Exponentially Small Splitting of Invariant Manifolds of Parabolic Points

I. Baldomá E. Fontich

Author address:

Gran Via de les Corts Catalanes 585, 08007 Barcelona E-mail address: barraca@mat.ub.es Gran Via de les Corts Catalanes 585, 08007 Barcelona E-mail address: fontich@mat.ub.es

Contents

Introduction iv

1. Notation and main results 1 1.1. Notation and hypotheses 1 1.2. Main results 3 1.3. Example 5

2. Analytic properties of the homoclinic orbit of the unperturbed system 6 2.1. Introduction and main results 6 2.2. Proof of the Proposition 2.1 9

3. Parameterization of local invariant manifolds 13 3.1. Introduction 13 3.2. Definitions and main result 13 3.3. Averaging of the equation 15 3.4. Estimates for the Poincaré map 21 3.5. The operators B and B 28 3.6. Proof of the Theorem 3.1 30

4. Flow box coordinates 35 4.1. Introduction 35 4.2. Definitions and main result 36 4.3. A preliminary change of variables 38 4.4. The unperturbed case 39 4.5. Flow box coordinates in a complex domain 40 4.6. Proof of the Theorem 4.2 57

5. The Extension Theorem 60

6. Splitting of separatrices 62 6.1. Introduction 62 6.2. The splitting function 63 6.3. Proof of Theorem 1.1 and its corollary 70 6.4. Proof of Lemma 6.4 72 6.5. Proof of the Corollary 1.1 77

References 79

Abstract

We consider families of one and a half degrees of freedom Hamiltonians with high frequency periodic dependence on time, which are perturbations of an autonomous system.

We suppose that the origin is a parabolic fixed point with non-diagonalizable linear part and that the unperturbed system has a homoclinic connexion associated to it. We provide a set of hypotheses under which the splitting is exponentially small and is given by the Poincaré-Melnikov function.

2000 Mathematics Subject Classification. Primary 37J45; Secondary 70K44, 34C37, 34E10, 37C29.

The authors thank the support of the Catalan Grant CIRIT 2001SGR–70. The second author also thanks the partial support of the Spanish Grant DGICYT BFM2000– 0805 and the INTAS project 00-221.

Introduction

Consider a system with an invariant object (fixed point, periodic orbit, etc) which has stable and unstable invariant manifolds associated to it and they coincide, or some branches of them coincide. If we perturb the system, generically the invariant manifolds will not coincide any more. This phenomenon is known as splitting of separatrices or splitting of invariant manifolds. One of the simplest settings where this phenomenon occurs is in differential equations in the plane having a hyperbolic saddle fixed point and a homoclinic connexion associated to it. When we perturb this system with a time periodic perturbation, say ż = f(z) + εg(z, t, ε), z ∈ U ⊂ R^2 , the fixed point becomes a hyperbolic periodic orbit with two dimensional stable and unstable invariant manifolds in R^3 . Using a first order perturbation theory the distance between the splitted manifolds measured in a plane {t = t_0} orthogonally to the unperturbed homoclinic connexion at some point p is given by

d(t_0, ε) =

M(t_0) ‖f(p)‖ ε + O(ε^2) (1) where M(t_0) is the so called Poincaré-Melnikov function which is given through an integral in terms of the system and the unperturbed homoclinic orbit. For systems with slow dynamics such as ż = εf(z) + ε^2g(z, t, ε) we can scale time through εt = τ and we obtain ż = f(z) + εg(z, τ/ε, ε) which is a perturbation of ż = f(z). The formal substitution of g into the Poincaré- Melnikov function gives an ε-dependent function which is exponentially small in ε [Fo2]. Then, in (1) the O(ε^2) term dominates over εM(t_0)/‖f(p)‖ and we do not have an asymptotic expression of d(t_0, ε). We only know that it is O(ε^2).

One way to obtain rigorous asymptotic expressions is to introduce another parameter, that is, to consider ż = f(z) + μg(z, t/ε, μ). Then d(t_0, μ, ε) = M(t_0, ε) ‖f(p)‖ μ + O(μ^2)

and hence, if μ is small enough compared with M(t_0, ε), which is exponentially small in ε, we have that d ∼ M(t_0, ε)μ/‖f(p)‖. But this only gives rigorous results in a very narrow set in the space of parameters.

Poincaré found this exponentially small effects in [Po]. In his study of periodic orbits in two degrees of freedom Hamiltonian systems he proposed a model, which after reduction became the following perturbed pendulum

ÿ = 2μ sin y + 2με cos y cos t

(using the same notation as Poincaré). He deduced that the splitting of separatrices is exponential small in μ, provided that ε is less than an exponentially small quantity.

Arnold [Ar1] found the exponentially small splitting of separatrices associated to partially hyperbolic tori, studying the diffusion of action variables in near integrable systems h_0(I) + εh_1(φ, I, ε).

Neishtadt [Ne] gave upper bounds for the splitting in one and a half and two degrees of freedom Hamiltonian systems with only one parameter.

Differential equations with slow dynamics are related with near the identity diffeomorphisms by means of the Poincaré map. It turns out that being Hamiltonian is very important to get exponentially smallness. The Hamiltonian character of the equation is translated to the symplectic character of the maps.

In [La1] Lazutkin studied the standard map F (x, y) = (x+y+ε sin x, y+ε sin x) and provided the following formula for the angle between the stable and unstable manifolds at a homoclinic point φ = π ε |Θ_1|e^{−π2/√ε}[1 + O(ε^b)] (2) with 0 < b < 1/8. This was the first exponentially small asymptotic formula for a nontrivial problem with only one parameter. Although the proof was not complete Lazutkin introduced pioneering new analytic tools for the study of the separatrix splitting which have decisively influenced the development of this area.

Several papers deal with the computation of the constant Θ_1 [LST] [Su]. The complete proof of (2) is in [Ge4].

Fontich and Simó [FS1] [FS2] study the splitting of separatrices for families of diffeomorphisms in a neighborhood of the identity of class C^ω and C^r respectively. Under fairly general hypotheses exponentially small upper bounds are obtained for the distance between invariant manifolds in the analytic case with generally optimal values of the constant in the exponent.

Other works referring to maps are [Ch] [DR2] [DR1] [Ge5] [GS]. Many authors have studied the phenomenon of separatrix splitting with fast frequency periodic perturbations, in order to prove that in certain cases the Melnikov function yields the right asymptotics of the measure of separatrix splitting.

They consider ż = f(z) + με^pg(x, t/ε, μ), z ∈ U ⊂ R^2 , where μ and ε > 0 are parameters a priori independent and such that the origin is a saddle-type fixed point. There has been a lot of discussion about the optimal value of p for which one gets exponentially small upper bounds or asymptotics. In [Fo2] upper bounds for the splitting are given even for negative values of p, specifically p > −1/2. If the model is simplified, considering equations of the form ẍ + f(x) = με^pg(x, t/ε, ε, μ), x ∈ V ⊂ R, (3) then in [Fo1] upper bounds are given for the splitting of separatrices for values of p > −2. In [HMS], Holmes et al are able to give upper and lower bounds for the splitting of separatrices for quite general systems and for values of p > 8. The situation improves when dealing with specific systems. The most studied example is the pendulum. In [Ge1] and in [DS1], asymptotic expressions are given for the separatrix splitting of the equation

ẍ + sin x = με^p sin t/ε

for p > 5 and p > 0 respectively. See also Treshev [Tr]. Later on, Delshams and Seara in [DS2], could get an asymptotic expression of the separatrix splitting for more general systems given that p is bigger than a certain quantity which depends on the perturbation and of the singularity order of the homoclinic orbit. Gelfreich in [Ge2] also gives an asymptotic expression for the separatrix splitting, but it is difficult to find out which p is needed in order to apply it. Finally, in [Ge3] Gelfreich studies in some specific examples the p < 0 case. The proposed method is the use of an auxiliary system whose invariant manifolds are a good approximation near the singularities of the invariant manifolds of the initial system. In [An] Angenent studies the splitting using variational methods. It is worth noting that there are examples for which the asymptotic expressions are not of the form ε^re^{−a/ε}, [SMH].

In all these cases, one deals with Hamiltonian systems of one and a half degrees of freedom or area-preserving maps such that the origin is a hyperbolic fixed point of the non-perturbed Hamiltonian. Another situation where the separatrix splitting phenomenon appears is when one considers quasi-periodic perturbations. We refer to [DG], [DGJS1], [DGJS2] and [GGM] for such case.

Exponentially small phenomena are also found by Fiedler and Scheurle [FS] in one step discretizations of autonomous equations.

This memoir is devoted to study the splitting for one and a half degrees of freedom Hamiltonian systems of the form (3) such that the origin is a parabolic fixed point. Specifically we assume that the linear part of the vector field at (0, 0) is ( 0 1 0 0 ) . We consider the case of fast frequency perturbation. The paper [CFN] deals with the case of constant frequency. The first point is to put sufficient conditions such that the perturbed system also has invariant manifolds.

We have followed basically the structure of [DS2]. However, due to the fact that many of their arguments strongly rely on the hyperbolic character of the fixed point, we have had to introduce new techniques to deal with the parabolic case. To this end we have also used tools introduced by Lazutkin [La2] [La1]. It is worth remarking that most of our arguments are can be adapted for the hyperbolic case.

The memoir is organized as follows. In the first chapter we introduce the notation, the hypotheses and the main theorem.

In the second chapter, we study some analytical properties of the homoclinic orbit of the unperturbed system. In particular we get the asymptotic behavior of its parameterization. We prove that, as was to be expected, this behavior is algebraic, that is, there exists T > 0 such that if t ∈ C , Re t ≥ T , the stable manifold behaves like 1/t^p with p a certain positive number, and, analogously, the unstable manifold has the form 1/(−t)^p for t ∈ C , Re t < −T .

In the third chapter, we establish, under the stated conditions, the existence of stable and unstable invariant manifolds for the perturbed system. Moreover we find useful parameterizations γ^∗(t, s) (∗ = s, u), of the local invariant manifolds of the perturbed Hamiltonian system. These parameterizations satisfy that γ^∗ is a solution with respect to the variable t ∈ R, it is analytic with respect to s and γ^∗(t + 2πε, s) = γ^∗(t, s + 2πε). In this way we endow the variable s with a dynamic character since, if P^{t0} is the Poincaré map from t = t_0 to t = t_0 + 2πε, γ^s(t_0, s) represents the stable manifold of P^{t0} and the dynamics of P^{t0} on it is simply P^{t0} (γ^s(t_0, s)) = γ^s(t_0, s + 2πε).

Moreover γ^∗ is of the form γ^∗(t, s) = γ_0(t + s) + με^{p+1}σ^∗(t, s), where γ_0 is the homoclinic orbit of the unperturbed system.

In the fourth chapter, we built the flow box coordinates, i.e., coordinates in which the flow straightens. These coordinates are defined in a neighborhood of the stable manifold not containing the origin, but close to it and independent of the parameters. We built them following several steps. We parameterize the solutions of the perturbed system near a piece of the stable manifolds by two parameters. One of these is time, and the other is a complex parameter s such that the solutions are analytic with respect to s and the dynamics of the Poincaré mapping is simply s → s + 2πε. We can write them in the form w(t + s, t/ε). We prove afterwards, thanks to this good parameterization, that the solutions intersect a (real) section transverse to the flow for some value (t_0, s_0), thus we are able to straighten the flow in a neighborhood of the stable manifold. Finally we slightly modify the variables to make them canonical.

In the fifth chapter, we present a result of Delshams-Seara [DS2] which asserts that if p is bigger than some value, which depends on the perturbation and the unperturbed homoclinic orbit, we can extend the parameterization of the unstable manifold until it reaches the domain where the flow box variables are defined.

Finally, in the last chapter we introduce the splitting function. From it and its properties we derive the asymptotic formulas for the area of the lobes generated by the invariant manifolds between two homoclinic points and the angle between the invariant manifolds at a homoclinic point. They are exponentially small in ε. The main difference with [DS2] is that here we consider homoclinic orbits with algebraic branch type singularities and consequently some computations are somewhat more involved.

Aknowledgements. The authors thank the support of the Catalan Grant CIRIT 2001SGR–70. The second author also thanks the partial support of the Spanish Grant DGICYT BFM2000–0805 and the INTAS project 00-221.

1. Notation and main results

In this Chapter we present the main problem we consider, the hypotheses we assume, and the rigorous statement of the main results. For that we have to begin by introducing some notation.

At the end we present an example where the above mentioned results apply.

1.1. Notation and hypotheses

We study the splitting of separatrices in the case which we call the parabolic case. Next we describe the settings of this case and the hypotheses we will need.

We consider Hamiltonian systems of one and a half degrees of freedom with Hamiltonian H(x, y, t/ε, μ, ε) = h_0(x, y) + με^ph_1(x, y, t/ε, μ, ε) where

h_0(x, y) = y^2 2 + V (x),

V (x) is an analytic function of order n, that is

V (x) = a_nx^n + · · ·

with n ≥ 3. With these assumptions, for the unperturbed system (i.e. the system when μ = 0) the origin is a parabolic fixed point and the derivative of the Hamiltonian vector field at (0, 0) is ( 0 1 0 0 ) . The differential equations associated to the Hamiltonian are ẋ = y + με^p∂_yh_1(x, y, t/ε, μ, ε) (1.1) ẏ = −V^′(x) − με^p∂_xh_1(x, y, t/ε, μ, ε). We will assume the following hypothesis related to the unperturbed system.

Note that the unperturbed system is autonomous and independent on ε.

1.1.1. Hypothesis for the unperturbed system.

HP1 We assume that, h_0(x, y) = y^2/2+V (x) is analytic and V (x) = a_nx^n +· · · with a_n < 0 and n ≥ 3. Moreover we assume that h_0 has a homoclinic orbit, associated to the equilibrium point (0, 0)

We denote the time parameterization of the homoclinic orbit by

γ_0(u) = (α_0(u), β_0(u))

with some chosen (fixed) initial condition γ_0(0) = (x_0, y_0) on the homoclinic orbit.

We assume that γ_0(u) is analytic in a complex strip | Im u| < a with branching points at u = ±ia, i.e., there exists ρ > 0 such that for u ∈ C satisfying |u − ia| < ρ, arg(u − ia) ∈ (−3π/2, π/2), γ_0(u) can be expressed as

α_0(u) = c_− (u − ia)^{p/q} (1 + O(u − ia)^{1/q} ), β_0(u) = d_− (u − ia)^{1+p/q} (1 + O(u − ia)^{1/q}).

and for u ∈ C such that |u + ia| < ρ, arg(u + ia) ∈ (−π/2, 3π/2), γ_0(u) can be expressed as

α_0(u) = c_+ (u + ia)^{p/q} (1 + O(u + ia)^{1/q} ), β_0(u) = d_+ (u + ia)^{1+p/q} (1 + O(u + ia)^{1/q}).

Moreover on u = ±ia there are not other singularities of γ_0. We define

r = 1 + p q > 1.

Of course, poles are included in this definition of branching points.

Remark 1.1. As a consequence of Proposition 2.3 in Chapter 2 always exists a > 0 such that γ_0(u) is analytic on the strip {u ∈ C : | Im u| < a}.

Remark 1.2. As a consequence of Proposition 2.4 in Chapter 2, if V (x) = a_nx^n + · · · + a_mx^m is a polynomial and we assume that α_0(u) has a singularity at u = u^∗ ∈ C , then for u in a neighborhood of u^∗ we have that

α_0(u) = C (u − u^∗)^{2/(m−2)} (1 + O(u − u^∗)^{2/(m−2)})

β_0(u) = − C^′ (u − u^∗)^{m/(m−2)} (1 + O(u − u^∗)^{2/(m−2)}).

As a consequence, the exponents of u − u^∗ in the expressions of α_0 and β_0 are rational numbers.

1.1.2. Hypotheses over the perturbation.

HP2 The function h_1(x, y, θ, μ, ε) is defined for (x, y) ⊂ U ⊂ C^2 , θ ∈ R, μ ∈ D (0, μ_0 ), ε ∈ (0, ε_0), it is C^0, 2π-periodic in θ, has zero mean: ∫_{2π} 0 h_1(x, y, θ, μ, ε) dθ = 0 and it is real analytic with respect to (x, y, μ).

HP3 The function h_1(x, y, θ, μ, ε) is a polynomial of order k in the (x, y) variables. That is h_1(x, y, θ, μ, ε) = κ∑ i+j=k a_{i,j} (θ, μ, ε)x^iy^j . HP4 The order k of the perturbation satisfies 2k − 2 ≥ n. Remark 1.3. We observe that HP4 implies that the origin is also a parabolic fixed point of the perturbed system and the derivative of the vector field evaluated at this point is the same as the one of the unperturbed system.

1.2. MAIN RESULTS 3

Consider the terms a_{ij} (θ, μ, ε)x^iy^j of h_1 evaluated on γ_0. We define ℓ to be the greatest order of the branching points ±ia corresponding to a_{ij} (θ, μ, ε)α^i_0(u)β^j_0(u). That is: ℓ = max{i(r − 1) + jr : a_{i,j} (θ, μ, ε) ≠ 0}. (1.2)

Also we define ν = p − ℓ. HP5 The constant ν is greater or equal than 0.

Remark 1.4. Hypothesis HP5 controls the growth of the perturbation term με^ph_1(x, y, t/ε, μ, ε) evaluated at the homoclinic orbit, near the singularities. In fact, if hypothesis HP5 is assumed: με^p‖h_1(γ_0(u), t/ε, μ, ε)‖_∞ = O(μ), for | Im u| ≤ a − ε. Remark 1.5. A consequence of hypotheses HP1-HP5, is that if p < 1, then ∂_yh_1 = 0. Indeed, if ℓ ≥ 1, then by hypothesis HP5, p ≥ 1. Therefore, we consider the case ℓ < 1. By definition of ℓ and using that r ≥ 1, we have that for any pair of positive integers, i, j such that a_{ij} (θ, μ, ε) ≠ 0, 1 > ℓ ≥ i(r − 1) + jr ≥ jr ≥ j Therefore, j = 0 and this implies that h_1 has no terms depending on the variable y. Therefore ∂_yh_1 = 0. 1.2. Main results It is a well known fact that Poincaré maps associated to periodic Hamiltonian perturbations of one degree of freedom Hamiltonian systems having a homoclinic connexion, have either primary homoclinic points or a homoclinic connexion, the latter possibility being non-generic. These points are related to the zeros of the Melnikov function M(s, ε) defined by M(s, ε) = ∫_∞ −∞ {h_0, h_1}(γ_0(t + s), t/ε) dt. Let P^{t0} be the Poincaré map from t_0 to t_0 + 2πε. We denote by A the area of the lobe generated by the stable and unstable manifold between two homoclinic points and by ϑ the angle between the stable and unstable invariant manifolds at a homoclinic point. We observe that, since the Poincaré map is area preserving, the area A will not depend on the homoclinic points.

The main results are:

Theorem 1.1. Under hypotheses HP1-HP5, for ε → 0^+, μ → 0, and for any t_0 ∈ R, the following formulae hold: A = με^p ∫_{s̄0} s_0 M(υ, ε) dυ + O(μ^2ε^{2ν+r}, μ^2ε^{ν+p+1}, με^{p+2})e^{−a/ε}, sin ϑ = με^p

M^′(s_0, ε) ‖γ̇_0(t_0 + s_0)‖^2 + O(μ^2ε^{2ν+r−2}, μ^2ε^{ν+p−1}, με^p)e^{−a/ε}, where s_0 < s̄_0 are the two zeros of the Melnikov function (associated to two consecutive homoclinic points), closest to zero.

We define the function J(x, y, θ) = {h_0, h_1}(x, y, θ). By the hypothesis HP2 on h_1, J is 2π-periodic in θ and has zero average with respect to θ. Then we can consider its Fourier expansion J(x, y, θ) ∼ ∑ k≠0 J_k(x, y)e^{ikθ} .

Moreover, for all k ∈ Z, J_k(γ_0(u)) has a branching point of order at most ℓ + 1 at u = ±ia. Therefore, near the singularity u = ia, J_k(γ_0(u)) has the form

J_k(γ_0(u)) = 1 (u − ia)^{ℓ+1} J^−_{k,0} + ∑ m≥1 J^−_{k,m}(u − ia)^{m/q}

and, near the singularity u = −ia, J_k(γ_0(u)), has the form

J_k(γ_0(u)) = 1 (u + ia)^{ℓ+1}

J^+_{k,0} + ∑ m≥1 J^+_{k,m}(u + ia)^{m/q} .

We note that J^+_{k,0} = J^−_{−k,0}.

We consider the following condition:

HP6 The Fourier coefficients J_{±1} evaluated on γ_0(u), that is J_{±1}(γ_0(u)), have singularities of order exactly ℓ + 1 at the points u = ±ai.

Remark 1.6. The hypothesis HP6 is generic because it is equivalent to suppose that the coefficients J^+_{±1,0} of the Laurent expansion of J_{±1}(γ_0(u)) are different from zero.

We can obtain an asymptotic expression of the Melnikov function and consequently of the area of the lobe and of the angle.

Corollary 1.1. If HP1-HP6 hold, then for ε → 0^+, μ → 0 and for any t_0 ∈ R, M(s, ε) = ε^{−ℓ} 4π Γ(ℓ + 1) |J^−_{1,0}| Re(e^{i(θ−(ℓ+1)π/2)}e^{−is/ε)})e^{−a/ε} + O(ε^{−ℓ+1}e^{−a/ε}), A = με^{ν+1} 8π Γ(ℓ + 1) |J^−_{1,0}|e^{−a/ε} + O(μ^2ε^{2ν+r}, μ^2ε^{ν+p+1}, με^{ν+2})e^{−a/ε}, | sin ϑ| = με^{ν−1} 4π Γ(ℓ + 1) |J^−_{1,0}| 1 ‖γ̇_0(t_0 + s_0)‖^2 e^{−a/ε} +O(μ^2ε^{2ν+r−2}, μ^2ε^{ν+p−1}, με^ν )e^{−a/ε}, where J^−_{1,0} = |J^−_{1,0}|e^{iθ} and Γ is the Gamma function.

1.3. EXAMPLE 5

1.3. Example An example of unperturbed Hamiltonian system satisfying HP1 is given by

h_0(x, y) = y^2 2 + V (x)

(1.3)

where V (x) is a polynomial of the form V (x) = −x^n + x^{2(n−1)}, n ≥ 3.

