On decay of correlations for unbounded spin systems with arbitrary boundary conditions

Aldo Procacci Departamento de Matematica^∗ ICEx - UFMG Belo Horizonte Brazil

Benedetto Scoppola Dipartimento di Matematica^{∗∗} Universitá “La Sapienza” di Roma Piazzale A. Moro 2 00185 Roma, Italy ABSTRACT

We propose a method based on cluster expansion to study the truncated correlations of unbounded spin systems uniformly in the boundary condition and in a possible external field. By this method we study the spin-spin truncated correlations of various systems, including the case of infinite range simply integrable interactions, and we show how suitable boundary conditions and/or external fields may improve the decay of the correlations.

§0. Introduction In recent times a considerable effort has been spent to generalize the classical framework of the complete analiticity for bounded spin systems to the unbounded case. This effort is motivated by the fact that, both in the bounded and in unbounded case, it is in general difficult to prove directly the log-Sobolev inequality, which ensures the complete analyticity, or the existence of a spectral gap for the spin systems, while it is possible to prove the equivalence of the existence of the spectral gap with some other property of the systems easier to check.

The complete scenario of the bounded case, see [SZ] and [MO], has been almost completely recovered in the unbounded case in [Y2], which proved that the log-Sobolev inequality and the existence of a spectral gap for models of interacting unbounded spins equipped by a local potential satisfying reasonable conditions and finite range interactions is equivalent to the exponential decay of the spin-spin truncated correlation uniformly in the boundary conditions.

In many other recent paper, see e.g. [Y1], [Z], [BH1], [BH2] [L], the uniform exponential decay of the correlations has been proved with various techniques for the same range of models.

∗ Partially supported by CNPq ∗∗ Partially supported by CNR, G.N.F.M.

The decay of correlations for unbounded spin systems with empty boundary conditions is an argument studied since a long time, see e. g. [C], [K] and [IN].

A related topic is the study of the unicity of the Gibbs measure. Results in this sense have been obtained so far using suitable generalizations of the Dobrushin theory, see [LP] and [MN] and, more recently, [AA], where the decay of the correlations is also treated. In [MN] and [AA], however, only the finite range case is studied.

In this paper we propose a method to study the decay of the spin-spin correlations uniformly in the boundary conditions based on cluster expansion techniques. Such method is inspired by [C]. With our technique we are able to prove all the known results for the finite range case, including the equivalence of the exponential decay of the spin-spin truncated correlation and the analogous decay of the truncated correlations between measurable functions. Moreover we can prove some additional generalizations. In particular we prove the exponential decay of the correlations uniformly in the boundary conditions when the interaction in the system is infinite range with exponential decay. Then, for infinite range interactions with summable power law, we prove that the spin-spin correlations have the same decay as the interaction. This result was not known in literature even for empty boundary conditions (see reference above). In this case one expect from a dynamic point of view a slow convergence to the equilibrium. Note that with our technique we do not need to impose any constraint on the sign of the interaction, and hence we are able to prove the decay of the correlation even e.g. for disordered systems with summable interaction. Finally we show how large boundary conditions and/or the presence of an external field may improve the decay of the correlations. As a byproduct of this we are able to control the decay of the correlations and the convergence of the free energy at low temperature for systems with boundary conditions and constant external field suitably chosen.

The main idea behind our results is the following. Let us call μ(ϕ_x) the product measure of the system and J the strenght of the interaction measured in the L_1 norm

sup_{x∈}

Z^d ∑ y≠x |J_{xy}| = J < +∞ (0.1); The quantites that one has to control in order to have convergence of the cluster expansion are the following moments of the modified product measure

C_α(J) = ∫ |ϕ_x|^αe^{Jϕ2x} dμ_x(ϕ_x) (0.2) where α ∈ N. In order to have convergent expansions one has to prove that C_α(J) ≤ α!A^αC(J) (0.3) where the constants A and C(J) are independent on the boundary conditions, and JC(J) is small for J small enough.

It is clear that when a dependence on the boundary conditions is included in the product measure μ_x, there is no hope to find a uniform bound of the form (0.3). Nevertheless one can introduce, simply shifting the fields, a different model in which the field is substituted by its deviation with respect to some configuration which minimizes the Hamiltonian. In this way the free energy is not uniformly bounded in the boundary conditions, but this divergence appears only in an overall constant factor, and will not affect the truncated correlations.

On the other side the new product measure that one obtains for the shifted fields is now under control in the sense of (0.3) uniformly in the boundary conditions.

Since this idea, as far as we know, is not already present in literature, we describe it in some detail in section 2 and we study the properties of the shifted measure in section 3.

The rest of the paper is devoted to the computation via cluster expansion of the spin-spin correlations exploiting (0.3).

This is in some sense quite standard (see the references above), however our careful treatment of the convergence of the series, using a representation of the spin spin correlation borrowed from [Si] and the Battle- Brydges-Federbush trees technique, allows us to obtain the above mentioned decay of the correlations with the same power as the interaction. The representation of the spin-spin correlation is presented in section 4. In section 5 we state our main general result and we add to it some useful remarks and exemples. The proof of our theorem is in section 6.

§1 The original model Let us denote with Z^d the simple cubic unit lattice in d dimensions equipped with the usual Euclidean distance.

Suppose that in each site x ∈ Z^d is defined a variable ϕ_x, called spin or field, which takes values in R. A configuration ϕ̄ is a function ϕ̄ : Z^d → R. Let Λ ⊂ Z^d. We call ϕ̄_Λ the restriction of ϕ̄ to Λ. We also denote Λ^c ≡ Z^d\Λ.

We consider the lattice model described by the Gibbs measure

μ^ω_Λ(·) = 1 Z(Λ, ω) ∫ ∏ x∈Λ dϕ_xe^{−H(ϕ̄Λ,ω)}(·) (1.1)

where dϕ_x is the Lebesgue measure in R and the partition function Z(Λ, ω) is defined by Z(Λ, ω) = ∫ ∏ x∈Λ dϕ_xe^{−H(ϕ̄Λ ,ω)} (1.2)

The Hamiltonian of the system is

H(ϕ̄_Λ, ω) = ∑ x∈Λ U(ϕ_x) − ∑ {x,y}∩Λ≠∅ J_{xy}ϕ_xϕ_y + ∑ x∈Λ h_xϕ_x =

= ∑ x∈Λ [U(ϕ_x) − ϕ_xω_x] − ∑ {x,y}⊂Λ J_{xy}ϕ_xϕ_y (1.3)

U(x) is an even polynomial of degree 2k, k > 1, of the form

U(x) = x^{2k} + k−1∑ i=0 u_{2i}x^{2i} (1.4)

with u_{2i} ∈ R; as stated in the introduction, the pair potential J_{xy} is such that

sup_{x∈}

Z^d ∑ y≠x |J_{xy}| = J < +∞ (1.5);

h_x ∈ R represents the external field, and in the last line of (1.3) we defined

ω_x = −h_x + ∑ y∈Λ^c J_{xy}ϕ_y (1.6)

The boundary fields ϕ_y with y ∈ Λ^c must be chosen in such way that ∑ y∈Λ^c Jxyϕy is finite for all x.

In this paper we study the 2-points truncated correlation μ^ω_Λ(ϕ_x, ϕ_y), defined by

μ^ω_Λ(ϕ_x, ϕ_y) = μ^ω_Λ(ϕ_xϕ_y) − μ^ω_Λ(ϕ_x)μ^ω_Λ(ϕ_y) (1.7)

As stated in the introduction, in the recent literature (see e.g. [Y1], [Y2], [BH1], [BH2], [L] for similar results), in the case of couplings J_{xy} small enough and finite range, the following bound has been proved |μ^ω_Λ(ϕ_x, ϕ_y )| ≤ C e^{−γ|x−y|} (1.8) with C and γ positive constants independent on Λ and ω. Moreover in [Y2] it is proven the equivalence between (1.8), the log-Sobolev inequality and the existence of the spectral gap.

Here we propose an alternative technique to obtain the bound (1.8) which allows us to treat also the case of infinite range interactions, and, for suitable boundary conditions and/or external field the case of strong interactions.

§2 The shifted model We write the Hamiltonian as in the last line of (1.3) H = ∑ x∈Λ [U(ϕ_x) − ϕ_xω_x] − ∑ {x,y}⊂Λ J_{xy}ϕ_xϕ_y (2.1)

where ω_x is defined in (1.6).

