Renormalizing the Renormalization Group Pathologies

J.Bricmont^∗ UCL, Physique Théorique, B-1348, Louvain-la-Neuve, Belgium bricmont@fyma.ucl.ac.be

A.Kupiainen^† Helsinki University, Department of Mathematics, Helsinki 00014, Finland ajkupiai@cc.helsinki.fi

R. Lefevere^‡ Helsinki University, Department of Mathematics, Helsinki 00014,Finland raphael.lefevere@helsinki.fi

Abstract

We review the status of the “pathologies” of the Renormalization Group encountered when one tries to define rigorously the Renormalization Group transformation as a map between Hamiltonians. We explain their origin and clarify their status by relating them to the Griffiths’ singularities appearing in disordered systems; moreover, we suggest that the best way to avoid those pathologies is to use the contour representation rather than the spin representation for lattice spin models at low temperatures. Finally, we outline how to implement the Renormalization Group in the contour representation.

∗Supported by ESF/PRODYN †Supported by EC grant FMRX-CT98-0175 ‡Supported by EC grant FMRX-CT98-0175

Contents

1 Introduction 2

2 Gibbs States 5

3 Renormalization Group transformations 7

4 Origin of the pathologies 9

5 Connection with the Griffiths singularities 11

6 The renormalized measures as weak Gibbs measures 13

7 The Renormalization Group method in the contour representation 16 7.1 The Renormalization Group transformation for the Ising model 17 7.2 The Renormalization Group transformation for a uniform field . 20 7.3 The Renormalization Group transformation and the random field 22 7.4 Sketch of the proof of Theorem 1. . . . . . . . . . . . . . . . . . 23

8 Concluding Remarks 24

References 25

1 Introduction

The Renormalization Group (RG) has been one of the most useful tools of theoretical physics during the past decades. It has led to an understanding of universality in the theory of critical phenomena and of the divergences in quantum field theories. It has also provided a nonperturbative calculational framework as well as the basis of a rigorous mathematical understanding of these theories.

Here is a (partial) list of rigorous mathematical results obtained by a direct use of RG ideas:

- Proof that in the lattice field theory λϕ^4 in d = 4, with λ small, the critical exponent η takes its mean field value 0 [41], [32].

- Construction of a renormalizable, asymtotically free, Quantum Field Theory, the Gross-Neveu model in two dimensions [42, 43], [33].

- Construction of a perturbatively non renormalizable Quantum Field Theory, the Gross-Neveu model in 2 + ϵ ”dimensions” (i.e. the dimension of spacetime is two but the propagator is made more singular in the ultraviolet) [44] (see also [14]) and the lattice λφ^4 model in d = 4 − ϵ, at the critical point [13].

- Construction of pure non Abelian gauge theories in d = 4 (in finite volume) [1], [80].

- Analysis of the Goldstone picture in d > 2 [2] .

Other mathematical results related to statistical mechanics and using the RG include first order phase transitions in regular [40] and disordered [7] spin systems, which we shall discuss in this paper, and diffusion in random media [8]. Finally, the application of RG ideas to the theory of dynamical systems initiated by Feigenbaum [30, 31] is well known; less well known is the application to the study of large time asymptotics of nonlinear PDE’s pioneered by Goldenfeld and Oono [48], [9, 10]^1.

The textbook explanation of the (Wilsonian) RG goes roughly as follows: consider a lattice system with spins σ and Hamiltonian H. Cover the lattice with disjoint boxes B_x and associate with each box a variable s_x giving a coarse-grained description of the spins in B_x, e.g. for the so-called block spin transformation, s_x is a suitably normalized average of the spins σ_i for i ∈ B_x. Now define (formally)

exp(−β^′H^′(s)) = s ∑ σ exp(−βH(σ)) (1.1)

where the sum runs over all configurations σ satisfying the constraints defined by s. The transformation (1.1) is called a RG transformation (RGT) and H^′ is the effective or renormalized Hamiltonian. Now it is usual to parametrize Hamiltonians in term of coupling constants J, i.e. to write

H = ΣJ_{ij} σ_iσ_j + ΣJ_{ijk}σ_iσ_j σ_k + · · · (1.2)

where the collection of numbers J = (J_{ij}, J_{ijk}, · · ·) include the pair couplings, the three-body couplings, the n-body couplings etc. Using this description, the map βH → β^′H^′ defined by (1.1) gives rise to a map βJ → β^′J^′. Now, by studying this map (or, in practice, some truncation of it), its iteration, its fixed points and its flow around the latter, one obtains useful information about the original spin system with Hamiltonian H, in particular about its phase diagram and its critical exponents.

The crucial feature that makes the RG method useful is that, even if βH happens to describe the system close to its critical point, the transformation (1.1) (and its iterations) amount to studying a non critical spin system and that analysis can be performed with rather standard tools such as high or low temperature expansions. The reason why that nice property holds is that critical properties of a spin system come from large scale fluctuations in the system while the sum (1.1) runs only over its small scale fluctuations. And this, in turn, is because fixing the s variables effectively freezes the large scale fluctuations of the σ variables.

At least, this is the scenario which is expected to hold and is usually assumed without proof in most applications. However, before coming to our main point, it should be stressed that the successful applications of the RG method mentioned above do not follow literally the “texbook” description, for reasons that will be discussed later.

Be that as it may, it is a very natural mathematical question to ask whether the transformation (1.1) can be well defined on some space of Hamiltonians

1See e.g. [4, 36, 85] for yet other applications of the RG.

and, if so, to study its properties. However, this program has met some difficulties. Although it can be justified at high temperatures [58] and even, in some cases, at any temperature above the critical one [5], it has been observed in simulations [53] that the RG transformation seems, in some sense, ”discontinuous” as a map between spin Hamiltonians at low temperatures. These observations led subsequently to a rather extensive discussion of the so-called “pathologies” of the Renormalization Group Transformations: van Enter, Fernandez and Sokal have shown [23, 24] that, first of all, the RG transformation is not really discontinuous. But they also show, using results of Griffiths and Pearce [50, 51] and of Israel [58], that, roughly speaking, there does not exist a renormalized Hamiltonian for many RGT applied to Ising-like models at low temperatures^2.

More precisely, van Enter, Fernandez and Sokal consider various real-space RGT (block spin, majority vote, decimation)^3 that can be easily and rigorously defined as maps acting on measures (i.e. on probability distributions of the infinite volume spin system): if we start with a Gibbs measure μ corresponding to a given Hamiltonian H, then one can easily define the renormalized measure μ^′. The problem then is to reconstruct a renormalized Hamiltonian H^′ (i.e. a set of interactions, like J^′ above) for which μ^′ is a Gibbs measure. Although this is trivial in finite volume, it is not so in the thermodynamic limit, and it is shown in [24] that, in many cases at low temperatures, even if H contains only nearest-neighbour interactions, there is no (uniformly) absolutely summable interaction (defined in (2.2) below) giving rise to a Hamiltonian H^′ for which μ^′ is a Gibbs measure. It has to be emphasized that this not merely a problem arising from difficulties in computing H^′, but rather that H^′ is simply not defined, at least according to a standard and rather general definition (allowing for long range and many body interactions); therefore, if one devices an approximate scheme for “computing H^′”, it is not clear at all, in view of the results of van Enter, Fernandez and Sokal, what object this scheme is supposed to approximate.

One should also mention that this issue is related to another one, of independent interest: when is a measure Gibbsian for some Hamiltonian? For example, Schonmann showed [86] that, when one projects a Gibbs measure (at low temperatures) to the spins attached to a lattice of lower dimension, the resulting measure is not, in general, Gibbsian. This is also a question arising naturally, for example in the context of interacting particle system, where one would like to determine whether the stationary measure(s) are Gibbsian or not, see for example [73] for a discussion of this issue.

What should one think about those pathologies? Basically, the answer is that, by trying to implement (1.1) at low temperatures, one is following the letter rather than the spirit of the RG, because one is using the spin variables, which are the wrong variables in that region. The fact that the usefulness of the RG method depends crucially on choosing the right variables has been known for a long time. The “good” variables should be such that a single RG

2In some cases, but for rather special transformations, even at high temperatures in particular in a large external field, see [22, 25].

3For a discussion of problems arising in the definition of the RG in momentum-space, see [28]

transformation, which can be interpreted as solving the statistical mechanics of the small scale variables with the large ones kept fixed, should be “noncritical” i.e. should be away from the parameter regions where phase transitions occur. But, as we shall explain, all the pathologies occur because, even when the s variables are fixed, the σ variables can still undergo a phase transition for some values of the s variables, i.e. they still have large scale fluctuations; or, in other words, the sum (1.1) does not amount to summing only over small scale fluctuations of the system, keeping the large ones fixed, which is what the RG idea is all about. However, such a summation over only small scale fluctuations can be performed, also at low temperatures, and can yield useful results there, as we shall see; but for that, one needs to use a representation of the system in terms of contours (i.e. the domain walls that separate the different ground states), instead of the spin representation. To apply the RG method, one inductively sums over the small scale contours, producing an effective theory for the larger scale contours [40, 7].

In the next section, we briefly explain what is the most general, but standard, notion of Gibbs states. Then we define (Section 3) the RG transformations, and the renormalized measures that can be shown to be not Gibbsian in the sense of the Section 2. Then, after explaining intuitively why pathologies occur (Section 4) and why this phenomenon is actually similar to the occurence of Griffiths’ singularities in disordered systems (Section 5), we introduce a weaker notion of Gibbs state such that one can show that the renormalized measures are Gibbsian in that weaker sense (Section 6). Next, we explain how the RG works in the contour language (Section 7) and we end up with some conclusions and open problems (Section 8).