Indeed, the Hamiltonian system has a homoclinic orbit contained in H(x, y) = 0. Let γ(t) be the parameterization of the homoclinic orbit such that γ(0) = (1, 0).

We can give an explicit expression for the homoclinic orbit γ_0(t) = (α_0(t), β_0(t)):

α_0(t) = ( 2 2 + (n − 2)^2t^2 )_{1/(n−2)} , β_0(t) = −(n − 2)t(α_0(t))^{n−1}.

Therefore, the homoclinic orbit has singularities at the points ±ia with a = √ 2/(n− 2) which are branching points (if n = 3, are poles). It is not difficult to see that, near the singularities ±ia, the first component of γ_0 reads as C_± (t ± ia)^{1/(n−2)} (1 + O(t ± ia)^{1/(n−2)})

with C_− = (a/2)^{1/(n−2)}e^{−iπ/2(n−2)} and C_+ = C_−.

We consider a family of perturbations given by με^ph_1(x, y, t/ε) = με^px^k cos(t/ε), p ≥ k/(n − 2). In this case, ℓ = k/(n − 2). Of course we assume that k satisfies the hypothesis HP4, that is, 2k − 2 ≥ n. Hence in this case ℓ ≥ (n + 2)/(2n − 4).

Then, by Corollary 1.1 the area of the lobe generated between two consecutive homoclinic points satisfies the asymptotic expression A ∼ με^{ν+1} 4π Γ (_k n−2 ) |C_−|^ke^{−a/ε} where ν = p − k/(n − 2).

2. Analytic properties of the homoclinic orbit of the unperturbed system

2.1. Introduction and main results The purpose of this chapter is to obtain the asymptotic behaviour of the homoclinic orbits to parabolic points of Hamiltonians systems of the form H(x, y) = y^2/2 + V (x) with V (x) being an analytic function, for complex values of time in a certain domain.

We assume that the origin is a fixed point of the corresponding Hamiltonian equation ẋ = y ẏ = −V^′(x).

It is not restrictive to assume that V (0) = 0. We suppose that V is of the form V (x) = a_nx^n + . . .

with n ≥ 3 and a_n ≠ 0.

In such case the origin is a parabolic point, that is, the linear part of the equation at (0, 0) has a double zero eigenvalue. Assuming that the origin has an invariant curve passing through the origin, the solution on this curve has to lie on the energy level H(x, y) = 0. Then ẋ = y = ± √ −2V (x). Hence we will have that ẋ = ax^k + . . . or ẋ = ax^{k+1/2} + . . . according to the cases n = 2k or n = 2k + 1, k ∈ N.

For the sake of generality we consider the case k ∈ R. We define the set U = D (0, r) − {z ∈ C : Im z = 0, Re z ≤ 0} ⊂ C .

The main result of this chapter is the following proposition from which we derive the asymptotic representation of x(t), and then y(t) follows from y(t) = ẋ(t).

Proposition 2.1. Let f be an analytic function on U. Suppose that f(x) = ax^k + g(x), with |g(x)| ≤ B|x|^ℓ, k, ℓ ∈ R, 1 < k < ℓ and a < 0. Consider the equation ẋ = f(x).

Then, there is an analytic solution φ(t) defined on Ω(T, α) = {t ∈ C : |t| > T, | arg t| < α} with α < min{π,^π_p } and T big enough, such that φ(t) = ct^{−p} + O(t^{−ν} ) with p = 1/(k − 1), p < ν < min{q, p + 1}, q = p(1 + ℓ − k) and c = (−p/a)^p.

2.1. INTRODUCTION AND MAIN RESULTS 7

Remark 2.1. Since the equation is one-dimensional, every solution which goes to zero as Re t goes to +∞, with the real part of the initial condition positive, is of the form φ(t + τ).

Note that if we assume that the leading term of φ is ct^{−p} a formal computation already shows that

p = 1 k − 1 , c = ( −p a )_p = ( 1 (1 − k)a )_{1/(k−1)} . The proof of the Proposition 2.1 is given in the next section.

If we restrict us to consider functions f of the form f(x) = x^{n/2}g(x), which are the ones we will deal with in the next chapters, we obtain a bigger domain for the solution.

Proposition 2.2. Let f(x) = x^{n/2}g(x), n ∈ N, g(0) < 0 and g analytic in D (0, r). Then the equation ẋ = f(x) has an analytic solution φ, φ(t) = ct^{−p} + O(t^{−ν} ), defined on Ω(T, π).

The proof is almost the same as the one of Proposition 2.1. We only have to take into account that x^{n/2} is continued analytically to its Riemman surface with |x^{n/2}| ≤ |x|^{n/2}. Remark 2.2. As a consequence of Proposition 2.2, if the system 2.1 has a homoclinic orbit, σ, it has not periods. This is because lim_{|t|→+∞} σ(t) = 0. This is in contrast with the hyperbolic case where always there exists an imaginary period. (See [Fo2])

From the previous results we easily obtain that a homoclinic orbit to a parabolic point has singularities and they do not accumulate to the real axis:

Proposition 2.3. Let H(x, y) = y^2/2+V (x) be a Hamiltonian with a parabolic equilibrium point and σ(t) a homoclinic orbit associated to it. Then 1) σ has singularities, 2) there exists η > 0 such that σ is analytic in the strip {t ∈ C : | Im t| < η}.

Proof. We may assume that the equilibrium point is the origin. Therefore lim t→±∞ σ(t) = 0.

Applying Proposition 2.2 to the equation reduced to the stable invariant manifold when t → +∞ and to the unstable one when t → −∞ (changing t by −t) and taking into account Remark 2.1, we obtain that there exist T , t_1 and t_2 such that σ(t) = c_1 (t − t_1)^p + O ( 1 (t − t_1)^ν ) , |t| ≥ T , | arg t| < π, σ(t) = c_2 (t − t_2)^p + O ( 1 (t − t_2)^ν ) , |t| ≥ T , |π − arg t| < π. If we suppose that σ is an entire function, the previous expressions imply that σ is bounded outside the disc of radius T . Then, by Liouville’s theorem, it must be constant. This contradiction implies that σ has at least one singularity which has to be in D (0, T ).

To prove the existence of η > 0 we just have to note that σ is analytic on Re t > T and on Re t < −T . Since σ is analytic on R, and therefore on [−T, T ], there exists η > 0 such that σ is analytic on {t ∈ C : | Re t| ≤ T , | Im t| < η}. □

We write σ = (α_0, β_0).

Proposition 2.4. Let V (x) = a_nx^n + · · · + a_mx^m be a polynomial and u = u^∗ a singularity of σ. Then

α_0(u) = C (u − u^∗)^{2/(m−2)} (1 + O(u − u^∗)^{2/(m−2)})

(2.1)

β_0(u) = − C^′ (u − u^∗)^{m/(m−2)} (1 + O(u − u^∗)^{2/(m−2)}).

(2.2)

Proof. It is clear that α_0 is a solution of the equation ẋ = ± √ −2V (x). Performing the change w = 1/x we obtain the equation du dw = ∓w^{m/2−2} √ −2(a_m + wa_{m−1} + . . . + w^{m−n}a_n) which, in a neighborhood of w = 0, can be written as du dw = w^{m/2−2}(c_0 + O(w)).

Integrating this relation we obtain u − u^∗ = w^{(m−2)/2}(c_1 + O(w)).

Inverting the last equation and going back to the variable x we obtain the claimed expressions (2.1) and (2.2). □

In the following proposition we will give a qualitative study of the domain α_0({u ∈ C : Re u ≥ κ}. Proposition 2.5. Let V (x) = a_nx^n + · · · be an analytic function. Then, there exists κ_0 such that, if κ ≥ κ_0, α_0 applies the semiplane {u ∈ C : Re u ≥ κ} bijectively to a domain D^∗(κ) of C . The image by α_0 of the line {Re u = κ} together with {0} is a single closed curve which is the boundary of D^∗(κ). It is a smooth curve except at zero. The tangent lines near zero have limit slopes ±π/(n − 2).

In Figures 1 and 2 we display the domain D^∗(κ), with κ big, and n = 2 and n = 7 respectively

Figure 1 Figure 2

Proof. We assume that there exists u_1, u_2 ∈ {Re u ≥ κ} such that α_0(u_1) = α_0(u_2). Then the points (α_0(u_j ), β_0(u_j )), j = 1, 2 stay in the zero energy level, and hence β_0(u_1) = ±β_0(u_2). In the case that the sign is +, we should have that α_0(t + u_2 − u_1) = α_0(t) for all t in the domains of α_0, that is u_2 − u_1 is a period of α_0, which is a contradiction with Remark 2.2

In the case that the sign is −, we use that, due to the symmetry of the equation, α_0(t) = α_0(u_2 + u_1 − t) and β_0(t) = −β_0(u_2 + u_1 − t). Then β_0((u_1 + u_2)/2) = 0 and therefore, V (α_0((u_1 + u_2)/2)) = 0. Since 0 is an isolated zero for V , if κ is big enough, α_0({Re u ≥ κ}) does not contain any zero of V , which is a contradiction. Let g(t) = α_0(it + κ) = c (it + κ)^p + O(|it + κ|^{−ν} ), with p = 2/(n − 2). The claim on the tangent lines comes from lim t→±∞ arg g(t) = ∓p π 2 . □ 2.2. Proof of the Proposition 2.1 Let U = D (0, r) − {z ∈ C : Im z = 0, Re z ≤ 0} ⊂ C and k, ℓ ∈ R, 1 < k < ℓ.

We consider f(x) = f_0(x) + g(x) with f_0(x) = ax^k , a < 0, and g : U → C analytic such that |g(x)| ≤ B|x|^ℓ.

A solution of ẋ = ax^k is x(t) = ct^{−p} with c = (−p/a)^p and p = 1/(k − 1). We look for a solution of ẋ = f(x) of the form φ(t) = φ_0(t) + ψ(t), with φ_0(t) = ct^{−p}.

We write the equation ẋ = f(x) in the form

φ̇_0(t) + ψ̇(t) = f_0(φ_0(t)) + Df_0(φ_0(t))ψ(t)

(2.3) +[f(φ_0(t) + ψ(t)) − f_0(φ_0(t)) − Df_0(φ_0(t))ψ(t)].

First we consider the auxiliary linear equation χ̇(t) = Df_0(φ_0(t))χ(t) = ka ( c t^p )_{k−1} χ(t) = −k k − 1 1 t χ(t) which has a solution χ(t) = 1 t^{p+1} . From (2.3), using the variation of constants formula we get the following integral equation for ψ ψ(t) = Γψ(t) ≡ 1 t^{p+1} ∫_t T s^{p+1}[f(φ_0(s) + ψ(s)) − f_0(φ_0(s)) − Df_0(φ_0(s))ψ(s)] ds.

(2.4)

Here, we are implicitly assuming that ψ(T ) = 0. We fix ν such that p < ν < min{q, p + 1}. We introduce the space X = {ψ : Ω(T, α) → C : analytic, |t|^ν |ψ(t)| < ∞}. We endow X with the norm ‖ψ‖ = sup t∈Ω(T,α) |t|^ν |ψ(t)|. We denote by B(ρ) the closed ball of radius ρ in X centered at zero. We consider the operator Γ : B(ρ) → B(ρ) defined by (2.4).

The rest of this section is devoted to prove that, taking suitable values for ρ and T , we have that Γ : B(ρ) → B(ρ) is a contraction.

We take T satisfying the conditions T ≥ 1, T^p > 2c/r, T^{ν−p} > 1/2 ( 1 + 1 2T^{ν−p} )_{k−2} ≤ 2, ( 1 + 1 2T^{ν−p} )_ℓ ≤ 2 and ρ such that ρ < (c/2) sin(π − α) if π/2 ≤ α < π ρ < c/2 if 0 ≤ α < π/2. First we check that Γ is well defined. If ψ ∈ B(ρ), | | | c s^p + ψ(s) | | | ≤ c T^p + 1 T^ν ‖ψ‖ ≤ 1 T^p 2c < r. Moreover, for s ∈ Ω(T, α),

| arg φ_0(s)| = | arg s^p| < pα < π

and | | | ψ(s) φ_0(s) | | | = | | | ψ(s) c/s^p | | | ≤ ‖ψ‖ c 1 |s|^{ν−p} ≤ 2ρ c . This implies that | arg(φ_0(s) + ψ(s))| < π and hence, if ψ ∈ B(ρ), then for all s ∈ Ω(T, α), φ_0(s) + ψ(s) belongs to the domain of f.

We will use the following bounds. For k ∈ R, k > 1 and z, w ∈ C , such that z, z + w ∈ U and |w/z| < 1, we have that |(z + w)^k − z^k| = |z|^k|(1 + w/z)^k − 1| ≤ |z|^k ∑ j≥1 | | | ( k j )| | | |w/z|^j ≤ |z|^{k−1}|w| ∑ j≥1 | | | | ( k j )| | | = C^{k,1}|z|^{k−1}|w| (2.5) and |(z + w)^k − z^k − kz^{k−1}w| = |z|^k|(1 + w/z)^k − 1 − k(w/z)| ≤ |z|^k ∑ j≥2 | | | ( k j )| | |w/z|^j = C_{k,2}|z|^{k−2}|w|^2,

where C_{k,k0} = ∑ j≥k_0 | |(^k_j) | |.

Given t ∈ Ω(T, α), t = |t|e^{iθ}, to evaluate the integral in the definition of Γ we will take the path of integration γ = γ_1 ∨ γ_2 with γ_1(u) = T e^{iu}, u ∈ [0, θ], and γ_2(u) = T e^{iθ} + (t − T e^{iθ})u, u ∈ [0, 1]. We call

I_δ = ∫ γ_2 1 |s|^δ ds = 1 e^{iθ(δ−1)} ∫_1 0 |t| − T [T + (|t| − T )u]^δ du. We have |I_δ | =^1_{1−δ} (|t|^{1−δ} − T^{1−δ}) if δ ≠ 1 and |I_δ | = log^{|t|}_T if δ = 1.

We introduce

χ_1(s) = s^{p+1}a [ (φ_0(s) + ψ(s))^k − (φ_0(s))^k − k(φ_0(s))^{k−1}ψ(s) ] and χ_2(s) = s^{p+1}g(φ_0(s) + ψ(s)). We have | | | | ∫ γ_1 χ_1(s) ds | | | | ≤ C^{k,2}α|a|c^{k−2}‖ψ‖^2 T T^{2(ν−p)} , | | | ∫ γ_1 χ_2(s) ds | | | ≤ 2Bc^ℓα T T^{q−p} , | | | | ∫ γ_2 χ_1(s) ds | | | | ≤ C^{k,2}|a|c^{k−2}‖ψ‖^2|I^{2(ν−p)}| and | | | | ∫ γ_2 χ_2(s) ds | | | | ≤ 2Bc^ℓ|I^{q−p}|. We have to distinguish the cases 2(ν − p) < 1, 2(ν − p) = 1, 2(ν − p) > 1 and q − p < 1, q − p = 1 and q − p > 1. Using the previous estimates we find that in all cases |Γ(ψ(t))| ≤ ρ |t|^ν if T is big enough, and hence Γψ ∈ B(ρ).

Next we see that Γ is a contraction. Indeed, let ψ and ψ̃ be two functions which belong to B(ρ), |(Γψ − Γψ̃)(t)| ≤ 1 |t|^{p+1} | | | (∫ γ_1 + ∫ γ_2 ) s^{p+1} ( f_0(φ_0(s) + ψ(s)) − Df_0(φ_0(s))ψ(s)

−[f_0(φ_0(s) + ψ̃(s)) − Df_0(φ_0(s))ψ̃(s)] ) ds (2.6) + (∫ γ_1 + ∫ γ_2 ) s^{p+1}[g(φ_0(s) + ψ(s)) − g(φ_0(s) + ψ̃(s))] ds | | | | . To evaluate the first difference we consider the function

χ(z) = a[(φ_0(s) + z)^k − k(φ_0(s))^{k−1}z].

By the mean value theorem, we have that χ(z̃) − χ(z) = ∫_1 0 χ^′(z + ζ(z̃ − z))[z̃ − z] dζ and, since χ^′(w) = ak[(φ_0(s) + w)^{k−1} − (φ_0(s))^{k−1}] then, using (2.5), |χ(ψ̃(s)) − χ(ψ(s))| ≤ |a|k [ C_{k,1} ( c |s|^p )_{k−2} ρ |s|^{2ν} ‖ψ̃ − ψ‖ ] .

We bound the first integrals in (2.6), | | | ∫ γ_1 s^{p+1} [ χ(ψ̃(s)) − χ(ψ(s)) ] ds | | | ≤ C_{k,1}kα|a|c^{k−2}ρ‖ψ̃ − ψ‖ T T^{2(ν−p)} , | | | ∫ γ_2 s^{p+1} [ χ(ψ̃(s)) − χ(ψ(s)) ] ds | | | ≤ C^{k,1}k|a|c^{k−2}ρ‖ ψ̃ − ψ‖I_{2(ν−p)}. To deal with the second integrals we use that, since g is analytic in U, |g^′(z)| ≤ B_2|z|^{ℓ−1} in a domain

{z ∈ C : |z| < r_1, | arg z| < α_1}, 0 < r_1 < r, α < α_1 < π.

Then the integrals that we are analyzing are bounded by αB_2c^{ℓ−1} ( 1 + ρ cT^{ν−p} )_{ℓ−1} ‖ψ̃ − ψ‖ T T^{q−p+ν−p} and B_2c^{ℓ−1} ( 1 + ρ cT^{ν−p} )_{ℓ−1} ‖ψ̃ − ψ‖I_{q−p+ν−p} respectively, where we have used that pℓ = q + 1. Distinguishing cases as before we get that |(Γψ − Γψ̃)(t)| ≤ C_T ‖ψ̃ − ψ‖ 1 |t|^ν and C_T is smaller than 1 if T is big enough.

Hence, if T is big enough, Γ is a contraction in B(ρ) and, by the fixed point theorem, there exists a unique solution of (2.4) which belongs to B(ρ). This ends the proof of Proposition 2.1.

3. Parameterization of local invariant manifolds

3.1. Introduction

In this chapter we prove the existence of the local stable and the local unstable manifolds associated to the origin for the perturbed system. These are obtained through special parameterizations with properties which will be useful later on. We only deal with the local stable manifold, but it is clear that the results are also true for the unstable one, working with the system obtained reversing time.

In order to prove this result we need a good initial approximation of the stable (and unstable) manifold and suitable coordinates to work with.

In Section 3.3, we obtain these coordinates by canonical changes of variables using the averaging method. This method allows us to obtain two important things: remove the terms of order με^p and remove the smallest degree terms (with respect to (x, y)) of h_1. We must average several times in order to obtain a high enough degree.

The initial approximation of the stable manifold is achieved as the invariant manifold of an appropriate intermediate system which is obtained by dropping the non-autonomous part in the averaged system. We remark that the construction of the initial approximation is only necessary when k < n. For k ≥ n we can use as initial approximation the unperturbed homoclinic orbit.

Finally we obtain a functional equation for the parameterization of the stable manifold and we prove it has a solution applying the fixed point theorem in a suitable Banach space.

It is important to say that although the system is C^0 in t/ε, we obtain a parameterization with two parameters say (t, s), which is analytic in s, considered as a complex variable, and we provide a dynamic sense for s.

3.2. Definitions and main result

We begin by introducing some notation. Given T > 0 and τ > 0 we define the following sets: D^s = D^s(T, τ) = {(t, s) ∈ R × C : t + Re s ≥ T, | Im s| ≤ τ} and D^u = D^u(T, τ) = {(t, s) ∈ R × C : t + Re s ≤ −T, | Im s| ≤ τ} . Note that if (t, s) ∈ D^s, (t + 2πε, s) and (t, s + 2πε) also belong to D^s. For k ∈ R, k ≥ 0, we define the space X^s_k of functions h : D^s → C such that (a) h is continuous.

(b) For t fixed, s → h(t, s) is analytic in | Re s| ≤ T − t, | Im s| ≤ τ. (c) h(t + 2πε, s) = h(t, s + 2πε) for all (t, s) ∈ D^s. (d) ‖h‖_k ≡ sup{(t + Re s)^k|h(t, s)|, (t, s) ∈ D^s} < ∞. In the obvious analogous way we define X^u_k .

We endow X^s_k with the norm ‖ · ‖_k introduced in (d) and it becomes a Banach space. Clearly we have X^s_{k+1} ⊂ X^s_k .

The main theorem of this chapter states the existence of invariant manifolds for the perturbed Hamiltonian equation ẋ = y + με^p∂_yh_1(x, y, t/ε, μ, ε) (3.1) ẏ = −V^′(x) − με^p∂_xh_1(x, y, t/ε, μ, ε) assuming conditions on the orders of h_0 and h_1. It is worth noting that here, in contrast with hypothesis HP3, we do not assume that h_1 is a polynomial.

Theorem 3.1. Let

H = h_0 + με^ph_1

where h_0(x, y) = y^2/2 + V (x) and V is analytic, V (x) = a_nx^n + . . . , a_n < 0, h_1 = h_1(x, y, t/ε, μ, ε) is continuous, analytic in (x, y, μ) in a neighborhood of (0, 0, 0), of order k in (x, y), 2π-periodic in t/ε with zero average. We assume that 2k − 2 ≥ n, and in case that p < 1, ∂_xh_1∂_yh_1 = 0.

Then, H has stable and unstable invariants manifolds associated to (0, 0), and, given τ > 0, there exist T > 0 big enough and parameterizations γ^s_{μ,ε}(t, s), γ^u_{μ,ε}(t, s) of the local stable and unstable invariant manifolds, defined in D^s(T, τ), D^u(T, τ), respectively, such that (∗ stands for s or u):

1) t → γ^∗_{μ,ε}(t, s) is a solution of system (3.1) and s → γ^∗_{μ,ε}(t, s) is real analytic. Moreover the map (t, s, μ, ε) → γ^∗_{μ,ε}(t, s) is continuous, C^1 with respect to t and analytic with respect to (s, μ).

2) For all (t, s) ∈ D^∗(T, τ) γ^∗_{μ,ε}(t ± 2πε, s) = γ^∗_{μ,ε}(t, s ± 2πε) where we take + for ∗ = s and − for ∗ = u.