Then we perform a change of variables defining new fields ψ_x which are simply a translation of fields ϕ_x, namely ϕ_x = ψ_x + ζ_x (2.2)

The translation vector ζ̄ = ∪_{x∈Λ}ζ_x is chosen in such a way that it minimizes the Hamiltonian (2.1). Hence we define ζ̄ as a solution of the following set of equations

U^′(ζ_x) − ω_x − ∑ y∈Λ:y≠x J_{xy}ζ_y = 0 ∀x ∈ Λ (2.3)

Note that the system (2.3) always admits real solutions, since H is a polynomial of degree 2k in |Λ|-variables bounded below.

The Hamiltonian (2.1) may now be rewritten defining

q_x(ψ_x) = U(ψ_x + ζ_x) − U(ζ_x) − U^′(ζ_x)ψ_x (2.4) as H = ∑ x∈Λ q_x(ψ_x) − ∑ {x,y}⊂Λ J_{xy}ψ_xψ_y + C(ζ̄) ≡ H̄(ψ̄) + C(ζ̄) (2.5)

where by (2.4) it is easy to see that q_x(ψ_x) does not contain terms linear in the field for any x, and where

C(ζ̄) = ∑ x∈Λ (U(ζ_x) − ζ_xω_x) − ∑ {x,y}⊂Λ J_{xy}ζ_xζ_y

can be bounded by a suitable constant of the form |C(ζ̄)| ≤ |Λ|C, where C depends in general from boundary conditions and the external magnetic field, and may diverge with them. The shift constants ζ_x in general depends on the boundary spin configurations and/or on the external magnetic field, and they can be arbitrarily large for any x (even inside the bulk) if the boundary fields and/or the external magnetic field are large enough. In general the choice of the configuration ζ̄ is not even unique. However the basic feature of the shifted Hamiltonian, i.e. the absence of linear terms in the field, (see next section for more details) is preserved for every choice of the local minimizer. Different choices of ζ̄ may give different conditions on the smallness of the interaction J_{xy} needed to have decay of correlations.

We define also the number ζ = inf_{x∈Λ} |ζ_x| (2.6)

and the constant ζ may be taken as a reasonable parameter to measure the influence of the boundary conditions and the external field on the system. The partition function can be rewritten Z(Λ, ω) = e^{−C(ζ̄)} ∫ ∏ x∈Λ dψ_xe^{−H̄(ψ̄Λ,ω)} (2.7)

Defining the local probability measure

dν_ω(ψ_x) = e^{−qx(ψx)}dψ_x ∫ R^{e−qx(ψx)dψx (2.8)} and defining also

μ̃^ω_Λ(·) = ∫ ∏ x∈Λ dν_ω (ψ_x)e ∑ {x,y}⊂Λ Jxy ψxψy (·) ∫ ∏ x∈Λ dν_ω(ψ_x)e ∑ {x,y}⊂Λ Jxy ψxψy (2.9)

it is easy to check that

Lemma 1

μ^ω_Λ(ϕ_x, ϕ_y ) = μ̃^ω_Λ(ψ_x, ψ_y) (2.10)

Moreover the partition function (1.2) is written as

Z(Λ, ω) = C_ω (Λ)Z̃(Λ, ω) (2.11)

with Z̃(Λ, ω) = ∫ ∏ x∈Λ dν_ω (ψ_x)e ∑ {x,y}⊂Λ Jxy ψxψy (2.12)

C_ω(Λ) = e^{−C(ζ̄)} ∏ x∈Λ ∫ R^{e−qx(ψx)dψx (2.13)}

§3 Properties of the local measure ν_ω In order to bound by cluster expansion techniques the quantity log Z̃(Λ, ω) and the truncated correlations we need to control uniformly in ζ and hence in ω the quantities

C_α(J) = ∫ |ψ_x|^αe^{Jψ2x} dν_ω (ψ_x) (3.1) where α ∈ N and J is the constant appearing in (1.5). Inserting (1.4) in (2.4), we first write explicitly the function q_x(ψ_x) as

q_x(ψ_x) = P_k(ψ_x) + k−1∑ i=1 u_{2i}P_i(ψ_x) (3.2)

where

P_i(ψ_x) = (ψ_x + ζ_x)^{2i} − ζ^{2i}_x − 2iζ^{2i−1}_x ψ_x = 2i∑ j=2 ( 2i j ) ζ^{2i−j}_x ψ^j_x (3.3)

Hence q_x(ψ_x) is a polynomial of degree 2k in ψ_x without constant and linear term; namely it has the structure

q_x(ψ_x) = 2k∑ i=2 C_i(ζ_x)ψ^i_x (3.4)

where C_i(ζ_x) are also polynomials in ζ_x and C_{2k} (ζ_x) = 1. We now state the following lemma Lemma 2 For any given U(x) of the form (1.4) there exists a positive constant B_U , and two positive functions C_U (J) and F_U (J) satisfying, for some constants C, F 1 ≤ C_U (J) ≤ C J^{12k−2} 1 ≤ F_U (J) ≤ F J^{2k} such that i) For |ζ_x| > C_U (J) q_x(ψ_x) − Jψ^2_x ≥ 1 4 ζ^{2k−2}_x ψ^2_x (3.5) q_x(ψ_x) ≤ B_U ζ^{2k−2}_x ψ^2_x whenever |ψ_x| ≤ |ζ_x| (3.6)

ii) For |ζ_x| ≤ C_U (J) q_x(ψ_x) − Jψ^2_x ≥ 1 2 ψ^{2k}_x − F_U (J) (3.7) q_x(ψ_x) ≤ 2ψ^{2k}_x + F_U (J) (3.8)

The proof of lemma 2 is given in the appendix, together with explicit expressions for B_U , C_U (J) and F_U (J), see (A.11), (A.10) and (A.14). As a simple corollary of lemma 2, we can now state the following lemma, which states the control of the form of (0.3) of the quantites C_α(J) defined in introduction. Lemma 3 For any α ∈ N and for all x ∫ |ψ_x|^αe^{Jψ2x} dν_ω(ψ_x) ≤ Γ (α 2 ) 2^{α2} C(J, ζ) (3.9)

with C(J, ζ) = C_k ζ^{α(k−1)} if ζ > CU (J)

C_k e^{2FU (J)} if ζ ≤ C_U (J)

(3.10)

where C_k and A are constants independent on J and ζ Note that, for fixed ζ, and for J large, C(J, ζ) increases as C^{J 2k} for some C greater than 1, while lim_{ζ→∞} C(J, ζ) = 0 for any fixed J. Proof.

Consider first |ζ_x| ≤ C_U (J). Recalling definition (2.8) and using (3.7) and (3.8) we get ∫ |ψ_x|^αe^{Jψ2x} dν_ω(ψ_x) = ∫ R^{|ψx|α e−{qx(ψx)−Jψ2x}dψx} ∫ R^{e−qx(ψx)dψx ≤ e} 2F_U (J) ∫ R^{|ψx|α e−ψ2kx /2dψx} ∫ R^{e−2ψ2kx dψx ≤}

≤ e^{2FU (J)}2^{α+22k} Γ ( α + 1 2k ) [ Γ ( 1 2k )]_{−1} ≤ Γ (α 2 ) A^{α2} C_{1,k} e^{2FU (J)} (3.11)

Then we consider the case |ζ_x| > C_U (J). Using that C_U (J) ≥ 1 and B_U ≥ 1 (see (A.11)), we have by (3.6) ∫ dψ_xe^{−qx(ψx)} ≥ 2 ∫_{|ζx|} 0 dψ_xe^{−BU ζ2k−2x ψ2x} ≥ 2 1 |ζ_x|^{k−1} ∫_1 0 e^{−t2} dt ≥ 1 |ζ_x|^{k−1} and by (3.5) ∫ dψ_xe^{−qx(ψx)}|ψ_x|^αe^{Jψ2x} ≤ ∫ dψ_xe^{− k2 ζ2k−2x ψ2x} |ψ_x|^α = Γ ( α + 1 2 ) [ 2 k ]_{(α+1)/2} 1 |ζ_x|^{(1+α)(k−1)} thus we obtain ∫ |ψ_x|^αe^{Jψ2x} dν_ω(ψ_x) ≤ Γ ( α + 1 2 ) [ 2 k ]_{(α+1)/2} 1 |ζ_x|^{α(k−1)} ≤ Γ (α 2 ) C_{2,k} |ζ_x|^{α(k−1)} (3.12)

Collecting (3.11) and (3.12) and putting C_k = max{C_{1,k}, C_{2,k}}, we get ∫ |ψ_x|^αe^{Jψ2x} dν_ω (ψ_x) ≤ Γ ( α 2 ) A^{α2} C(J, |ζ_x|) Recalling that ζ = inf_x |ζ_x| and observing that C(J, |ζ_x|) is a decreasing function of |ζ_x| for any fixed J we have that C(J, |ζ_x|) ≤ C(J, ζ) for all x and J, which completes the proof.