Since detailed proofs of all the results mentioned in this paper exist in the litterature, we shall not give them here and simply refer the reader to the relevant literature; moreover, our style will be mostly heuristic and nonmathematical, with some remarks added for the mathematically inclined reader.

2 Gibbs States

Since there exist many good references on the theory of Gibbs measures (also called Gibbs states), (see e.g. [24, 47, 57, 88, 87]) we shall only state the main definition and the basic properties.

To start with a concrete example, consider the nearest-neighbour Ising model on Z^d. To each i ∈ Z^d, we associate a variable σ_i ∈ {−1, +1}, and the (formal) Hamiltonian is −βH = βJ ∑ ⟨ij⟩ (σ_iσ_j − 1) (2.1)

where ⟨ij⟩ denotes a nearest-neighbour pair and β is the inverse temperature.

Obviously, the sum (2.1) makes sense only when it is restricted to a finite subset of the lattice. So, one would like to define Gibbs measures through the usual factor Z^{−1} exp(−βH) but using only in that formula restrictions of H to finite subsets of the lattice. One possibility is to first define Gibbs states in finite volume (with appropriate boundary conditions, and given by the RHS of (2.7) below) and then take all possible limits of such measures as the volume grows to infinity; however, there is a more intrinsic way to introduce Gibbs states directly in infinite volume, which we shall explain now. But, instead of defining the Gibbs measures only for the Ising Hamiltonian, we shall first introduce a more general framework, which will be needed later and which defines precisely what it means for a Hamiltonian to contain nbody potentials for all n (while the Hamiltonian (2.1) clearly includes only a two-body potential).

Let us consider spin variables σ_i taking values in a discrete set Ω (equal to {−1, +1} above; everything generalizes to spins taking values in compact spaces which, in applications, are usually spheres). For a subset X of the lattice, denote the set of spin configurations on that set by Ω_X . Define an interaction Φ = (Φ_X ), as a family of functions

Φ_X : Ω_X → R,

given for each finite subset X of Z^d. Assume that Φ is

a) translation invariant.

b) uniformly absolutely summable: ‖Φ‖ ≡ ∑ X∋0 ‖Φ_X ‖ < ∞ (2.2)

where ‖Φ_X ‖ = sup_{σ∈ΩX} |Φ_X (σ)|.

Φ_X should be thought of as an n-body interaction^4 between the spins in X with n = |X|. For the example of the Ising model, we have

Φ_X (σ) = βJ(σ_iσ_j − 1) if X = {i, j} and i, j are nearest-neighbours.(2.3) Φ_X (σ) = 0 otherwise. (2.4)

Note that, for convenience, we absorb the inverse temperature β into Φ.

Given an interaction Φ, one may define the Hamiltonian in any finite volume V , i.e. the energy of a spin configuration σ ∈ Ω_V , provided boundary conditions are specified. Since we are allowing arbitarily long range interactions, boundary conditions mean specifying a spin configuration σ̄ in the complement of V , i.e. σ̄ ∈ Ω_V c . The Hamiltonian is then given by H(σ|σ̄) = − ∑ X∩V ≠∅ Φ_X (σ ∨ σ̄) (2.5)

where σ ∨ σ̄ denotes the total spin configuration. The sum (2.5) is a precise version of the formal sum (1.2) or (2.1).

The quantity H(σ|σ̄) is bounded by : |H(σ|σ̄)| ≤ ∑ x∈V ∑ X∋x ‖Φ_X ‖ = |V |‖Φ‖ (2.6) 4This set of interactions obviously forms a Banach space equipped with the norm (2.2) (note that our terminology differs slightly from the one of [24]: we add the word “uniformly” to underline the difference with respect to condition (6.1) below) .

i.e. is finite for all V finite under condition (2.2).

Definition. A probability measure μ on (the Borel sigma-algebra of) Ω_Zd is a Gibbs measure for Φ if for all finite subsets V ∈ Z^d its conditional probabilities satisfy, ∀σ ∈ Ω_V ,

μ(σ|σ̄) = Z^{−1}(σ̄) exp(−H(σ|σ̄)) (2.7)

for μ almost every σ̄ (where Z^{−1}(σ̄) is the obvious normalization factor).

This definition is natural because one expects that if a measure is an equilibrium measure, then the conditional expectation of a configuration in a finite box, given a configuration outside that box, is given by (2.7). Moreover, under condition (2.2) on the interaction, one may develop a fairly general theory of Gibbs states. In fact, it is rather easy to show that all thermodynamic limits of Gibbs measures^5 defined in finite volumes satisfy (2.7). Besides, one can show that the set of Gibbs states is a closed convex set and every Gibbs state can be decomposed uniquely in terms of the extreme points of that set. The latter can be interpreted physically as the pure phases of the system and can always be obtained as limits of finite volume Gibbs measures with appropriate boundary conditions. Finally, expectations values of functions of the spins in those extremal Gibbs states are related in a natural way to derivatives of the free energy with respect to perturbations of the Hamiltonian.

Returning to our example of the Ising model, it is well known that, at low temperatures, for d ≥ 2, there are (exactly) two extremal translation invariant Gibbs measures corresponding to the Hamiltonian (2.1), μ_+ and μ_− (moreover, in d ≥ 3, there are also non-translation invariant Gibbs measures describing interfaces between the two pure phases).

3 Renormalization Group transformations

To define our RGT, let L = (LZ)^d, L ∈ N, L ≥ 2 and cover Z^d with disjoint L-boxes B_x = B_0 + x, x ∈ L where B_0 is a box of side L centered around 0. To simplify the notation, we shall write x for B_x.

The RGT which is simplest to define, even though it is not the most widely used, is the decimation transformation: fix all the spins σ_x located at the center of the boxes B_x and sum over all the other spins. Given a measure μ, the renormalized measure μ^′ is trivial to define : it is just the restriction^6 of μ to the set of spins {σ_x}, x ∈ L.

We can generalize this example as follows: associate to each x ∈ L a variable s_x ∈ {−1, +1}, denote by σ_x = {σ_i}_{i∈x}, and introduce, for x ∈ L, the probability kernels T_x = T (σ_x, s_x), which means that T_x satisfies

1) T (σ_x, s_x) ≥ 0 2) ∑ s_x T (σ_x, s_x) = 1 (3.1)

5Under the following notion of convergence : μ_n → μ if μ_n(s) → μ(s) ∀V finite ∀s ∈ Ω_V . 6Also called the projection or the marginal distribution of μ.

In the example of the decimation transformation, T (σ_x, s_x) = δ(σ_x − s_x). Other examples include the majority transformation, defined when |B_x| is odd, where T (σ_x, s_x) = 1 if and only if the majority of the signs of the spins in x coincide with s_x. Or the Kadanoff transformation, defined, for p ≥ 0, by

T (σ_x, s_x) = exp(ps_x ∑ i∈x σ_i)

2 cosh(p ∑ i∈x σ_i) .

Note that, when p → ∞, the probability kernel of that transformation converges towards the one of the majority transformation.

For any measure μ on {−1, +1}^{Zd} , we denote by μ(σ_A) the probability of the configuration σ_A ∈ {−1, +1}^A.

Definition. Given a measure μ on {−1, +1}^{Zd} , the renormalized measure μ^′ on Ω = {−1, +1}^L is defined by:

μ^′(s_A) = ∑ σ_A

μ(σ_A) ∏ x∈A T (σ_x, s_x) (3.2)

where A = ∪_{x∈A}x, A ⊂ L, |A| < ∞, and s_A ∈ Ω_A = {−1, +1}^A.

It is easy to check, using 1) and 2), that μ^′ is a measure. We shall call the spins σ_i the internal spins and the spins s_x the external ones (they are also sometimes called the block spins).

Note that we restrict ourselves here, for simplicity, to transformations that map spin^1_2 models into other spin^1_2 models, but this restriction is not essential. In particular, the block spin transformation fits into our framework, defining

T (σ_x, s_x) = δ(s_x − L^{−α} ∑ i∈x σ_i)

for some α, the only difference being that s_x does not belong to {−1, +1} anymore.

In order to use the RG it is necessary to iterate those transformations and, for that, it is convenient to rescale. That is, consider L as a lattice Z^d of unit lattice spacing, cover it with boxes of side L (i.e. of side L^2 in terms of the original lattice) associate new s spins to each of those boxes etc. Sometimes the RGT turn out to form semigroups (i.e. applying them n times amounts to applying them once with L replaced by L^n) : e.g. the decimation or block spin transformation form semigroups while the majority and the Kadanoff transformations do not.

However, we are not concerned here with the iteration of the transformation but rather with the mathematical status of a single transformation. Can one, given an RGT defined by a kernel T , associate to a Hamiltonian H a renormalized Hamiltonian H^′? A natural scheme would go as follows (see the diagram below). Given H, we associate to it its Gibbs measure as in Section 2 and, given T , we have just defined the renormalized measure μ^′. If it can be shown that such measures are Gibbs measures for a certain Hamiltonian H^′, then the latter could be defined as the renormalized Hamiltonian corresponding to H:

H −→ ? H^′ ↓ ↑? μ −→ μ^′ However, as we said in the Introduction, this simple scheme does not work:

The main result of [24] is that, for a variety of RGT, including decimation, majority rule, the Kadanoff transformation or the block spin transformation, there is no interaction satisfying a) and b) in Section 2 for which μ^′_+ or μ^′_− are Gibbs measures, hence no renormalized Hamiltonian H^′. We shall now explain intuitively why this is so.

