2} N {s}^{−1/2−σ} + {s}^{−2−σ} (N + δ_0) ds ≤ Cδ_0 {t}^{−1−σ} ≤^1_2δ_0 {t}^{−1} which shows (8.2). Now we focus on proving (8.3).

Let t ≤ T . We will write N = N(T ). Also, when we say things like |δ(ρ^2)| ≤ C|ρδρ|, what we really means is |δ(ρ^2)| ≤ C|ρδρ| + C|ρ^′δρ|. 1. We first estimate δg. By (6.11) and the definitions of P^{(4)}, g_1, g_2, and g_3, we have |δg(t)| ≤ C(N + δ_0) {t}^{−3/2−σ} Note C(N + δ_0) ≤ C_1 if δ_0 is sufficiently small. Hence m^{−1} {t}^{−1/2} ≤ ρ(t), ρ^′(t) ≤ m {t}^{−1/2} . By Lemma 6.5, |δρ(t)| ≤ C(N + δ_0)ε^σ {t}^{−(1+σ)/2} 2. From the equation for ω (8.1), we can bound the variation of ω by |δω(t)| ≤ ∫_t 0 C|δ(ρ^2)| + C|δb| + C|δg| {s}^{1/2} + C|g/q^2||δq| ds ≤ ∫_t 0 C {s}^{−1−σ} ε^σN + C {s}^{−1} δ_0 + C(N + δ_0) {s}^{−3/2−σ+1/2} + C(N + δ_0) {s}^{−3/2−σ+1} N {s}^{−1/2} log {s} ds ≤ [Cε^σN + Cδ_0] log {t} Hence the variation of z is bounded by |δz(t)| ≤ |ρδω| + |δρ| ≤ (Cε^σN + Cδ_0) {t}^{−1/2} log {t} . 3. Since θ(t) = c_2[(z + z̄)]^t_0 + ∫_t 0 F_θ ds, we have |δθ(t)| ≤ C|δz| + ∫_t 0 δF_θ ds ≤ (Cε^σN + Cδ_0) log {t} .

4. To estimate δη, δη = ∫_t 0 e^{−iA(t−s)} P_c^A δ { e^{iθ}UΠ [ F^♯ + iη^2η̄ ] − e^{iθ}[U, i]θ̇η } ds we note ‖ ‖ ‖δ { e^{iθ}UΠF^♯ − e^{iθ}[U, i]θ̇η } (s) ‖ ‖ ‖_{L4/3} ≤ C|δθ| {s}^{−1} + (Cε^σN + Cδ0) {s}^{−1} hence ‖δη(t)‖_L4 ≤ ∫_t 0 C |t − s|^{3/4} (Cε^σN + Cδ_0) {s}^{−1} log {s} ds ≤ Cε^σ(N + δ_0) {s}^{−3/4+σ} 5. To estimate δη^{(3)}, δη̃^{(3)}(t) = − ∫_t 0 e^{−iA(t−s)} { μ^{[α]}δ { d ds (e^{iθ}p^α) } ~η_α } ds + ∫_t 0 e^{−iA(t−s)} P_c^A δ { e^{iθ}UΠ [ F^{♯♯} + iη^2η̄ ] − e^{iθ}[U, i]θ̇η } ds + ∫_t 0 e^{−iA(t−s)} P_c^A δ { e^{iθ}UΠ(−iη^2η̄) } ds = δη̃^{(3)}_3 + δη̃^{(3)}_4 + δη̃^{(3)}_5 .

Hence ‖ ‖δη̃^{(3)}(t) ‖ ‖_{L2loc} ≤ (Cε^σN + Cδ_0) {s}^{−1−3σ/4} Note that we estimated ‖η‖_L2 in section 5 in order to estimate ‖|η|^2η‖_L8/7 , which is used in

estimating ‖ ‖ ‖η̃^{(3)}_5 ‖ ‖ ‖_{L2loc} . However, we do not need ‖δη‖_L2 here since ‖ ‖δ(|η|^2η) ‖ ‖_{L8/7} ≤ C ‖η‖^{1/2}_{L2} ‖η‖^{3/2}_{L4} ‖δη‖_{L4} . Compare with Subsection 5.3. Other estimates are similar to those in that subsection.