§4 Polymer expansion.

Let us first recall some basic definitions about graphs in finite sets. In general, if A is any finite set, we denote by |A| the number of elements of A. Given a finite set A, we define a graph g in A as a collection {λ_1, λ_2, . . . , λ_m} of distinct pairs of A, i.e. λ_i = {x_i, y_i} ⊂ R with x_i ≠ y_i. The pairs λ_1, λ_2, . . . , λ_m are called links of the graph g. We denote by |g| the number of links in g. Given two graphs g and f we say that f ⊂ g if each link of f is also a link of g.

A graph g = {λ_1, λ_2, . . . , λ_m} in A is connected if for any pair B, C of subsets of A such that B ∪ C = A and B ∩ C = ∅, there is a λ_i ∈ g such that λ_i ∩ B ≠ ∅ and λ_i ∩ C ≠ ∅. If g is connected, then necessarely ∪^m_{i=1}λ_i = A and |A| − 1 ≤ m ≤ |A|(|A| − 1)/2. If g is a graph on A, then the elements of A are called vertices of g. We denote by G_A the set of all connected graphs in A.

A tree graph τ on {1, ..., n} is a connected graph such that |τ| = n − 1. The set of all the tree graph over {1, ..., n} will be denoted by T_n. The number of incidence d_i of the vertex i of a tree graph τ ∈ T_n is the number of links λ ∈ τ such that i ∈ λ. We recall that for any τ and for any i ∈ τ, the incidence numbers have the following properties: 1 ≤ d_i ≤ n − 1 and ∑_n i=1 d_i = 2n − 2.

We now rewrite the “shifted” partition function Z̃(Λ, ω) and its logarithm (via Mayer expansion on the

factor e^+ ∑ {x,y}⊂Λ Jxy ψxψy ) in term of an hard core polymer gas. As it is well known we get

Z̃(Λ, ω) = 1 + ∑ n≥1 1 n! ∑ R1 ,...Rn⊂Λ Ri∩Rj =∅ |Ri |≥2 ρ(R_1) . . . ρ(R_n) (4.1)

where R_1, . . . R_n ⊂ Λ is a collection of subsets of Λ, called polymers, with activities ρ(R) given by ρ(R) = ∫ dν_ω(ψ_R) ∑ g∈G_R ∏ {x,y}⊂Λ (e^{Jxy ψxψy} − 1) (4.2) where ∫ dν_ω (ψ_R) = ∫ ∏ x∈R dν_ω(ψ_x) and ∑ g∈G_R is the sum over the connected graphs on the set R.

One has also log Z̃(Λ, ω) = ∑ n≥1 1 n! ∑ R1,...Rn⊂Λ |Ri|≥2 ϕ^T (R_1, . . . R_n)ρ(R_1) . . . ρ(R_n) (4.3)

with

ϕ^T (R_1, . . . , R_n) =

1 if n = 1 ∑_{f ∈Gn} f ⊂g(R1 ,...,Rn) (−1)^{|f |} if n ≥ 2 and g(R_1, . . . , R_n) ∈ G_n

(4.4)

where we denote by G_n the set of the connected graphs on {1, . . . , n} and by g(R_1, . . . , R_n) the graph in {1, 2, . . . , n} which has the link {i, j} if and only if R_i ∩ Rj ≠ ∅.

Note that, if g(R_1, . . . , R_n) is not connected, then ϕ^T (R_1, . . . , R_n) = 0, since the sum on f in (4.4) runs over connected subgraphs of g(R_1, . . . , R_n).

The convergence of the expansion (4.3) is an argument widely studied by cluster expansion techniques. We shall see in section 6 that the smallness of the quantity JC(J, ζ), where C(J, ζ) is the constant appearing in the estimate (3.9), is the basic tool needed to obtain such convergence. However, since such convergence is a byproduct of the convergence of the spin-spin truncated correlations (1.7), we give here their explicit expression in term of polymers [Si], and we treat directly the problem of the convergence of the correlations. This is achieved just recalling lemma 1 and noting that the following identity holds

μ̃^ω_Λ(ψ_{x1} , ψ_{x2} ) = ∂^k ∂α_1∂α_2 log Z̃(Λ, ω, α_1, α_2) | | |_{α=0} (4.5)

where Z̃(Λ, ω, α_1, α_2) = ∫ dν_ω (ψ_Λ)e^+ ∑ {x,y}⊂Λ Jxy ψxψy (1 + α1ψx 1 )(1 + α_2ψ_{x2} )

It is now easy to expand Z̃(Λ, ω, α_1, α_2) in terms of polymers. For any R ⊂ Λ let us denote by I_R the subset (possibly empty) of {1, 2} such that i ∈ I_R iff x_i ∈ R. We get

Z̃(Λ, ω, α_1, α_2) = 1 + ∑ n≥1 1 n! ∑ R1 ,...Rn⊂Λ Ri ∩Rj =∅ |Ri|≥1 ρ̃(R_1, α) . . . ρ̃(R_n, α) (4.6)

where

ρ̃(R, α) =

∫ dν_ω(ψ_R) ∏ i∈I_R (1 + αiψxi ) ∑ g∈G_R ∏ {x,y}∈g (e^{Jxy ψxψy} − 1) for |R| ≥ 2 ∫ dν_ω(ψ_R) ∏ i∈I_R α_iψ_{xi} for I_R ≠ ∅, |R| = 1

0 for I_R = ∅, |R| = 1

Note that also one-body polymers R = {x} can contribute to the partition function (4.6), but only if x = x_i for some i ∈ {1, 2}.

Now taking the log of (4.6) and observing, by (4.5), that only the terms proportional to α_1α_2 will give a non vanishing contribution to the 2-points truncated correlation functions, we get

μ^ω_Λ(ϕ_{x1} , ϕ_{x2} ) = μ̃^ω_Λ(ψ_{x1} , ψ_{x2} ) =

= ∑ n≥1 1 n! n∑ i_1 ,i_2 =1 ∑ R1,...Rn⊂Λ, |Rj |≥2 Ri 1 ∋x1Ri 2 ∋x2 ϕ^T (R_1, . . . R_n)ρ̃(R_1) . . . ρ̃(R_n) (4.7) where ρ̃(R_i) = ∫ dν_ω(ψ_{Ri} )(ψ^{β1i}x_1 + β^1_i g(x_1))(ψ^{β2i}x_2 + β^2_i g(x_2)) ∑ g∈G_{Ri} ∏ {x,y}∈g (e^{Jxy ψxψy} − 1) (4.8)

with

β^j_i =

0 if i ≠ i_j

1 if i = i_j

(4.9)

and g(x) = ∫ dν_ω(ψ_x)ψ_x (4.10)

Note that the one-body polymers are absorbed in the activity of the many body polymers (in the terms proportional to g), due to the fact that R_1, . . . , R_n must be connected and therefore each 1-body polymer (if any) is always contained in at least one many-body polymer. Remark also that, for any x ∈ Λ we have

|g(x)| ≤ Γ ( 1 2 ) C(0, ζ) (4.11)

§5 The decay of the spin-spin correlations In this section we state the main result of the paper and we make some remarks about its applicability.

Theorem.

The spin-spin truncated correlation written as the series in the r.h.s. of (4.7) converges absolutely, uniformly in the configuration ω of the ω_x’s defined in (1.6) and Λ, for JC(J, ζ) sufficiently small, where C(J, ζ) is the constant appearing in (3.9). Moreover it satisfies the following bounds.

i) If J_{xy} is finite range, i.e. if there exists R such that J_{xy} = 0 if |x − y| > R, then |μ^ω_Λ(ϕ_{x1} , ϕ_{x2} )| ≤ Ce^{−m(J,ζ)|x1−x2|} (5.1) where C is a constant uniform in ζ and Λ, and the “mass” m(J, ζ) which controls the exponential decay is bounded from below uniformly in ζ and Λ (i.e. m(J, ζ) ≥ m(J) for all ζ, Λ); moreover for small J m(J, ζ) = O(^1_R | log J|) and for large ζ m(J, ζ) = O(^1_R log ζ), i.e. the decay is stronger if the temperature J^{−1} or the external boundary parameter ζ are higher. ii) If J_{xy} ≤ Be^{−γ|x−y|} |μ^ω_Λ(ϕ_{x1} , ϕ_{x2} )| ≤ C^′e^{− γ2 |x1−x2|} (5.2) where C^′ is a constant uniform in ζ and Λ iii) If^{C1J}_{|x−y|a} ≤ |J_{xy}| ≤^{C2J}_{|x−y|a} with a > d C^′_1J |x_1 − x_2|^a