3) For μ = 0, γ^∗_{μ,ε}(t, s) coincides with the restriction of the homoclinic solution γ_0(t + s) to D^∗(T, τ), and for μ ≠ 0 the following estimate holds: γ^∗_{μ,ε}(t, s) = γ_0(t + s) + με^{p+1}σ^∗_{μ,ε}(t, s) where σ^∗_{μ,ε}(t, s) ∈ X^∗_λ × X^∗_λ with λ =^{2k−2}_{n−2} and σ^∗_{μ,ε}(t, s) = G_{μ,ε}(γ_0(t + s), t/ε) + O(ε) where G_{μ,ε} = (G_1, G_2) is determined by the conditions ∂_θG_{μ,ε}(x, y, θ) = (∂_yh_1(x, y, θ, μ, ε), −∂_xh_1(x, y, θ, μ, ε)), and having zero mean.

Remark 3.1. In this theorem we have introduced a new condition: if p < 1 then ∂_xh_1∂_yh_1 = 0. By Remark 1.5, hypothesis HP5 implies this condition, and therefore, under hypotheses HP1-HP5, Theorem 3.1 applies.

The proof of this theorem is done in several steps in the present chapter. We prove the statements for γ^s_{μ,ε}, the ones for γ^u_{μ,ε} are obtained changing t by −t.

In the following sections we assume the hypotheses of Theorem 3.1. From now on, to simplify the notation, we omit the dependence on ε and μ at several places where does not play an essential role.

3.3. Averaging of the equation Some steps of averaging are necessary to transform the equation (3.1) into a suitable form. We begin by introducing notation.

Definition 3.1. Given l ∈ Z^+and U ⊂ C^2 we denote by P_l the set of functions p : U × R × B(0, μ_0) × [0, ε_0) → C that are continuous, 2π-periodic in θ, analytic in (x, y, μ), and have order l. Therefore they can be represented in the form p_{μ,ε}(x, y, θ) = p(x, y, θ, μ, ε) = ∞∑ i+j=l a_{ij} (θ, μ, ε)x^iy^j with the coefficients a_{ij} (θ, μ, ε) continuous, 2π-periodic in θ, and analytic in μ.

We will write p = (p_{l1} , p_{l2} ) ∈ P_{l1} × P_{l2} if p_{l1} ∈ P_{l1} and p_{l2} ∈ P_{l2} . However, if l_1 = l_2 we will simply write that p ∈ P_{l1} .

For notational convenience we also define P_l = P_0 for l < 0.

Proposition 3.1. There exists a canonical change of variables C defined in a neighborhood of the origin, that transforms the Hamiltonian H to H(x̄, ȳ, t/ε, μ, ε) = h_0(x̄, ȳ) + με^{p+3}F_{2n−2}(x̄, ȳ, t/ε, μ, ε) +μ^2ε^{p+2}R_{2k−2}(x̄, ȳ, μ, ε) in a neighborhood of the origin, where F_{2n−2} ∈ P_{2n−2} and has zero mean, R_{2k−2} ∈ P_{2k−2} does not depend on t and R_{2k−2} = ∂_yh_1∂_xS + εr_{2k−2} with S ∈ P_k such that ∂_θS(x, y, θ, μ, ε) = −h_1(x, y, θ, μ, ε) and has zero mean, and r_{2k−2} ∈ P_{2k−2}. The change C has the form C(x̄, ȳ, t/ε, μ, ε) = (x̄, ȳ) + με^{p+1}G(x̄, ȳ, t/ε, μ, ε) + O(με^{p+2}) where G is determined by ∂_θG = (∂_y h_1, −∂_xh_1) and having zero mean.

Moreover C and H are continuous in (x̄, ȳ, θ = t/ε, μ, ε), 2π-periodic in θ, and analytic in (x̄, ȳ, μ) and C is C^1 in θ.

To average first we scale time by θ = t/ε. The Hamiltonian becomes εH and the corresponding equation is ẋ = εy + με^{p+1}∂_yh_1(x, y, θ, μ, ε) ẏ = −εV^′(x) − με^{p+1}∂_xh_1(x, y, θ, μ, ε) where ẋ and ẏ now mean derivatives with respect to the new time θ. Next we average several times with respect to θ in order to move the contribution of the perturbation to terms of order με^{p+3} and μ^2ε^{p+3} in the parameters, and also to increase the orders with respect to x, y of some terms of H. We will make two sets of averaging steps. We begin with the first set.

Let ν ∈ Z^+. For the inductive step of averaging we assume we have a Hamiltonian εH^ν = εh_0 + με^{p+ν+1}F^ν + μ^2ε^{2p+2}R^ν_{2k−2} with R^ν_{2k−2} ∈ P_{2k−2} and F^ν having the form F^ν = ∑ l∈Z^+ ν−2l≥0 y^{ν−2l}p_iν_l + ∑ l∈Z^+ ν−2l−1≥0 y^{ν−2l−1}p_jν_l (3.2)

with i^ν_l = max{0, k + nl − ν}, j^ν_l = max{0, k + n(l + 1) − ν − 1} and p_i ∈ P_i. We assume that F^ν has zero mean. From (3.2), it is clear that F^ν ∈ P_k. Indeed, the terms are of order ν − 2l + i^ν_l ≥ ν − 2l + k + nl − ν = k + l(n − 2) ≥ k or of order

ν − 2l − 1 + j^ν_l ≥ ν − 2l − 1 + k + n(l + 1) − ν − 1 = k + n − 2 + l(n − 2) ≥ k.

We observe that the original Hamiltonian εH has this form for ν = 0 with F^0 = h_1 and R^0_{2k−2} = 0.

Lemma 3.1. Under the previous conditions and assuming that n ≥ 3 and k ≥ 2, there exists a canonical change of variables (x, y) = C^{ν+1}(x̄, ȳ, θ, μ, ε) which is C^0 in (x̄, ȳ, θ, μ, ε), C^1and 2π-periodic in θ and analytic in (x̄, ȳ, μ) that transforms the Hamiltonian εH^ν to εH^{ν+1} = εh_0 + με^{p+ν+2}F^{ν+1} + μ^2ε^{2p+2}R^{ν+1}_{2k−2} in a neighborhood of the origin, where F^{ν+1} = ȳ∂_xS^{ν+1}_1 − V^′(x̄)∂_ȳS^{ν+1}_1 and S^{ν+1}_1 = S^{ν+1}_1 (x̄, ȳ, θ, μ, ε) satisfies ∂_θS^{ν+1}_1 = −F^ν ,

(3.3) and has zero mean.

Moreover F^{ν+1} has the form (3.2), F^{ν+1} ∈ P_k and has zero mean with respect to θ, R^{ν+1}_{2k−2} ∈ P_{2k−2} and R^{ν+1}_{2k−2} = ε^{2ν} ∂_yF^ν ∂_xS^{ν+1}_1 + R^ν_{2k−2} + ε^{2ν+1}r_{2k−2}

(3.4) with r_{2k−2} ∈ P_{2k−2}.

Remark 3.2. To prove this lemma we do not assume the condition 2k − 2 ≥ n. Proof. To simplify the notation, in this proof we will not write the dependence of the functions on μ, ε. Also, along the proof r_j and g_j will mean generic terms of P_j ; therefore they may be different at different places. We consider a generating function S^{ν+1}(x, ȳ, θ) which will provide a canonical change of variables (x̄, ȳ) → (x, y) implicitly through x̄ = ∂_ȳS^{ν+1}(x, ȳ, θ) y = ∂_xS^{ν+1}(x, ȳ, θ) (3.5) and then the new Hamiltonian will be εH^{ν+1}(x̄, ȳ, θ) = εH^ν (x, y, θ) + ∂_θS^{ν+1}(x, ȳ, θ). We take S^{ν+1}(x, ȳ, θ) = xȳ + με^{p+ν+1}S^{ν+1}_1 (x, ȳ, θ) with S^{ν+1}_1 satisfying (3.3). This choice is motivated by the next calculations. We observe that S^{ν+1} is C^0, 2π-periodic in θ, C^1 in (x, y, θ, μ) and analytic in (x, y, μ). With it we will cancel the terms of orders με^{p+ν+1} in the averaged Hamiltonian. Since F^ν has zero mean with respect to θ we can choose S^{ν+1}_1 with the additional condition of having zero mean.

From (3.3), S^{ν+1}_1 is of order k. To get the change of variables, from (3.5) we have to apply the implicit function theorem (I.F.T.) to (x, y, x̄, ȳ, θ, μ, ε) → (x̄ − ∂_ȳS^{ν+1}(x, ȳ, θ, μ, ε), y − ∂_xS^{ν+1}(x, ȳ, θ, μ, ε)). This map is C^1 with respect to (x, y, x̄, ȳ, θ, μ) and continuous. A generalized version of the I.F.T. gives that we can obtain (x, y) = C^{ν+1}(x̄, ȳ, θ, μ, ε) with C^{ν+1} being C^1 with respect to x, y, θ, μ and continuous.

A new application of the I.F.T. for analytic functions, with θ and ε fixed, gives, by uniqueness, that C^{ν+1} also is analytic with respect to (x, y, μ).

Moreover it is clear that x = x̄ − με^{p+ν+1}∂_ȳS^{ν+1}_1 + μ^2ε^{2p+2ν+2}r_{2k−3} y = ȳ + με^{p+ν+1}∂_xS^{ν+1}_1 + μ^2ε^{2p+2ν+2}r_{2k−3} where the derivatives of S^{ν+1}_1 and r_{2k−3} are evaluated at (x̄, ȳ, θ). The averaged Hamiltonian is εH^{ν+1}(x̄, ȳ, θ) = εH^ν (x, y, θ) − με^{p+ν+1}F^ν (x, ȳ, θ) = ε 2 [ȳ + με^{p+ν+1}∂_xS^{ν+1}_1 + μ^2ε^{2p+2ν+2}r_{2k−3}]^2 +εV (x̄ − με^{p+ν+1}∂_ȳS^{ν+1}_1 + μ^2ε^{2p+2ν+2}r_{2k−3}) +με^{p+ν+1}[F^ν (x, y, θ) − F^ν (x, ȳ, θ)] + μ^2ε^{2p+2}R^ν_{2k−2} = ε 2 ȳ^2 + εV (x̄) + με^{p+ν+2}[ȳ∂_xS^{ν+1}_1 − V^′(x̄)∂_ȳ S^{ν+1}_1 ] +μ^2ε^{2p+2ν+2}∂_yF^ν ∂_xS^{ν+1}_1 + μ^2ε^{2p+2}R^ν_{2k−2} + μ^2ε^{2p+2ν+3}r_{2k−2}.

Therefore we can take R^{ν+1}_{2k−2} = ε^{2ν} ∂_yF^ν ∂_xS^{ν+1}_1 + R^ν_{2k−2} + ε^{2ν+1}r_{2k−2}.

(3.6) We will need information on the orders of the terms in the Hamiltonian and the factors y they have. From (3.2) and (3.3) we write S^{ν+1}_1 = ∑ ν−2l≥0 y^{ν−2l}g_iν_l + ∑ ν−2l−1≥0 y^{ν−2l−1}g_jν_l when here and in what follows l is a non-negative integer.

Therefore, F^{ν+1} = y∂_xS^{ν+1}_1 − V^′(x)∂_y S^{ν+1}_1 is of the form F^{ν+1} = ∑ ν−2l≥0 y^{ν+1−2l}g_{max{0,i}ν_{l −1}} + ∑ ν−2l−1≥0 y^{ν+1−2l−1}g_{max{0,j}ν_{l −1}} + ∑ ν−2l≥0 y^{ν+1−2(l+1)}g_iν_{l +n−1} + ∑ ν−2l≥0 y^{ν+1−2l−1}g_iν_{l +n−2} + ∑ ν−2l−1≥0 y^{ν+1−2(l+1)−1}g_jν_{l +n−1} + ∑ ν−2l−1≥0 y^{ν+1−2(l+1)}g_jν_{l +n−2}.

The following relations hold max{0, i^ν_l − 1} ≥ i^{ν+1}_l , max{0, j^ν_l − 1} ≥ j^{ν+1}_l , i^ν_l + n − 1 ≥ i^{ν+1}_{l+1} , j^ν_l + n − 1 ≥ j^{ν+1}_{l+1} , i^ν_l + n − 1 ≥ i^{ν+1}_{l+1} , j^ν_l + n − 1 ≥ j^{ν+1}_{l+1} , and then we deduce that F^{ν+1} has the form (3.2).

Since S^{ν+1}_1 has zero mean, we also have that F^{ν+1} has zero mean. Finally the regularity on H^{ν+1} follows from the regularity of H^ν and C^{ν+1}. □ Now we use the previous lemma to perform 2n + 2 steps of averaging. Lemma 3.2. There exists a canonical change of variables (x, y) = C_0(x̄, ȳ, θ, μ, ε) which is C^0 in (x̄, ȳ, θ, μ, ε), C^1 and 2π-periodic in θ and analytic in (x̄, ȳ, μ) that transforms the Hamiltonian εH to εH_0 = εh_0 + με^{p+2n+3}F + μ^2ε^{2p+2}R_{2k−2} in a neighborhood of the origin, where F ∈ P_{2n−2} and has zero mean with respect to θ, R_{2k−2} ∈ P_{2k−2} and R_{2k−2} = ∂_yh_1∂_xS^1_1 + εr_{2k−2} with S^1_1 such that ∂_θS^1_1 = −h_1 and has zero mean, and r_{2k−2} ∈ P_{2k−2}. Moreover H_0 is continuous in (x̄, ȳ, θ, μ, ε) and analytic in (x̄, ȳ, μ).

Proof. Since h_1 ∈ P_k, we note that H has the form (3.2) for ν = 0 and R^0_{2k−2} = 0. Then we begin with F^0 = h_1 and R^0_{2k−2} = 0 and we apply iteratively Lemma 3.1 2n + 2 times . In this way we obtain that F ≡ F^{2n+2} has the form F^{2n+2} = ∑ 0≤l≤n+1 ȳ^{2n+2−2l}p_{il} + ∑ 0≤2l≤2n+1 ȳ^{2n+1−2l}p_{jl} (3.7)

with i_l = max{0, k + nl − 2n − 2}, j_l = max{0, k + n(l + 1) − 2n − 3} and p_m ∈ P_m. Also from (3.6), we can write R^{2n+2}_{2k−2} as R^{2n+2}_{2k−2} = ∂_yh_1∂_xS^1_1 + εr_{2k−2} where S^1_1 is the one which corresponds to the first change C^1. Moreover the function F^{2n+2} has zero mean with respect to θ. We observe that the Hamiltonians H^1, . . . , H^{2n+2} are C^0, 2π-periodic in θ and analytic with respect to x, y and μ. The changes C^1, . . . , C^{2n+2} are C^1 with respect to θ. We take C_0 = C^{2n+2} ∘ · · · ∘ C^1.

We prove now that, if a function has the form given in (3.7), then it belongs to P_{2n−2}. For that we check the order of every term in (3.7). In ∑ l≤n+1 ȳ 2n+2−2lp i_l ,

the term indexed by l has order 2n + 2 − 2l + i_l ≥ 2n if l = 0, 1; and 2n + 2 − 2l + i_l ≥ (n − 2)l + k ≥ 2(n − 1) + k − 2, if l ≥ 2. In ∑ 2l≤2n+1 ȳ 2n+1−2lp j_l , it has order bigger than 2n + 1 if l = 0 and

2n + 1 − 2l + j_l ≥ k + (n − 2)(l + 1) ≥ 2(n − 1) + k − 2 if l ≥ 1. Hence F = F^{2n+2} ∈ P_{2n−2}. □ Remark 3.3. We observe that μ^2ε^{2p+2}R_{2k−2} can be written as μ^2ε^{p+3}R_{2k−2}.

Indeed, if p ≥ 1 it follows from the comparison of powers of ε. And, if p < 1, by hypothesis ∂_yh_1∂_xh_1 = 0 which implies that ∂_yh_1∂_xS^1_1 = 0.

We rename the variables (x̄, ȳ) by (x, y). As a consequence of the previous remark, the transformed Hamiltonian is εH_0 = εh_0 + με^{p+2n+3}F_{2n−2} + μ^2ε^{p+3}R_{2k−2}.

Next we perform a new set of steps of averaging in order to eliminate the dependence on θ in the terms of R_{2k−2} of order (in the (x, y) variables) smaller than 2n − 2.

As usual, given f ∈ P_j , we will denote its mean with respect to θ by f̄. We proceed in a similar way as before. For the inductive step, we consider a Hamiltonian system of the form εH̃^ν (x, y, θ, μ, ε) = εh_0(x, y) + μ^2ε^{p+3}R^ν_{2k−2}(x, y, μ, ε) +με^{p+4}F^ν_{2n−2}(x, y, θ, μ, ε) + μ^2ε^{p+3}T^ν (x, y, θ, μ, ε) where F^ν_{2n−2} ∈ P_{2n−2}, R^ν_{2k−2} ∈ P_{2k−2}, T^ν has zero mean and has the form T^ν = y^ν r_{iν}

(3.8) with i_ν = max{0, 2k − 2 − ν} and r_{iν} ∈ P_{iν} .

We observe that εH_0 has this form for ν = 0, with F^0_{2n−2} = ε^{2n−1}F_{2n−2}, R^0_{2k−2} the mean of R_{2k−2} and T^0 = R_{2k−2} − R^0_{2k−2}.

Lemma 3.3. Under the previous conditions and assuming that n ≥ 3 and 2k − 2 ≥ n, there exists a canonical change of variables (x, y) = C̃^{ν+1}(x̄, ȳ, θ, μ, ε) which is C^0, C^1and 2π-periodic in θ and analytic in (x̄, ȳ, μ) that transforms the Hamiltonian εH̃^ν to εH̃^{ν+1}(x̄, ȳ, θ, μ, ε) = εh_0(x̄, ȳ) + μ^2ε^{p+3}R^{ν+1}_{2k−2}(x̄, ȳ, μ, ε) +με^{p+4}F^{ν+1}_{2n−2}(x̄, ȳ, θ, μ, ε) + μ^2ε^{p+3}T^{ν+1}(x̄, ȳ, θ, μ, ε) in a neighborhood of the origin, where T^{ν+1} = εȳ∂_xS^{ν+1}_1 R^{ν+1}_{2k−2} = R^ν_{2k−2} + εr_{2k−2} F^{ν+1}_{2n−2} = F^ν_{2n−2} + μ(r_{2n−2} − r̄_{2n−2}).

The function S^{ν+1}_1 (x̄, ȳ, θ, μ, ε) is determined by the conditions ∂_θS^{ν+1}_1 = −T^ν , S^{ν+1}_1 = 0.

(3.9) Moreover T^{ν+1} = y^{ν+1}p_{iν+1} , with p_j ∈ P_j , and T^{ν+1} has zero mean. Also H̃^{ν+1} is continuous and analytic in (x̄, ȳ, μ). Proof. In the proof we will not write the dependence of the functions on μ, ε. Along the proof r_j will mean a generic term of P_j . As before, we consider a generating function S^{ν+1}(x, ȳ, θ) which will provide a canonical change of variables (x̄, ȳ) → (x, y) implicitly through x̄ = ∂_ȳS^{ν+1}(x, ȳ, θ) y = ∂_xS^{ν+1}(x, ȳ, θ). (3.10)

We take S^{ν+1}(x, ȳ, θ) = xȳ + μ^2ε^{p+3}S^{ν+1}_1 (x, ȳ, θ) with S^{ν+1}_1 satisfying (3.9). We observe that S^{ν+1} is C^0, C^1and 2π-periodic in θ and analytic in (x, y, μ).

From (3.8), it is clear that T^ν ∈ P_{2k−2}. Hence S^{ν+1}_1 ∈ P_{2k−2}. Analogously as in the proof of Lemma 3.1 we get the regularity statements for C̃^{ν+1} and we have that x = x̄ − μ^2ε^{p+3}∂_ȳS^{ν+1}_1 + μ^4ε^{2p+6}r_{4k−7} y = ȳ + μ^2ε^{p+3}∂_xS^{ν+1}_1 + μ^4ε^{2p+6}r_{4k−7} where the derivatives of S^{ν+1}_1 and r_{4k−7} are evaluated at (x̄, ȳ, θ). The averaged Hamiltonian is therefore εH̃^{ν+1}(x̄, ȳ, θ) = εH̃^ν (x, y, θ) − μ^2ε^{p+3}T^ν (x, ȳ, θ) = ε 2 [ȳ + μ^2ε^{p+3}∂_xS^{ν+1}_1 + μ^4ε^{2p+6}r_{4k−7}]^2 +εV (x̄ − μ^2ε^{p+3}∂_ȳS^{ν+1}_1 + μ^4ε^{2p+6}r_{4k−7}) +μ^2ε^{p+3}[T^ν (x, y, θ) − T^ν (x, ȳ, θ)] +μ^2ε^{p+3}R^ν_{2k−2} + με^{p+4}F^ν_{2n−2} + μ^4ε^{2p+6}r_{4k−6} = ε 2 ȳ^2 + εV (x̄) + μ^2ε^{p+3}R^ν_{2k−2} + μ^2ε^{p+4}ȳ∂_xS^{ν+1}_1 +με^{p+4}F^ν_{2n−2} + μ^2ε^{p+4}r_{2n−2} where in the last equality we have used that, since 2k − 2 ≥ n, we have that 4k − 6 ≥ 2n − 2.

Therefore we can take F^{ν+1}_{2n−2} = F^ν_{2n−2} + μ(r_{2n−2} − r̄_{2n−2}) R^{ν+1}_{2k−2} = R^ν_{2k−2} + εr̄_{2n−2} T^{ν+1} = εȳ∂_xS^{ν+1}_1 .

Now we check that T^{ν+1} has the claimed form. It is clear that it has zero mean, and that, from (3.8) and (3.9), T^{ν+1} has the form T^{ν+1} = y^{ν+1}p_{max{0,iν −1}} and i_{ν+1} = max{0, i_ν − 1}.