Since η^{(3)} = U^{−1}e^{−iθ}η̃^{(3)}(t), ‖ ‖δη^{(3)}(t) ‖ ‖_{L2loc} ≤ |δθ| ‖ ‖η̃^{(3)}(t) ‖ ‖_{L2loc} + ‖ ‖δη̃^{(3)}(t) ‖ ‖_{L2loc} ≤ Cε^{σ/4}(N + δ_0) {s}^{−1−σ/2} 5. Summarizing, we have shown (8.3). Choosing ε_0 sufficiently small we have N ≤ Cδ_0.

6. The above shows that the map S(b) is a contraction mapping. hence there is a fixed

point b = S(b), which gives us a solution.

9 Dynamical renormalization of mass

As explained in the introduction, we expect that the solution to be of the form

ψ(t) = [Q_{E(t)} + h(t)]e^{iΘ(t)}

with a changing E(t), and we use [Q_E + aR_E + h]e^{iΘ(t)} as an approximation. In Theorem 5.1 we conclude that M(T ) ≤ 2 assuming |b(t)| ≤ D {t}^{−1} for t ∈ [0, T ]. We cannot extend this result beyond T . The reason is that, since E(t) is changing and we expect that E(t) will converge to some E_∞ which is likely to be different from E(0), after certain time [Q_E + aR_E + h]e^{iΘ(t)} is no longer a good approximation and |a(t)| will no longer decay. To overcome this difficulty, for each time step T = kΔT , we propose to re-choose E = E_k so that the new a(t) satisfies a(T ) = 0. Then we prove that the new a(t) has the same estimate as the old a(t) if our time increment ΔT is sufficiently small. Then we estimate the change of E(t), especially taking into account of its oscillation, by studying a(t), and prove that E(t) does converge. The rest of the proof essentially follows that of Theorem 1.1.

9.1 Renormalization lemma

Lemma 9.1 Suppose ‖ψ − Q_E‖_2 ≪ 1, then we can rewrite

ψ = ((1 + a)Q_E + k)e^{iθ} = (Q_E + a^′R_E + h)e^{iθ}

uniquely with h, k ⊥ Q. Moreover, a, a^′, θ, k and h are small.

Proof. First we can write ψ = (1 + α)Q_E + k_1, with k_1 ⊥ Q_E, and α a complex number. Since ψ − Q_E is small, α and k_1 are both small. Hence we can find small real a and θ such that (1 + α) = (1 + a)e^{iθ}. Let k = k_1e^{−iθ}. Then we have ψ = ((1 + a)Q_E + k)e^{iθ}. We have R_E = c^{−1}_1 c_0Q_E + Π_ER_E, and hence aQ_E = c_1c^{−1}_0 a(R_E − Π_ER_E). Let a^′ = c_1c^{−1}_0 a and h = k − a^′ Π_ER_E. We have h ⊥ Q_E and aQ_E + k = a^′R_E + h. Q.E.D. Let W = H^2 ∩ W^{2,1}(R^3 ) .

Lemma 9.2 Let τ_0 and δ_0 be sufficiently small and suppose E ∈ I_λ with dist(E, ∂I_λ) > Cτ_0λ. Suppose that ψ = [Q_E + aR_E + h] e^{iΘ}, with |λ^{−1}a| = τ < τ_0, ‖h‖_W = δ < δ_0. Then we can find ~E with | ~E − (E + a)| ≤ τλ/2 such that, if we write uniquely

ψ = [Q_{eE} + ~aR_{eE} + ~h] e^{ieΘ}, ~h ⊥ Q_{eE} (9.1) using Lemma 9.1, then ~a = 0 and we have ‖ ‖ ‖h − ~h ‖ ‖ ‖_W < τ/2, and |Θ − ~Θ| < τ/2. In fact, ( ~E, ~Θ) is the unique solution of ( ψ − Q_E0 e^{iΘ}0 , Q_E0 ) = 0 , (|E − E^′| ≤ 2λτ_0), (9.2)

for ‖ψ − Q_E‖_W sufficiently small.

Proof. We will define a sequence {E_k}_{k=1,2,3···} which converges to ~E. Let E_1 = E + a. We can write uniquely ψ = [Q_{E1} + a_1R_{E1} + h_1] e^{iΘ1} , h_1 ⊥ Q_{E1} using Lemma 9.1. Denote δQ = Q_E + aR_E − Q_{E1} and δΘ = Θ − Θ_1. We have ‖Q_E − Q_{E1} ‖ ≤ O(aR) ≤ C|a|λ^{−1} ≤ Cτ, and ‖δQ‖ ≤ Ca^2(∂^2_EQ) ≤ Ca^2λ^{−2} ≤ Cτ^2. Note we have

a_1R_{E1} + h_1 = Q_{E1} (e^{iδΘ} − 1) + [δQ + h] e^{iδΘ} .