≤ |μ^ω_Λ(ϕ_{x1} , ϕ_{x2} )| ≤ C^{′′}_2 J |x_1 − x_2|^a

(5.3)

where C^′_1, C^{′′}_2 are constants uniform in ζ and Λ

Remarks

1) The result i) cover the analogous result found in recent literature (see e.g. [Y1], [Y2], [H], [Z], [BH1], [BH2], [L]). With our techniques however we need, to control the convergence of the expansions, the smallness of the quantity JC(J, ζ). Since C(J, ζ) is small for any J when |ζ| is large enough (see the first line of (3.10)) our theorem holds also for large couplings J_{xy} and ζ large depending on J. This allows us to cover some particular cases that can be meaningful from a physical point of view and are not treated in the former related works. For example it is easy to see that when h_x has a definite sign on all the lattice sites and is large enough, and the boundary conditions have the same sign of h_x then |ζ| is large. From a physical point of view this example is quite clear: even when the system is expected to have more than one phase, suitable external fields may force it in one phase. The same result may be obtained by suitable boundary conditions if they increase very rapidly with the volume. Note however that, in order to be more quantitative, the conditions on h and/or on the boundary condition have to take in account the details of the local interaction U(ϕ_x). As an example let us consider the case U(x) = x^4, h_x = h and J_{xy} > 0 with J large. It is clear that, at least in the bulk, ζ_x ≈ ζ for all x, where z is the solution of h + Jζ = 4ζ^3. Then |ζ| is large when |h| is large enough.

2) The results ii) and iii) are not contained, as far as we know, in the previous literature. Recently [SZw] proved a result similar to iii) in the particular case of the one-dimensional O(N) spin model. They prove such result in a very different context, assuming a decay of the correlation and proving then that the decay is the same of the interaction. On the other hand they are able to obtain such result for any temperature above the critical one.

In case ii) the equivalence between (5.2) and the log-Sobolev inequality is not yet proved. In case iii) one should expect a slow decay of the dynamics.

3) It is easy to prove in our framework the equivalence between the decay of the spin-spin correlations and the decay of the correlations in the form suggested by the Dobrushin-Shlosman condition in [DS] (see e.g. [Y2] and [BH2]). In particular we are able to prove that |μ^ω_Λ(f, g)| ≤ C |||f||| |||g||| h(d(S_f , S_g )) (5.4) where S_u is the support of u, |||u||| ≡ ∑ x∈S_u sup_ϕ | | | ∂ ∂ϕ_x u(ϕ) | | |

d(S_f , S_g ) is the minimal distance between the support of f, g and h(r) = e^{−m(J,ζ)r} in the case i), h(r) = e^{− γ2 r} in the case ii) and h(r) = r^{−a} in the case iii). This equivalence can be proved as follows: one has easily

μ^ω_Λ(f, g) = μ̃^ω_Λ ( f(ψ_{Sf} + ζ_{Sf} ) − f(ζ_{Sf} ), g(ψ_{Sg} + ζ_{Sg} ) − g(ζ_{Sg} ) ) By the same argument leading to (4.7) one can obtain

μ^ω_Λ(f, g) = ∑ n≥1 1 n! n∑ i_1 ,i_2 =1 ∑ R1,...Rn⊂Λ, |Rj |≥2 Ri 1 ⊃Sf , Ri 2 ⊃Sg ϕ^T (R_1, . . . R_n)ρ̃(R_1) . . . ρ̃(R_n)

where ρ̃(R_i) = ∫ dν_ω(ψ_{Ri} ) [ β^i_1[f(ψ_{Sf} + ζ_{Sf} ) − f(ζ_{Sf} )]β^i_2[g(ψ_{Sg} + ζ_{Sg} ) − g(ζ_{Sg} )] ] ∑ R′⊆Ri R′⊃Ri\Si ∑ g∈G_R′ ∏ {x,y}∈g (e^{Jxy ψxψy} − 1) =

= ∫ dν_ω(ψ_{Ri} ) β^i_1 ∑ x∈S_f ψ_x ∂ ∂ϕ_x f(ϕ) | | | |_{ϕ=ζ+ψ̃x} β^i_2 ∑ y∈S_g ψ_y ∂ ∂ϕ_y g(ϕ) | | | |_{ϕ=ζ+ψ̃y}

∑ R′⊆Ri R′ ⊃Ri\Si ∑ g∈G_R′ ∏ {x,y}∈g (e^{Jxy ψxψy} − 1)

where: ζ_x ≤ ψ̃_x ≤ ζ_x + ψ_x, S_i = ∅ if i ≠ i_1, i_2; if i_1 ≠ i_2 then S_{i1} = S_f S_{i2} = S_g ; if i_1 = i_2 = i then S_i = S_f ∪ S_g .

Then extracting the sup of the f and g derivatives and proceeding as in the proof of (5.1) one obtains (5.4).

4) One can prove very easily the following iv) The free energy of the system at finite volume can be written as F (Λ, ω) = |Λ|^{−1} [ C_ω(Λ) + log Z̃(Λ, ω) ] (5.5)

where C_ω(Λ) is defined by (2.13) and |Λ|^{−1}C_ω (Λ) is uniform in the volume (but it diverges as ζ → ∞) while |Λ|^{−1} log Z̃(Λ, ω) is the series in the r.h.s. of (4.3) which is analytic in JC(J, ζ) in a circle aroun the origin with radius independent on |Λ|.

5) Our local interaction U(ϕ_x) is polynomial. One may try to generalize the theorem to more general U growing sufficiently fast to infinity. Althought it is clear that the shifted measure can be estimated from above and below finding some analogous of lemma 2, we did not find easily the way to have for a larger class of interactions a detailed control of the constants involved in the estimates. The regularizing effect of the large ζ should be preserved for potential U growing to infinity faster than quadratically.

§6 Proof of the theorem Since the result iii) is the more difficult, we discuss it in details. The proofs of i), ii) and iv) can be obtained repeating the argument leading to iii), or even in a simpler way. In the end of the section we present the sketchy argument giving the explicit behaviour of the rate of the exponential decay in the case i) claimed in the theorem.

Proof of iii) We will denote throughout the proof below with O(1) any generic constant which depends only on a and d. The constant may change from line to line.

We observe first that the function ρ̃(R) in (4.7), which specifies the activity of a polymer (4.8) depends on the polymer R also via the index i ∈ I_R, implying that in (4.7) one has to perform a sum over the two special indices i_1 and i_2 which are selected by the operator {∂^2/∂α_1∂α_2}|_{α1,α2=0}. Hence we rewrite the sum (4.7) in the following more convenient way

μ^ω_Λ(ϕ_{x1} , ϕ_{x2} ) = A_1(x_1, x_2) + A_2(x_1, x_2) (6.1)

where

A_1(x_1, x_2) = ∑ n≥2 1 (n − 2)! ∑ R_1∋x_1 ∑ R_2∋x_2 ∑ R3,...Rn⊂Λ, |Rj |≥2 ϕ^T (R_1, . . . R_n)ϕ^T (R_1, . . . R_n)ρ̃_1(R_1)ρ̃_2(R_2)ρ(R_3) . . . ρ(R_n)

(6.2) and A_2(x_1, x_2) = ∑ n≥1 1 (n − 1)! ∑ R_1⊃{x_1,x_2} ∑ R2,...Rn⊂Λ, |Rj |≥2 ϕ^T (R_1, . . . R_n)ρ̃(R_{12})ρ(R_2) . . . ρ(R_n) (6.3) where ρ(R) is defined in (4.2), while

ρ̃_1(R) = ∫ dν_ω(ψ_R)(ψ_{x1} + g(x_1)) ∑ g∈G_R ∏ {x,y}∈g (e^{Jxy ψxψy} − 1) (6.4)

ρ̃_2(R) = ∫ dν_ω(ψ_R)(ψ_{x2} + g(x_2)) ∑ g∈G_R ∏ {x,y}∈g (e^{Jxy ψxψy} − 1) (6.5)

ρ̃_{12}(R) = ∫ dν_ω(ψ_R)(ψ_{x1} + g(x_1))(ψ_{x2} + g(x_2)) ∑ g∈G_R ∏ {x,y}∈g (e^{Jxy ψxψy} − 1) (6.6)

In what follows we will denote with ρ̃(R) an activity that can be ρ̃_i(R), ρ̃_{12}(R) or ρ(R) We will need the following Lemma Lemma 4. If JC(J, ζ) is sufficiently small, it exists a positive function ε(J, ζ) such that, for any z ∈ Λ, z^′ ∈ Λ with z ≠ z^′ ∑ R:|R|≥2 z,z′∈R |ρ̃(R)|e^{|R|} ≤ ε(J, ζ) |z − z^′|^a (6.7)

with ε(J, ζ) = O(1)C^2(J, ζ)J Note that from lemma 4 it is immediate to obtain Corollary 5 sup_{x∈}

Z^d ∑ R: x∈R |ρ̃(R)|e^{|R|} ≤ O(1)ε(J, ζ) (6.8) The basic tool to prove lemma 4 and corollary 5 is the Brydges-Battle-Federbush tree graph inequality, namely the following lemma.