4 Origin of the pathologies

In order to understand the origin of the pathologies, consider the simplest example, namely the decimation transformation (let us emphasize, however, that pathologies occur for many other RG transformations and that, for those transformations, the origin of the pathologies is basically the same as in this rather artificial example). Assume that μ^′ is a Gibbs measure for a uniformly absolutely summable potential Φ and consider the following consequence of this assumption:

lim_{N→∞}^Nsup_{s̄1,s̄2} | μ^′(s_0|s̄^1) μ^′(s_0|s̄^2)

− 1 |= 0 (4.1)

where sup^N means that we take the sup over all s̄^1, s̄^2 satisfying

s̄^1_x = s̄^2_x ∀x ∈ V_N ≡ [−N, N]^d

So, s̄^1, s̄^2 are two “boundary conditions” acting on the spin at the origin (any other fixed site would do of course) that coincide in a box around the origin, V_N , that becomes arbitrarily large (as N → ∞), and are free to differ outside V_N .

To check (4.1), observe that, for any s̄^1, s̄^2 over which the supremum is taken, we have

|H(s_0|s̄^1) − H(s_0|s̄^2)| ≤ 0,N ∑ X ‖Φ_X ‖ ≡ E_N (4.2)

where ∑_{0,N} X runs over all sets X whose contribution to H(s_0|s̄^1) is not cancelled by the corresponding term in H(s_0|s̄^2), i.e. containing 0 but not contained inside V_N : X ∋ 0, X ∩ V^c_N ≠ ∅. The RHS of (4.2) tends to zero, as N → ∞, since it is, by assumption, the tail of the convergent series (2.2)^7.

7Note that the bound (4.2) implies that H is a continuous function of s̄, in the product topology, i.e. for the following notion of convergence: a sequence of configurations s^n → s if ∀V finite, ∃n_V such that s^n_x = s_x, ∀x ∈ V, ∀n ≥ n_V .

Now, it is easy to see, using the definition (2.7) of a Gibbs state, that (4.2) implies e^{−2EN} ≤ μ^′(s_0|s̄^1) μ^′(s_0|s̄^2)

≤ e^{2EN} , (4.3)

so that E_N → 0 implies (4.1).

So, (4.1) means that, for Gibbs measures defined as above, with the interaction satisfying the summability condition (2.2), the conditional probability of the spin at the origin does not depend too much on the value of the boundary conditions s̄^1, s̄^2 far away (i.e. outside V_N ).

So, to prove that there does not exist a uniformly absolutely summable potential, it is enough to find a sequence of pairs of configurations (s̄^1_N , s̄^2_N ), coinciding inside V_N and differing outside V_N , such that | μ^′(s_0|s̄^1_N ) μ^′(s_0|s̄^2_N )

− 1 |≥ δ (4.4)

for some δ > 0 independent of N.

The trick is to construct s̄^1_N , s̄^2_N as modifications of salt, the alternating configuration:

salt_x = (−1)^{|x|} ∀x ∈ L (4.5)

where |x| = ∑_d i=1 |x_i|, i.e. the configuration equal to +1 when |x| is even and to −1 when |x| is odd. Now take s̄^1_N = s̄^2_N = salt inside V_N and, outside V_N , we take s̄^1_N everywhere equal to +1 and s̄^2_N everywhere equal to −1, which we shall call the “all +” and the “all −” configurations.

To see what this does, let us rewrite the Hamiltonian (2.1) as: −H = J ∑ ⟨ij⟩,i,j /∈L (σ_iσ_j − 1) + ∑ x∈L ∑ |i−x|=1 (σ_is_x − 1) (4.6)

where the first sum runs over the pairs of nearest neighbours contained in Z^d\L and the second sum contains the couplings between the decimated spins (σ) and the “renormalized” ones (s). In this formulation, s can be thought of as being a (random) external magnetic field acting on the σ spins. One may also write:

μ^′(s_0|s̄^1_N ) =

⟨exp(s_0 ∑ |i|=1 σi)⟩(s̄ 1 N ) ∑ s_0=±1⟨exp(s0 ∑ |i|=1 σi)⟩(s̄ 1 N ) (4.7)

where ⟨·⟩(s̄^1_N ) denotes the expectation in the Gibbs measure on the σ spins, with a Hamiltonian like (4.6), but with the second sum running only over x ≠ 0 and with s = s̄^1_N fixed^8.

Now, it is easy to see that the external field salt has a neutral effect : on average, it does not “push” the σ spins either up or down. On the other hand,

8To be precise, the expectation in (4.7) is obtained by taking the infinite volume limit of expectations in finite volumes, with + boundary conditions. See (7.30) below for a general expression of the conditional probabilities for the renormalized measure, from which (4.7) can be deduced via elementary calculations.

the “all +” or “all −” configurations do tend to align the σ spins along their respective directions. Now, think of the effect of s̄^1_N : coinciding with the “all +” configuration, outside of V_N , it pushes the σ spins up in that region. But, being neutral inside V_N , it does not exert any particular influence there (one can think of it as being essentially equivalent to a zero field inside V_N ). However, the σ spins live on a lattice that, although decimated, is nevertheless connected, so that this spin system, considered on its own, in the absence of any external field, i.e. without the second term in (4.6), has long range order (LRO) at low temperatures. Now the mechanism should be obvious : The “field” s̄^1_N pushes the σ spins up outside V_N , the LRO “propagates” this orientation inside V_N (where s̄^1_N is neutral and thus essentially equivalent to a zero field) and, finally, the σ_i, with |i| = 1 i.e. the nearest - neighbours of s_0, act as external fields on s_0, see (4.7), and, since they tend to be up, so does s_0. Of course s̄^2_N acts likewise, with up replaced by down; hence the ratio of the conditional probabilities appearing in (4.4) does not tend to 1 as N → ∞ because, by definition of LRO, the effect described here is independent of N.

As stressed in [24], this is the basic mechanism producing “pathologies”: for a fixed value of the external spins, the internal ones undergo a phase transition. The complete proof ot course involves a Peierls (or Pirogov-Sinai) type of argument (see [24] for full details as well as for a discussion of other RG transformations) but the intuition, outlined above, should make the result plausible.

5 Connection with the Griffiths singularities

In [49], Griffiths showed that the free energy of dilute ferromagnets^9 is not analytic, as a function of the magnetic field h, at low temperatures and at h = 0, even below the percolation treshold for occupied bonds (i.e. with J ≠ 0). The mechanism is, here too, easy to understand intuitively : for any given, arbitrarily large, but finite region of the lattice, there is a non zero probability that the bonds in that region will all be occupied; since the system is at low temperatures, this produces singularities of the free energy arbitrarily close to h = 0. Of course, if the size of the region increases, the probability of this event decreases (very fast). But, if one considers an infinite lattice such events occur with probability one with a non-zero frequency and this is sufficient to spoil analyticity.

A related phenomenon concerns the decay of the pair correlation function which, if we consider a random ferromagnet and denote by J a realization of the random couplings, satisfies the bound^{10}:

⟨s_0 s_x⟩(J) ≤ C(J) exp(−m|x|) (5.1)

where sup_J C(J) = ∞ (if the distribution of the couplings is not of compact

support), although C(J) < ∞ with probability one at high temperatures. So,

9Meaning that the coupling constant for a nearest-neighbour bond is equal to J with probability p, with 0 ≤ p ≤ 1, and to 0 with probability 1 − p. The magnetic field is introduced as in (7.1) below.

10At high temperatures, ⟨s_0⟩(J) = 0 with probability one, so we do not need to truncate the expectation which, besides, is positive for ferromagnetic couplings.

the pair correlation function decays, but not uniformly in J. This reflects again the fact that, with some small but non zero probability, the couplings may be arbitrarily large but finite in an arbitrarily large but finite region around the origin and then, in this case, the correlation functions decays only if |x| is sufficiently large so that x is far away from that region.

Since the probability of having large couplings over a large region is small, one can understand why the probability of a large C(J) is small and why C(J) < ∞ with probability one.

To understand the connection with the RG pathologies, start with an untypical J (e.g. a coupling that is everywhere large), i.e. of probability strictly equal to zero, and construct an event of small but non zero probability by restricting that configuration to a large but finite box, in such a way that this event destroys some property of the non-random system such as analyticity or uniform decay of correlations^{11}.

Now, think of (4.1) as expressing a form of decay of correlations for the σ spins given some (random) configuration of the s spins^{12}. Of course, the expression in (4.1) is not of the form of a decay of a pair correlation function but, if the distribution of the spins σ_i with |i| = 1 became independent of the one of the spins outside V_N when N → ∞, then one would expect the distribution of s_0 (on which the σ_i with |i| = 1 act as external fields) to become independent of the value of s̄_x for x ∉ V_N and, hence, (4.1) to hold. However, if the configuration of the s spin was equal to salt over the whole lattice, then one would expect the σ spins to have LRO (since, without any external field, they have LRO and the effect of salt is similar to having no external field). So, what happens with the s̄^1_N and s̄^2_N chosen above, is that putting s̄^1_N , s̄^2_N equal to salt over a large region, one can make the decay of correlation arbitrarily slow, hence show that (4.1) does not hold.