Hence 0 = Im(Q_{E1} , a_1R_{E1} + h_1) = O(δΘ) + O((Q_{E1} , δQ + h)), and hence |δΘ| ≤ O(δQ) + C|(Q_E, h)| + C|(Q_{E1} − Q_E, h)| ≤ Cτ^2 + 0 + Cτδ . Also, O(λ^{−1}) a_1 = (Q_{E1} , a_1R_{E1} + h_1) = c^{−1}_0 (e^{iδΘ} − 1) + O((Q_{E1} , δQ + h)) , hence λ^{−1}|a_1| ≤ C|e^{iδΘ} − 1| + Cτ^2 + Cτδ ≤ Cτ^2 + Cτδ . Finally, ‖h_1 − h‖_W ≤ ‖ ‖h_1 − h e^{iδΘ} ‖ ‖_W + ‖ ‖h e^{iδΘ} − h ‖ ‖_W ≤ ‖ ‖(Q_{E1} (e^{iδΘ} − 1) + δQe^{iδΘ} − a_1R_{E1} ‖ ‖_W + C|δΘ| ≤ Cτ^2 + Cτδ . If we choose Cτ + Cδ ≤ 1/3, then we have λ^{−1}|a_1|, |δΘ|, ‖h_1 − h‖_W ≤ τ/3 . Now for k ≥ 2 we define E_k = E_{k−1} + a_{k−1}, and define a_k, h_k and Θ_k correspondingly by Lemma 9.1. We follow the previous estimates to get λ^{−1}|a_k|, |Θ_k − Θ_{k−1}|, ‖h_k − h_{k−1}‖_W ≤ 3^{−k}τ Note that the size of h_k may increase in the process, but since C|a_k| + C ‖h_k‖_W ≤ C |a_{k−1}| 3 + C(‖h_{k−1}‖_W + |a_{k−1}| 3 ) ≤ C|a_{k−1}| + C ‖h_{k−1}‖_W ≤ · · · ≤ 1/3 our condition for estimates is always satisfied. Hence E + ∑ k a_k converges to a limit ~E with | ~E − E| ≤ 3λτ/2 and | ~E − E − a| ≤ λτ/2. Writing ψ in the form (9.1) with respect to ~E, we have ~a = lim_k a_k = 0 and |~Θ − Θ| ≤ ∑ k |Θ_{k+1} − Θ_k| ≤ τ/2. We conclude ( ~E, ~Θ) is a solution of (9.2).

To show the uniqueness of (9.2), we first note that it is locally unique by inspecting the equations obtained by taking derivatives of (9.2) with respect to E^′ and Θ^′. Now suppose we may write ψ = [Q_1 + h_1]e^{iΘ1} = [Q_2 + h_2]e^{iΘ2} with h_1 ⊥ Q_1 and h_2 ⊥ Q_2, . Then we have [Q_1 + h_1] = [Q_2 + h_2]e^{iδΘ}. Since both h_1 and h_2 are small, taking projection on Q_1 we get δΘ is small. The local uniqueness implies the claim. Q.E.D.

9.2 Proof of Theorem 1.2

First we proceed an induction argument to find the desired renormalization at each time step and the corresponding estimates. Recall W = H^2 ∩ W^{2,1}(R^3 ).

Our initial datum is ψ_0 = Q_{Ein} + a_{in}R_{Ein} + h_{in}, with ‖ψ_0 − Q_{Ein} ‖_W ≤ C^{−1}ε. Applying Lemma 9.1 to ψ_0, we can find E_0, h_0, and Θ_0 such that ψ_0 = [Q_{E0} + h_0] e^{iΘ0} . Moreover, we have |E_0 − E_{in}| ≤ C^{−1}|a_{in}| ≤ C^{−1}λε, and hence ‖ Q_{in} − Q_0e^{iΘ0(0)} ‖ W ≤^1_2 ε. This is the beginning of our induction argument. We will choose ΔT > 0 sufficiently small. Then we define T_k = kΔT and will define E_k, h_k, etc. at time T_k. Also, we abbreviate Q_k = Q_{Ek} , R_k = R_{Ek} , etc..