Lemma 6.

Let V_{ij} , 1 ≤ i < j ≤ n be a set of real numbers and V_{ii} (i=1,2,. . . ,n) be positive numbers such that, for any subset S ⊂ {1, 2, . . . , n} ∑ i∈S V_{ii} + ∑ {i,j}∈S V_{ij} ≥ 0

Then | ∑ g∈G_n ∏ {i,j}∈g ( e^{−Vij} − 1 ) | ≤ e ∑_n i=1 V_{ii} ∑ τ ∈T_n ∏ {i,j}∈τ |V_{ij} | (6.9)

where We recall that G_n denotes the set of the connected graphs on {1, 2, . . . , n} and T_n denotes the set of the tree graphs on {1, 2, . . . , n}. For the proof of this lemma see e.g. [B], [BF],[PdLS].

Proof of lemma 4. For simplicity we bound |ρ̃(R)| in the case in which R ∩ {x_1, x_2} = ∅ so that ρ̃ = ρ as defined in (4.2). The other cases are treated analogously. By (6.9), and observing that for any R, ∑ x,y∈R J_{xy}ψ_xψ_y ≤ ∑ x∈R Jψ^2_x

lemma 6 can be used with V_{ij} ≡ −J_{xy}ψ_xψ_y and V_{ii} ≡ Jψ^2_x, obtaining

|ρ(R)| ≤ ( ∏ x∈R ∫ dν_ω(ψ_x) ) e^J ∑ x∈R ψ^2_x ∑ τ ∈T_R ∏ {x,y}∈g |ψ_x||ψ_y||J_{xy}| (6.10) then ∑ R⊂Λ:|R|≥2 z,z′∈R |ρ(R)|e^{|R|} ≤ ∑ n≥3 e^n ∑ R⊂Λ,z,z′∈R |R|=n |ρ(R)| ≤

≤ ∑ n≥2 e^n (n − 2)! ∑ x3,...,xn xi∈Λ, xi≠xj ,∀i,j x1 =z,x2=z′

∫ n∏ i=1 dν_ω(ψ_{xi} )e^{Jψ2xi} ∑ τ ∈T_n ∏ {i,j}∈τ |ψ_{xi} ||ψ_{xj} ||J_{xixj} | ≤

≤ ∑ n≥2 e^n (n − 2)! ∑ x3,...,xn xi∈Λ, xi≠xj ,∀i,j x1 =z,x2=z′

∑ τ ∈T_n ∫_n∏ i=1 dν_ω(ψ_{xi} )e^{Jψ2x}i |ψ_{xi} |^{di} ∏ {i,j}∈τ |J_{xixj} | ≤

≤ ∑ n≥2 [AeC(J, ζ)]^n (n − 2)! ∑ τ ∈T_n n∏ i=1 Γ ( d_i 2 ) ∑ x3,...,xn xi∈Λ, xi ≠xj ,∀i,j x1 =z,x2=z′

∏ {i,j}∈τ |J_{xixj} |

Recall that, for a fixed τ ∈ T_n, d_i is the incidence number of the vertex i, i.e. d_i is the number of links {j, k} ∈ τ such that j = i or k = i. Note also that in the last line above we have used the bound (3.9) and the property ∑_n i=1 d_i = 2n − 2. We now use the fact that for any τ in {1, 2, . . . , n}, there is a unique path τ̄ in τ which joins vertex 1 to vertex 2. Let us call I_τ ≡ {1, i_1, . . . , i_k, 2} the subset of {1, 2, 3, . . . , n} whose elements are the vertices of the path τ̄ . Note that this set is ordered, i.e. τ establishes uniquely the order of this set in the sense that the sub-tree τ̄ is given explicitly by the set of bonds τ̄ = {1, i_1}, {i_1, i_2}, {i_2, i_3}, . . . , {i_{k−1}, i_k}{i_k, 2}. Then one can easily check that ∑ x3 ,...,xn xi∈Λ, xi≠xj ,∀i,j x1=z,x2=z′

∏ {i,j}∈τ J_{xixj} ≤ J^{d1−1}J^{d2−1} ∏ i /∈I_τ J^{di−1} ∏ i∈Iτ i≠1,2 J^{di−2}×

× ∑ xi 1 ,...,xi k xi j ∈Λ, xi j ≠xis ,∀i,j J_{x1xi1} J_{xi1 xi2} . . . J_{xik x2}

We have by definition that J = O(1)J_0. Moreover ∑ xi 1 ,...,xi k xi j ∈Λ, xi j ≠xis ,∀i,j J_{x1xi1} J_{xi1 xi2} . . . J_{xik x2} ≤

= J^k_0 ∑ xi 1 ,...,xi k xi j ∈Λ, xi j ≠xis ,∀i,j 1 |x_1 − x_{i1} |^a 1 |x_{i1} − x_{i2} |^a . . . 1 |x_{ik} − x_2|^a ≤

≤ J^k[O(1)]^k |x_1 − x_2|^a

where the last line follows applying iteratively the inequality ∑ x̄∈Λ x̄≠x,y 1 |x − x̄|^a 1 |x̄ − y|^a ≤ O(1) 1 |x − y|^a

Hence, recalling that for any tree τ we have ∑_n i=1(d_i − 1) = n − 1, we get ∑ x3,...,xn xi∈Λ, xi≠xj ,∀i,j x1 =z,x2=z′

∏ {i,j}∈τ J_{xixj} ≤ [JO(1)]^{n−1} |z − z^′|^a

Recalling now Cayley formula, i.e. ∑ τ ∈Tn d1,...,dn fixed 1 = (n − 2)! ∏_n i=1(d_i − 1)!

we get ∑ R⊂Λ,z,z^′∈R |ρ(R)|e^{|R|} ≤

≤ ∑ n≥2 [AeC(J, ζ)]^n (n − 2)! [JO(1)]^{n−1} |z − z^′|^a ∑ d1+...+dn=2n−2 di≥1

{_n ∏ i=1 Γ ( d_i 2 ) (n − 2)! ∏_n i=1(d_i − 1)! }

≤ ∑ n≥2 [4AeC(J, ζ)]^n[JO(1)]^{n−1} 1 |z − z^′|^a ≤ O(1)C^2(J, ζ)J |z − z^′|^a provided 4AeO(1)C(J, ζ)J < 1. This proves lemma 4.

Upper bound for the correlations. From (6.1) we can write |μ^ω_Λ(ϕ_{x1} , ϕ_{x2} )| ≤ |A_1(x_1, x_2)| + |A_2(x_1, x_2)| (6.11)

Let us thus now find an upper bound for the term |A_1(x_1, x_2)|.

|A_1(x_1, x_2)| ≤ ∑ R1,R2: |Ri|≥2 x1∈R1 ,x2∈R2 |ρ̃_1(R_1)||ρ̃_2(R_2)|×

× |ϕ^T (R1, R2)| + ∑ n≥3 1 (n − 2)! ∑ R3,...,Rn⊂Λ |Ri|≥2 | ϕ^T (R_1, R_2, . . . , R_n)ρ(R_3) . . . ρ(R_n) | ≤

≤ ∑ R1,R2: |Ri|≥2 x1∈R1 ,x2∈R2 |ρ̃_1(R_1)||ρ̃_2(R_2)|ϕ^T (R_1, R_2) + ∑ n≥3 1 (n − 2)!