When thinking of s̄ as a random field acting on the σ variables, one should keep in mind that the distribution of this random field is nothing but μ^′_+ or μ^′_−. Now, at low temperatures, typical configurations with respect to μ^′_+ (or μ^′_−) are just typical configurations of the Ising model, i.e. a “sea” of + spins with some islands of − spins (and islands of + spins within the islands of − spins, etc), with the role of + and − interchanged for μ^′_−. Hence the configuration s^{alt} is untypical both with respect to μ^′_+ and μ^′_− (just like J large for the random system).

What this suggests is that one might want to prove a weaker property for the renormalized Hamiltonian which, following the analogy with random systems, would be similar to showing that C(J) < ∞ with probability one. The analogous property will be a summability property of the interaction, but not a uniform one, as we had in (2.2). We shall now state this property explicitly.

11This is expected to be a general feature of (non trivial) random systems (random magnetic fields, spin glasses, Anderson localization, etc.) although it is often not easy to prove.

12See [74] and [75] for a precise formulation of this idea.

6 The renormalized measures as weak Gibbs measures

The basic observation, going back to Dobrushin ([19], see also [20]), which leads to a generalization of the notion of Gibbs measure, is that, in order to define H(s_V |s̄_V c ), it is not necessary to assume (2.2) ; it is enough to assume the existence of a (suitable) set Ω ⊂ Ω on which the following pointwise bounds hold:

b’) Φ is Ω-pointwise absolutely summable: ∑ X∋x |Φ_X (s_X )| < ∞ ∀x ∈ L, ∀s ∈ Ω. (6.1)

We shall therefore enlarge the class of “allowed” interactions by dropping the condition (2.2) and assuming (6.1) instead.

However, since we want to define (2.5) for arbitrary volumes V , the set Ω must be defined by conditions that are, in some sense, “at infinity” (this is what we meant by “suitable”). This can be defined precisely by saying that the fact that a configuration s belongs or does not belong to Ω is not affected if we change the values of that configuration on finitely many sites. Sets of configurations having this property are called tail sets^{13}.

Definition. Given a tail set Ω ⊂ Ω, μ is a Gibbs measure for the pair (Φ, Ω) if μ(Ω) = 1, and there exists a version of the conditional probabilities that satisfy, ∀V ⊂ L, |V | finite, ∀s_V ∈ Ω_V ,

μ(s_V |s̄_V c ) = Z^{−1}(s̄_V c ) exp(−H(s_V |s̄_V c )) (6.2) ∀s̄ ∈ Ω. Since conditional probabilities are defined almost everywhere, this definition looks very similar to the usual one^{14}, given in Section 2. However, the introduction of the set Ω has some subtle consequences. To see why, consider the (trivial) case, where L = 1, and T = δ(σ_i − s_x) with i = x, i.e. the “renormalized” system is identical to the original one^{15}. Take Ω to be the set of configurations such that all the (usual) Ising contours are finite and each site is surrounded by at most a finite number of contours. Thus configurations in Ω consist of a “sea” of plus or minus spins with small islands of opposite spins, and even smaller islands within islands. Clearly, Ω is a tail set. When X = a contour γ (considered as a set of sites), we let

Φ_X (s_X ) = −2β|γ| (6.3)

13A (trivial) example of a tail set is the set of configurations such that there exists a finite volume V , outside of which the configuration coincides with a given configuration (e.g. all plus)._{14}

However, when condition (2.2) holds, the conditional probabilities can be extended everywhere, and are continuous, in the product topology (see note 6), which is not the case here._{15}

This example was suggested to us by A. Sokal.

for s_X = a configuration making γ a contour, and Φ_X (s_X ) = 0 otherwise. Obviously, this Φ satisfies (6.1) but not (2.2). One can write Ω = Ω_+ ∪ Ω_−, according to the values of the spins in the infinite connected component of the complement of the contours. It is easy to see that μ^+, μ^− are indeed, at low temperatures, Gibbs measures (in the sense considered here) for this new interaction: a Peierls argument shows that μ^+(Ω_+) = μ^−(Ω_−) = 1, and for s ∈ Ω the (formal) Hamiltonian (2.1) is βH = 2β ∑ γ |γ|. Actually, the proof of Theorem 1 below is constructed by using a kind of perturbative analysis around this example. Of course, in this example one could alternatively take Ω = Ω and Φ = the original nearest-neighbor interaction; this shows the nonuniqueness of the pair (Φ, Ω), associated to a single measure, in our generalized Gibbs-measure framework^{16}. This will be important when we discuss the significance of the result below for the implementation of the RG.

Before stating our main result we need to detail some conditions on the kernel T .We assume that T is symmetric:

T (σ_x, s_x) = T (−σ_x, −s_x) (6.4)

and that

0 ≤ T (σ_x, s_x) ≤ e^{−β} (6.5)

if σ_i ≠ s_x, ∀i ∈ x.

Note that (3.1, 6.4, 6.5) imply that

T ≡ T ({σ_i = +1}_{i∈x}, +1) = T ({σ_i = −1}_{i∈x}, −1) ≥ 1 − e^{−β} (6.6)

So, condition (6.5) means that there is a coupling which tends to align s_x and the spins in the block B_x; this condition is satisfied for the majority, decimation and Kadanoff (with p large) transformations^{17}.

Theorem 1 Under assumptions (6.4, 6.5) on T , and for β large enough, there exist disjoint tail sets Ω_+, Ω_− ⊂ Ω such that μ^′_+(Ω_+) = μ^′_−(Ω_−) = 1 and a translation invariant interaction Φ satisfying b’) with Ω = Ω_+ ∪ Ω_− such that μ^′_+ and μ^′_− are Gibbs measures for the pair (Φ, Ω).

Remarks.

1. This result was recently extended in [75] to general projections and to the general framework covered by the Pirogov-Sinai theory [84, 88] (see Section 7 below for a brief discussion of that theory), using percolation techniques. However, our approach also shows that the two renormalized states are Gibbsian with respect to the same interaction Φ (while this question is left open in [75]).

2. The analogy with the random systems discussed in the previous section is that instead of having C(J) < ∞ with probability one, we have (6.1) holding with probability one, with respect to the renormalized measure.

16While in the usual framework, one can define a notion of “physical equivalence” of interactions so that a measure can be a Gibbs measure for at most one interaction (up to physical equivalence), see [24].

17It would be more natural to have, instead of (6.5), 0 ≤ T ≤ ϵ (with ϵ independent of β but small enough). However, assuming (6.5) simplifies the proofs.

3. Note that in the theory of “unbounded spins” with long range interactions, a set Ω of “allowed” configurations has to be introduced, where a bound like (6.1) holds [47, 63, 65]. Here, of course, contrary to the unbounded spins models, each ‖Φ_X ‖ is finite. Still, one can think of the size of the regions of alternating signs in the configuration as being analogous to the value of unbounded spins. The analogy with unbounded spins systems was made more precise and used in [78] and [67] to study the thermodynamic properties of the potential above.

4. The set Ω = Ω_+ ∪ Ω_− is not “nice” topologically: e.g. it has an empty interior (in the usual product topology, defined in footnote 6). Besides, our effective potentials do not belong to a natural Banach space like the one defined by (2.2). However, this underlines the fact that the concept of Gibbs measure is a measure - theoretic notion and the latter often do not match with topological notions.

5. There has been an extensive investigation of this problem of pathologies and Gibbsianness. Martinelli and Olivieri [81, 82] have shown that, in a non-zero external field, the pathologies disappear after sufficiently many decimations. Fernandez and Pfister [34] study the set of configurations that are responsible for those pathologies. They give criteria which hold in particular in a non-zero external field, and which imply that this set is of zero measure with respect to the renormalized measures. Following the work of Kennedy [59], several authors [52, 3, 17, 5] analyze the absence of pathologies near the critical point. Also, if one combines projection with enough decimation, as in [69], then one knows that each of the resulting states is Gibbsian (in the strongest sense, i.e. with interactions satisfying (2.2)), but for different interactions. This in turn implies that non-trivial convex combinations of these states are not quasilocal everywhere, see [26], where other examples of “robust” non-Gibbsianness can be found.

The main remark to be made, however, is that this Theorem, although it clarifies the nature of the pathologies, does not in itself suffices to define the RGT as a nice map between Hamiltonians. Indeed, as we observed above, the pair (Φ, Ω) is not unique, even in the simple case of the nearest-neighbour Ising model. One might try to impose further conditions that might select a unique pair, but that has not been done. Thus, in terms of the diagram at the end of Section 3, the problem has changed: with the approach based on the usual notion of Gibbs state, there was no interaction with respect to which the renormalized measures were Gibbsian. But, with our extended notion, the interaction exists but is not unique and the map from H to H^′ is still not well defined.

In order to have a nice set of RG transformations, it seems that one has to give up the spin representation of the model and use instead the contour representation. In the next Section, we will sketch how this strategy works.

7 The Renormalization Group method in the contour representation

To motivate the RG approach at low temperatures, consider the following problem. Let the perturbed Ising Hamiltonian be defined by −βH = βJ ∑ <ij> (σ_iσ_j − 1) + βJ_3 ∑ <ijk> σ_iσ_j σ_k + βh ∑ i σ_i (7.1)

where the first sum runs over pairs of nearest neighbours, the second one over all elementary triangles of the lattice (made of two sites adjacent to a third one) and the last term represents the effect of an external magnetic field. We consider J_3 small, i.e. we are interested in a small perturbation of the Ising model.