Note, Theorem 5.1 remains valid if we replace the assumption |b(t)| ≤ D {t}^{−1} by |a(t)| ≤ D {t}^{−1}. Also recall that D = O(λ^2) by Lemmas 7.2 and 7.3.

Assume for T_k = kΔT we have found E_k, a_k(t), h_k(t), Θ_k(t) so that ψ(t) = [Q_k + a_k(t)R_k + h_k] e^{iΘk} , E_k ∈ I_λ ,

h_k(t) ⊥ Q_k for t ∈ [0, T_k] ; ‖ ψ_0 − Q_ke^{iΘk(0)} ‖ W ≤ ε , |a_k(t)| ≤ D {t}^{−1} , a_k(T_k) = 0 . (9.3)

This is our induction hypothesis. By Theorem 5.1 we have M_k(T_k) ≤ 2. Since a_k(T_k) = 0, we have a_k(t) = [ a_{20}(E_k)(z^2_k + z̄^2_k) + · · · ]_t T + ∫_t T B_{22}(E_k)|z_k|^4 + · · · (9.4)

Direct estimates gives us (cf. Lemma 7.2) |a_k(t)| ≤ 1 2 D {t}^{−1} for t ∈ [0, T_k] Moreover, since |a_k(0)| ≤^1_2 Dε, we have ‖ ‖ψ_0 − Q_ke^{iΘ}k^{(0)} ‖ ‖_W ≤ ‖ ‖ψ_0 − Q_0e^{iΘ}0^{(0)} ‖ ‖_W + ‖ ‖Q_0e^{iΘ}0^{(0)} − Q_ke^{iΘ}k^{(0)} ‖ ‖_W ≤ 1 2 ε + λ^{−1}|a_k(0)| ≤ 3 4 ε . By continuity, there is a σ > 0 such that |a_k(t)| ≤ D {t}^{−1} for t ∈ [0, T_k + σ] Theorem 5.1 ensures that M_k(T_k + σ) ≤ 2 .

We now return to (9.4). Since the derivatives of the terms outside the integral (say, z^2_k + z̄^2_k) are bounded by {t}^{−1}, for t ∈ [T_k, T_k + σ] we have |a_k(t)| ≤ CT^{−1}(t − T ) + CT^{−2}(t − T ) (9.5) ≤ C_3T^{−1}(t − T ) ≤ 1 2 D {T }^{−1} ≤ 5 8 D {t}^{−1} if (t − T ) ≤ D/(2C_3) and (t − T ) ≤ {T } /4 ≤ ε^{−2}/4. Now we define ΔT = min { D/(2C_3) , ε^{−2}/4 } . Note that both C_3 and D are of order λ^2, hence ΔT is of order 1. Recall T_{k+1} = T_k + ΔT . We have thus proved that σ ≥ ΔT and |a_k(t)| ≤ 5 8 D {t}^{−1} , for t ∈ [0, T_{k+1}] and M_k(T_{k+1}) ≤ 2. By Lemma 9.2, we can find E_{k+1} with |E_{k+1} − E_k| ≤^3_2 |a_k(T_{k+1})| , (9.6) such that we can rewrite ψ(t) = [Q_{k+1} + a_{k+1}(t)R_{k+1} + h_{k+1}(t)] e^{iΘk+1(t)}, h_{k+1}(t) ⊥ Q_{k+1} with a_{k+1}(T_{k+1}) = 0. Now we compare these two sets of data with respect to E_k and E_{k+1}, for t ∈ [0, T_{k+1}]. As in the proof of lemma 9.2, we have

|Θ_k(t) − Θ_{k+1}(t)| ≤ C|(Q_{k+1}, h_k(t))| = C|(Q_k + O(λ^{−1}a_k(T_{k+1})), h_k(t))| ≤ 0 + Cλ {T }^{−1} {t}^{−1/2} ≤ Cλ {t}^{−3/2} (9.7) and since

a_{k+1}(t)R_{k+1} + h_{k+1}(t) = [Q_k + a_k(t)R_k + h_k(t)] e^{iΘk(t)−iΘk+1(t)} − Q_{k+1}