Finally, the regularity statement on H̃^{ν+1} follows from the regularity of H̃^ν and C̃ν+1, in the same way as in Lemma 3.1. □

Now we use the previous lemma to perform 2n − 2 steps of averaging. Lemma 3.4. There exists a canonical change of variables (x, y) = C_1(x̄, ȳ, θ, μ, ε) which is C^0, C^1 and 2π-periodic in θ and analytic in (x̄, ȳ, μ) that transforms the Hamiltonian εH_0 to εH_1(x̄, ȳ, θ, μ, ε) = εh_0(x̄, ȳ) + με^{p+4}F_{2n−2}(x̄, ȳ, θ, μ, ε) +μ^2ε^{p+3}R_{2k−2}(x̄, ȳ, μ, ε) in a neighborhood of the origin, where F_{2n−2} ∈ P_{2n−2} and has zero mean, R_{2k−2} ∈ P_{2k−2} does not depend on θ and

R_{2k−2} = ∂_yh_1∂_xS^1_1 + εr_{2k−2}

with S^1_1 such that ∂_θS^1_1 = −h_1 and has zero mean, and r_{2k−2} ∈ P_{2k−2}. Moreover H_1 is continuous, and analytic in (x̄, ȳ, μ).

Proof. We apply the Lemma 3.3 iteratively 2n − 2 times. We omit the details since they are the same as the ones in Lemma 3.2. □

Proof of proposition 3.1. First we scale time to obtain the Hamiltonian εH. Then we apply the changes C_0 and C_1 given by Lemmas 3.2 and 3.4 respectively to obtain the Hamiltonian εH_1, and finally we scale back to the original time. We take H = H_1(x, y, t/ε, μ, ε). To obtain the form of C just recall that C = C_1 ∘ C_0, C_0 = C^{2n+2} ∘· · ·∘C^1 with C^j (x, y) = (x, y)+O(με^{p+j} ), C_1(x, y) = (x, y)+O(μ^2ε^{p+3}) and that C^1(x, y) = (x, y) + με^{p+1}(−∂_yS^1_1 , ∂_xS^1_1 ) + O(μ^2ε^{2p+2}) where ∂_θS^1_1 = −h_1 and S^1_1 has zero mean. The form of R_{2k−2} comes from (3.4), and the fact that from the second set of steps of averaging we begin with R̄_{2k−2} and then R^{ν+1}_{2k−2} = R^ν_{2k−2} + εr̄_{2n−2}. □

3.4. Estimates for the Poincaré map

3.4.1. Notation. In this section we calculate the Poincaré map associated to H obtained in Proposition 3.1. Let

x^′ = y + με^{p+3}∂_yF_{2n−2} + μ^2ε^{p+2}∂_yR_{2k−2}

(3.11) y^′ = −V^′(x) − με^{p+3}∂_xF_{2n−2} − μ^2ε^{p+2}∂_xR_{2k−2}.

be the corresponding equation. To simplify the notation we introduce z = (x, y) and F_{2n−3} = (∂_yF_{2n−2}, −∂_xF_{2n−2}), R_{2k−3} = (∂_yR_{2k−2}, −∂_xR_{2k−2}).

We define

X_0(x, y) = ( y −V^′(x) ) , Y_{μ,ε} = X_0 + μ^2ε^{p+2}R_{2k−3} and X_{μ,ε} = Y_{μ,ε} + με^{p+3}F_{2n−3}. Hence, equation (3.11) becomes z^′ = X_{μ,ε}(z, t/ε).

Let φ_{μ,ε}(t, t_0, z) be the solution of the equation z^′ = X_{μ,ε}(z, t/ε) such that φ_{μ,ε}(t_0, t_0, z) = z and ϕ_{μ,ε}(t, t_0, z) be the solution of the system z^′ = Y_{μ,ε}(z) such that ϕ_{μ,ε}(t_0, t_0, z) = z. If there is not danger of confusion, we will denote φ_{μ,ε}(t, t_0, z) by φ_{μ,ε}(t) and ϕ_{μ,ε}(t, t_0, z) by ϕ_μ(t, ε). We consider the Poincaré maps

P^{t0}_{μ,ε}(z) = φ_{μ,ε}(t_0 + 2πε, t_0, z)

(3.12) and P̂_{μ,ε}(z) = ϕ_{μ,ε}(t_0 + 2πε, t_0, z) = ϕ_{μ,ε}(2πε, 0, z). (3.13)

Let U ⊂ C^2 be a neighborhood of the origin and let

V (θ_0) = ( ∪_{s∈[0,1]}φ_{μ,ε}(θ_0 + s2π, θ_0, U) ) ⋃ ( ∪_{s∈[0,1]}ϕ_{μ,ε}(θ_0 + s2π, θ_0, U) ) and V = ⋃ θ_0∈R V (θ_0).

Therefore, since φ_{μ,ε}(θ_0 + s2π, θ_0, z) depends 2πε-periodically on θ_0, the set V is bounded.

Proposition 3.2. We have the following expressions for the Poincaré maps P̂_{μ,ε}(z) = ( x + 2πεy y ) + 2πε ( 2πεq_1(z, ε) −V^′(x) + 2πεq_2(z, ε) )

+μ^2ε^{p+3}T_{2k−3}(z) and P^{t0}_{μ,ε}(z) = P̂_{μ,ε}(z) + με^{p+4}S_{2n−3}(z, t_0/ε). where q_1, q_2 ∈ P_{n−1}(independent of μ), S_{2n−3} ∈ P_{2n−3} and T_{2k−3} ∈ P_{2k−3}.

3.4.2. Some preliminary bounds. In order to determine the properties of the Poincaré map defined in (3.12) we need a precise knowledge of the distance between a solution and its initial condition, the distance between the solutions of the unperturbed system, φ_0(t), and the solutions of the perturbed one, φ_{μ,ε}(t), as well as the distance between ϕ_{μ,ε}(t) and φ_{μ,ε}(t). This is studied in this subsection.

We make the convention that if l < 0 in ‖(x, y)‖^l we understand that it represents a constant term.

We need a simple lemma:

Lemma 3.5. Let Ω ⊂ C^2 ×R × C × R be a neighborhood of {(0, 0)} × R × {0} × {0)} and let f : Ω → R be a function that is continuous, C^1 with respect to θ and analytic with respect to (x, y, μ) such that there exists a constant c > 0 verifying ‖f(x, y, θ, μ, ε)‖ ≤ c|y|^i‖(x, y)‖^l for all (x, y, θ, μ, ε) ∈ Ω. Then there exists a function f_l ∈ P_l, C^1 with respect to θ such that f(x, y, θ, μ, ε) = y^if_l(x, y, θ, μ, ε). Proof. We take f_l(x, y, θ, μ, ε) = f(x, y, θ, μ, ε)/y^l. Obviously we have to prove that f_l is analytic at points of the form (x, 0, θ, μ, ε) ∈ Ω. We consider (x, 0, θ, μ, ε) ∈ Ω and y small enough so that the Taylor series of f with respect to y at (x, 0, θ, μ, ε) converges at y. Then by Taylor’s theorem the result follows. □

It is clear that X_{μ,ε} is bounded in V and it is 2πε-periodic on t, thus there exists some constant M (independent on θ) such that, ‖X_{μ,ε}(x, y, θ)‖ ≤ M for all (x, y) ∈ V and θ ∈ R. Moreover X_{μ,ε} and Y_{μ,ε} are Lipschitz in V . We denote by L a common Lipschitz constant for X_{μ,ε} and Y_{μ,ε}.

To simplify the arguments related to the dependence with respect to ε, first we will obtain estimates for the solutions of the scaled equations.

Lemma 3.6. Let φ̃_{μ,ε}(θ) = φ̃_{μ,ε}(θ, θ_0, z) be the solution of ż = εX_{μ,ε}(z, θ), φ̃_{μ,ε}(θ_0) = z (3.14) and ϕ̃_{μ,ε}(θ) = ϕ̃_{μ,ε}(θ, θ_0, z) be the solution of ż = εY_{μ,ε}(z), ϕ̃_{μ,ε}(θ_0) = z (3.15) Then, if θ ∈ [θ_0, θ_0 + 2π] and z = (x, y) ∈ U, there exist some constants C, C_F , μ_0 and ε_0 such that for all |μ| ≤ μ_0 and |ε| ≤ ε_0 the following bounds hold: 1) ‖φ̃_{μ,ε}(θ)‖ ≤ C‖z‖ and ‖ϕ̃_{μ,ε}(θ)‖ ≤ C‖z‖. 2) ‖φ̃_{μ,ε}(θ) − z‖ ≤ εC(|y| + ‖z‖^{n−1} + μ^2ε^{p+2}‖z‖^{2k−3}). 3) The solutions ϕ̃_{μ,ε} and φ̃_{μ,ε} can be expressed as ϕ̃_{μ,ε}(θ) = φ_0(θ) + μ^2ε^{p+3}Φ_{μ,ε}(θ, θ_0, z) with ‖Φ_{μ,ε}(θ, θ_0, z)‖ ≤ C‖z‖^{2k−3}, and φ̃_{μ,ε}(θ) = ϕ̃_{μ,ε}(θ) + με^{p+4}Ψ_{μ,ε}(θ, θ_0, z) with ‖Ψ_{μ,ε}(θ, θ_0, z)‖ ≤ C_F ‖z‖^{2n−3}. Furthermore, if F_{2n−3} = 0, Ψ_{μ,ε} = 0. Moreover, Ψ_{μ,ε} and Φ_{μ,ε} are C^0, C^1 with respect to θ and θ_0 and analytic with respect to μ and the initial condition z.

4) The functions S_{2n−3}(z, θ_0) ≡ Ψ_{μ,ε}(θ_0 + 2π, θ_0, z) T_{2k−3}(z) ≡ Φ_{μ,ε}(θ_0 + 2π, θ_0, z) satisfy that, S_{2n−3} ∈ P_{2n−3} and T_{2k−3} ∈ P_{2k−3}. Moreover if F_{2n−3} = 0, S_{2n−3} ≡ 0.

Remark 3.4. We observe that, since the system (3.15) is autonomous, T_{2k−3} actually does not depend on θ_0.

Proof. The proof of estimates 1) and 2) follows from Gronwall’s lemma. To deal with the third property, we look for the solutions of (3.15) in the form ϕ̃_{μ,ε}(θ) = φ_0(θ) + μ^2ε^{p+3}Φ_{μ,ε}(θ, θ_0, z).

We denote Φ_{μ,ε}(θ, θ_0, z) by Φ_{μ,ε}(θ). From the identity

X_0(ϕ̃_{μ,ε}(θ)) = X_0(φ_0(θ)) + X_0(φ_0(θ) + μ^2ε^{p+3}Φ_{μ,ε}(θ)) − X_0(φ_0(θ)), we deduce that

Φ̇_{μ,ε} = 1

μ^2ε^{p+2}

[X_0(φ_0 + μ^2ε^{p+3}Φ_{μ,ε}) − X_0(φ_0)] + R_{2k−3}(ϕ̃_{μ,ε}) with the initial condition Φ_μ(θ_0) = (0, 0). We observe that since φ_0 = φ_0(θ, θ_0, z) is analytic, the function Φ_{μ,ε} is C^0, C^1 with respect to θ and θ_0, and analytic with respect to μ. From the differential equation for Φ_μ

Φ_{μ,ε}(θ) = 1 μ^2ε^{p+2} ∫_θ θ_0

[X_0(φ_0(s) + μ^2ε^{p+3}Φ_{μ,ε}(s)) − X_0(φ_0(s))] ds + ∫_θ θ_0 R_{2k−3}(ϕ̃_{μ,ε}(s)) ds and, since X_0 is Lipschitz and ‖ϕ̃_{μ,ε}(s)‖ ≤ C‖z‖ we have that ‖Φ_{μ,ε}(θ)‖ ≤ Lε ∫_θ θ_0 ‖Φ_{μ,ε}(s)‖ ds + ∫_θ θ_0 ‖R_{2k−3}(ϕ̃_{μ,ε}(s))‖ ds ≤ Lε ∫_θ θ_0 ‖Φ_{μ,ε}(s)‖ ds + C‖z‖^{2k−3}. An application of Gronwall’s lemma gives the bound ‖Φ_{μ,ε}(θ)‖ ≤ Ce^{Lε2π}‖z‖^{2k−3}, θ ∈ [θ_0, θ_0 + 2π]. (3.16) It is clear that T_{2k−3}(z) ≡ Φ_{μ,ε}(θ_0 + 2π, θ_0, z) does not depend on θ_0 and it is analytic with respect to initial conditions. Therefore, by Lemma 3.5, T_{2k−3} ∈ P_{2k−3}.

Analogously, we look for solutions of (3.14) of the form φ̃_{μ,ε}(θ) = ϕ̃_{μ,ε}(θ) + με^{p+4}Ψ_{μ,ε}(θ, θ_0, z). As before we denote Ψ_{μ,ε}(θ, θ_0, z) by Ψ_{μ,ε}(θ). The function Ψ_{μ,ε} satisfies the following equation: Ψ̇_{μ,ε} = 1 με^{p+3} [Y_{μ,ε}(ϕ̃_{μ,ε} + με^{p+4}Ψ_{μ,ε}) − Y_{μ,ε}(ϕ̃_{μ,ε})] + F_{2n−2}(φ̃_{μ,ε}). Therefore, we obtain the estimate ‖Ψ_{μ,ε}(θ)‖ ≤ Lε ∫_θ θ_0 ‖Ψ_{μ,ε}(θ)‖ ds + ∫_θ θ_0 ‖F_{2n−2}(φ̃_{μ,ε}(s), s)‖ ds ≤ Lε ∫_θ θ_0 ‖Ψ_{μ,ε}(θ)‖ ds + C̃_F ‖z‖^{2n−3}. As before, Gronwall’s lemma gives the bound ‖Ψ_{μ,ε}(θ)‖ ≤ C_F ‖z‖^{2n−3}, θ ∈ [θ_0, θ_0 + 2π].

(3.17) It is clear that Ψ_{μ,ε} is zero if F_{2n−2} is zero and that the function S_{2n−3}(z, θ_0) = Ψ_{μ,ε}(θ_0 + 2π, θ_0, z) is 2π-periodic in θ_0 and analytic with respect to z. Moreover by estimate (3.17) and Lemma 3.5, S_{2n−3} ∈ P_{2n−3}. □ Proof of the proposition 3.2. We have that for all t, t_0 for which the solutions are defined φ_{μ,ε}(t, t_0, z) = φ̃_{μ,ε}(t/ε, t_0/ε, z) and the analogous relation for ϕ_{μ,ε} and ϕ̃_{μ,ε}. Then we can write P^{t0}_{μ,ε}(z) = φ̃_{μ,ε}(t_0/ε + 2π, t_0/ε, z) and P̂_{μ,ε}(z) = ϕ̃_{μ,ε}(2π, 0, z). By properties 3) and 4) of Lemma 3.6 it is enough to compute the Poincaré map of the unperturbed system, which is independent of t_0 since the unperturbed system is autonomous:

P^{t0}_{0,ε}(z) = φ_0(2πε, 0, z)

= z + 2πεφ^′_0(0) + 4π^2ε^2

∫_1 0 (1 − s)φ^{′′}_0 (s2πε) ds = z + 2πε ( y −V^′(x) )

+4π^2ε^2

( ∫_1

0 (1 − s)V^′(φ^1_0(s2πε)) ds − ∫_1 0 (1 − s)V^{′′}(φ^1_0(s2πε))φ^2_0(s2πε) ds ) . It is clear that for s ∈ [0, 1] |V^′(φ^1_0(s2πε))| ≤ C‖z‖^{n−1} |V^{′′}(φ^1_0(s2πε))φ^2_0(s2πε)| ≤ C‖z‖^{n−1}. Hence, by Lemma 3.5, V^′(φ^1_0(s2πε)) ∈ P_{n−1} V^{′′}(φ^1_0(s2πε))φ^2_0(s2πε) ∈ P_{n−1}.

Therefore, P^{t0}_{0,ε}(z) = φ_0(2πε, 0, z) = z + 2πε ( y −V^′(x) ) + 4π^2ε^2 ( q_1(z, ε) q_2(z, ε) ) . □ 3.4.3. The stable manifold of the auxiliary system z^′ = Y_{μ,ε}(z). In this subsection we compute the parameterization of the stable manifold of z^′ = Y_{μ,ε}(z) and we compare it with γ_0. For that we will take advantage of the fact that the vector field Y_{μ,ε} is Hamiltonian and autonomous.

Proposition 3.3. Consider the system z^′ = Y_{μ,ε}(z) with μ and ε small enough. Then

1) The system z^′ = Y_{μ,ε}(z) has local stable manifold. Moreover, given τ > 0 there exists T > 0 such that it can be represented by γ̂(u) = (α̂(u), β̂(u)), u ∈ D(T, τ), with α̂(u) = c_1 u^{2/(n−2)} ( 1 + O ( 1 u^ν )) , c^{n−2}_1 = −2 a_n(n − 2)^2

+ O(μ^2ε^{p+2}) and β̂(u) = c^2 u^{n/(n−2)} ( 1 + O ( 1 u^ν )) , c_2 = c_1 −2 (n − 2) where ν > 0.

2) There exists M > 0 such that for u ∈ D(T, τ) |α̂(u) − α_0(u)| ≤ M μ^2ε^{p+2} |u|^{2/(n−2)} , |β̂(u) − β_0(u)| ≤ M μ^2ε^{p+2} |u|^{n/(n−2)} . Proof. 1) Since Y_{μ,ε}(z) = J[Dh_0 + μ^2ε^{p+2}DR_{2k−2}] where J is the usual symplectic matrix, we know that, if the stable manifold exists, it is contained in h_0(z) + με^{p+2}R_{2k−2}(z, μ, ε) = 0.

(3.18) We know that when μ = 0 the local stable manifold is given by y = f_0(z) = − √ −2V (x), which is defined in Ω(π, r). For μ ≠ 0 we look for the local stable manifold in the form y = f_0(x) + μ^2ε^{p+2}g(x, μ, ε).

Putting this expression into (3.18) we get the following equation for g

g(x, μ, ε) (3.19)

= 2R_{2k−2}(x, f_0(x) + μ^2ε^{p+2}g(x, μ, ε)) √ −2V (x) + √ −2V (x) − μ^2ε^{p+2}2R_{2k−2}(x, f_0(x) + μ^2ε^{p+2}g(x, μ, ε)) . To solve this equation, we introduce the domain Ω_1 = Ω_1(π, r, μ_0, ε_0) and the space

Σ = { g : Ω_1 → C : continuous, analytic in (x, μ), sup_{Ω1} |g(x, μ, ε)| |x|^{2k−2−n/2} < +∞ }

with the norm ‖g‖_Σ = sup_{Ω1} |g(x, μ, ε)|/|x|^{2k−2−n/2}.

Let Γ be the operator such that Γg is defined by the right hand side of (3.19). It is easy to see that there exists a closed ball Σ_M , of radius M, in Σ such that Γ has a fixed point in Σ_M , which provides us with the solution we were looking for.

Restricting the differential equation to the local manifold we find the equation x^′ = f_0(x) + μ^2ε^{p+2}f_1(x, μ, ε)

(3.20) where f_1(x) = g(x, μ, ε) + ∂_yR_{2k−2}(x, f_0(x) + μ^2ε^{p+2}g(x, μ, ε), μ, ε). Now applying Proposition 2.1 of Chapter 2 we get that a solution of (3.20) is given by α̂(u) = c_1 u^{2/(n−2)} ( 1 + O ( 1 u^ν )) , u ∈ D(T, τ) with ν > 0 and c_1 depending on μ, ε and satisfying

c^{n−2}_1 = −2 a_n(n − 2)^2

+ O(μ^2ε^{p+2}).

β̂(u) is obtained as β̂(u) = f_0(α̃(u)) + μ2εp+2g(α̃(u), μ, ε) and hence

β̂(u) = c^2 u^{n/(n−2)} ( 1 + O ( 1 u^ν )) , where ν > 0 and

c_2 = c_1 −2 (n − 2) . All solutions have the form γ̂(u − u_0) and have the same asymptotic expressions. We choose u_0 such that α̂(T ) = α_0(T ).

2) We define ξ(u) = α̂(u) − α_0(t). Since α̇_0(u) = f_0(α_0(u)) we have that ξ̇ = f_0(α̂) − f_0(α_0) + μ^2ε^{p+2}f_1(α̂, μ, ε) = Df_0(α_0)ξ + [f_0(α̂) − f_0(α_0) − Df_0(α_0)ξ] + μ^2ε^{p+2}f_1(α̂, μ, ε).

Since ξ(u) = α̇_0(u) = f_0(α_0(u)) is a solution of ξ̇ = Df_0(α_0)ξ, applying the formula of variation of parameters and using that ξ(T ) = 0 we can write,

ξ(u) = f_0(α_0(u)) [∫_u T 1 f_0(α_0(s))

[f_0(α̂(s)) − f_0(α_0(s)) − Df_0(α_0(s))ξ(s)] ds

+μ^2ε^{p+2} ∫_u T 1 f_0(α_0(s)) f_1(α̂(s), μ, ε) ds ] . (3.21)

We have the a priori estimate |ξ(u)| ≤ |α̂(u)| + |α_0(u)| ≤ C_1/|u|^{2/(n−2)} for u ∈ D(T, τ). Then we also have

|D^2f_0(α_0(s) + ζξ(s))| ≤

C_2 |s|^{(n−4)/(n−2)} and |f_1(α̂(s), μ, ε)| ≤ C_3 |s|^q with q = min {_{2(2k−2−n/2)} n−2 ,^{2(2n−3)}_{n−2} } ≥ n/(n − 2) > 1, for s ∈ D(T, τ). Moreover

C̃_4 |s|^{n/(n−2)} ≤ f_0(α_0(s)) ≤

C_4 |s|^{n/(n−2)} . Let t_1 = sup { t ∈ [T, +∞) : |ξ(u)| ≤ μ^2ε^{p+2}M^1_{|u|2/(n−2)} , Re u ∈ [T, t] } , with M to be chosen below. Assume that t_1 < +∞. For t ∈ [T, t_1], using Taylor’s theorem we have that

|f_0(α̂(s)) − f_0(α_0(s))−Df_0(α_0(s))ξ(s)| = | | | | ∫_1 0 (1 − ζ)D^2f_0(α_0(s) + ζξ(s))ξ^2(s) dζ | | | | ≤ C_5 |s|^{(n−4)/(n−2)} μ^4ε^{2p+4}M^2 1 |s|^{4/(n−2)} . Putting the previous bounds in (3.21) we obtain

|ξ(u)| ≤ C_4 |u|^{n/(n−2)} [∫_u T 1 C̃_4 |s|^{n/(n−2)}C^5μ^4ε^{2p+4}M^2 1 |s|^{n/(n−2)} ds +μ^2ε^{p+2} ∫_u T 1 C̃_4 |s|^{n/(n−2)}C^3 1 |s|^q ds ]

≤ μ^2ε^{p+2}[μ^2ε^{p+2}C_6M^2 + C_7] 1 |u|^{2/(n−2)} with C_7 independent of M.