Now, for J_3 ≠ 0, this model does no longer have the spin flip symmetry of the Ising model. However it is easy to see that, for J_3 small, one can find h_0 = h_0(J_3) so that the Hamiltonian (7.1) has two ground states, the “all plus” and the “all minus” configurations. A natural question is whether there exists a phase transition in this model, i.e. a line h(T ), defined for T small, on which the plus and the minus phases coexist and such that, for h > h(T ) (resp. h < h(T )) we have only the plus (resp. minus) phase (and such that h(T ) → h_0 for T → 0). Of course, for J_3 = 0, h_0 = 0 and h(T ) ≡ 0 by symmetry, but if one looks at standard arguments such as Peierls’ argument proving the existence of a phase transition for the Ising model, one sees that they use crucially, at least in their simplest versions, the information, (given by the symmetry of the model), that the phase transition must occur at h = 0. For the perturbed model one has, so to speak, to find the value of h(T ) for which one will be able to prove that phase coexistence occurs at the same time as one proves that coexistence. It was therefore quite an achievement when Pirogov and Sinai [84, 88] provided a rigorous construction of phase diagrams at low temperatures for a general class of Hamiltonians (including of course (7.1)): basically those with discrete spins, finite range interactions and finitely many ground states. That theory was extended in several directions later (see e.g. [6, 12, 55, 89, 91]) but what interest us here is that it can be rather easily understood using the RG.

Indeed, writing the RGT in the contour language, Gawȩdzki, Kotecký and Kupiainen [40] were able to rigorously justify the standard picture that, at low temperatures, the Renormalization Group drives the spin system (7.1) towards lower temperatures and towards larger external fields (for h ≠ h(T )). Using that fact, one can solve the problem of “selecting” h(T ) by defining it as the unique initial value of the external field so that the effective field remains bounded under all iterations of the RG (see Sect. 7.3 below). However, instead of discussing in full the RG approach of [40], we shall illustrate it on the simple example of the Ising model in a uniform field, i.e. (7.1) with J_3 = 0. This model is trivial^{18}, but, nevertheless, it can be used to illustrate how one implements the RG and how the effective field flows.

18As a consequence of the Lee-Yang theorem, the free energy and the correlation functions are analytic for Re h ≠ 0.

In order to indicate how such ideas extend to disordered systems, we shall also discuss the Ising model with a random external field: −βH = βJ ∑ ⟨ij⟩ (σ_iσ_j − 1) + β ∑ i h_iσ_i where the h_i’s are i.i.d. random variables with, say, a Gaussian distribution of mean zero and variance ε^2. This model has a phase transition in d ≥ 3, which was the subject of some controversy in the early 80’s.

We shall explain the Renormalization Group method of [40, 7] in three stages : First, the usual Ising model with no field. Here, one shows only that the temperature flows towards zero. Then, we add a uniform external field (and explain why it grows, except on the transition line) and finally a random field. Finally, we shall make some remarks on the proof of Theorem 1.

7.1 The Renormalization Group transformation for the Ising model

We shall assume that the reader is somewhat familiar with the Peierls’ argument and the picture of the low temperature phases that emerges from it. Thus typical configurations of the plus and the minus phases consist of a sea of plus or minus spins with small islands of opposite spins, and even smaller islands within islands. The Renormalization Group transformation consists of two steps:

• integrate out the small scale degrees of freedom of the system (defined below). This operation produces an effective model for the remaining large scale degrees of freedom.

• rescale this effective model so as to produce new small scale degrees of freedom.

And then, iterate the transformation. To be concrete, let

Z^+(Λ) = ∑ σ exp(−βH(σ|+)) (7.2)

with H(σ|+) given by (2.1), be the partition function of the Ising model, in Λ, with plus boundary conditions and no external field (h = 0). Now introduce contours , i.e., identify a spin configuration with the set of nearest-neighbour pairs < ij > where σ_i ≠ σ_j and decompose this set into connected components. Then, the standard low temperature expansion takes the form:

Z^+(Λ) = ∑ Γ ∏ γ∈Γ ρ(γ) (7.3)

where ρ(γ) = exp(−2βJ|γ|), (7.4) |γ| = number of bounds in γ, and the sum runs over all families Γ of pairwise disjoint contours γ. Define a contour to be small if diam (γ) is less than L and large otherwise.

The small contours are part of the small scale degrees of freedom of the systems. L is a fixed number, whose choice is rather arbitrary. Later it will be chosen large compared to various geometric constants. The larger L is, the larger β has to be chosen for the proof to work (at least in less trivial situations than in this example). L is the renormalization scale; that is, we shall integrate all degrees of freedom on scale less than L and then rescale everything by L^{−1} in order to be able to iterate the transformation.

Observe that, if we restrict the sum in (7.3) to small contours, then the logarithm of Z^+ certainly has a convergent low temperature expansion. One does not even need a Peierls’ estimate on the number of contours of a given length to show that. Indeed, there are only finitely many (small) contours per unit volume and each of them has an activity less than exp(−2βJ). So, this is the most standard type of Mayer expansion, with a finite number of “species” of particles (the small contours). Note, however, that, if one uses this argument, one needs β large if L is large, because, the larger L, the larger the number of small scale contours.

Now, write

Z^+(Λ) = l ∑ Γ ∏ γ∈Γ ρ(γ) Γ,s ∑ ~_Γ ∏ ~γ∈~Γ ρ(~γ) (7.5)

where the first sum, ∑_l , runs over families of large contours and the second one, ∑_{Γ,s} , is over families of small contours compatible with the large ones (Γ), i.e. not overlapping with them. This equals:

Z^+(Λ) = l ∑ Γ ∏ γ∈Γ ρ(γ)Z^s(Λ\Γ) (7.6)

where Z^s(Λ\Γ) is the partition function in Λ\Γ with the sum in (7.3) restricted to families of small contours.

This partition function actually factorizes over connected components of Λ\Γ, but we shall not use that fact. We only use the fact that, since we have a convergent expansion, we may write log Z^s(Λ\Γ) as the sum of a bulk term, and a boundary one, which themselves are sums of “polymers” (which can be taken simply as connected sets, see e.g. [60]):

log Z^s(V ) = ∑ C⊆V φ^T (C) = βS|V | + f_{∂V} (7.7) where S = lim_{V →∞}(β|V |)^{−1} log Z^s(V ) = ∑ C∋x φ^T (C) β|C| One has the bounds: |φ^T (C)| ≤ e^{−βJ|C|} (7.8)

|f_{∂V} | ≤ e^{−βJ} |∂V | (7.9)

|S| ≤ e^{−βJ} . (7.10) Inserting (7.7) into (7.6), with V = Λ\Γ, we get:

Z^+(Λ) = e^{βS|Λ|} l ∑ Γ ∏ γ∈Γ ρ(γ)e^{UΛ(Γ)} (7.11)

where

U_Λ(Γ) = ∑ C⊂Λ\Γ φ^T (C) − βS|Λ| (7.12)

is an “interaction” between the large contours. The constant term, βS|Λ|, which is the bulk free energy of the small contours, may be taken outside of the sum. So, in the partition function (7.11), the sum runs only over large contours; the latter are interacting, but weakly, as one can see from (7.8).

Before iterating, we need to rescale so as to produce new small contours. This is done by blocking the large contours. This last operation will also integrate out the remaining small scale degrees of freedom, namely the small wiggles in the large contours. To do that, cover the lattice with disjoint boxes of side L. Define the coarse grained contour γ^′ corresponding to γ to be the set of boxes intersected by γ. Write [L^{−1}γ] = γ^′. And let the weight ρ^′(γ^′), of the coarse grained contour, be:

ρ^′(γ^′) = ∑ γ [L^{−1}γ]=γ^′ ρ(γ) (7.13)

So, we simply resum the weights of all the contours γ mapped onto γ^′ by the coarse graining. Then, if we neglect for a moment the interaction U_Λ(Γ) in (7.11), we may write: Z^+(Λ)e^{−Sβ|Λ|} ∼= ∑ Γ^′ ∏ γ^′∈Γ^′ ρ^′(γ^′) (7.14)

That is, the original partition function can be written as a new partition function, of essentially the same form as the previous one, but with new contour weights ρ^′(γ^′). The main property of these weights is that they sastisfy the bound: 0 < ρ^′(γ^′) < e^{−β′|γ′|} (7.15) with |γ^′| = number of boxes in γ^′ and

β^′ = L^{d−1}cβ. (7.16)

This is easy to see, since, on the first scale, contours are closed d − 1 dimensional surfaces and thus each box in γ^′ contains approximately L^{d−1} bonds of the original contour. This is not exactly true for all boxes, hence the constant c in (7.16), which is independent of L and |γ^′| (for a proof, see [35]). A convenient way to write (7.16) is

β^′ = L^{d−1−α}β (7.17) i.e. we assume that L is large enough so that L^{−α} is smaller than c. This is one of the places in this argument where one assumes that L is large enough.