B_n(x_1, x_2)

where B_n(x_1, x_2) = ∑ R1,...,Rn⊂Λ |Ri|≥2, x1∈R1,x2 ∈R2 | ϕ^T (R_1, R_2, . . . , R_n)|ρ̃_1(R_1)||ρ̃_2(R_2)||ρ(R_3) . . . ρ(R_n) |

Now we can reorganize the sum over the sets R_1, . . . , R_n using the fact that ϕ^T (R_1, . . . , R_n) depends only on the graph g(R_1, . . . , R_n) ∈ G_n. ¿From the explicit definition (4.4) of ϕ^T (R_1, . . . , R_n) we obtain

B_n(x_1, x_2) = ∑ g∈G_n

| | | | | | ∑ f ∈Gn ⊂g (−1)^{|f |} | | | | | | ∑ R1,...,Rn⊂Λ: |Ri|≥2 g(R1 ,...,Rn)=g, x1∈R1,x2 ∈R2 |ρ̃_1(R_1)||ρ̃_2(R_2)||ρ(R_3) . . . ρ(R_n)| (6.12)

By the Rota formula we have | | | | | | ∑ f ∈Gn f ⊂g (−1)^{|f |} | | | | | | ≤ N(g) (6.13)

where N(g) denotes the number of connected tree graphs in g. The proof of the Rota formula above can be found e.g. in [Si]. See [PdLS] for a simpler proof using the Brydges-Battle-Federbush tree graph identity, [BF], [B].

We observe now that ∑ g∈G_n [·] = ∑ τ ∈T_n ∑ g: τ ⊂g 1 N(g) [·] (6.14)

Such equality can be proved as follows. First, we fix a connected tree graph τ in T_n, then we sum, for τ fixed, over all connected graphs in G_n which contain τ as a subgraph. We are clearly counting too much, since for the same connected graph g in G_n there are exactly N(g) tree graphs which are contained in it. Thus in the double sum ∑ τ ∑ g⊃t each g will be repeated exacly N(g) times. Whence the presence of the factor 1/N(g) to correct this double counting. Inserting (6.13) and (6.14) in (6.12) we obtain

B_n(x_1, x_2) = ∑ τ ∈T_n w_τ (x_1, x_2) (6.15)

where we have defined

w_τ (x_1, x_2) = ∑ R1,...,Rn⊂Λ: |Ri |≥2 g(R1 ,R2,...,Rn)⊃τ, x1∈R1,x2 ∈R2 |ρ̃_1(R_1)||ρ̃_2(R_2)||ρ(R_3) . . . ρ(R_n)|

Using now the obvious bound ∑ R: R∩R^′≠∅ [·] ≤ |R^′| sup_{x∈R′} ∑ R: x∈R [·]

and calling again τ̄ the subtree of τ which is the unique path joining vertex 1 to vertex 2 and I_τ = {1, i_1, . . . , i_k, 2} the ordered set of the vertices of τ̄, then one can easily check that

w_τ (x_1, x_2) ≤ n∏ i /∈I_τ [ sup_{x∈Zd} ∑ R_i : x∈R_i |R_i|^{di−1}|ρ(R_i)| ] ×

× ∑ R1,Ri 1 ,...,Ri k ,R2 R1∩Ri 1 ≠∅,...Ri k ∩R2≠∅ |R_1|^{d1−1}|ρ̃_1(R_1)||R_2|^{d2−1}|ρ̃_2(R_2)| n∏ i∈Iτ i≠1,2 |R_i|^{di−2}|ρ(R_i)| ≤

≤ n∏ i /∈I_τ [ sup_{x∈Zd} ∑ R_i : x∈R_i (d_i − 1)!|ρ(R_i)|e^{|Ri|} ] (d_1 − 1)!(d_2 − 1)!×

× ∑ R1,Ri 1 ,...,Ri k ,R2 R1∩Ri 1 ≠∅,...Ri k ∩R2≠∅ |ρ̃_1(R_1)|e^{|R1|}|ρ̃_2(R_2)|e^{|R2|} ∏ i∈Iτ i≠1,2 (d_i − 2)!|ρ(R_i)|e^{|Ri|}

Now observe that ∑ R1 ,Ri 1 ,...,Ri k ,R2 :x1∈R1,x2∈R2 R1∩Ri 1 ≠∅,...Ri k ∩R2 ≠∅ ≤

≤ ∑ x_{i0} ∈Z^d ∑ x_{i1} ∈Z^d . . . ∑ x_{ik} ∈Z^d ∑ R1 x1,xi 0 ∈R1 ∑ Ri 1 xi 0 ,xi 1 ∈Ri 1 ∑ Ri 2 xi 1 ,xi 2 ∈Ri 2 . . . ∑ Ri k xi k−1 ,xi k ∈Ri k ∑ R2 xi k ,x2∈R2 and hence recalling (6.7) ∑ R1,Ri 1 ,...,Ri k ,R2:x1∈R1 ,x2∈R2 R1∩Ri 1 ≠∅,...Ri k ∩R2≠∅ |ρ̃_1(R_1)|e^{|R1|}|ρ̃_2(R_2)|e^{|R2|} ∏ i∈I_τ |ρ(R_i)|e^{|Ri|} ≤

≤ ∑ x_{i0} ∈Z^d ∑ x_{i1} ∈Z^d . . . ∑ x_{ik} ∈Z^d [ε(J, ζ)]^{k+2}×

× 1 |x_1 − x_{i0} |^a 1 |x_{i0} − x_{i1} |^a 1 |x_{i1} − x_{i2} |^a . . . 1 |x_{ik−1} − x_{ik} |^a 1 |x_{ik} − x_2|^a ≤

≤ [ε(J, ζ)]^{k+2}O(1)^{k+2} 1 |x_1 − x_2|^a

Thus we obtain, using also corollary 5 and observing that |{1, ..., n}\I_τ | = n − k − 2

w_τ (x_1, x_2) ≤ (d_1 − 1)!(d_2 − 1)! n∏ i /∈I_τ [ sup_{x∈Zd} ∑ R_i: x∈R_i (d_i − 1)!|ρ(R_i)|e^{|Ri|} ] ×

× ∏ i∈I_τ (d_i − 2)![ε(J, ζ)]^{k+2}O(1)^{k+2} 1 |x_1 − x_2|^a ≤

≤ n∏ i=1 (d_i − 1)![O(1)ε(J, ζ)]^n 1 |x_1 − x_2|^a

Summing finally over τ (using once again Cayley formula) we obtain

B_n(x_1, x_2) ≤ (n − 2)![O(1)ε(J, ζ)]^n 1 |x_1 − x_2|^a

Thus, taking C(J, ζ)J such small to make O(1)ε(J, ζ) < 1, we get for the contribution A_1 to the correlations the following bound:

|A_1(x_1, x_2)| ≤ ∑ R1,R2: |Ri|≥2 x1∈R1 ,x2∈R2 |ρ̃_1(R_1)||ρ̃_2(R_2)||ϕ^T (R_1, R_2)|+

+ ∑ n≥3 [O(1)ε(J, ζ)]^n 1 |x_1 − x_2|^a ≤

≤ ∑ x∈Z^d ∑ R1: |R1|≥2 x1,x∈R1 ∑ R2: |R2 |≥2 x2,x∈R2 |ρ̃_1(R_1)||ρ̃_2(R_2)| + O(1)[ε(J, ζ)]^3 1 |x_1 − x_2|^a ≤

≤ O(1)[ε(J, ζ)]^2 1 |x_1 − x_2|^a

+ O(1)[ε(J, ζ)]^3 1 |x_1 − x_2|^a ≤

≤ O(1)[ε(J, ζ)]^2 1 |x_1 − x_2|^a

i.e in conclusion, for JC(J, ζ) sufficiently small we can find a constant A_1 > 0 uniformly in ζ and Λ such that

|A_1(x_1, x_2)| ≤

A_1(JC(J, ζ))^2 |x_1 − x_2|^a

(6.16)

In a similar and much easier way one can also prove an analogous bound on |A_2(x_1, x_2)| of the form

|A_2(x_1, x_2)| ≤ A_2JC(J, ζ) |x_1 − x_2|^a

(6.17)

for JC(J, ζ) sufficiently small and for some constant A_2 > 0 uniform in ζ and Λ. Note that |A_1(x_1, x_2)| and |A_2(x_1, x_2)| are small quantities and |A_1(x_1, x_2)| is of the order of (JC(J, ζ))^2 while |A_2(x_1, x_2)| is of the order of JC(J, ζ).

Hence by (6.11), (6.16) and (6.17) we get

|μ^ω_Λ(ϕ_{x1} , ϕ_{x2} )| ≤ O(1) JC(J, ζ) |x_1 − x_2|^a

for JC(J, ζ) sufficiently small.