We choose M = 2C_7, then, since M > C_7 and μ, ε are small we get that for u such that Re u = t_1, |ξ(u)| < μ^2ε^{p+2}M/|u|^{2/(n−2)} which is a contradiction with the definition of t_1. Therefore, for u ∈ Ω(T, τ) |ξ(u)| ≤ μ^2ε^{p+2}M 1 |u|^{2/(n−2)} . The estimate for β̂ − β_0 follows from β̂ − β_0 = f_0(α̃) + μ^2ε^{p+2}g(α̂, μ, ε) − f_0(α_0). □ 3.5. The operators B and B The Banach spaces we use in this section were introduced at the beginning of Section 3.2.

We will need the operator B_k : X^s_k −→ X^s_k defined by (B_kσ)(t, s) = σ(t + 2πε, s) − σ(t, s) (3.22) with ε > 0. It is a well defined linear operator with ‖B_k‖ ≤ 2. Indeed, it is readily seen that if σ ∈ X^s_k then B_kσ ∈ X^s_k and that (t + Re s)^k|(B_kσ)(t, s)| ≤ (t + Re s)^k|σ(t + 2πε, s)| + (t + Re s)^k|σ(t, s)| ≤ (t + 2πε + Re s)^k|σ(t + 2πε, s)| ( t + Re s t + 2πε + Re s )_k

+(t + Re s)^k|σ(t, s)| ≤ 2‖σ‖_k. Of course, we have used that t + Re s ≥ T > 0.

Remark 3.5. In fact ‖B_k‖ = 2. For the function σ ∈ X^s_k defined by σ(t, s) = 1 cosh(a/(2ε)) 1 (t + s)^k sin t + s 2ε we have ‖σ‖_k = 1 and ‖B_kσ‖_k = 2.

We are interested in finding a right inverse of the operator B_k. For that, we write B_kσ = ψ from which we can obtain σ(t, s) = −ψ(t, s) + σ(t + 2πε, s). (3.23) Applying (3.23) iteratively σ(t, s) = − N∑ j=0 ψ(t + 2πεj, s) + σ(t + 2πε(N + 1), s). (3.24)

If σ ∈ X^s_k , lim_{t→∞} σ(t, s) = 0 so that we are allowed to take limit as N → ∞ in (3.24) and we obtain the formal expression (B^{−1}_k ψ)(t, s) = − ∞∑ j=0 ψ(t + 2πεj, s). (3.25)

3.5. THE OPERATORS B AND B 29

Lemma 3.7. The operator B_k : X^s_k −→ X^s_k has right inverses B^{−1}_k : X^s_m −→ X^s_k with m ≥ k + 1 and ‖B^{−1}_k ψ‖_k ≤ 1 T^{m−k−1} ( 1 2T + 1 2πε(m − 1) ) ‖ψ‖_m. In particular, if T ≥ (m − 1)π/4, ‖B^{−1}_k ψ‖_k ≤ 1 + 4ε 2πεk ‖ψ‖_m. Proof. We define ψ_N (t, s) = ∑_N j=0 ψ(t + 2πεj, s) and (B^{−1}_k ψ)(t, s) = − lim_{N→∞} ψ_N (t, s). Let m ≥ k + 1. First we check that if ψ ∈ X^s_m, ψ_N converges uniformly. Indeed, from |ψ(t + 2πεj, s)| ≤ 1 (t + 2πεj + Re s)^m ‖ψ‖_m ≤ ( 1 T + 2πεj )_m ‖ψ‖_m, the claim follows form the M-test of Weierstrass.

One immediately shows that B^{−1}_k ψ satisfies the first three conditions which define X^s_k .

Moreover given ψ ∈ X^s_m ‖B^{−1}_k ψ‖_k = sup_{(t,s)∈Ds} ∞∑ j=0 (t + Re s)^k|ψ(t + 2πεj, s)|

≤ sup (t,s)∈D^s ∞∑ j=0 (t + Re s)^k (t + 2πεj + Re s)^m ‖ψ‖_m. To bound the sum we introduce u = t + Re s and we bound ∞∑ j=0 (t + Re s)^k (t + 2πεj + Re s)^m = 1 2πε 2πε u^{m−k} ∞∑ j=0 1 ( 1 +^{2πεj}_u )_m . Then the sum can be bounded by 1 2πε 1 u^{m−k−1} [ 2πε 2u + ∫_∞ 0 1 (1 + x)^m dx ] = 1 2πε 1 u^{m−k−1} [ 2πε 2u + 1 m − 1 ]

= 1 2u^{m−k} + 1 2πε(m − 1)u^{m−k−1} . From the definitions of both operators we easily see that B_k ∘ B^{−1}_k = Id_{|X} s_m . □ We define B : X^s_k × X^s_{k+1} −→ X^s_k × X^s_{k+1} by B(σ_1, σ_2) = (B_kσ_1, B_{k+1}σ_2) where B_k is defined in (3.22) and B^{−1} : X^s_{k+1} × X^s_{k+2} −→ X^s_k × X^s_{k+1} by B^{−1}(ψ_1, ψ_2) = (B^{−1}_{k+1}ψ_1, B^{−1}_{k+2}ψ_2) where B^{−1}_j is defined in (3.25). Clearly BB^{−1} = Id_{|X} s_{k+1×X} s_{k+2} .

3.6. Proof of the Theorem 3.1 We look for the parameterization of the stable manifold of the equation (3.11) in the form γ̃^s_{μ,ε}(t, s) = γ̂(t + s) + με^{p+2}σ(t, s) with σ = (σ_1, σ_2) belonging to a suitable space of functions decreasing to zero at some prescribed rate. (See below the choice of the spaces.)

We introduce the notation Q_{2k−3}(z) = 4π^2 ( q_1(z, ε) q_2(z, ε) ) + μ^2ε^{p+1}T_{2k−3}(z).

Therefore we can write P̂_{μ,ε}(z) = z + 2πε ( y −V^′(x) ) + ε^2Q_{2k−3}(z) and P^t_{μ,ε}(z) = P̂_{μ,ε}(z) + με^{p+4}S_{2n−3}(z, t/ε). We impose the conditions P^t_{μ,ε}(γ̃^s_{μ,ε}(t, s)) = γ̃^s_{μ,ε}(t + 2πε, s) (3.26) and γ̃^s_{μ,ε}(t + 2πε, s) = γ̃^s_{μ,ε}(t, s + 2πε). Expanding by Taylor around γ̂_{μ,ε}, the condition (3.26) becomes P^t_{μ,ε}(γ̃^s_{μ,ε}(t, s)) = P̂_{μ,ε}(γ̂(t + s)) + με^{p+4}S_{2n−3}(γ̂(t + s), t/ε) + με^{p+2}DP̂_{μ,ε}(γ̂(t + s))σ(t, s) + μ^2ε^{2p+6}DS_{2n−3}(γ̂(t + s), t/ε)σ(t, s) + μ^2ε^{2p+4}O(|σ(t, s)|^2). Thus, (3.26) is equivalent to

σ(t + 2πε, s) = σ(t, s) + 2πε ( σ_2(t, s) −V^{′′}(α̂(t + s))σ_1(t, s) )

+ε^2DQ_{2k−3}(γ̂(t + s))σ(t, s) + ε^2S_{2n−3}(γ̂(t + s), t/ε) +με^{p+2}O(|σ(t, s)|^2 ) + με^{p+4}DS_{2n−3}(γ̂(t + s), t/ε)σ(t, s). To simplify the notation, we further introduce A(α̂(t + s)) = ( 0 1 −V^{′′}(α̂(t + s)) 0 ) , H(σ)(t, s) = DQ_{2k−3}(γ̂(t + s))σ(t, s) +S_{2n−3}(γ̂(t + s), t/ε) + με^pO(|σ(t, s)|^2 ) (3.27) +με^{p+2}DS_{2n−3}(γ̂(t + s), t/ε)σ(t, s) and F(σ)(t, s) = 2πεA(α̂(t + s))σ(t, s) + ε^2H(σ)(t, s). (3.28)

Then the problem is reduced to find σ = (σ_1, σ_2) such that Bσ = F(σ). In the next lemma we will see that F sends X^s_m × X^s_{m+1} to X^s_{m+1} × X^s_{m+2} and hence we can use a right inverse of B, as given in Section 3.5, to obtain the fixed point equation σ = B^{−1}F(σ).

We look for σ ∈ X^s_m ×X^s_{m+1} with a suitable value of m. We define the following weighted norm in the product space X^s_m × X^s_{m+1}: ‖(h_m, h_{m+1})‖_m = L‖h_m‖_m + ‖h_{m+1}‖_{m+1} with L = n − 1 n − 2 + n^2 (3n − 4)(n − 2) and we denote B(r, m, m + 1) ⊂ X^s_m × X^s_{m+1} the closed ball of radius r with this norm.

Lemma 3.8. Let m =^{2n−2}_{n−2} . There exists r > 0 independent of μ and ε, such that the operator B^{−1} ∘ F : B(r, m, m + 1) −→ B(r, m, m + 1) is well defined and it is a contraction.

Proof. We recall that, by Proposition 3.3, the function γ̂ ∈ X^s_{2/(n−2)} × X^s_{n/(n−2)} and hence, if f_l ∈ P_l, f_l ∘ γ̂ ∈ X^s_{2l/(n−2)}. Let σ ∈ B(r, m, m + 1). Since V^{′′} ∘ α̂ ∈ X^s_2 , it is clear that A(α̂)σ ∈ X^s_{m+1} × X^s_{m+2}.

(3.29) We check that S_{2n−3}(γ̂(t + s), t/ε) ∈ X^s_{m+2} × X^s_{m+2} (DQ_{2k−3} ∘ γ̂) σ ∈ X^s_{m+1} × X^s_{m+2}

(3.30) DS_{2n−3}(γ̂(t + s), t/ε) σ(t, s) ∈ X^s_{m+4} × X^s_{m+4}. Indeed, we recall that if S_{2n−3} ∈ P_{2n−3}, then S_{2n−3}(γ̂(t + s), t/ε) ∈ X^s_{m+2} × X^s_{m+2}.

Now we deal with (DQ_{2k−3} ∘ γ̂) σ. We denote DQ_{2k−3} ∘ γ̂ = (^ Q_{11} Q̂_{12} Q̂_{21} Q̂_{22} ) . It is clear that, since all elements of DQ_{2k−3} belong to P_{n−2}, we have that Q̂_{ij} ∈ X^s_{2(n−2)/(n−2)} = X^s_2 and therefore (DQ_{2k−3} ∘ γ̂)σ ∈ X^s_{m+2} × X^s_{m+2}.

To deal with (DS_{2n−3} ∘ γ̂)σ, we observe that DS_{2n−3} ∘ γ̂ ∈ X^s_4 and therefore DS_{2n−3}(γ̂(t, s), t/ε)σ(t, s) ∈ X^s_{m+4} × X^s_{m+4}. Thus, by (3.30) and since O(|σ|^2) ∈ X^s_{2m+2}, we have that H(σ) ∈ X^s_{m+1} × X^s_{m+2}.

(3.31)

Therefore, by (3.29), (3.31) and by definition (3.28) of F we have that F(σ) = 2πεA(α̂)σ + ε^2H(σ) ∈ X^s_{m+1} × X^s_{m+2}.

Finally, by Lemma 3.7, B^{−1}(F(σ)) ∈ X^s_m × X^s_{m+1}.

Next we will prove that ‖B^{−1}(F(σ))‖_m ≤ r if ‖σ‖_m ≤ r. We begin by bounding the norms ‖F_1‖_{m+1} and ‖F_2‖_{m+2}. From (3.27), which defines H, it is clear that there exist constants M_1 and M_2 such that ‖H_1(σ)‖_{m+1} ≤ M_1, ‖H_2(σ)‖_{m+2} ≤ M_2.

Then ‖F_1(σ)‖_{m+1} ≤ 2πε sup_{(t,s)∈D} |σ_2(t, s)(t + Re s)^{m+1}| +ε^2 sup_{(t,s)∈D} |H_1(σ)(t, s))(t + Re s)^{m+1}| ≤ 2πε‖σ_2‖_{m+1} + ε^2M_1 and, using the expression of α̂ obtained in Proposition 3.3

‖F_2(σ)‖_{m+2} ≤ 2πε sup_{(t,s)∈D} |V^{′′}(α̂(t + s))σ_1(t, s)(t + Re s)^{m+2}| +ε^2 sup_{(t,s)∈D} |H_2(σ)(t, s))(t + Re s)^{m+2}| ≤ 2πε ( 2n(n − 1) (n − 2)^2

+ O(T^{−ν} ) ) ‖σ_1‖_m + ε^2M_2, with ν > 0. Therefore, using Lemma 3.7 we obtain

‖B^{−1} ∘ F(σ)‖_m = ‖(B^{−1}_1 F_1(σ), B^{−1}_2 F_2(σ))‖_m = L‖B^{−1}_1 F_1(σ_1, σ_2)‖_m + ‖B^{−1}_2 F_2(σ_1, σ_2))‖_{m+1} ≤ L‖F_1‖_{m+1} 1 + 4ε 2mπε + ‖F_2‖_{m+2}

1 + 4ε 2(m + 1)πε ≤ L‖σ_2‖_{m+1} n − 2 2n − 2 + ( 2n(n − 1) (3n − 4)(n − 2)

+ O(T^{−ν} ) ) ‖σ_1‖_m +O(ε) ≤ L n − 2 2n − 2 ‖σ_2‖_{m+1} +

2n^2 (3n − 4)(n − 2)

‖σ_1‖_m + O(ε)

(3.32) if T is big, in particular O(T^{−ν} ) ≤^{2n}_{(3n−4)(n−2)} . We introduce a = 2(n − 1) n − 2 b = 2n^2 (3n − 4)(n − 2) . We observe that since a > b and L = (a + b)/2 we have b < L < a. Thus, 1 − La^{−1}and L − b are positive numbers. Moreover if we introduce the constant

K =^{2a}_{a−b} > 2 we have that L − b = a − b 2 > L K 1 − La^{−1} = a − b 2a = 1 K . Therefore, we can bound (3.32) as follows

La^{−1}‖σ_2‖_{m+1} + b‖σ_1‖_m + O(ε) ≤ (‖σ_2‖_{m+1} + L‖σ_1‖_m)(1 − 1 K ) + O(ε) ≤ ( 1 − 1 K ) r + O(ε) < r if ε is small enough.

Now, we prove that B^{−1} ∘ F is a contraction. Let σ = (σ_1, σ_2) ∈ B(r, m, m + 1) and σ̄ = (σ̄_1, σ̄_2) ∈ B(r, m, m + 1). From (3.27) it is easy to see that ‖H(σ) − H(σ̄)‖_m ≤ C‖σ − σ̄‖_m for some constant C > 0 . Thus, by definition (3.28) of F, we obtain, doing similar estimations as above

‖B^{−1} ∘ F(σ_1, σ_2) − B^{−1} ∘ F(σ̄_1, σ̄_2‖_m ≤ L n − 2 2n − 2 ‖σ_2 − σ̄_2‖_{m+1} +

2n^2 (3n − 4)(n − 2) ‖σ_1 − σ̄_1‖_m + εC‖σ − σ̄‖_m ≤ ( 1 − 1 2K ) ‖σ − σ̄‖_m if ε is small enough.

Then, applying the fixed point theorem we obtain the existence and uniqueness of a fixed point (σ_1, σ_2) ∈ B(r, m, m + 1). This ends the proof of the lemma. □

Now we can finish the proof of Theorem 3.1.

End of the proof of Theorem 3.1. Going back to the original variables we obtain the result we have stated in Theorem 3.1. Indeed, by Proposition 3.1 the change C has the form (x, y) = C(x̄, ȳ, t/ε) = (x̄, ȳ) + με^{p+1}G(x̄, ȳ, t/ε) + O(με^{p+2}) where (x, y) are the original variables and (x̄, ȳ) are the variables for which we have obtained the parameterization of the invariant local stable curve. Therefore, the local stable manifold, χ^s_{μ,ε}, of the equation (3.1) has the form χ^s_{μ,ε}(t, s) = γ̃^s_{μ,ε}(t, s) + με^{p+1}G(γ̃^s_{μ,ε}(t, s), t/ε) + O(με^{p+2}) = γ_0(t + s) + με^{p+1}G(γ_0(t + s), t/ε) + O(με^{p+2}).

and it satisfies all the conditions of Theorem 3.1 except that it need not be a solution of the equation (3.1) with respect to t. Conclusion 2) follows because the change C is 2πε-periodic in t.

In order to find a parameterization of the local stable manifold which is a solution with respect to t for any s ∈ C such that | Im s| ≤ τ we take t_0 = T − Re s and γ^s_{μ,ε}(t, s) = φ(t, t_0, χ^s_{μ,ε}(t_0, s)) where here φ(t, t_0, x, y) is the general solution of equation (3.1). We observe that, for all (t, s) ∈ D^s, χ^s_{μ,ε}(t, s) belongs to the local stable manifold of the equation (3.1), hence γ^s_{μ,ε}(t, s) is a parameterization of the stable manifold. It is clear that the properties 1), 3) and 4) of Theorem 3.1 are satisfied by γ^s_{μ,ε}. Moreover γ^s_{μ,ε}(t, s + 2πε) = φ(t, t_0, χ^s_{μ,ε}(t_0, s + 2πε)) = φ(t, t_0, χ^s_{μ,ε}(t_0 + 2πε, s)) = φ(t + 2πε, t_0 + 2πε, φ(t_0 + 2πε, t_0, χ^s_{μ,ε}(t_0, s))) = φ(t + 2πε, t_0, χ^s_{μ,ε}(t_0, s)) = γ^s_{μ,ε}(t + 2πε, s). Therefore, γ^s_{μ,ε} is the parameterization that we look for. We observe that γ^s_{μ,ε} is defined for all (t, s) ∈ D^s. □

4. Flow box coordinates

4.1. Introduction

In this chapter we prove the existence of flow box coordinates of a quasi integrable system under general hypotheses, in a neighborhood of the stable manifold of the unperturbed system, which does not contain the origin and it is independent of the parameters μ and ε. A similar result is in [Ge2]. There, the flow box coordinates are found implicitly using the variational equations in a neighborhood of the stable manifold. Our proof gives these coordinates in an explicit way and gives a careful estimate of the distance between the change of coordinates in the unperturbed case and the change in the perturbed case, using variational equations with respect to the parameter μ.

In [DS2] [DS1] the authors use flow-box coordinates defined near a hyperbolic fixed point. To construct such coordinates they use the Birkhoff Normal Form in an essential way. Also, in [DG], the authors construct flow box coordinates near a n-dimensional hyperbolic invariant tori, but only in real domains.

We begin by introducing notation and the hypotheses H1 and H2 we will assume in this chapter. With these hypotheses we will prove a result on the existence of flow box coordinates: Theorem 4.1. Then, the application of this theorem to equation (1.1) of Chapter 1 gives Theorem 4.2, in which the result is obtained applying Theorem 4.1, not directly to (1.1) but to the averaged equation.

To prove Theorem 4.1 first, in Section 4.3, we translate the stable manifold to the first axis of coordinates and in these coordinates, for the unperturbed system, we construct explicitly the flow box coordinates, just integrating the equation and using that the system is Hamiltonian.

To construct the flow box coordinates for the general system in a neighborhood of (a part of) the stable manifold, we use a special parameterization of the solutions of the equation. We parameterize the solutions, z(t, s, Y ) with two parameters (t, s) ∈ R × C in such a way that t ∈ R is a time parameter, Y ∈ C and z(t + 2πε, s, Y ) = z(t, s + 2πε, Y ) in a suitable domain. To obtain this we use a technique designed by Lazutkin to do a controlled analytic continuation. This is done in Subsections 4.5.2 and 4.5.3. From this parameterization we easily obtain another parameterization of the form w(t + s, t/ε, Y ), that is, we separate in some way the slow time t + s and the fast time t/ε.

Next we find a first flow box coordinates (T , Y) from the condition w(T (x, v, θ), θ, Y(x, v, θ)) = (x, v) using the scheme of the proof of the implicit function theorem. We obtain them close to the analogous ones we have calculated in the non perturbed case. Then easily we pass to new flow box coordinates (T , F) with F close to the energy variable (the Hamiltonian).

Finally, using the Hamiltonian character of the equations, we slightly modify these coordinates to make them canonical.

4.2. Definitions and main result We consider Hamiltonian systems of the form H(x, y, t/ε) = H_0(x, y) + με^q H_1(x, y, t/ε, μ, ε) where H_0(x, y) = y^2 2 + V (x). Remark 4.1. Since we will apply the result of existence of flow box coordinates to an averaged system, here q and H_1 mean a generic exponent and a generic Hamiltonian respectively which (in general) do not coincide with p and h_1 introduced in Chapter 1.

The associated equations of the Hamiltonian H are ẋ = y + με^q∂_yH_1(x, y, t/ε, μ, ε) (4.1) ẏ = −V^′(x) − με^q∂_xH_1(x, y, t/ε, μ, ε). For w = (w_1, w_2) ∈ C^2 , we define ‖w‖ = max{|w_1|, |w_2|}. We will assume the following hypotheses

H1 The potential V is an analytic function in {x ∈ C : |x| < ρ_0}, V (x) = a_nx^n + . . . with a_n < 0, n ∈ N and n ≥ 3.

H2 H_1(x, y, θ, ε, μ) is C^0, 2π-periodic in θ and analytic in the x, y, μ variables.

The variables (x, y, μ) belong to {(x, y) ∈ C^2 : ‖(x, y)‖ < ρ_0} × {μ ∈ C : |μ| < μ_0}, θ ∈ R and 0 < ε < ε_0. Moreover H_1(x, y, θ, ε, μ) = O(‖(x, y)‖^k ) with k ≥ 2. In the applications of the results of this chapter, k will be always greater of equal than n − 1.

For the unperturbed system, the origin has a stable manifold which can be represented as the graph of the function f(x) = − √ −2V (x). We observe that f is analytic in Ω(ρ_0, π) = {x ∈ C : |x| < ρ_0} \ {Re x ≤ 0, Im x = 0}.