Taking inner product with Q_{k+1} we get λ^{−1}|a_{k+1}(t) − a_k(t)| ≤ C|Θ_k(t) − Θ_{k+1}| + C|a_k(t)|^2 + Cλ {T }^{−1} ‖h_k(t)‖ ≤ Cλ {t}^{−3/2} Hence |a_{k+1}(t)| ≤ |a_k(t)| + |a_{k+1}(t) − a_k(t)| ≤ 5 8 D {t}^{−1} + 1 8 D {t}^{−1} = 3 4 D {t}^{−1} , if ε is sufficiently small. By (9.6) and (9.7), we have ‖ ‖ψ_0 − Q_{k+1}e^{iΘ}k+1^{(0)} ‖ ‖_W ≤ ‖ ‖ψ_0 − Q_ke^{iΘ}k^{(0)} ‖ ‖_W + Cλ {t}^{−1} ≤ ε . Also note |E_0 − E_{k+1}| ≤ 3 2 |a_{k+1}(0)| ≤ 2Dε^2 ≤ Cλ^2ε^2 .

Hence E_{k+1} ∈ I_λ. We have thus proved the induction hypothesis (9.3) for t = T_{k+1}. The induction argument is completed.

Next we proceed to show that E_k has a limit. Let n = 2^k and T = T_n. Since a_n(T ) = 0, we have a_n(t) = [ a_{20}(E_n)(z^2_n + z̄^2_n) + · · · ]_t T + ∫_t T B_{22}(E_n)|z_n|^4 + · · · for t ∈ [0, T_n]. In particular, |a_n(T/2)| ≤ C {T }^{−1} + ∫_T T/2 |B_{22}| {s}^{−2} ds ≤ 2D {T }^{−1} (Note that the argument here differs from (9.5).) Hence, by considering ψ = ψ(T/2), E = E_n and ~E = E_{n/2} in Lemma 9.2, we have |E_{n/2} − E_n| ≤ 2|a_n(T/2)| ≤ 4D {T }^{−1} . This estimate shows that the sequence E_2k converges to a limit E_∞. Moreover, choose k_1 so that 2Γ2^{k1} ΔT > ε^{−2} and we have

|E_0 − E_∞| ≤ |E_0 − E_{k1} | + |E_{k1} − E_∞| ≤ Cλ^2ε^2 + CD ∑ k>k_1 { 2^kΔT } ≤ Cλ^2ε^2 .

Write Q_∞ = Q_E1, R_∞ = R_E1, and

ψ(t) = [Q_∞ + a_∞(t)R_∞ + h_∞(t)] e^{iΘ}1^{(t)} and compare this set of data with data at T_k, t ∈ [0, T_k]. As before we get |a_∞(t) − a_k(t)| ≤ CD {t}^{−3/2} and hence |a_∞(t)| ≤ 3 4 D {t}^{−1} . Since k is arbitrary, this estimate is true for all t ∈ [0, ∞). Since |E_∞ − E_0| ≤ O(λ^2ε^2), we have ‖ψ_0 − Q_∞‖_W ≤ ε. Theorem 5.1 shows that

M_∞(T ) ≤ 2 for all T .

The first part of Theorem 1.2 is thus proved.

Suppose the assumption of part (2) of Theorem 1.2 holds, that is,

0 < |z_{in}| = ε ≤ ϵ_0, ‖η_{in}‖_W ≤ Cε^{2+σ}, λ^{−1}|a_{in}| ≤ Cε^{2+2σ}.

Let a_∞ = a_∞(0), z_∞ = z_∞(0), and η_∞ = η_∞(0). Apply Lemma 9.2 to ψ = ψ_0 and E = E_{in}, E = E_∞ respectively. In both cases, ~E = E_0. We have |a_{in}| ≤ Cλε^{2+2σ}, |a_∞| ≤ Cλ^2ε^2 |E_0 − E_{in}| ≤ C|a_{in}|, |E_0 − E_∞| ≤ C|a_∞| Therefore Q_{in} − Q_∞ is of order λ^{−1}|a_{in} − a_∞| = o(ε^2), and hence so is h_{in} − h_∞. Denote P_∞ = P_c(E_∞)Π_∞ and P_{in} = P_c(E_{in})Π_{in}, we have

‖P_∞h_∞‖_W ≤ ‖P_{in}h_{in}‖_W + ‖P_{in}(h_∞ − h_{in})‖_W + ‖(P_∞ − P_{in})h_∞‖_W ≤ ε^{2+σ} + o(ε^2) + |E_∞ − E_{in}|ε ≤ 2ε^{2+σ} By the last statement of Theorem 5.1, we have |z_∞(t)| ≥ c {t}^{−1/2} for all time t. The last statement of Theorem 1.2 is proved. Q.E.D.