Lower bound for correlations Since we proved, by the above computations, that the correlations are analytic in the parameter JC(J, ζ), it is enough to prove that the lower order term in JC(J, ζ) decays as the upper bound. Again by (6.1) we can write

|μ^ω_Λ(ϕ_{x1} , ϕ_{x2} )| ≥ | | | ∫ dν_ω (ψ_{x1} ) ∫ dν_ω(ψ_{x2} )(ψ_{x1} + g(x_1))(ψ_{x2} + g(x_2))(e^{Jx1 x2 ψx1 ψx2} − 1) | | | + O((JC(J, ζ)^2 )

Moreover | | | ∫ dν_ω(ψ_{x1} ) ∫ dν_ω (ψ_{x2} )(ψ_{x1} + g(x_1))(ψ_{x2} + g(x_2))(e^{Jx1 x2 ψx1 ψx2} − 1) | | | ≥

≥ |J_{x1x2} | | | | ∫ dν_ω(ψ_{x1} ) ∫ dν_ω (ψ_{x2} )(ψ_{x1} + g(x_1))ψ_{x1} (ψ_{x2} + g(x_2))ψ_{x2} | | | + O((JC(J, ζ)^2) and finally

|J_{x1x2} | | | | ∫ dν_ω(ψ_{x1} ) ∫ dν_ω(ψ_{x2} )(ψ_{x1} + g(x_1))ψ_{x1} (ψ_{x2} + g(x_2))ψ_{x2} | | | ≥ O(1) JC(J, ζ) |x_1 − x_2|^a

In the last line we use a trivial generalization of lemma 3.

The proofs of i) and ii) can be done along the same lines of the proof of iii). Let us give here just a sketchy argument in order to show that the rate of the exponential decay of correlations in the case of finite range potential is indeed of the order^{log ε(J,ζ)}_R , where R is the range of the potential. Let d(R) = sup_{x,y∈R} |x − y|. Observe that for each term of the series (4.7) the n-ple of polymers R_1 . . . , R_n has to be connected, thus in particular they must connect x_1 with x_2. Observe, by (4.8) that if J_{xy} = 0 for |x − y| ≥ R, then ρ(R) = 0 unless |R| >^{d(R)}_R . Moreover it is easy to check by using lemma 4 that

sup_x ∑ R:x∈R |R|≥n |ρ(R)|e^{|R|} ≤ O(1)ε(J, ζ)^n

Hence, one can argue that the lower order term in ε(J, ζ) in the series (4.7) is ε^{|x1−x2|/R}

Then for the finite range case we get |μ^ω_Λ(ϕ_{x1} , ϕ_{x2} )| ≤ Ce^{−m(J,ω)|x1−x2|)} with m(J, ω) = O(1)| log[JC(J, ζ)]| R

§7. Some open questions The technique presented in this paper allowed us to find some results about the decay of the truncated correlations. Such results seems to be in some sense optimal, as it is shown by the lower bound of the decay of the correlations proved in our theorem, part iii.

With this respect the overall constant in front of the free energy due to the possibly bad boundary conditions and the possibly large value of the simple expectations of the fields play actually no role. A careful control of these two topics, which corresponds to a control of the dependence of the ζ_x’s on the boundary condition, may be useful in order to prove the uniqueness of the Gibbs measure in the sense presented e.g. in [AA]. With our technique it is maybe possible to prove such unicity also in some new context, say large magnetic field and/or power decay of the interaction. The subject is under study.

Aknowledgements This work was supported by Conselho Nacional de Desenvolvimento Cientfico e Tecnolgico - CNPq, a Brazilian Governamental agency promoting Scientific and tecnologic development (grant n. 460102/00-1), and by Ministero dell’Universita’ e della Ricerca Scientifica e Tecnologica.

We want to thank Lorenzo Bertini, Thierry Bodineau, Marzio Cassandro, Roberto Fernandez, Robert Minlos and Enzo Olivieri for useful discussions, and Filippo Cesi for discussions and suggestions. We thank also the author of a careful and useful referee report.

§Appendix. Proof of lemma 2

Proof of part i). Let us first prove the following inequalities, valid for all i = 1, 2, . . . , k

P_i(ψ_x) ≥ iζ^{2i−2}_x ψ^2_x (A.1)

P_i(ψ_x) ≤ 4^iζ^{2i−2}_x ψ^2_x whenever |ψ_x| ≤ |ζ_x| (A.2)

where P_i(ψ_x) is defined in (3.3).

(A.2) follows elementary from the expression of P_i(ψ_x)

Concerning (A.1), putting f_i(ψ_x) = P_i(ψ_x)−iζ^{2i−2}_x ψ^2_x, we have to show that f_i(ψ_x) ≥ 0 for all i = 1, . . . , k. We find the minima and the maxima of f_i(ψ_x). Consider just the case i > 1, since for i = 1 we have trivially f_1(ψ_x) = 0, hence f_1(ψ_x) ≥ 0. Thus f^′_i (ψ_x) = 0 =⇒ 2i(ψ_x + ζ_x)^{2i−1} − 2iζ^{2i−1}_x − 2iζ^{2i−2}_x ψ_x = 0 =⇒ (ψ_x + ζ_x)^{2i−1} = ζ^{2i−2}_x (ψ_x + ζ_x). Hence the real solutions of f^′_i (ψ_x) = 0 are ψ_x = 0, ψ_x = −ζ_x and ψ_x = −2ζ_x . Moreover for any i > 1, we have lim_{ψx→∞} f_i(ψ_x) = +∞, and then f_i(ψ_x = 0) = 0 and f_i(ψ_x = −2ζ_x) = 0 are two absolute minima for f_i(ψ_x) and hence f_i(ψ_x) ≥ 0. We now prove the following inequalitiy

P_i(ψ_x) ≥ 1 2 ψ^{2i}_x whenever |ψ_x| ≥ |ζ_x| (A.3)

Observe first that both^1_2 ψ^{2i}_x and P_i(ψ_x) are convex functions of ψ_x with a minimum in ψ_x = 0. Moreover P_i(ψ_x = ζ_x) = (4^i − 2i − 1)ζ^{2i}_x ≥^1_2 ζ^{2i}_x and P_i(ψ_x = −ζ_x) = (2i − 1)ζ^{2i}_x ≥^1_2 ζ^{2i}_x . Thus P_i(ψ_x) ≥^1_2 ψ^{2i}_x for |ψ_x| ≥ |ζ_x| and for any i = 1, 2, . . . , k.

We can now prove first part of the lemma, i.e. (3.5).

Suppose first that |ψ_x| ≤ |ζ_x|, thus we can use (A.1) (which is valid for any ψ_x) and obtain

q_x(ψ_x) − Jψ^2_x ≥ k 2 ζ^{2k−2}_x ψ^2_x + [ k 2 ζ^{2k−2}_x − k−1∑ i=1 4^i|u_{2i}|ζ^{2i−2}_x − J ] ψ^2_x

Put F_U (z) =^k_2 z^{2k−2} − ∑_{k−1} i=1 4^i|u_{2i}|z^{2i−2}. Clearly, since k > 1, it exists R > 0 such that F_U (z) ≥^1_2 z^{2k−2} for all |z| ≥ R. Define now

C^1_U = inf { R > 0 : for all |z| ≥ R F_U (z) ≥ 1 2 z^{2k−2} } (A.4)

Thus for |ζ_x| ≥ C^1_U we have that F_U (ζ_x) − J ≥^1_2 ζ^{2k−2}_x − J. If we now put

C^1_U (J) =

C^1_U if J ≤^1_2 C^{2k−2}_U 2k−2√2J if J > 1 2 C^{2k−2}_U (A.5)

we obtain that F_U (ζ_x) − J ≥ 0 for all |ζ_x| ≥ C^1_U (J), or in other words

q_x(ψ_x) − Jψ^2_x ≥ k 2 ζ^{2k−2}_x ψ^2_x whenever ψ_x ∈ (−|ζ_x|, +|ζ_x|) and |ζ_x| ≥ C^1_U (J) (A.6)

Suppose now |ψ_x| ≥ |ζ_x|, the we can use (A.3) and obtain

q_x(ψ_x) − Jψ^2 ≥ 1 4 ψ^{2k}_x + [ 1 4 ψ^{2k}_x − k−1∑ i=1 4^i|u_{2i}|ψ^{2i}_x ] − Jψ^2_x

Put G_U (z) =^1_4 z^{2k} − ∑_{k−1} i=1 4^i|u_{2i}|z^{2i}. Then it exists R^′ such that G_U (z) >^1_5 z^{2k} for all |z| > R^′. Define

C^2_U = inf { {R^′ > 0 : for all |z| ≥ R^′ G_U (z) ≥ 1 5 z^{2k} } (A.7)

Thus for |ψ_x| ≥ C^2_U we have that G_U (ψ_x) − Jψ^2 ≥^1_5 ψ^2_x[ψ^{2k−2}_x − 5J]. If we now put

C^2_U (J) =

C^2_U if J ≤^1_2 C^{2k−2}_U 2k−2√5J if J > 1 5 C^{2k−2}_U (A.8)

we obtain that G_U (ψ_x) − Jψ^2 ≥ 0 for all |ψ_x| ≥ C^1_U (J), or in other words

q_x(ψ_x) − Jψ^2_x ≥ 1 4 ψ^{2k}_x ≥ 1 4 ζ^{2k−2}_x ψ^2_x whenever |ψ_x| > |ζ_x| and |ζ_x| ≥ C^2_U (J) (A.9)

Collecting together (A.6) and (A.9) and defining

C_U = max{C^1_U , C^2_U , 1}

C_U (J) =

C_U if J ≤^1_5 C^{2k−2}_U 2k−2√5J if J > 1 5 C^{2k−2}_U (A.10)

we get

q_x(ψ_x) − Jψ^2_x ≥ 1 4 ζ^{2k−2}_x ψ^2_x, whenever |ζ_x| ≥ C_U (J) and ∀ψ_x ∈ R

and (3.5), which is the first part of the lemma, is proved.