Remark 4.2. By Proposition 2.2 of Chapter 2, the unperturbed system (μ = 0) has a parameterization of the stable manifold defined in {u ∈ C : |u| ≥ T , | arg u| < π} which we denote by γ_0(u) = (α_0(u), β_0(u)).

In the next definition we fix some parameters. Definition 4.1. Let C_0 and C_1 be such that C_0|x|^β ≤ |f(x)| ≤ C_1|x|^β for all x ∈ Ω(ρ_0, π) where β = n/2.

4.2. DEFINITIONS AND MAIN RESULT 37

Let κ_0 ∈ R be as in Proposition 2.5. We take δ_0 = α_0(κ_0). We recall that to take κ_0 bigger implies to take δ_0 smaller. Given δ^′_0 > 0 such that δ^′_0 < δ_0, we define

r_0 = 1 2 ( − C_1δ^β_0 + √ C^2_1 δ^{2β}_0 + C^2_0 (δ^′_0)^{2β} ) . In the following we take δ^′_0 (and consequently r_0) small enough. For κ^−_1 > κ_0, κ^+_1 > κ^−_1 , κ_2 > 0, κ_3 > 0 such that κ^−_1 − κ_3 > κ_0 and 0 < r < r_0, we define the open sets

D_0(κ^±_1 , κ_2, κ_3) = {s ∈ C : κ^−_1 − κ_3 < Re s < κ^+_1 + κ_3, | Im s| < κ_2 + κ_3} D^∗(κ^±_1 , κ_2, κ_3) = α_0(D_0(κ^±_1 , κ_2, κ_3)) V_0(κ^±_1 , κ_2, κ_3, r) = {(x, y) ∈ C^2 : x ∈ D^∗(κ^±_1 , κ_2, κ_3), |y − f(x)| < r} and V (κ^±_1 , κ_2, κ_3, r) = {(x, y, θ) ∈ C^2 × R : (x, y) ∈ V_0(κ^±_1 , κ_2, κ_3, r)}.

In the following we will consider some changes of variables depending on (x, y, θ), and we will refer to them as canonical changes, meaning that are canonical as a function of (x, y) with θ fixed.

The main result of this Chapter is:

Theorem 4.1. (Flow box coordinates). Let κ^−_1 > 2κ_0. If the hypotheses H1, H2 hold, for any κ^+_1 > κ^−_1 and κ_2 > 0 there exists r > 0 and a canonical change of variables (x, y, θ = t/ε) ∈ V (κ^±_1 , κ_2, 0, r) → (T, I, θ) = (T^1(x, y, θ), I^1(x, y, θ), θ) ∈ V of class C^1, 2π-periodic in θ and analytic in the x, y variables, such that it transforms the system (4.1) to Ṫ = 1 İ = 0

and satisfies

T^1(x, y, θ) = T_0(x, y) + O(με^q ), I^1(x, y, θ) = I_0(x, y) + O(με^q ), where the change (x, y) → (T_0(x, y), I_0(x, y)) is the corresponding change for the unperturbed system. Moreover the change is continuous in (x, y, θ, μ, ε) and analytic in (x, y, μ). To study the splitting of separatrices we will use the next theorem which is a specialized version of Theorem 4.1 when we apply it to a system of the form x^′ = y + με^{p+3}∂_yF_{2n−2} + μ^2ε^{p+2}∂_yR_{2k−2} y^′ = −V^′(x) − με^{p+3}∂_xF_{2n−2} − μ^2ε^{p+2}∂_xR_{2k−2} which comes from the system (1.1) of Chapter 1 by the averaging procedure described in Chapter 3. If the system (1.1) satisfies the hypotheses HP1-HP4, the results of Chapter 3 apply and we have that the stable manifold exists and can be parameterized by γ^s_{μ,ε}(t, s).

Next theorem gives a new flow box coordinates and additional information over the values of these flow box coordinates on the stable manifold γ^s_{μ,ε}(t, s). Let C be the change which transforms the system (1.1) of Chapter 1 to the averaged system which is given in Proposition 3.1.

Theorem 4.2. Given κ^−_1 > 2κ_0, κ^+_1 > κ^−_1 and κ_2 > a, there exist r > 0 and a canonical change of variables (x, y, θ = t/ε) ∈ C(V (κ^±_1 , κ_2, 0, r)) → (S, E, θ) = (S(x, y, θ), E(x, y, θ), θ) ∈ V_1 of class C^1, 2π-periodic in θ and analytic in the x, y variables, such that it transforms the system (1.1) of Chapter 1 to Ṡ = 1 Ė = 0 and satisfies S(x, y, θ) = S_0(x, y) + O(με^{p+1}), E(x, y, θ) = E_0(x, y) + O(με^{p+1}) where (x, y) → (S_0(x, y), E_0(x, y)) is the corresponding change when μ = 0. In fact E_0(x, y) = h_0(x, y).

Moreover, given T ≥ 0 big enough there exists κ^−_1 > 2κ_0, κ^+_1 > κ^−_1 and κ_2 > a such that for all (t, s) such that T ≤ |t + Re s| ≤ 2T and | Im s| < a, the parameterization γ^s_{μ,ε}(t, s) of the local stable manifold given in Chapter 3 satisfies γ^s_{μ,ε}(t, s) ∈ C(V (κ^±_1 , κ_2, 0, r)) and, for any t_0 ∈ R S(γ^s_{μ,ε}(t, s), t/ε) = t − t_0 + s + με^{p+1}X (s) and E(γ^s_{μ,ε}(t, s), t/ε) = 0 and X (s_0) = 0 for some s_0, which we can choose freely, depending on initial conditions on the stable curve. Moreover X (s) is analytic and 2πε-periodic.

In addition the change (x, y, θ) → (S, E, θ) is continuous in (x, y, θ, μ, ε) and analytic in (x, y, μ).

Remark 4.3. To fix ideas we consider only the parabolic case, which is the object of this memoir, but the proof also would be adapted to the hyperbolic case, with some small changes.

In this chapter, at some places, we omit the dependence on μ and ε which is assumed that it is analytical and continuous respectively. 4.3. A preliminary change of variables Since the stable manifold of the unperturbed system can be expressed as the graph of an analytic function, we can easily move it to the x-axis.

For any κ^−_1 > 2κ_0, κ^+_1 > κ^−_1 , κ_2 > 0 and κ_3 > 0 such that κ^−_1 − 3κ_3 > κ_0 and r ≤ r_0, we define the sets

U_0(κ^±_1 , κ_2, κ_3, r) = { (x, v) ∈ C^2 : x ∈ D^∗(κ^±_1 , κ_2, κ_3, r), |v| < r } and U(κ^±_1 , κ_2, κ_3, r) = { (x, v, θ) ∈ C^2 × R : (x, v) ∈ U_0(κ^±_1 , κ_2, κ_3, r) } . We perform the change of variables C : V (κ^±_1 , κ_2, 3κ_3, r_0) → C^2 × R defined by (x, y, θ) → (x, v = y − f(x), θ). (4.2) This change is canonical. It maps V (κ^±_1 , κ_2, 3κ_3, r_0) onto U(κ^±_1 , κ_2, 3κ_3, r_0).

4.4. THE UNPERTURBED CASE 39

We note that, in general, we can not extend C in such a way that it is analytic at x = 0 because f is not analytic at 0. The equations in these new variables are ẋ = v + f(x) + με^qg̃_1(x, v, θ) v̇ = −vf^′(x) + με^qg̃_2(x, v, θ) (4.3) θ̇ = 1/ε where g̃_1(x, v, θ) = ∂_yH_1(x, v + f(x), θ) g̃_2(x, v, θ) = −∂_xH_1(x, v + f(x), θ) − f^′(x)∂_y H_1(x, v + f(x), θ). We denote by X : U(κ^±_1 , κ_2, 3κ_3, r_0) → C^2 ×R, the vector field X = X_0 +με^qX_1 with

X_0 = v + f(x) −vf^′(x) 1/ε and X_1 = g̃_1(x, v, θ) g̃_2(x, v, θ) 0 . Along this section, K will denote a generic constant independent of μ, ε.

Some preliminary bounds of the vector field X are necessary. Lemma 4.1. We have that

1) For all (x, v) ∈ U_0(κ^±_1 , κ_2, 3κ_3, r_0) and h ∈ R^2 so small that the segment (x, v), (x, v) + h ∈ U_0(κ^±_1 , κ_2, 3κ_3, r_0),

‖X_1(x + h_1, v + h_2) − X_1(x, v)‖ ≤ Kδ^{k−2}_0 ‖h‖ and ‖X_0(x + h_1, v + h_2) − X_0(x, v) − DX_0(x, v)h‖ ≤ K‖h‖^2 where K depends on the domain U_0(κ^±_1 , κ_2, 3κ_3, r_0).

2) There exists a constant K such that for all (x, v, θ) ∈ U(κ^±_1 , κ_2, 3κ_3, r_0) ‖X_1(x, v, θ)‖ ≤ K‖(x, v)‖^{k−1}. Proof. The proof is straightforward. It is only necessary to use that if x ∈ U(κ^±_1 , κ_2, 3κ_3, r_0), then |x| ≤ 2δ_0, that f(x) = − √ −2V (x) = O(x^{n/2}), that H_1(x, y, θ) is a function of order k and finally, we use that the origin does not belong to the domain U(κ^±_1 , κ_2, 3κ_3, r_0). The condition on the segment, permits to apply the mean value theorem. □

4.4. The unperturbed case When μ = 0, the system (4.3) is Hamiltonian with Hamiltonian

F_0(x, v) = v^2 2 + vf(x). (4.4)

Then for any initial condition z^0 = (x^0, v^0, θ^0) the corresponding solution is contained in the curve v = −f(x) ± √ f^2(x) + 2F_0(x^0, v^0) when one has to choose the sign in such a way that the relation is satisfied by the initial condition. From system (4.3) it is clear that ẋ = ± √ (v^0)^2 + 2v^0f(x^0) − 2V (x).

(4.5)

Let ψ_0(t, x, v) be the flow of the unperturbed Hamiltonian system and let δ be such that α_0(κ^+_1 ) < δ < α_0(κ^−_1 ).

From now on δ will be fixed. Integrating equation (4.5) we find the time (in general complex time) to arrive from (x^∗, v^∗) to (x, v) where x^∗ = δ and v^∗ is determined by the energy conservation. In this way we get that the functions T_0(x, v), Y_0(x, v) defined in U_0(κ^±_1 , κ_2, 3κ_3, r_0) by

T_0(x, v) = − ∫_δ x ds √ 2F_0(x, v) − 2V (s)

(4.6)

Y_0(x, v) = −f(δ) + √ f^2(δ) + 2F_0(x, v)

(4.7) are such that ψ_0(T_0(x, v), δ, Y_0(x, v)) = (x, v). We choose the sign minus in (4.5), because it is obvious that, in the real case and over the stable manifold, x(t) must decrease as t goes to +∞. In the coordinates (T, Y ) = (T_0(x, v), Y_0(x, v)) the equations of the unperturbed system become: Ṫ = 1 Ẏ = 0.

Also we can consider the change (x, v) ∈ U_0(κ^±_1 , κ_2, 3κ_3, r_0) → (T_0(x, v), F_0(x, v)) ∈ V, where F_0 is the Hamiltonian. The equations in the coordinates (T, F ) = (T_0(x, v), F_0(x, v)) also are Ṫ = 1 Ḟ = 0.

This second change is canonical, i.e. ∂_xT_0∂_vF_0 − ∂_vT_0∂_xF_0 = 1.

4.5. Flow box coordinates in a complex domain 4.5.1. Introduction and definitions. Let z_0(u, Y ) be the solution of the unperturbed Hamiltonian system F_0, given in (4.4) such that z_0(0, Y ) = (δ, Y ).

When Y = 0, z_0(u, 0) parametrizes a piece of the stable manifold near (x, v) = (δ, 0). Therefore, writing z_0 = (x_0, v_0), there exists τ ∈ R such that x_0(u, 0) = α_0(u + τ) = c (u + τ)^p

+ O(|u + τ|^{−ν} ), p = 2/(n − 2), ν > 0.

(4.8)

Note that δ = α_0(τ). The condition δ < α_0(τ^−_1 ) means that τ > κ^−_1 .

For any τ^±_1 , τ_2, τ_3 and r_1 < r_0, we define the sets D(τ^±_1 , τ_2, τ_3) = {(t, s) ∈ R × C : s, t + s ∈ D_0(τ^±_1 , τ_2, τ_3) and |t| < 4πε} W (r_1) = {Y ∈ C : |Y | < r_1}.

We observe that, if (t, s) ∈ D(τ^±_1 , τ_2, τ_3) the segment (0, s), (t, s) is contained in D(τ^±_1 , τ_2, τ_3).

Lemma 4.2. Let κ^−_1 > 2κ_0 and κ_2 > 0. Then, given κ^+_1 > κ^−_1 and κ_3 > 0 such that κ^−_1 − 3κ_3 > κ_0, there exists r ≤ r_1 < r_0/2 such that the image of Δ = D_0(κ^±_1 − τ, κ_2, κ_3) × W (r_1) by z_0 contains

U_0(κ^±_1 , κ_2, 0, r)

and is contained in

U_0(κ^±_1 , κ_2, 2κ_3, r_0/2).

Proof. By (4.8), the image of D_0(κ^±_1 − τ, κ_2, 0) × {0} by z_0 is U_0(κ^±_1 , κ_2, 0, 0). By continuity of z_0 it follows that if r̃_1 > 0 is small enough, the x component of the image of Δ by z_0 contains D^∗(κ^±_1 , κ_2, 0) and it is contained in D^∗(κ^±_1 , κ_2, 2κ_3).

On the other hand the solutions z_0(u, Y ) = (x(u, Y ), v(u, Y )) stay in the energy level F_0(z(0, Y )) = Y^2/2 + Y f(δ). Therefore, v(u, Y ) = −f(x(u, Y )) + √ Y^2 + 2Y f(δ) + f^2(x(u, Y ))

and hence, while x(u, Y ) belongs to D^∗(κ^±_1 , κ_2, 2κ_3), K_1|Y | ≤ |v(u, Y )| ≤ K_2|Y | and thus there exists r, r_1 ≤ r̃_1 satisfying the stated properties. □

Our goal is to find flow box coordinates in U(κ^±_1 , κ_2, 0, r). We will find the solutions of the equations (4.3) parameterized in the form (z(t, s, Y ), t/ε) with z(t, s, Y ) = z_0(t + s, Y ) + με^q z_1(t, s, Y ), z(0, 0, Y ) = (δ, Y ) and the additional property z(t + 2πε, s, Y ) = z(t, s + 2πε, Y ). This relation permits to give a dynamical interpretation of the parameter s: the iterations of the Poincaré map simply consists in increasing the variable s by 2πε. To get the solutions in this form we will rewrite (4.3) in the form ż = A(t + s)z + b(z)(t, s) θ̇ = 1/ε and we will apply the fixed point theorem to a suitable operator in a Banach space. To construct this operator we will need another operator which we call increment operator. This operator was introduced by Lazutkin in [La2].

Next, we will prove that, as in the unperturbed case, the solutions with initial condition in U(κ^±_1 , κ_2, 0, r) arrive at x = δ. Then we will prove that the flow can be straightened in U(κ^±_1 , κ_2, 0, r).

Finally, we will construct another change in order to get that the composition of changes is canonical.

4.5.2. Increment operator and analytic continuation. Let h, τ^±_1 , τ_2 and D_0 = D_0(τ^±_1 , τ_2, 0) and W = W (r_1) as in the previous subsection. We define D is a slightly more general way:

D = D(h, τ^±_1 , τ_2)

= {(t, s) ∈ R × C : |t| < 2h, τ^−_1 < Re s, t + Re s < τ^+_1 , | Im s| < τ_2}. We consider the equation ż = A(t + s)z + b(t, s, Y ) (4.9) (here · denotes derivative with respect to t), where A(u) is a 2 × 2 matrix whose elements are analytic in D_0 = D_0(τ^±_1 , τ_2, 0) and continuous in D_0. The function b : D × W → C^2 is continuous and, for any t such that |t| ≤ 2h, b(t, ., .) is analytic. We assume that b verifies b(t + h, s, Y ) = b(t, s + h, Y ) (4.10) and we look for solutions z(t, s, Y ) of (4.9) analytic with respect to s and Y , and satisfying z(t + h, s, Y ) = z(t, s + h, Y ). Let M(u) be a fundamental matrix of the homogeneous equation d du ζ = A(u)ζ. By the general theory of linear equations, M is analytic in D_0 and there exists a constant C_M such that |M(u)| ≤ C_M , |M^{−1}(u)| ≤ C_M , u ∈ D_0. (4.11) By the variation of parameters method, the solutions of (4.9) can be expressed as z(t, s, Y ) = M(t + s) [ M^{−1}(s)c(s, Y ) + ∫_t 0 M^{−1}(ξ + s)b(ξ, s, Y ) dξ ] (4.12)

where c(s, Y ) is an arbitrary function. Therefore, if the function c(s, Y ) is analytic in D_0 × W , z(t, s, Y ) given in (4.12) is continuous in D × W and analytic with respect to (s, Y ).

We write

z(t + h, s, Y ) = M(t + h + s) [ M^{−1}(s)c(s, Y ) + ∫_{t+h} 0 M^{−1}(ξ + s)b(ξ, s, Y ) dξ ] . Also z(t, s + h, Y ) = M(t + s + h) [ M^{−1}(s + h)c(s + h, Y ) + ∫_t 0 M^{−1}(ξ + s + h)b(ξ, s + h, Y ) dξ ]

= M(t + s + h) [ M^{−1}(s + h)c(s + h, Y ) + ∫_{t+h} h M^{−1}(ξ + s)b(ξ, s, Y ) dξ ]

where we have made the obvious change of variables in the integral, and we have used (4.10).

We introduce the auxiliary function f(s, Y ) = M^{−1}(s)c(s, Y ). We have that z(t + h, s, Y ) = z(t, s + h, Y ) if and only if f(s, Y ) − f(s + h, Y ) = − ∫_h 0 M^{−1}(ξ + s)b(ξ, s, Y ) dξ. Therefore, it is natural to study the operator △_hf(s, Y ) = f(s + h, Y ) − f(s, Y ). We want to find analytic solutions of the equation △_hf(s, Y ) = g(s, Y ), s, s + h ∈ D_0, Y ∈ W (4.13) where g is analytic in D_0 × W and continuous in D_0 × W .

We define the auxiliary open sets D^−_0 = {s ∈ C : Re s < τ^+_1 , | Im s| < τ_2} and D^+_0 = {s ∈ C : τ^−_1 < Re s, | Im s| < τ_2}.

It is clear that D_0 = D^+_0 ∩ D^−_0 . For any open set Ω ⊂ C , we define the function space

A(Ω, W ) = {H : Ω × W → C : H is analytic in Ω × W and continuous in Ω × W }. The main idea of what was developed by Lazutkin in [La2] is the following. Construct two analytic functions g^+ ∈ A(D^+_0 , W ) and g^− ∈ A(D^−_0 , W ) such that g = g^+ + g^− in D_0 × W .

(4.14) Then, because of the linearity of equation (4.13), the problem of finding the function f can be reduced to two simpler problems: to find two functions f^+ and f^− of A(D^+_0 , W ) and A(D^−_0 , W ) respectively such that △_hf^± = g^±.

Therefore, since the operator △_h is linear, the function f = f^+ + f^−, which is defined in (D^+_0 × W ) ∩ (D^−_0 × W ) = D_0 × W , satisfies the equation:

△_hf(s, Y ) = △_hf^+(s, Y ) + △_hf^−(s, Y ) = g^+(s, Y ) + g^−(s, Y ) = g(s, Y ) if s, s + h ∈ D_0, Y ∈ W .

To follow the previous program the first thing we must do is to construct functions g^±, defined in the corresponding extended domain and verifying (4.14). This is done by using the next lemma which also provides useful bounds of the norm of g^± in terms of the norm of g.

Lemma 4.3. Let χ : C −→ C be a Lipschitz bounded function such that supp χ = {ξ ∈ C : Re ξ ≤ σ}. Let Ω = {ξ ∈ C : s_1 < Re ξ < s_2, | Im ξ| < τ_2}, with s_1 ∈ R, s_1 < σ and s_2 ∈ [σ, ∞) ∪ {∞}. Let Ω^∗ = Ω ∩^∘supp χ (small circle denotes topological interior) and let g ∈ A(Ω^∗, W ). We define h(ξ, η) = 1 2πi ∫ ∂Ω∩supp χ χ(ζ) ζ − ξ g(ζ, η) dζ = 1 2πi ∫ ∂Ω^∗ χ(ζ) ζ − ξ g(ζ, η) dζ. Then

1) h is analytic on Ω × W , 2) h extends continuously to Ω × W , 3) if (ξ_0, η_0) ∈ (∂Ω ∩ supp χ) × W lim (ξ_0 ,η_0)

h(ξ, η) = χ(ξ_0)g(ξ_0, η_0) + 1 2πi ∫ ∂Ω^∗ χ(ζ) − χ(ξ_0) ζ − ξ_0 g(ζ, η_0) dζ, and if (ξ_0, η_0) ∈ (∂Ω ∩ (supp χ)^c) × W lim (ξ_0 ,η_0) h(ξ, η) = 1 2πi ∫ ∂Ω^∗ χ(ζ) − χ(ξ_0) ζ − ξ_0 g(ζ, η) dζ, 4) if (ξ, η) ∈ Ω × K, where K is a compact subset of W we have |h(ξ, η)| ≤ ( ‖χ‖ + 1 2π Lip χ length(∂Ω^∗) ) ‖g‖_K where ‖χ‖ = sup{|χ(ξ)| : ξ ∈ C } and ‖g‖_K = sup{|g(ξ, η)| : (ξ, η) ∈ ∂Ω^∗ × K}. The same results hold in the case supp χ = {ξ ∈ C ; Re ξ ≥ σ}, s_1 ∈ {−∞} ∪ (−∞, σ], s_2 ∈ R, s_2 > σ.

Remark 4.4. We observe that, in order to apply this result, we only need that the function g to be analytic in a bounded complex rectangle.

This Lemma is a parameter (with respect to η) version of a Lemma by Lazutkin in [La2]. The proof of the present version of the Lemma can be found in [Fo3]. Using the previous technical lemma, we will construct a right inverse of the operator △_h.