Now, one should say what to do with the neglected U_Λ(Γ)^{19}. Simply, one may expand it in a Mayer series, before the blocking. Using (7.8) one shows that the weights of the Mayer graphs are small. Then, in the blocking, one collects together contours and Mayer graphs joining them. The new contour weights are not necessarily positive, because the weight of the Mayer graphs may be of any sign, and also, instead of (7.15), (7.16), we shall get |ρ^′(γ^′)| ≤ exp(− ~β|γ|) (7.18) with

~β = L^{1−α}β (7.19)

because the Mayer graphs do not form closed surfaces, just connected sets (so they scale linearly with L). This last remark would have to be made even if we did not have to Mayer expand the interaction, because, after one iteration, one gets contours, in (7.14), which are “thin”, i.e. are made of a linear sequence of boxes and are no longer closed surfaces. They come from blocking the contours on the first scale that fitted just into that set of boxes.

If we are only interested in the Ising model these two remarks do not really matter: a bound like (7.18) is sufficient. We may iterate the procedure, all expansions converge even for complex weights and the temperature T = β^{−1} runs towards zero.

However, when one deals with the random field model, it becomes necessary to distinguish between β and ~β and to keep all contour weights positive. We refer the reader to [7] for these modifications of the expansion.

7.2 The Renormalization Group transformation for a uniform field

Let us now turn our attention to the Ising model in a non-zero constant external field. The partition function can be written in terms of contours as:

Z^+(Λ) = ∑ Γ ∏ γ∈Γ ρ(γ) exp[B(V^+(Γ) − V^−(Γ))] (7.20)

where B = βh and V^±(Γ) is the number of sites where the spins are equal to ±1, given that the set of contours is Γ and given the (plus) boundary conditions. Of course the field prevents us from doing the same expansion as before. Indeed, the “interaction” between the contours and the field is quite “non-local”: erasing a contour changes the field everywhere inside the contour and not only on its boundary.

However, suppose first that the field is “large”, namely that |B| > K (7.21) where K is a constant depending only on the lattice dimension. Then, there exist a standard convergent large field expansion. The polymers of that expansion are simply connected sets where hσ_x < 0. The conclusion is that for |B|

19See also [68] for an alternative treatment of this part.

large enough, the model can be completely analyzed and one can show that the system is in the single-phase region, either plus or minus (i.e. the Gibbs measure is unique).

Now, for |B| smaller than K, we may proceed as follows: since, by the isoperimetric inequality,

V (γ) = volume enclosed by γ ≤ c|γ|^{d/d−1} (7.22) and |γ| ≤ c^′ (diam(γ))^{d−1} we have, for small contours (diam(γ) ≤ L), the bound V (γ) ≤ ~cL|γ|. (7.23) This means that, for |B|L << βJ (7.24) which holds, for |B| ≤ K and β large, we have ρ(γ) exp(|B|V (γ)) ≤ exp(−βJ|γ|) (7.25) (7.25) means that the volume inside γ is controlled by the boundary term |γ| and this can be used to show that the small contour expansion, used in section 7.1 above, converges.

Therefore, we may integrate out the small contours, block the large ones as before and see what the effective model on the next scale looks like. The main results are:

• The contour weights for the blocked large contours are (almost) as before.

• There is a new external field given by:

B^′ = L^d(B + S(B)) (7.26)

L^d comes from the volume of one box, S(B) is a free energy term coming from the small contours and is bounded by:

O(e^{−βJ} ). (7.27)

This is shown using again (7.25), (7.8).

Combining (7.26), (7.27), we see that the map from B to B^′ is expanding, i.e. |^{dB′}_{dB} | > 1 (the derivative is actually of order L^d). Using this, and the fact that, for large B, there is a convergent expansion, we can understand how the coexistence line h(T ) is “selected” (see [40] for details)^{20}. Let I_0 = {B| |B| ≤ K} be such that, for |B| > K, i.e. B /∈ I_0, we are in the large field regime, and therefore we have a unique phase (either plus or minus). Define I_1 = {B|B^′ ∈ I_0} and, inductively, I_{n+1} = {B|B^′ ∈ I_n}. Then for B /∈ I_n, we are in the large field region after n RG steps, and therefore,

20Of course, for the Ising model, one knows that h(T ) = 0; but the argument outlined here applies to models like (7.1).

not on the transition line (to show this, one has to extend the large field analysis to the effective models produced by the RG transformations; but this is straightforward, see [40]). Since |^{dB′}_{dB} | > 1, we see that the intervals I_n form a family of imbedded intervals whose length is strictly decreasing and their unique intersecton point βh(T ) = B(T ) = ∩_nI_n is therefore the point of phase coexistence.

Finally, note that, in the spin language, the arguments given here justify the following picture: if we put a small external field h in a box V of volume |V | = N^d, then, the phase transition (occuring at h = 0) persists as long as |h| < O(N^{−1}) (see (7.24) with L replaced by N). That is, depending on whether we have plus or minus boundary conditions on V , most spins in V will be plus or minus. But, for larger V ’s the field dominates the effect of the boundary conditions and most spins are aligned along the direction of h.

7.3 The Renormalization Group transformation and the random field

To understand the phase diagram of the RFIM, consider the following intuitive argument due to Imry and Ma [56]. In order to test the stability of the plus (or minus) phase, compute the energetic cost due to the introduction of the opposite phase (say minus inside plus) inside a large volume |V | = N^d. First, there is a boundary term, basically coming from the contour energy which scales like N^{d−1}, and a random term coming from the field, which scales as N^{d/2} (since it is a sum of N^d independent identically distributed random variables of mean zero). Since the latter contribution is of a random sign, one expects that it will overwhelm the boundary term unless d − 1 >^d_2 i.e. unless d > 2.

Coming to the random field, we see that, when the variance h^2 is small, the fields will be small enough so that the small contour expansion converges, with large probability. This last provision means that there is a (random) set where the field is too large for the expansion to converge. Before discussing what to do about this set, consider the result of the small contour expansion in the small field region: we have a new random field given by

β^′h^′_x = β ∑ y∈x h_y + L^dS(h_x)

(7.28)

where the sum runs over the L^d sites in the box centered at x. This sum replaces the first term, L^dB = L^dβh in (7.26). And the blocked contours are roughly as before.

Now, compute the variance of h^′: since we have a sum of L^d independent random variables in the first term, multiplied by β/β^′ = L^{−(d−1−α)} (see (7.17))^{21},

(h^′)^2 = L^{−(d−2−2α)}h^2. (7.29)

This is, in disguise, the scaling coming from the Imry-Ma argument, up to the L^{−2α} factor.

21It is here that we need, for contours with an interior, that β flows according to (7.17) and not (7.19).

The second term in (7.28), L^dS(h_x), is small, by (7.8), and does not affect much this calculation (one can show that it a also sum of independent random variables of mean zero). Thus, the variance of the field runs down. This means that we should be able to iterate the transformation, and eventually converge to the trivial fixed point T = h = 0.

We still have to discuss the large field regions (for details, see [7]). There, we simply do not expand. Physically, the large fields tend to make some contours probable, and therefore it is impossible to expand around a contourfree configuration. But the main observation is that a large field can only produce a contour of a size which depends on the value of that large field. This size grows like a power of the value of the field. But large fields are unprobable, and their probability goes to zero like a Gaussian when they get large (this Gaussian, of course, controls the power growth). So, for typical configurations of the random field, one can essentially treat the large field regions, and the contours in them, as a free very dilute gas (whose “particles” are these regions). Moreover, large fields may appear on all scales since h^′_x may be large, even if all the h_y’s in the block x are small (e.g. if they all have the same sign) but the Gaussian has a smaller and smaller variance, by (7.29), thus making large fields more and more unprobable. So, using probabilistic estimates, one shows that the large fields do not destroy the results of the perturbative analysis, expressed by (7.28), (7.29).

7.4 Sketch of the proof of Theorem 1.

Consider μ^′_+; using (3.2), one shows that the conditional probabilities μ^′_+(s_V |s̄_V c ) can be obtained through the following limit, if it exists:

μ^′_+(s_V |s̄_V c ) = lim_{Λ2↑L} lim_{Λ1↑Zd}

Z^+_{Λ1} (s_V ∨ s̄_V c_{∩Λ2} ) ∑ ~s_V Z^+Λ1 (~s^V ∨ s̄^{V c∩Λ}2 )

. (7.30)

Where

Z^+_{Λ1} (s_{Λ2} ) = ∑ σ_{Λ1} ∏ x∈Λ_2 T_xe^{−βH(σΛ1 |+)} (7.31)

where H(σ_{Λ1} |+) is defined as in (2.1), but with the sum restricted to i ∈ Λ_1, with σ_j = +1, ∀j ∈ Λ^c_1. The conditional probabilities μ^′_−(s_V |s̄_V c ) can be obtained by similar formulas, with + replaced by −.

So, in order to define the renormalized Hamiltonian (see (2.7)), it is enough

to control (via suitable expansions) log^{Z+Λ1 (sΛ2 )}_{Z+Λ1 (s′Λ2 )} , for configurations s_{Λ2} , s^′_{Λ2} that

are restrictions of a given configuration in Ω_+.