10 Radiation dominating solutions

Let W denote the wave operator for A + E, i.e., e^{−i(A+E)t}ξ_∞ → e^{iΔt}W ξ_∞ as t → ∞ . We let ξ_∞ = W^∗χ_∞, where χ_∞ is the profile of radiation in part (2) of Theorem 1.1. We will construct a radiation dominating solution with e^{iAt}ξ_∞ as the leading term in h, thus proving part (2) of Theorem 1.1.

We recall that we set ψ = (Q + aR + h) e^{i[−Et+θ(t)]} , and h satisfies ∂_th = −ȧR − aiQ + L^{(or)}h − iF (aR + h) − iθ̇(Q + aR + h) . To ensure h(t) ⊥ Q all the time, we set ȧ = (c_1Q, Im F (k)) , c_1 = (Q, R)^{−1} , θ̇ = −(1 + c_0c^{−1}_1 a)^{−1} [a + (c_0Q, λQ^2(h + h̄)) + (c_0Q, Re F (k))] .

(Recall c_0 = (Q, Q)^{−1}.) Then the equation of h is ∂_th = Lh + ΠF_{all} , Lh = −i { Hh + ΠλQ^2Π(h + h̄) } , F_{all} = −iθ̇h − iF − [ (c_1Q, Im F ) + iaθ̇ ] R_Π , R_Π := ΠR , F = F (aR + h) = λQ(2|h|^2 + h^2) + 2λaQR(2h + h̄) + 3λa^2QR^2 + λ(aR + h)^2(aR + h̄) .

We first rewrite the equation of h. The equation for h is ∂_th = Lh − iθ̇h + ΠF^♯ , F^♯ = −iF (k) − [(c_1Q, Im F ) + iaθ̇]R_Π . Let h^⋄ = Uh . Since L = U^{−1}(−iA)U, we have ∂_th^⋄ = −iAh^⋄ − Uiθ̇U^{−1}h^⋄ + UΠF^♯ = −iAh^⋄ − iθ̇h^⋄ − [U, i]θ̇U^{−1}h^⋄ + UΠF^♯ . Let ~h = e^{iθ}h^⋄ and use U^{−1}h^⋄ = h, we get ∂_t~h = −iA~h + e^{iθ}UΠF^♯ − e^{iθ}[U, i]θ̇h . (10.1) For a specificed datum ξ_∞ at infinity, we define a solution by the equations ~h(t) = ξ(t) + g(t) ξ(t) = e^{−iAt}ξ_∞ g(t) = ∫_t ∞ e^{−iA(t−s)} { e^{iθ}UΠF^♯ − e^{iθ}[U, i]θ̇h } ds .

We also let h = U^{−1}e^{−iθ}~h.

Suppose we have a solution, then the main term in F^♯ is of order t^{−3}, hence g ∼ t^{−2}, a ∼ t^{−2}, θ̇ ∼ t^{−3/2}, θ ∼ t^{−1/2}. Note that ξ(t) is fixed. We consider ξ_∞ small in the following norm ‖ξ_∞‖_H2_{∩W} 2,1 ≤ ε with ε sufficiently small. Then ‖ξ(t)‖_H2 ≤ C_1ε, ‖ξ(t)‖_W 2,1 ≤ C_1ε|t|^{−3/2}. (10.2) Also, for the leading term λ|ξ|^2ξ in F , we have, for t > 1, ‖ ‖|ξ|^2ξ ‖ ‖_{L2} ≤ C ‖ξ(t)‖^2_∞ ‖ξ(t)‖_2 ≤ Cε^3 ⟨t⟩^{−3} , ‖ ‖∇^2(|ξ|^2ξ) ‖ ‖_{L2} ≤ C ‖ξ(t)‖^2_∞ ‖ ‖∇^2ξ(t) ‖ ‖_2 + C ‖ξ(t)‖_∞ ‖∇ξ(t)‖^2_4 ≤ C(⟨t⟩^{−3/2})^2 · 1 + C ⟨t⟩^{−3/2} · (⟨t⟩^{−3/4})^2 ≤ Cε^3 ⟨t⟩^{−3} . It t ≤ 1, we simply have ‖|ξ|^2ξ‖_H2 ≤ C ‖ξ‖^3_H2 ≤ Cε^3. We conclude ‖ ‖|ξ|^2ξ ‖ ‖_{H2} ≤ Cε^3 ⟨t⟩^{−3} . (10.3)

Similarly, if ‖g(t)‖_H2 ≤ Cε ⟨t⟩^{−2}, one can prove, for example, ‖ ‖|ξ + g|^2(ξ + g) ‖ ‖_{H2} ≤ Cε^3 ⟨t⟩^{−3} , ‖Qξg‖_{H2} ≤ Cε^2 ⟨t⟩^{−7/2} , etc.