Lemma 4.4. Let D_0 = D_0(τ^±_1 , τ_2, 0). Then there is a continuous operator △^{−1}_h : A(D_0, W ) → A(D_0, W ) such that given g ∈ A(D_0, W ), f = △^{−1}_h g is a solution of the equation f(s + h, Y ) − f(s, Y ) = g(s, Y ) for s, s + h ∈ D_0, Y ∈ W (4.15) and its operator norm verifies ‖△^{−1}_h ‖ ≤ C_{D0} e^{h/τ2} h^{−1}, where the constant C_{D0} only depends on the size of the domain D_0.

Proof. Let χ : R →[0, 1], be the Lipschitz function defined by

χ(u) = 1 if u ≤ τ^−_1 1 −^{u−τ −1}_{τ +1 −τ −1} if τ^−_1 < u < τ^+_1 0 if u ≥ τ^+_1 .

Let χ_+(s) = χ(Re s) and χ_−(s) = 1 − χ_+(s), defined in C . We observe that supp χ_+ = {s ∈ C : Re s ≤ τ^+_1 } and supp χ_− = {s ∈ C : Re s ≥ τ^−_1 }.

Moreover it is clear that D_0 = D^+_0 ∩^∘supp χ_+ and D_0 = D^−_0 ∩^∘supp χ_−. Let ρ = τ^{−1}_2 and g ∈ A(D_0, W ). By Lemma 4.3, the functions g_±(s, Y ) = 1 2πi 1 cosh(ρs) ∫ ∂D_0 χ_±(ξ) cosh(ρξ) ξ − s g(ξ, Y ) dξ belong to A(D^±_0 , W ) respectively. Moreover, by 4) of Lemma 4.3, we have |g_±(s, Y )| ≤ [‖χ_±‖ + 1 2π Lip χ_± length(∂D_0)] ‖g‖ | cosh(ρs)| max ξ∈∂D_0 | cosh(ρξ)| ≤ C_{D0} ‖g‖ 1 | cosh(ρs)| for (s, Y ) ∈ D^±_0 × W

(4.16) where ‖g‖ means sup_{D0 ×W} |g(s, Y )|.

Now we construct the inverse of △_h. Given (s, Y ) ∈ D^+_0 × W , we define f_+(s, Y ) = − ∑ k≥0 g_+(s + kh, Y ).

A direct substitution shows that f_+ satisfies (4.15) in D^+_0 × W . In the same way, if (s, Y ) ∈ D^−_0 × W , f_−(s, Y ) = ∑ k≥1 g_−(s − kh, Y ) satisfies (4.15) in D^−_0 × W .

Until the end of the proof, C_{D0} will be a generic constant which may take different values in different formulas but only depends on D_0 and τ_1 = max{|τ^+_1 |, |τ^−_1 |}.

These series are convergent. Indeed, from (4.16) we have, for (s, Y ) ∈ D^+_0 × W |f_+(s, Y )| ≤ ∑ k≥0 |g_+(s + kh, Y )| ≤ C_{D0} ‖g‖ ∑ k≥0 1 | cosh(ρ(s + kh))| ≤ C_{D0} ‖g‖ ∑ k≥0 1 cosh(ρ(Re s + kh))| cos(ρ Im s)| ≤ C_{D0} ‖g‖ 2 cos(1) e^{−ρ Re s} ∑ k≥0 e^{−ρhk} ≤ C_{D0} ‖g‖ 1 1 − e^{−ρh} e^{−ρ Re s} ≤ C_{D0} ‖g‖h^{−1}e^{ρh}e^{−ρ Re s}. In the same way we obtain, for (s, Y ) ∈ D^−_0 × W |f_−(s, Y )| ≤ C_{D0} ‖g‖h^{−1}e^{ρh}e^{ρ Re s}. Now we consider the function f : D_0 × W → C , defined by f = f_+ + f_−. It is clear that

△_hf(s, Y ) = △_hf_+(s, Y ) + △_hf_−(s, Y ) = g_+(s, Y ) + g_−(s, Y ) = g(s, Y ) for s, s + h ∈ D_0, Y ∈ W . Moreover, since ρ = τ^{−1}_2 , on D_0 × W , |f(s, Y )| ≤ C_{D0} ‖g‖h^{−1}e^{(τ1+h)/τ2} = C_{D0} ‖g‖h^{−1}e^{h/τ2} . Then the f so constructed solves (4.15). □ 4.5.3. A useful parameterization of the solutions of the system (4.3).

In this section we give a good parameterization of a set of solutions passing through x = δ, of the system associated to the vector field X. We introduce an additional parameter, s ∈ C , to be able to reach {x = δ} and to obtain useful properties of the parameterization.

We recall that we denote by z_0(u, Y ) the solution of the unperturbed system ẋ = v + f(x) v̇ = −vf^′(x) such that z_0(0, Y ) = (δ, Y ). In a similar way as in Lemma 4.2 we can prove that the image by z_0 of Δ_1 = D_0(κ^±_1 −τ, κ_2, 3κ_3)×W (2r_1) is contained in U_0(κ^±_1 , κ_2, 3κ_3, r_0) (we recall that r_1 < r_0/2). Moreover, z_0 is analytic on Δ_1 and continuous on its boundary. Therefore, since the vector field X_0 is analytic on U_0(κ^±_1 , κ_2, 3κ_3, r_0), a fundamental matrix M(u) of the system d du z = DX_0(z_0(u, Y ))z

is analytic on D_0(κ^±_1 − τ, κ_2, 2κ_3) and continuous on its boundary. Moreover as we pointed out in (4.11), M(u) and M^{−1}(u) are bounded in D_0(κ^±_1 − τ, κ_2, 2κ_3).

Now we present the parameterization of the solutions of the system (4.3). Proposition 4.1. If ε and μ are small enough then a set of solutions of the equation (4.3) can be expressed as parameterized curves (z(t, s, Y ), t/ε) = (x(t, s, Y ), v(t, s, Y ), t/ε) with (t, s, Y ) ∈ Ũ defined by Ũ = D(κ^±_1 − τ, κ_2, 2κ_3) × W (2r_1), satisfying the following properties:

1) t → z(t, s, Y ) is a solution of system (4.3). 2) z(t, s, Y ) is C^1 and analytic in (s, Y ). 3) z(t + 2πε, s, Y ) = z(t, s + 2πε, Y ). 4) The solution of the system (4.3) is of the form z(t, s, Y ) = z_0(t + s, Y ) + με^qz_1(t, s, Y ) with sup_~ U |z_1(t, s, Y )| ≤ K. 5) For all Y ∈ W (2r_1), z(0, 0, Y ) = (δ, Y ).

Proof. If (z(t, s, Y ), t/ε) = (z_0(t + s, Y ) + με^qz_1(t, s, Y ), t/ε) is a solution of the equation (4.3), where z_0 is a solution of the unperturbed equation, it is clear that ż_1 = DX_0(z_0(t + s, Y ))z_1 + b(z_1)(t, s, Y )

(4.17) with b(z_1)(t, s, Y ) = 1 με^q [ X_0(z(t, s, Y )) − X_0(z_0(t + s, Y )) −με^qDX_0(z_0(t + s, Y ))z_1(t, s, Y ) ] +X_1(z(t, s, Y ), t/ε). (4.18) Thus, z_1 is a solution of (4.17) if and only if z_1(t, s, Y ) = M(t + s) [ M^{−1}(s)c(s, Y ) + ∫_t 0 M^{−1}(σ + s)b(z_1)(σ, s, Y ) dσ ] (4.19)

where M(u) is a fundamental matrix of the homogeneous system. At this point c(s, Y ) is an arbitrary function. We choose the function c(s, Y ) as follows. We consider

g(z_1)(s, Y ) = − ∫_{2πε} 0 M^{−1}(σ + s)b(z_1)(σ, s, Y ) dσ (4.20)

and we take c(z_1)(s, Y ) ≡ c(s, Y ) = M(s)△^{−1}_{2πε}g(z_1)(s, Y ) (4.21)

where △^{−1}_{2πε} is the operator defined in Lemma 4.4. This choice of c(s, Y ) is the one which will permit us to check that an operator to be defined below is well defined in its domain.

We define Σ to be the space of functions z_1 : Ũ → C^2 such that z_1 ∈ Σ if and only if z_1 satisfies

(a) z_1(t, s, Y ) is C^0 and analytic on (s, Y ).

(b) For all (t, s, Y ) ∈ Ũ such that (t + 2πε, s) ∈ D(κ^±_1 − τ, κ_2, 2κ_3), we have that z_1(t + 2πε, s, Y ) = z_1(t, s + 2πε, Y ). (c) ‖z_1‖ = sup_Ũ |z_1(t, s, Y )| < +∞.

We endow Σ with the supremum norm and it becomes a Banach space. For any ρ > 0, we define Σ(ρ) as the closed ball of radius ρ of Σ. We define the operator G : Σ(ρ) → Σ(ρ) to be the right hand side of (4.19):

G(z_1)(t, s, Y ) = M(t + s) [ M^{−1}(s)c(z_1)(s, Y ) + ∫_t 0 M^{−1}(σ + s)b(z_1)(σ, s, Y ) dσ ]

with c(z_1) chosen as (4.21). Our goal is to prove that if ρ is suitably chosen then G has a fixed point in Σ(ρ). For that we will see that G is well defined and that it is a contraction in Σ(ρ).

First, we prove that G is well defined. Let z_1 ∈ Σ(ρ). If ρ is small, z(t, s, Y ) ∈ U(κ^±_1 , κ_2, 3κ_3, r_0) and thus, the function b(z_1) given in (4.18) is well defined. Moreover, it is clear that, since M(t + s), M^{−1}(t + s) and z_1(t, s, Y ) are C^0 and analytic in (s, Y ), the function g defined in (4.20) is analytic on Ũ. Therefore, by Lemma 4.4, the function c(z_1)(s, Y ) is analytic in Ũ. Thus G(z_1)(t, s, Y ) is also C^0 and analytic in (s, Y ).

Now we prove that the property (b) holds for G(z_1). It is clear that, since z_1 ∈ Σ and X_1(x, v, θ) is 2π -periodic in θ, b(z_1)(t + 2πε, s, Y ) = b(z_1)(t, s + 2πε, Y ). Then G(z_1)(t + 2πε, s, Y ) = M(t + 2πε + s) [ M^{−1}(s)c(s, Y ) + ∫_{t+2πε} 0 M^{−1}(σ + s)b(z_1)(σ, s, Y ) dσ ]

= M(t + s + 2πε) [ M^{−1}(s)c(s, Y ) + ∫_t −2πε M^{−1}(σ + 2πε + s)b(z_1)(σ, s + 2πε, Y ) dσ ]

and G(z_1)(t, s + 2πε, Y ) = M(t + s + 2πε) [ M^{−1}(s + 2πε)c(s + 2πε, Y ) + ∫_t 0 M^{−1}(σ + 2πε + s)b(z_1)(σ, s + 2πε, Y ) dσ ] . Thus, G(z_1)(t, s + 2πε, Y ) = G(z_1)(t + 2πε, s, Y ) if and only if M^{−1}(s)c(s, Y ) − M^{−1}(s + 2πε)c(s + 2πε, Y ) = − ∫_{2πε} 0 M^{−1}(σ + s)b(z_1)(σ, s, Y ) dσ. This last equality holds by definition of c in (4.21).

Next we will see that if we choose ρ in a suitable way, G(Σ(ρ)) ⊂ Σ(ρ). Indeed, let C_M be a constant such that ‖M(u)‖, ‖M^{−1}(u)‖ ≤ C_M . We recall that, f(s, Y ) = M^{−1}(s)c(s, Y ). By Lemmas 4.1 and 4.4 we obtain

‖f‖ ≤ C_{D0} e^{2πε/τ2} 2πε ‖g(z_1)‖ ≤ C_M C_{D0} ‖b(z_1)‖ ≤ C_M C_{D0} [K|μ|ε^q‖z_1‖^2 + Kδ^{k−1}_0 ].

Thus

‖G(z_1)‖ ≤ C^2_M C_{D0} (K|μ|ε^qρ^2 + Kδ^{k−1}_0 ) + C^2_M 4πε(K|μ|ε^qρ^2 + Kδ^{k−1}_0 ) ≤ ρ if ρ = 2C^2_M K(C_{D0} + 4πε)δ^{k−1}_0 and |μ|ε^q is small enough.

Therefore, G(σ) ∈ Σ(ρ), and the operator G is well defined. Finally we prove that G is a contraction. Let z_1 and z_2 be two functions that belong to Σ(ρ): |(G(z_1) − G(z_2))(t, s, Y )| ≤ | |M(t + s)[M_{−1}(s)(c(z_1)(s, Y ) − c(z_2)(s, Y )) (4.22) + ∫_t 0 M^{−1}(σ + s) ( b(z_1)(σ, s, Y ) − b(z_2)(σ, s, Y ) ) dσ ]| | | .

We observe that, since the operator △^{−1}_{2πε} is linear M^{−1}(s)c(z_1) − M^{−1}(s)c(z_2) = △^{−1}_{2πε}(g(z_1) − g(z_2)).

By Lemma 4.4 we have

‖M^{−1}(s)c(z_1) − M^{−1}(s)c(z_2)‖ ≤ C_{D0} e^{2πε/τ2} 2πε ‖g(z_1) − g(z_2)‖.

(4.23) Now we bound ‖b(z_1) − b(z_2)‖. Until the end of the proof, z_0, z_1 and z_2 will stand for z_0(t + s, Y ), z_1(t, s, Y ) and z_2(t, s, Y ) respectively.

It is clear that we can write b(z_1) − b(z_2) as b(z_1) − b(z_2) = 1 με^q [X_0(z_0 + με^q z_1) − X_0(z_0 + με^qz_2) − με^qDX_0(z_0)(z_1 − z_2)] +X_1(z_0 + με^qz_1, t/ε) − X_1(z_0 + με^q z_2, t/ε) = 1 με^q (X_0(z_0 + με^qz_1) − X_0(z_0 + με^q z_2)) −DX_0(z_0 + με^qz_1)(z_1 − z_2) +DX_0(z_0 + με^qz_1)(z_1 − z_2) − DX_0(z_0)(z_1 − z_2) +X_1(z_0 + με^qz_1, t/ε) − X_1(z_0 + με^q z_2, t/ε).

Using the bounds of Lemma 4.1 we get ‖b(z_1) − b(z_2)‖ ≤ |μ|ε^q K(‖z_1 − z_2‖^2 + ‖z_1‖ ‖z_1 − z_2‖) +|μ|ε^qK(‖z_1 − z_2‖^2 + ‖z_1‖ ‖z_1 − z_2‖)

(4.24) = K|μ|ε^q‖z_1 − z_2‖. Moreover, it is clear that ‖g(z_1) − g(z_2)‖ ≤ C_M 2πε‖b(z_1) − b(z_2)‖.

Then, using (4.23) and (4.24) in (4.22), we obtain

‖G(z_1) − G(z_2)‖ ≤ C_M C_{D0} e^{2πε/τ2} 2πε ‖g(z_1) − g(z_2)‖ + 4πεC^2_M ‖b(z_1) − b(z_2)‖ ≤ K(D_0, M)‖b(z_1) − b(z_2)‖ ≤ K(D_0, M)|μ|ε^q‖z_1 − z_2‖ ≤ 1 2 ‖z_1 − z_2‖ if |μ|ε^q is small enough.

Therefore, since G is a contraction, by the fixed point theorem, there exists a unique z_1 ∈ Σ(ρ) such that z_0(t + s, Y ) + με^q z_1(t, s, Y ) satisfies the conclusions of the proposition, except that z is C^0. Since z satisfies the equation z(t, s, Y ) = z(0, s, Y ) + ∫_t 0 X_μ(z(σ, s, Y ), σ/ε) dσ, it is C^1, and the proposition holds. □

4.5.4. Proof of Theorem 4.1. The proof of Theorem 4.1 has two parts. The first one consists on constructing flow box coordinates in D_0 × W using Proposition 4.1. The change of coordinates so obtained may be non canonical. In the second step we modify these flow box coordinates in such way that they become canonical.

We begin by defining w(u, θ, Y ) = z(εθ, u − εθ, Y ). Note that w is C^1 and analytic with respect to its first and third variables for (u, Y ) ∈ D_0(κ^±_1 − τ, κ_2, κ_3) × W (r_1). Moreover, since the solutions of the system (4.3) satisfy that z(t + 2πε, s, Y ) = z(t, s + 2πε, Y ), we have that w is 2π-periodic respect to its second variable. This is a very important property because it allows us to extend the domain of w with respect to the θ variable, that is, we can consider w in the domain D_0(κ^±_1 − τ, κ_2, 2κ_3) × R × W (2r_1).

We have that (w(t + s, t/ε, Y ), t/ε) (4.25) is a new parameterization of the solutions of (4.3). Indeed, ∂_t[w(t + s, t/ε, Y )] = ∂_uw(t + s, t/ε, Y ) + 1 ε ∂_θw(t + s, t/ε, Y ) = ∂_sz(t, s, Y ) + [∂_tz(t, s, Y )ε + ∂_sz(t, s, Y )(−ε)](1/ε) = ∂_tz(t, s, Y ). We observe that, if μ = 0, w(u, θ, Y ) ≡ w_0(u, Y ) = z_0(u, Y ). We denote z_1(εθ, u − εθ, Y ) by w_1(u, θ, Y ) and hence w(u, θ, Y ) = w_0(u, Y ) + με^qw_1(u, θ, Y ). In the previous arguments we have not mentioned explicitly the dependence on the parameters, but it is clear that the continuity on ε and the analyticity on μ is maintained, and in particular w is C^0 in ε and analytic in μ.

Lemma 4.5. Let κ^−_1 > 2κ_0. Under the hypotheses H1,H2, for any κ^+_1 > κ^−_1 , κ_2 > 0, κ_3 > 0 such that κ^−_1 − 3κ_3 > κ_0 there exists r > 0 small enough and two unique functions T and Y defined in U(κ^±_1 , κ_2, 0, r) such that w(T (x, v, θ), θ, Y(x, v, θ)) = (x, v). (4.26) The functions T and Y are C^1, analytic in the (x, v) variables and 2π-periodic in θ. Moreover T (x, y, θ) = T_0(x, y) + O(με^q ), Y(x, y, θ) = Y_0(x, y) + O(με^q ) where T_0 and Y_0 are defined in (4.6) and (4.7).

Proof. We define the function G(S, Y, x, v, θ, μ, ε) = w(S, θ, Y, μ, ε) − (x, v). on the set D_0(κ^±_1 − τ, κ_2, 2κ_3) × W (2r_1) × U_0(κ^±_1 , κ_2, 0, r) × R × P where P = {(μ, ε) ∈ C × R : |μ| < μ_0 and 0 < ε < ε_0} with μ_0 and ε_0 small enough. Here we put explicitly the dependence on μ and ε of the solutions.

By the definitions of T_0 and Y_0 in (4.6) and (4.7) we have that, when μ = 0, z_0(T_0(x, v), Y_0(x, v)) = ψ_0(T_0(x, v), δ, Y_0(x, v)) = (x, v)

(4.27) where ψ_0 is introduced in Section 4.4. Then G(T_0(x, v), Y_0(x, v), x, v, θ, 0, ε) = w(T_0(x, v), θ, Y_0(x, v), 0, ε) − (x, v) = z_0(T_0(x, v), Y_0(x, v)) − (x, v) = 0.

We observe that, by Proposition 4.1, G is analytic on (S, Y ) ∈ D_0(κ^±_1 −τ, κ_2, 2κ_3)× W (2r_1).

Next we study the matrix D_{S,Y} G. Since the unperturbed system is Hamiltonian with Hamiltonian F_0(x, v) = v^2 2 + vf(x) the solution z_0(u, Y ) = (z^1_0 (u, Y ), z^2_0 (u, Y )) satisfies Y^2 2 + Y f(δ) =

(z^2_0 (u, Y ))^2 2 + z^2_0 (u, Y )f(z^1_0 (u, Y )).

(4.28) Differentiating with respect to Y in (4.28) we obtain Y + f(δ) = (z^2_0 (u, Y ) + f(z^1_0 (u, Y )))∂_Y z^2_0 (u, Y ) + z^2_0 (u, Y )f^′(z^1_0 (u, Y ))∂_Y z^1_0 (u, Y ).

(4.29)

Evaluating (4.29) at (u, Y ) = (T_0(x, v), Y_0(x, v)), we get

Y_0 + f(δ) = (v + f(x))∂_Y z^2_0 (T_0, Y_0) + vf^′(x)∂_Y z^1_0 (T_0, Y_0).

Now we prove that the derivative ∂_{SY} G at μ = 0 is invertible. Using (4.27) and (4.29), the determinant of D_{S,Y} G evaluated at (S, Y ) = (T_0(x, v), Y_0(x, v)) is det(D_{SY} G) = ∂_S z^1_0 (T_0, Y_0)∂_Y z^2_0 (T_0, Y_0) − ∂_Y z^1_0 (T_0, Y_0)∂_S z^2_0 (T_0, Y_0) = X^1_0 (x, v)∂_Y z^2_0 (T_0, Y_0) − X^2_0 (x, v)∂_Y z^1_0 (T_0, Y_0) = Y_0 + f(δ) and by definition (4.7) of Y_0, we obtain det(D_{SY} G) = − √ f^2(δ) + v^2 + 2vf(x).

We recall that |v| < r < r_0, and that C_0δ^β ≤ |f(δ)| ≤ C_1δ^β, hence, by Definition 4.1, taking δ^′_0 = δ | det(D_{SY} G)|^2 ≥ f(δ)^2 − |v|^2 − 2|vf(x)| ≥ C^2_0 δ^{2β} − r^2_0 − 2r_0C_1δ^β_0 > 0.

At this point it would be natural to apply the implicit function theorem to the equation G(S, Y, x, v, θ, μ, ε) = 0. However to have a good control on the domains in which we will find the solution T , Y in terms of (x, v, θ, μ, ε) we follow the proof of the implicit function theorem using the special structure of the equation we deal with. We will work in a space of functions of the form (S, Y ) = h(x, v, θ, μ, ε). In the rest of this proof we take the norm ‖(ξ, η)‖ = max{|ξ|, |η|} for (ξ, η) ∈ C^2 . We define the space Γ of functions h : U_0 × R × P → C^2 which satisfy (we call (x, v, θ, μ, ε) the variables of h)

(a) h is C^0.