To see how this is done, consider first the s configuration where all s_x = +1 (or all s_x = −1). For β large, this acts as a large external field on the σ spins, and we can perform a large field expansion^{22} similar to the one mentioned in Section 7.2. Now, consider typical configurations with respect to μ^′_+ (or μ^′_−),

22Note that, here, we use the fact that the decimation scale b is fixed and that we choose β large depending on b.

which, by definition, will be the configurations in Ω. Those typical configurations consist of a sea of + (or −) spins with few islands surrounded by “contours”, i.e. adjacent blocks B_x, B_y with s_x ≠ s_y. These contours form a dilute gas and the logarithm of the partition function can approximately be written as a sum of terms, each of which is local, i.e. is the logarithm of a partition function associated to the set of spins situated in the neighbourhood of such a contour. Calling ϕ(γ) such a term, we obtain the effective interactions by a formula similar to (6.3), with 2β|γ| replaced by ϕ(γ) (to which one must add terms representing interactions between contours; the latter, however, are exponentially decreasing with the distance betwen contours). This allows us (via a rather complicated inductive argument) to construct interactions that satisfy the bound (6.1) for all s ∈ Ω (see [11] for details).

8 Concluding Remarks

1. Although at low temperatures the pathologies can be understood as explained above, their existence leaves open some questions (like the possibility of a global RG analysis for all the values of the parameters of the model) and indicates some new interesting problems. For example, one expects to find many natural occurences of weak Gibbs states, in particular in some probabilistic cellular automata, where the stationary measures can be seen as projections of Gibbs measures [64], see also [79, 29, 62, 76] for further concrete examples. Therefore, from a theoretical point of view, it would be interesting to develop the theory of weak Gibbs states and to see which properties following from the usual definition extend to that larger framework. For a discussion of possible extensions of the standard theory, see [77, 78, 79, 27, 66, 67].

2. In many rigorous applications of the RG method (some of which were mentioned in the Introduction) one encounters a so-called “large field problem”. These are regions of the lattice where the fields are large and where the renormalized Hamiltonian is not easy to control, because H tends to be large also; however, these large field regions can be controlled because they are very unprobable (since exp(−H) is small). Thus, the people who actually used the RG to prove theorems encountered a problems quite similar to the pathologies (and to the large random fields in the random field Ising model), and treated them in a way similar to the way the pathologies are treated here.

3. Maybe the last word of the (long) discussion about the pathologies is that the RG is a powerful tool, and a great source of inspiration, both for heuristic and rigorous ideas. But that does not mean that it should be taken too literally.

Acknowledgments

We would like to thank A. van Enter, R. Fernandez, C. Maes, C.-E. Pfister, F.Redig, A. Sokal, K. Vande Velde for discussions. A.K. acknowledges the support of the Academy of Finland.

References

[1] T. Balaban. Renormalization Group approach to lattice gauge field theories, Commun. Math. Phys., 109, 249–301, 1987; 116, 1–22, 1988.

[2] T. Balaban. A low temperature expansion in classical N-vector models, Commun. Math. Phys., 167, 103–154, 1995.

[3] G. Benfatto, E. Marinari and E. Olivieri. Some numerical results on the block spin transformation for the 2d Ising model at the critical point. J. Stat. Phys., 78, 731–757, 1995.

[4] G. Benfatto, G. Gallavotti. Renormalization Group. Physics Notes.

Princeton University Press, Princeton, 1995.

[5] L. Bertini, E. Cirillo and E. Olivieri. Renormalization-group transformations under strong mixing conditions: Gibbsinanness and convergence of renormalized interactions. J. Stat. Phys., 97, 831–915, 1999.

[6] C. Borgs and J. Imbrie. A unified approach to phase diagrams in field theory and statistical mechanics. Commun. Math. Phys., 123, 305–328, 1989.

[7] J. Bricmont and A. Kupiainen. Phase transition in the 3d random field Ising model. Commun. Math. Phys., 116, 539–572, 1988.

[8] J. Bricmont and A. Kupiainen. Randoms walks in asymmetric random environments. Commun. Math. Phys., 142, 345-420 (1991).

[9] J. Bricmont and A. Kupiainen and G. Lin. Renormalization group and asymptotics of solutions of nonlinear parabolic equations. Commun. Pure and Applied Math., 47, 893-922 (1994).

[10] J. Bricmont and A. Kupiainen. Renormalizing partial differential equations. In: Constructive Physics, p. 83-115, V. Rivasseau (ed), Proceedings, Palaiseau, France, 1994, Lecture Notes in Physics, Springer-Verlag, Berlin, 1995 .

[11] J. Bricmont, A. Kupiainen and R. Lefevere. Renormalization Group Pathologies and the Definition of Gibbs States. Commun. Math. Phys., 194, 359–388, 1998.

[12] J. Bricmont and J. Slawny. Phase transitions for systems with a finite number of dominant ground states. J.Stat.Phys., 54, 89-161 (1989).

[13] D. Brydges, J. Dimmock, T. Hurd. A non-Gaussian fixed point for ϕ^4 in 4 − ϵ dimensions, Commun.Math.Phys., 198, 111–156 (1998).

[14] C. de Calan, P. A. Feria da Veiga, J. Magnen, and R. Sénéor. Constructing the three dimensional Gross-Neveu model with a large number of flavor components, Phys. Rev. Lett., 66, 3233–3236, 1991.

[15] C. Cammarota. The large block spin interaction. Il Nuovo Cimento, 96B, 1–16, 1986.

[16] M. Cassandro and G. Gallavotti. The Lavoisier law and the critical point.

Il Nuovo Cimento, 25B, 695–705, 1975.

[17] E. Cirillo and E. Olivieri. Renormalization-group at criticality and complete analyticity of constrained models: a numerical study. J. Stat. Phys., 86, 1117–1151, 1997.

[18] R. L. Dobrushin. Gibbs states describing a coexistence of phases for the three-dimensional Ising model. Th. Prob. and its Appl., 17, 582-600, 1972.

[19] R. L. Dobrushin.Lecture given at the workshop “Probability and Physics”, Renkum, (Holland), 28 August- 1 September, 1995.

[20] R. L. Dobrushin and S. B. Shlosman. Non-Gibbsian States and their Gibbs description. Commun. Math. Phys., 200, 125–179, 1999.

[21] C. Domb and M. S. Green (Eds.). Phase transitions and critical phenomena, Vol.6. Academic Press, New York, 1976.

[22] A. C. D. van Enter. Ill-defined block-spin transformations at arbitrarily high temperatures. J. Stat. Phys., 83, 761–765, 1996.

[23] A. C. D. van Enter, R. Fernández, and A. D. Sokal. Renormalization in the vicinity of first-order phase transitions: What can and cannot go wrong. Phys. Rev. Lett., 66, 3253–3256, 1991.

[24] A. C. D. van Enter, R. Fernández, and A. D. Sokal. Regularity properties and pathologies of position-space renormalization-group transformations: Scope and limitations of Gibbsian theory. J. Stat. Phys., 72, 879–1167, 1993.

[25] A. C. D. van Enter, R. Fernández, and R. Kotecký. Pathological behavior of renormalization group maps at high fields and above the transition temperature. J. Stat. Phys., 79, 969–992, 1995.

[26] A. C. D. van Enter and J. Lörinczi. Robustness of the non-Gibbsian property: some examples. J. Phys. A, Math. and Gen., 29, 2465–2473, 1996.

[27] A. C. D. van Enter and S.Shlosman. (Almost) Gibbsian Description of the Sign Fields of SOS Fields. J. Stat.Phys., 92, 353–367, 1998.

[28] A. C. D. van Enter, and R. Fernández. Problems with the definition of renormalized Hamiltonians for momentum-space renormalization transformations. Phys. Rev. E, 59, 5165–5171, 1999.

[29] A. C. D. van Enter, C. Maes, R. H. Schonmann, S. Shlosman, The Griffiths singularity random field. On Dobrushin’s way. From probability theory to statistical physics, Amer. Math. Soc. Transl. Ser. 2, 198, 51–58. Amer. Math. Soc., Providence, RI, 2000.

[30] M. Feigenbaum. Quantitative universality for a class of nonlinear transformations. J. Stat. Phys., 19, 25–52, 1978.

[31] M. Feigenbaum. The universal metric properties of nonlinear transformations. J. Stat. Phys., 21, 669–706, 1979.

[32] J. Feldman, J. Magnen, V. Rivasseau and R. Sénéor. Construction of infrared ϕ^4 by a phase space expansion, Commun. Math. Phys., 109, 437–480, 1987.

[33] J. Feldman, J. Magnen, V. Rivasseau and R. Sénéor. A renormalizable field theory: the massive Gross-Neveu model in two dimensions, Commun. Math. Phys., 103, 67–103, 1986.

[34] R. Fernández and C.-Ed. Pfister. Global specifications and nonquasilocality of projections of Gibbs measures. Ann.Prob., 25, 1284–1315, 1997.

[35] D. S. Fisher, J. Fröhlich and T. Spencer. The Ising model in a random magnetic field. J. Stat. Phys., 34, 863 (1984).

[36] M. E. Fisher. Renormalization Group theory : its basis and formulation in statistical physics. Rev. Mod. Phys., 70, 653–681, 1998.

[37] G. Gallavotti and H. Knops. Block spins interactions in the Ising model.

Commun. Math. Phys., 36, 171–184, 1974.

[38] G. Gallavotti. Boundary conditions and correlation functions in the νdimensional Ising model at low temperature. Commun. Math. Phys., 23, 275–284, 1971.

[39] G. Gallavotti and A. Martin-Löf. Block spins distributions for short range attractive Ising models. Il Nuovo Cimento, 36, 1–16, 1974.

[40] K. Gawȩdzki, R. Kotecký and A. Kupiainen. Coarse graining approach to first order phase transitions.J. Stat. Phys., 47, 701–724, 1987.