Now we proceed to construct a solution. For convenience, we introduce a new variable ω = θ̇. We will define a Cauchy sequence on the space A = { (ω, θ, a, g) : [0, ∞) → R × R × R × H^2, |ω(t)| ≤ ε^{1/2} ⟨t⟩^{−3/2} , |θ(t)| ≤ ε^{1/2} ⟨t⟩^{−1/2} , |a(t)| ≤ ε ⟨t⟩^{−2} , ‖g(t)‖_H2 ≤ ε ⟨t⟩^{−2} }

Here H^2 = W^{2,2}(R^3 ). We define our map by

ω^△(t) := −(1 + c_0c^{−1}_1 a)^{−1} [ a + (c_0Q, λQ^2(h + h̄)) + (c_0Q, Re F ) ] θ^△(t) := ∫_t ∞ ω ds a^△(t) := ∫_t ∞ (c_1Q, Im F ) ds

g^△(t) := ∫_t ∞ e^{−iA(t−s)} { e^{iθ}UΠ {−iF − [(c_1Q, Im F ) + iaω]R_Π} − e^{iθ}[U, i]ωh } ds , where F = F (aR + h), h(t) := U^{−1}e^{−iθ} ( e^{−iAt}ξ_∞ + g(t) ) . Our initial data are ω(t) ≡ 0, θ(t) ≡ 0, a(t) ≡ 0, g(t) ≡ 0 . Given (ω, θ, a, g) ∈ A, using this assumption and (10.2)–(10.3), we have ‖ ‖|g|^2g ‖ ‖_{H2} ≤ ‖g‖^3_{H2} ≤ Cε^3 ⟨t⟩^{−6} ‖F ‖_H2 ≤ Cε^2 ⟨t⟩^{−3} |ω^△(t)| ≤ Cε ⟨t⟩^{−3/2} ≤ ε^{1/2} ⟨t⟩^{−3/2} |θ^△(t)| ≤ ∫_t ∞ ε^{1/2} ⟨s⟩^{−3/2} ds ≤ ε^{1/2} ⟨t⟩^{−1/2} |a^△(t)| ≤ ∫_t ∞ Cε^2 ⟨s⟩^{−3} ds ≤ ε ⟨t⟩^{−2} ‖ ‖g^△(t) ‖ ‖_{H2} ≤ ∫_t ∞ Cε^2 ⟨s⟩^{−3} + Cε^{3/2} ⟨s⟩^{−3} ds ≤ ε ⟨t⟩^{−2} We have shown that (ω^△, θ^△, a^△, g^△) ∈ A, that is, our mapping maps A into itself.

Next we show that it is a contraction. Given (ω_1, θ_1, a_1, g_1), (ω_2, θ_2, a_2, g_2) ∈ A, we denote

δ_0 = sup_t { ⟨t⟩^3 |δω(t)|^2 + ⟨t⟩ |δθ(t)|^2 + ⟨t⟩^2 |δa(t)| + ⟨t⟩^2 ‖δg(t)‖_H2 }

we know δ_0 ≤ 8ε. Notice that −i|ξ|^2ξ is cancelled in δF . ‖ δ(|g|^2g) ‖ H^2 ≤ ‖g‖ 2 H^2 ‖δg‖H^2 ≤ Cε 2δ_0 ⟨t⟩^{−6} ‖δF ‖_H2 ≤ Cε δ_0 ⟨t⟩^{−7/2} ≤ Cε δ_0 ⟨t⟩^{−3} |δω^△(t)| ≤ Cδ_0 ⟨t⟩^{−3/2} ≤ 1 8 δ^{1/2}_0 ⟨t⟩^{−3/2} |δθ^△(t)| ≤ ∫_t ∞ δ^{1/2}_0 ⟨s⟩^{−3/2} ds ≤ 1 8 δ^{1/2}_0 ⟨t⟩^{−1/2} |δa^△(t)| ≤ ∫_t ∞ Cεδ_0 ⟨s⟩^{−3} ds ≤ 1 8 δ_0 ⟨t⟩^{−2} ‖ ‖δg^△(t) ‖ ‖_{H2} ≤ ∫_t ∞ Cε δ_0 ⟨s⟩^{−3} + Cε^{1/2}δ_0 ⟨s⟩^{−3} ds ≤ 1 8 δ_0 ⟨t⟩^{−2} Therefore we have