Inequality (3.6) follows trivially from (A.2). For |ψ_x| ≤ |ζ_x| we can use (A.2) to obtain

q_x(ψ_x) = P_k(ψ_x) + k−1∑ i=1 u_{2i}P_i(ψ_x) ≤ 4^kζ^{2k−2}_x ψ^2_x + k−1∑ i=1 |u_{2i}|4^iζ^{2i−2}_x ψ^2_x

and for |ζ_x| ≥ C_U (J) ≥ 1

q_x(ψ_x) ≤ ζ^{2k−2}_x ψ^2_x [ 4^k + k−1∑ i=1 |u_{2i}|4^i ] ≤ B_U ζ^{2k−2}_x ψ^2_x

where

B_U = 4^k + k−1∑ i=1 |u_{2i}|4^i (A.11)

Proof of part ii). We now consider the case in which |ζ_x| ≤ C_U (J). Then, using again (A.1)

q_x(ψ_x) − Jψ^2_x ≥ P_k(ψ_x) − { [C_U (J)]^{2k−2} B_U + J } ψ^2_x ≥ P_k(ψ_x) − D_U (J)ψ^2_x

where

D_U (J) = [C_U (J)]^{2k−2} B_U + J =

(5B_U + 1)J if J >^1_5 C^{2k−2}_U

C^{2k−2}_U B_U if J ≤^1_5 C^{2k−2}_U (A.12)

Hence, using definition (3.3)

q_x(ψ_x) − Jψ^2_x ≥ 1 2 ψ^{2k}_x + 1 2 ψ^{2k}_x − [C_U (J)]^{2k−2}4^k 2k−1∑

j=2 |ψ_x|^j − D_U (J)ψ^2_x ≥ 1 2 ψ^{2k}_x + g(ψ_x)

where g(t) =^1_2 t^{2k} − [C_U (J)]^{2k−2}4^k ∑_{2k−1} j=2 |t|^j − D_U (J)t^2. Clearly g(t) is bounded below, i.e., we have that

g(t) ≥ [ 1 2 t^{2k} − E_U (J)t^{2k−1} ] ≥ −4^k[E_U (J)]^{2k}

where

E_U (J) =

(5B_U + 1 + 2k4^k)J if J >^1_5 C^{2k−2}_U

(2k4^k + B_U )C^{2k−2}_U + J if J ≤^1_5 C^{2k−2}_U (A.13)

Hence we get

q_x(ψ_x) − Jψ^2_x ≥ 1 2 ψ^{2k}_x − F_U (J) where

F_U (J) = 4^k[E_U (J)]^{2k} =

4^k[(5B_U + 1 + 2k4^k)]^{2k}J^{2k} if J >^1_5 C^{2k−2}_U

4^k [ (2k4^k + B_U )C^{2k−2}_U + J ]_{2k} if J ≤^1_5 C^{2k−2}_U (A.14)

note that F_U (J) is increasing proportionally to J^{2k} for J sufficiently large and is bounded below by 1. On the other hand, in a completely analogous way, it is simple to show that q_x(ψ_x) ≤ 2ψ^{2k}_x + F_U (J).

References

[AA] Antoniouk, A. Val.; Antoniouk, A. Vic.: Decay of correlations and uniqueness of Gibbs lattice systems with non quadratic interactions. J. Math. Phys. 37 (1996), no. 11, 5444-5454.

[B] Brydges, D.: A short course on cluster expansion. Les Houches 1984, K. Osterwalder, R. Stora eds., North Holland Press (1986).

[BF] Battle, G. A.; Federbush, P.: A note on cluster expansion, tree graph identity, extra 1/N! factors!!! Lett. Math. Phys. 8 (1984), no. 1, 55-57.

[BH1] Bodineau, T.; Helffer, B.: The log-Sobolev inequality for unbounded spin systems. J. Funct. Anal. 166 (1999), no. 1, 168-178.

[BH2] Bodineau, T.; Helffer, B.: Correlations, Spectral gap and Log-Sobolev inequalities for unbounded spins systems. Differential equations and mathematical physics (Birmingham, AL, 1999), 51–66, AMS/IP Stud. Adv. Math., 16, Amer. Math. Soc., Providence, RI, 2000.

[C] Cammarota, C.: Decay of Correlations for Infinite range Interactions in unbounded Spin Systems, Comm. Math Phys. 85 (1982), 517-528.

[DS] Dobrushin, R.; Shlosman, S.: Completely analytical Gibbs fields. Statistical Physics and dynamical systems. Rigorous results. Workshop, Koeszec/Hung. Prog. Phys. 10 (1985), 371-403.

[H] Helffer, B. : Remarks on decay of correlations and Witten Laplacians. – Brascamp-Lieb inequalities and semi-classical analysis–, Jour. Funct. Analysis, 155, (1998), 571-586.

Helffer, B.: Remarks on decay of correlations and Witten Laplacians. II. Analysis of the dependence on the interaction. Rev. Math. Phys. 11 (1999), no. 3, 321–336.

Helffer, B.: Remarks on decay of correlations and Witten Laplacians. III. Application to logarithmic Sobolev inequalities. Ann. IHP. Statist. 35 (1999), no. 4, 483–508.

[K] Kunz, H.: Analiticity and Clustering Properties of Unbounded Spin Systems, Comm. Math. Phys. 59 (1978), 53-69.

[IN] Israel, R.B.; Nappi, C. R.: Exponential clustering for long-range integer-spin systems. Comm. Math. Phys. 68 (1979), no. 1, 29-37

[L] Ledoux, M.: Logaritmic Sobolev inequalities for unbounded spin systems revisited. Preprint.

[LP] Lebowitz, J. L.; Presutti E.: Statistical mechanics of systems of unbounded spins, Comm. Math. Phys. 50 (1976), 195-218.

[MN] Malishev, V. A.; Nickolaev I. V.: Uniqueness of Gibbs fields via cluster expansion. J. Statist. Phys. 35 (1984), nos. 3/4, 375-379.

[MO] Martinelli, F.; Olivieri, E.: Approach to equilibrium of Glauber dynamics in the one phase region. I.

The attractive case. Comm. Math. Phys. 161 (1994), no. 3, 447-486.

Martinelli, F.; Olivieri, E.: Approach to equilibrium of Glauber dynamics in the one phase region. II. The general case. Comm. Math. Phys. 161 (1994), no. 3, 487-514.

[PdLS] Procacci, A.; de Lima, B. N. B.; Scoppola, B.: A Remark on high temperature polymer expansion for lattice systems with infinite range pair interactions. Lett. Math. Phys. 45 (1998), no. 4, 303-322.

[Si] Simon, B.: The statistical mechanics of lattice gases. Vol. I. Princeton Series in Physics. Princeton University Press, Princeton, NJ, 1993.

[SZ] Stroock, D.; Zegarliński, B. On the ergodic properties of Glauber dynamics. J. Statist. Phys. 81 (1995), no. 5-6, 1007-1019.

[SZw] Spohn, H.; Zwerger, W.: Decay of the two-point function in one-dimensional O(N) spin models with long-range interactions. J. Stat. Phys. 94 (1999), 1037-1043.

[Y1] Yoshida, N.: The log-Sobolev inequality for weakly coupled lattice fields. Probab. Theory Related Fields 115 (1999), no. 1, 1-40.

[Y2] Yoshida, N.: The equivalence of the log-Sobolev inequality and a mixing condition for unbounded spin systems on the lattice. Preprint.

[Z] Zegarlinski, B.: The strong decay to equilibrium for the stochastic dynamics of unbounded spin systems on a lattice. Comm. Math. Phys. 175 (1996), no. 2, 401-432.