[41] K. Gawȩdzki and A. Kupiainen. Massless Lattice ϕ^4 Theory: A Non- Perturbative Control of a Renormalizable Model. Phys. Rev. Lett., 54, 92–95 (1985).

[42] K. Gawȩdzki and A. Kupiainen. Gross-Neveu Model Through Convergent Perturbation Expansions. Commun. Math. Phys. 102, 1–30 (1985).

[43] K. Gawȩdzki and A. Kupiainen. Exact Renormalization for the Gross- Neveu Model of Quantum Fields. Phys. Rev. Lett., 54, 2191–2194 (1985).

[44] K. Gawȩdzki and A. Kupiainen. Renormalizing the Non-Renormalizable, Phys. Rev. Lett., 55, 363–367 (1985).

[45] K. Gawȩdzki and A. Kupiainen. Renormalization of a Non- Renormalizable Quantum Field Theory, Nucl. Phys., B262, 33-48 (1985).

[46] K. Gawȩdzki and A. Kupiainen. Massless Lattice ϕ^4 Theory: Rigorous Control of a Renormalizable Asymptotically Free Model, Commun. Math. Phys., 99, 197-252 (1985).

[47] H-O. Georgii. Gibbs Measures and Phase Transitions. Walter de Gruyter (de Gruyter Studies in Mathematics, Vol. 9), Berlin–New York, 1988.

[48] N. Goldenfeld, O. Martin and Y. Oono. Intermediate asymptotics and renormalization group theory. J. Sci. Comp., 4, 355-372, 1989; N. Goldenfeld, O. Martin, Y Oono and F. Liu. Anomalous dimensions and the renormalization group in a nonlinear diffusion process.Phys. Rev. Lett., 64, 1361-1364, 1990;

N. Goldenfeld, O. Martin and Y. Oono. Asymptotics of partial differential equations and the renormalization group. in: Proceedings of the NATO ARW on Asymptotics beyond all orders, H. Segur, S.Tanveer, H. Levine, eds, Plenum, 1991;

N. Goldenfeld. Lectures on phase transitions and the renormalization group. Addison-Wesley, Frontiers in Physics 85, 1992;

L-Y. Chen, N. Goldenfeld and Y. Oono. Renormalization group theory for global asymptotic analysis. Phys. Rev. Lett., 73, 1311-1315, 1994.

[49] R. B Griffiths. Nonanalytic behavior above the critical point in a random Ising ferromagnet. Phys. Rev. Lett., 23, 17–20, 1969.

[50] R. B. Griffiths and P. A. Pearce. Position-space renormalization-group transformations: Some proofs and some problems. Phys. Rev. Lett., 41, 917–920, 1978.

[51] R. B. Griffiths and P. A. Pearce. Mathematical properties of positionspace renormalization-group transformations. J. Stat. Phys., 20, 499–545, 1979.

[52] K. Haller and T. Kennedy. Absence of renormalization group pathologies near the critical temperature–two examples. J. Stat. Phys., 85, 607–637, 1996.

[53] A. Hasenfratz and P. Hasenfratz. Singular renormalization group transformations and first order phase transitions (I). Nucl. Phys. B, 295[FS21], 1–20, 1988.

[54] J. Imbrie. The ground state of the three-dimensional random-field Ising model.Commun. Math. Phys., 98, 145–176, 1985.

[55] J. Imbrie. Phase diagrams an cluster expansions for P (ϕ)_2 models. Commun. Math. Phys., 82, 261–304, and 305–343, 1981.

[56] Y. Imry and S. K. Ma, Random-field instability of the ordered state of continuous symmetry. Phys. Rev. Lett., 35, 1399–1401, 1975.

[57] R. B. Israel. Convexity in the Theory of Lattice Gases, Princeton University Press, Princeton, 1979.

[58] R. B. Israel. Banach algebras and Kadanoff transformations. In J. Fritz,. L. Lebowitz, and D. Szász, editors, Random Fields (Esztergom, 1979), Vol. II, pages 593–608. North-Holland, Amsterdam, 1981.

[59] T. Kennedy. Some rigorous results on majority rule renormalization group transformations near the critical point. J. Stat. Phys., 72, 15–37, 1993.

[60] R. Kotecký and D. Preiss. Cluster expansion for abstract polymer models.

Commun. Math. Phys., 103, 491–498, 1986.

[61] O.K. Kozlov. Gibbs Description of a system of random variables. Probl.

Info. Trans., 10, 258–265, 1974.

[62] C. Külske. (Non-)Gibbsianness and phase transitions in random lattice spin models. Markov Process. Related Fields, 5, 357–383, 1999

[63] H. Künsch. Almost sure entropy and the variational principle for random fields with unbounded state space. Z.Wahrscheinlichkeitstheorie Verw. Geb., 58, 69–85, 1981.

[64] J.L. Lebowitz, C.Maes, E.R. Speer. Statistical mechanics of probabilistic cellular automata. J.Stat.Phys., 59, 117–170, 1990.

[65] J. L. Lebowitz and E. Presutti. Statistical mechanics of systems of unbounded spins. Commun. Math. Phys., 50, 195–218, 1976.

[66] R. Lefevere. Weakly Gibbsian Measures and Quasilocality : a long range pair-interaction counterexample. J. Stat. Phys., 95, 789–793, 1999.

[67] R. Lefevere. Variational Principle for Some Renormalized Measures. J.

Stat. Phys, 96, 109–134, 1999.

[68] R. Lefevere. A note on the Renormalization Group and contour expansions. Physica A, 286, 599–610, 2000.

[69] J. Lörinczi and K. Vande Velde. A note on the projection of Gibbs measures. J. Stat. Phys., 77, 881–887, 1994.

[70] J. Lörinczi. Some results on the projected two-dimensional Ising model. In M. Fannes, C. Maes, and A. Verbeure, Proceedings NATO ASI Workshop “On Three Levels”, pages 373–380, Plenum Press, 1994.

[71] J. Lörinczi and M. Winnink. Some remarks on almost Gibbs states. In N. Boccara, E. Goles, S. Martinez, and P. Picco, editors, Cellular Automata and Cooperative Systems, pages 423–432, Kluwer, Dordrecht, 1993.

[72] C. Maes and K. Vande Velde. Defining relative energies for the projected Ising measure. Helv. Phys. Acta, 65, 1055–1068, 1992.

[73] C. Maes and K. Vande Velde. The (non-)Gibbsian nature of states invariant under stochastic transformations. Physica A, 206, 587–603, 1994.

[74] C. Maes and K. Vande Velde. Relative energies for non-Gibbsian states.

Comm. Math. Phys., 189, 277–286, 1997.

[75] C. Maes, F. Redig, S. Shlosman, A. Van Moffaert. Percolation, path large deviations and weakly Gibbs states. Comm. Math. Phys., 209, 517–545, 2000.

[76] C. Maes, F. Redig, F. Takens, A. Van Moffaert, E. Verbitsky. Intermittency and weak Gibbs states. Preprint., 1999.

[77] C. Maes, F. Redig and A. Van Moffaert. Almost Gibbsian versus Weakly Gibbsian. Stoch.Proc. Appl., 79, 1–15, 1999.

[78] C. Maes, F. Redig and A. Van Moffaert. The restriction of the Ising model to a layer. J. Stat. Phys. 94, 893-912, 1999.

[79] C. Maes and S. Shlosman. Freezing transition in the Ising model without internal contours. Probab. Theory Related Fields. 115, 479–503, 1999.

[80] J. Magnen, V. Rivasseau and R. Sénéor. Rigorous results on the ultraviolet limit of non-Abelian gauge theories, Phys. Lett. B283, 90–96, 1992; Construction of Y M_4 with an infrared cutoff, Comm. Math. Phys., 155, 325–383,1993.

[81] F. Martinelli and E. Olivieri. Some remarks on pathologies of renormalization-group transformations. J. Stat. Phys., 72, 1169–1177, 1993.

[82] F. Martinelli and E. Olivieri. Instability of renormalization-group pathologies under decimation. J. Stat. Phys., 79, 25–42, 1995.

[83] V. Rivasseau. From Perturbative to Constructive Renormalization, Princeton University Press, Princeton, 1991.

[84] S. Pirogov and Ya. Sinai. Phase diagrams of classical spin systems. Theor.

Math. Phys., 25, 1185–1192, 1975 and 26, 39–49, 1976.

[85] M. Salmhofer. Renormalization. An Introduction, Springer, Berlin, 1999.

[86] R. Schonmann. Projections of Gibbs measures may be non-Gibbsian.

Comm. Math. Phys., 124, 1–7, 1989.

[87] B. Simon. The Statistical Mechanics of Lattice Gases, Princeton University Press, Princeton, 1993.

[88] Ya. G. Sinai. Theory of Phase Transitions: Rigorous Results, Pergamon Press, Oxford, 1982.

[89] J. Slawny. Low temperature properties of classical lattice systems: Phase transitions and phase diagrams. In: C. Domb and J. L. Lebowitz (Eds.). Phase transitions and critical phenomena, Vol.11. Academic Press, New York, 1987.

[90] W.G. Sullivan. Potentials for almost Markovian random fields. Comm.

Math. Phys., 33, 61–74, 1973.

[91] M. Zahradnik. An alternative version of Pirogov-Sinai theory. Commun.

Math. Phys., 93, 559–581, 1984.