sup_t { ⟨t⟩^3 |δω^△(t)|^2 + ⟨t⟩ |δθ^△(t)|^2 + ⟨t⟩^2 |δa^△(t)| + ⟨t⟩^2 ‖ ‖δg^△(t) ‖ ‖_{H2} } ≤ 1 2 δ_0 . These show that our map is a contraction mapping.

We conclude that we do have solutions with the main profile e^{iAt}ξ_∞. ψ(t) = [(1 + a)Q + e^{iAt}ξ_∞ + g] e^{iθ} Since e^{iAt}ξ_∞ → e^{i(−Δ+E)t}W ξ_∞ for W ξ_∞ = χ_∞, and (θ(t) + Et)/t → 0 as t → ∞, we have [aQ + e^{iAt}ξ_∞ + g] e^{iθ} − e^{−iΔt}χ_∞ → 0 as t → ∞. Part (b) of Theorem 1.1 is thus proved.

Remark on radiation dominating solutions to Klein-Gordon equations We now sketch a construction for radiation dominating solutions to Klein-Gordon equations. We follow the notation in the introduction. For a specified profile η_±, let u = ξ + g where ξ(t) = e^{iBt}η_+ + e^{−iBt}η_− and g denotes the rest. Then we have (∂^2_t + B^2)ξ = 0, (∂^2_t + B^2)g = λ(ξ + g)^3 .

Hence g(t) satisfies g(t) = ∫_t ∞ { e^{iB(t−s)} − e^{−iB(t−s)} } 1 2iB λ(ξ + g)^3ds , Since the main source term is ‖ ‖ξ^3 ‖ ‖_2 ≤ ‖ξ‖^2_∞ ‖ξ‖_2 ≤ Ct^{−3} we get ‖g‖_2 ≤ ∫_t ∞ Cs^{−3} ds = Ct^{−2}. Then we proceed as in section 10 to construct one such solution by a contraction mapping argument.

Acknowledgments

It is a great pleasure to thank M.I. Weinstein for explaining to us the beautiful ideas of the work [8]. Part of this work was done when both authors were visiting the Center for Theoretical Sciences, Taiwan, in the summer 2000.

References

[1] J. Bourgain and W. Wang, Construction of blowup solutions for the nonlinear Schrdinger equation with critical nonlinearity, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 25 no. 1-2, 197–215 (1998).

[2] J. Fröhlich, T.-P. Tsai and H.-T. Yau, On the point-particle (Newtonian) limit of the non-linear Hartree equation, preprint.

[3] A. Jensen and T. Kato, Spectral properties of Schrödinger operators and time-decay of the wave functions, Duke Math. J. 46 no. 3, (1979), 583–611.

[4] J.-L. Journe, A. Soffer and C.D. Sogge, Decay estimates for Schrödinger operators.

Comm. Pure Appl. Math. 44 (1991), no. 5, 573–604.

[5] M. Murata, Asymptotic expansions in time for solutions of Schrödinger-type equations, J. Funct. Anal. 49, (1982), 10–56.

[6] M. Reed and B. Simon, Methods of modern mathematical physics, III, scattering theory, Academic Press, New York, San Francisco, London, 1975(?).

[7] A. Soffer and M.I. Weinstein, Multichannel nonlinear scattering theory for nonintegrable equations I, II, Comm. Math. Phys. 133 (1990), 119–146; J. Diff. Eqns. 98, (1992), 376–390.

[8] A. Soffer and M.I. Weinstein, Resonances, radiation damping and instability in Hamiltonian nonlinear wave equations, Invent. math. 136, (1999), 9–74.

[9] M.I. Weinstein, Modulational stability of ground states of nonlinear Schrödinger equations, SIAM J. Math. Anal. 16 (1985), no. 3, 472–491.

[10] M.I. Weinstein, Lyapunov stability of ground states of nonlinear dispersive evolution equations, Comm. Pure Appl. Math. 39, (1986), 51–68.

[11] K.Yajima, The W^{k,p} continuity of wave operators for Schrödinger operators, J.Math. Soc. Japan 47, no. 3, (1995), 551–581.