(b) h is analytic in (x, v, μ) ∈ U_0(κ^±_1 , κ_2, 0, r) × {μ ∈ C : |μ| ≤ μ_0}. (c) h is C^1 and 2π-periodic with respect to θ. (d) The norm ‖h‖_Γ = sup_{U0×R×P} ‖h(x, v, θ, μ, ε)‖ + sup_{U0 ×R×P} ‖∂_θh(x, v, θ, μ, ε)‖ ≡ ‖h‖_∞ + ‖∂_θh‖_∞ is bounded.

We endow Γ with the norm ‖.‖_Γ and it becomes a Banach space. We call Γ(ρ) the closed ball of radius ρ of Γ, centered at (T_0(x, v), Y_0(x, v)) ∈ Γ. We observe that, since (T_0(x, v), Y_0(x, v)) does not depend on θ, for any h ∈ Γ(ρ), ‖h − (T_0, Y_0)‖_Γ = ‖h − (T_0, Y_0)‖_∞ + ‖∂_θh‖_∞.

We define the operator G : Γ(ρ) → Γ(ρ) by G(h)(x, v, θ, μ, ε) = h − (D_{S,Y} G(T_0, Y_0, x, v, θ, 0, ε))^{−1}G(h, x, v, θ, μ, ε), where in the right hand side, h = h(x, v, θ, μ, ε), T_0 = T_0(x, v) and Y_0 = Y_0(x, v). G is well defined. Indeed, let h ∈ Γ(ρ) with ρ small enough. By Section 4.5.1 (T_0, Y_0) ∈ D_0(κ^±_1 − τ, κ_2, κ_3) × W (r_1), thus , if ρ is small enough, h ∈ D_0(κ^±_1 − τ, κ_2, 2κ_3) × W (2r_1) and then G(h) ∈ Γ. Next we will check that G(h) ∈ Γ(ρ).

To shorten the notation we will not write the dependence on the variables (x, v, θ, ε), and we will denote (T_0, Y_0) by h_0. By Taylor’s theorem, G(h)(μ) = h − (D_{S,Y} G(h_0, 0))^{−1}G(h, μ) = h − (D_{S,Y} G(h_0, 0))^{−1} ( G(h_0, 0) + DG(h_0, 0)(h − h_0, μ)^T + ∫_1 0 (DG(Z(ζ)) − DG(h_0, 0))(h − h_0, μ)^T dζ )

where DG ≡ (∂_S G, ∂_Y G, ∂_μG) and Z(ζ) = (h_0 + ζ(h − h_0), ζμ). We observe that G is well defined in Z(ζ) for all ζ ∈ [0, 1]. Then, using that G(h_0, 0) = G(T_0, Y_0, 0) = 0, we obtain

G(h)(μ) = h_0 − (D_{S,Y} G(h_0, 0))^{−1} ( μ∂_μG(h_0, 0) − ∫_1 0 (DG(Z(ζ)) − DG(h_0, 0))(h − h_0, μ)^T dζ ) .

We observe that

∂_μG(h_0, μ) = ε^qw_1(T_0, θ, Y_0, μ, ε) + με^q∂_μw_1(T_0, θ, Y_0, μ, ε).

(4.30)

Since G is analytic in h, G has its second derivative with respect to h bounded in D_0(κ^±_1 − τ, κ_2, 2κ_3) × W (2r_1), restricting κ_3 if necessary. Therefore ‖G(h) − h_0‖_∞ ≤ K(|μ|ε^q + ρ^2 + ρ|μ|) ≤ ρ/2 if ρ and |μ|ε^q are small enough. Here we have used that ‖∂_μG(h_0, 0)‖_∞ = O(ε^q ) is bounded and that, by the mean value theorem, ‖ [ D_{S,Y} G(Z(ζ)) − D_{S,Y} G(h_0, 0) ] (h − h_0)‖_∞ ≤ Kρ(ρ + |μ|). Using (4.30), we have that ∂_{θμ}G = O(ε^q ).

Moreover, since h_0 does not depend on θ, and that ∂_θw(S, θ, Y ) = O(με^q ) and consequently ∂_θD_{SY} G = O(με^q ), we have that ‖∂_θG(h)(μ)‖ ≤ |μ||K ∫_1 0 |∂_θ(DG(Z(ζ)) − DG(h_0, 0))(h − h_0, μ)^T | dζ ≤ |μ|K| ( ∫ 1 0 ζ|∂_θ DG(Z(ζ))(∂_θ h, 0)^T (h − h_0, μ)^T | dζ + ∫_1 0 |(DG(Z(ζ)) − DG(h_0, 0))(∂_θh, 0)^T dζ )

≤ |μ|K|(|μ|ε^q ρ^2 + |μ|ε^q + ρ^3) ≤ ρ/2 if |μ|ε^q is small enough. In fact we can take ρ = O(με^q ).

The operator G is a contraction, thus the fixed point theorem can be applied, and we find functions T and Y such that for any (x, v, θ, μ, ε) ∈ U(κ^±_1 , κ_2, 0, r) × P , w(T , θ, Y, μ, ε) = (x, v). □ Now we prove that the flow can be straightened in U(κ^±_1 , κ_2, 0, r). Proposition 4.2. Let κ^−_1 > 2κ_0. If the hypotheses H1, H2 hold, for any κ^+_1 > κ^−_1 , κ_2 > 0, there exists r > 0 and a change of variables (x, v, θ = t ε ) ∈ U(κ^±_1 , κ_2, 0, r) → (T, F, θ) = (T (x, v, θ), F(x, v, θ), θ) ∈ Ṽ analytic in the x, v variables, C^1 and 2π-periodic in θ, such that it transforms the system (4.3) to Ṫ = 1 Ḟ = 0 θ̇ = 1/ε and satisfies T (x, v, θ) = T_0(x, v) + O(με^q ) , F(x, v, θ) = F_0(x, v) + O(με^q ) where (x, v) → (T_0(x, v), F_0(x, v)) is the corresponding change for the unperturbed system and is given in (4.6) and (4.4).

Proof. We fix (x, v) ∈ U_0(κ^±_1 , κ_2, 0, r) and we consider the solution ψ(t) of the system (4.3) such that ψ(0) = (x, v, 0). By Lemma 4.5, there exist T (x, v, 0) and Y(x, v, 0) such that w(T (x, v, 0), 0, Y(x, v, 0)) = (x, v). Moreover since the solutions of (4.3) can be parameterized as (4.25), taking s = T and Y = Y in (4.25) we obtain that ψ̃(t) ≡ (w(T (x, v, 0) + t, t/ε, Y(x, v, 0)), t/ε), (4.31) also is a solution of (4.3) such that ψ̃(0) = (x, v, 0) = ψ(0). By uniqueness, ψ̃ = ψ. On the other hand, if t is such that, ψ(t) ∈ U(κ^±_1 , κ_2, 0, r), by Lemma 4.5, applying (4.26) with (x, v, θ) = ψ(t), we obtain ψ(t) = (w(T (ψ(t)), t/ε, Y(ψ(t))), t/ε). (4.32) Therefore (4.31) and (4.32) give us two expressions for the same solution ψ(t). We observe that, T_0(x, v) + t = T_0(ψ_0(t)) therefore, by the uniqueness of the functions T and Y given in Lemma 4.5, we have T (ψ(t)) = T (x, v, 0) + t (4.33) Y(ψ(t)) = Y(x, v, 0) and then d dt T (ψ(t)) = 1 d dt Y(ψ(t)) = 0.

We define a new function F(x, v, θ) = F_0(δ, Y(x, v, θ)) where F_0 is the Hamiltonian of the unperturbed system given in (4.4). We recall that ‖Y − Y_0‖_∞ = O(με^q ), then, since F_0 is constant along the trajectories of the unperturbed system, F(x, v, θ) = F_0(δ, Y_0(x, v)) + O(με^q ) = F_0(x, v) + O(με^q ).

Therefore, from (4.33), it is easily seen that (T, F, θ) = (T (x, v, θ), F(x, v, θ), θ) transforms (4.3) in U(κ^±_1 , κ_2, 0, r) to Ṫ = 1 Ḟ = 0 θ̇ = 1/ε and the statement holds. □

Now we turn to modify the change of variables to get a canonical one. Before starting the result we need some preliminary calculations.

We denote by ψ(t, x, v) the solution of the system (4.3) such that (x, v, 0) = ψ(0). In the proof of the Proposition 4.2, concretely in (4.33), we have seen that T (ψ(t)) = T (x, v, 0) + t (4.34) F(ψ(t)) = F(x, v, 0). We introduce the matrix Φ(t) = ( ∂_xT (ψ(t)) ∂_vT (ψ(t)) ∂_xF(ψ(t)) ∂_vF(ψ(t)) ) . Differentiating with respect to (x, v) in both sides of (4.35), we obtain Φ(t) ( ∂_xψ_1(t) ∂_vψ_1(t) ∂_xψ_2(t) ∂_vψ_2(t) ) = Φ(0).

Since system (4.3) is Hamiltonian, det ( ∂_xψ_1(t) ∂_v ψ_1(t) ∂_xψ_2(t) ∂_v ψ_2(t) ) = 1 and therefore det Φ(t) = det Φ(0)

(4.35) for all t for which the solution is defined. Moreover, we know that for μ = 0, det Φ(t) = det Φ(0) = 1, thus det Φ(t) = 1 + με^qg̃(ψ(t)) where g̃ = g̃(x, v, θ) is some C^1 function, analytic in (x, v) and 2π-periodic in θ. Moreover from (4.35) it is clear that d dt g̃(ψ(t)) = 0.

(4.36) We define the function g : U_g → C , by g(T, F, θ) = g̃(w(T, θ, f(δ) − √ f^2(δ) + 2F ), θ).

The function g is C^1, analytic in (T, F ) and 2π-periodic in θ. If we differentiate with respect to the time, t, in g evaluated on the solutions of Ṫ = 1, Ḟ = 0, θ̇ = 1/ε, by (4.36), we get the following equality: 0 = ∂_T g + 1 ε ∂_θg. (4.37) To deal with equation (4.37), we define the change (ξ, η) = (T + εθ, T − εθ) and the function h(ξ, η, F ) = g((ξ + η)/2, F, (ξ − η)/2ε) defined in {(ξ, η, F ) ∈ C^3 : ((ξ + η)/2, F, (ξ − η)/2ε) ∈ U_g}. Then, by (4.37) ∂_ξh = 0 therefore, g(T, F, θ) = h(T + εθ, T − εθ, F ) = h(0, T − εθ, F ) is a function that only depends on first integrals of the system (4.3). We define the function ρ(F, S) by the condition

1 + ∂_F ρ(F, S) = 1 1 + με^qh(0, S, F ) . We remark that, since h is analytic in F and S, the function ρ is O(με^q ).

Proposition 4.3. The change of variables defined by (x, v, θ = t/ε) ∈ U(κ^±_1 , κ_2, 0, r) → (T, I, θ) = (T (x, v, θ), I(x, v, θ), θ) ∈ V with I(x, v, θ) = F(x, v, θ) + ρ(F(x, v, θ), T (x, v, θ) − θε) is canonical and is such that transforms the system (4.3) to Ṫ = 1 İ = 0 θ̇ = 1/ε. Moreover, T (x, v, θ) = T_0(x, v) + O(με^q ) and I(x, v, θ) = F_0(x, v) + O(με^q ) where T_0 and F_0 is the corresponding change in the unperturbed case.

Proof. Let I = I(x, v, θ) be as in the statement. Along the solutions of (4.3), İ = Ḟ + D_F ρ(F, S)Ḟ + D_S ρ(F, S)(Ṫ − εθ̇) = 0. Thus, this change transforms the system (4.3) to Ṫ = 1, İ = 1, θ̇ = 1/ε.

To see that the change is canonical we only have to calculate the determinant of C(x, v, θ) = ( ∂_xT ∂_v T ∂_xI ∂_vI ) . We have det C(x, v, θ) = ∂_xT ∂_vI−∂_v T ∂_xI = [∂_v F + ∂_F ρ(F, T − θε)∂_v F + ∂_S ρ(F, T − θε)∂_vT ] ∂_xT − [∂_xF + ∂_F ρ(F, T − θε)∂_xF + ∂_S ρ(F, T − θε)∂_xT ] ∂_v T = (∂_v F∂_xT − ∂_xF∂_vT )(1 + ∂_F ρ(F, T − θε)) = (1 + με^qh(0, T − θε, F))(1 + ∂_F ρ(F, T − θε)) = 1. □ Now we turn to the system in the original variables (x, y, θ). We define T^1(x, y, θ) = T (C(x, y, θ)) I^1(x, y, θ) = I(C(x, y, θ)) where C defined in (4.2). It is clear that the change (x, y, θ) ∈ V (κ^±_1 , κ_2, 0, r) → (T, I, θ) = (T^1(x, y, θ), I^1(x, y, θ), θ) ∈ V is canonical, since it is the composition of two canonical changes. Moreover Ṫ = 1 İ = 0 and T^1(x, y, θ) = T_0(x, y − f(x)) + O(με^q ) I^1(x, v, θ) = I_0(x, y − f(x)) + O(με^q ) = F_0(x, y − f(x)) + O(με^q ) where T_0(x, y − f(x)) and F_0(x, y − f(x)) = h_0(x, y) is the change when μ = 0 in the original variables. This ends the proof of Theorem 4.1.

4.6. Proof of the Theorem 4.2 We consider the averaged system obtained in Proposition 3.1 in Chapter 3 whose equation is:

ẋ = y + με^{p+3}∂_yF_{2n−2}(x, y, θ) + μ^2ε^{p+2}∂_yR_{2k−2}(x, y) ẏ = −V^′(x) − με^{p+3}∂_xF_{2n−2}(x, y, θ) − μ^2ε^{p+2}∂_xR_{2k−2}(x, y) (4.38) θ̇ = 1/ε. We denote by γ̃^s_{μ,ε}(t, s) = (α̃^s_{μ,ε}(t, s), β̃^s_{μ,ε}(t, s)) the stable curve of this system and by γ_0(t + s) = (α_0(t + s), β_0(t + s)) the homoclinic orbit of the unperturbed system.

We fix T > 0 big enough, then for κ^−_1 = T − 1, κ^+_1 = 2T + 1 and κ_2 = 3a/2 we have that γ_0(t + s) ∈ V_0(κ^±_1 ∓ 1, 2κ_2/3, 0, 0) for T ≤ t + Re s ≤ 2T and | Im s| ≤ a.

We observe that the averaged system (4.38) satisfies the hypotheses H1, H2, of Theorem 4.1 with q = p + 2, therefore there exists r < r_0 small enough and a canonical change of variables, defined in the set V (κ^±_1 , κ_2, 0, r), which we denote by (T, I) = (T^1(x̄, ȳ, θ), I^1(x̄, ȳ, θ)), such that transforms the system (4.38) to Ṫ = 1 İ = 0.

Moreover, T^1(x̄, ȳ, θ) = T_0(x̄, ȳ) + O(με^{p+2}) and I^1(x̄, ȳ, θ) = I_0(x̄, ȳ) + O(με^{p+2}).

We must see that the parametric representation of the stable manifold of system (4.38) enters the domain of analyticity of (T^1(x, y, θ), I^1(x, y, θ)).

Using the above definition, it is clear that, by continuity, for (t, s) such that T ≤ t + Re s ≤ 2T and | Im s| ≤ a we have that γ̃^s_{μ,ε}(t, s) ∈ V_0(κ^±_1 , κ_2, 0, r) if |μ| is small enough.

We call C the change from the initial to the averaged systems, defined in Proposition 3.1 in Chapter 3. We write (x, y, θ) = C(x̄, ȳ, θ). Where (x̄, ȳ) denote the variables of the averaged systems. Moreover, we know that (x, y) = (x̄, ȳ) + O(με^{p+1}).

We define new flow box coordinates (T^2(x, y, θ), I^2(x, y, θ)) = (T^1(C^{−1}(x, y, θ)), I^1(C^{−1}(x, y, θ))).

Since the change C is O(με^{p+1}) close to the identity and canonical, the new change is also canonical and satisfies (T^2(x, y, θ), I^2(x, y, θ)) = (T^2_0 (x, y), I^2_0 (x, y)) + O(με^{p+1}).

The change T^2_0 (x, y), I^2_0 (x, y) = h_0(x, y) is the corresponding change for μ = 0. The domain of the new change is C(V (κ^±_1 , κ_2, 0, r)). Moreover it is clear that the change (T, I) = (T^2(x, y, θ), I^2(x, y, θ)) transforms the system (1.1) of Chapter 1 to Ṫ = 1 İ = 0.

Let γ^s_{μ,ε}(t, s) be the parameterization of the stable manifold of system (1.1) of Chapter 1 given in Theorem 3.1. Since γ^s_{μ,ε} = C(γ̃^s_{μ,ε}) we have that γ^s_{μ,ε} belongs to the domain of the new flow box coordinates.

We define a new change of variables. Let s_0 be such that | Im s_0| ≤ a and t_0 ∈ R. We define (x^∗, y^∗) = γ^s_{μ,ε}(T − Re s_0, s_0) and the parameter τ = s_0 − T^2(x^∗, y^∗, (T − Re s_0)/ε) − t_0.

We observe that, if μ = 0, the constant τ is τ = ∫_C1_{(δ,f (δ),0)} x_0 ds √ 2h_0(x^∗, y^∗) − 2V (s) − t_0 where C^1 denotes the first component of the change and x_0 is the initial condition of γ_0 as is defined in hypothesis HP1. τ does not depend on (x^∗, y^∗) while (x^∗, y^∗) belongs to the stable manifold of the unperturbed system.

We define the functions S(x, y, θ) = T^2(x, y, θ) + τ E(x, y, θ) = I^2(x, y, θ) − I^2(x^∗, y^∗, θ). Next we will see that, since Ṫ^2 = 1 and İ^2 = 0, we have that for s = s_0, S(γ^s_{μ,ε}(t, s_0), t/ε) = t − t_0 + s_0.

Indeed, using the definition of τ S(γ^s_{μ,ε}(t, s_0), t/ε) = T^2(γ^s_{μ,ε}(t, s_0), t/ε) + τ = t + T^2(γ^s_{μ,ε}(T − Re s_0, s_0), (T − Re s_0)/ε) + τ = t + T^2(x^∗, y^∗, (T − Re s_0)/ε) + τ = t + s_0 − t_0.

Let s ∈ C , s ≠ s_0. Using that, for the unperturbed Hamiltonian system we have that S_0(γ_0(t + s)) = t − t_0 + s and the estimates S(x, y, θ) = S_0(x, v) + O(με^{p+1}), γ^s_{μ,ε}(t, s) = γ_0(t + s) + O(με^{p+1}), we obtain S(γ^s_{μ,ε}(t, s), t/ε) = t − t_0 + s + με^{p+1}X (s). We note that we have X (s_0) = 0, and that we have a lot of freedom to choose s_0 and t_0. Each choice gives a slightly different definition of S.

We also note that X (s) is 2πε-periodic in s. Indeed, we have that S(γ^s_{μ,ε}(t, s + 2πε), t/ε) = t − t_0 + s + 2πε + με^{p+1}X (s + 2πε) S(γ^s_{μ,ε}(t + 2πε, s), t/ε) = t − t_0 + 2πε + s + με^{p+1}X (s) and, since γ^s_{μ,ε}(t, s + 2πε) = γ^s_{μ,ε}(t + 2πε, s), from the previous equations we obtain X (s + 2πε) = X (s).

Finally, E(γ^s_{μ,ε}(t, s), t/ε) = I^2(γ^s_{μ,ε}(t, s), t/ε) − I^2(x^∗, y^∗, 0) = 0.

This ends the proof of Theorem 4.2.

5. The Extension Theorem

This short Chapter is devoted to recall the statement of the extension theorem which is given in [DS2]. This theorem is stated for systems of the form ẋ = y + με^p∂_yh_1(x, y, t/ε) ẏ = −V^′(x) − με^p∂_xh_1(x, y, t/ε) such that the unperturbed system has a homoclinic orbit, γ_0(u) = (α_0(u), β_0(u)) and β_0 is an analytic function in | Im u| < a and has singularities at u = ±ia which are poles.

Following the proof in [DS2] one can see that one can replace the condition of u = ±ia being poles by u = ±ia being branching points in the sense we have introduced in HP1 in Chapter 1. For this reason here we do not reproduce the proof of the extension theorem.

The goal of this theorem is to extend the domain of the parameterization γ^u_{μ,ε}(t, s) of the unstable manifold until (in our case produced in Chapter 3) γ^u_{μ,ε} enters the domain of the flow box coordinates. To do this, the parameterizations γ^u_{μ,ε}(t, s) and γ_0(t + s) are compared in the complex domain D^{ext}_ε : D^{ext}_ε ≡ {(t, s) ∈ R × C : |t + Re s| ≤ 2T , | Im s| ≤ a − ε}. The extension theorem gives a useful bound for the distance between the unstable manifold γ^u_{μ,ε} and the homoclinic orbit γ_0 of the unperturbed system for (t, s) ∈ D^{ext}_ε . That is, γ^u_{μ,ε}(t, s) − γ_0(t + s) = O(με^ν ), where ν is a parameter which depends on the system.

Therefore, if ν ≥ 0 and μ and ε are small enough γ^u_{μ,ε}(t, s), for some values of (t, s), belongs to the domain of the flow box coordinates.

The extension theorem is Theorem 5.1. Let z(t, s) = (x(t, s), y(t, s)) be a family of solutions of ẋ = y + με^p∂_yh_1(x, y, t/ε, μ, ε) ẏ = −V^′(x) − με^p∂_xh_1(x, y, t/ε, μ, ε) defined for t_0 + Re s = −2T , for some T > 0, such that z(t_0, s) − γ_0(t_0 + s) − με^{p+1}G(γ_0(t_0 + s), t_0/ε, μ, ε) = O(με^{p+2}), where G is the function such that ∂_θG(x, y, θ, μ, ε) = (∂_yh_1(x, y, θ, μ, ε), −∂_xh_1(x, y, θ, μ, ε)) and has zero mean with respect to θ, and (t_0, s) ∈ D^{ext}_ε verifies t_0 + Re s = −2T .

Let ℓ be defined by (1.2). We assume that ν ≡ p − ℓ ≥ 0. Then, there exist ε_0, μ_0 and K such that the solution z(t, s) can be extended to values of t ∈ [t_0, 2T − Re s], with the bound |z(t, s) − γ_0(t + s)| ≤ Kμε^{p−ℓ} (5.1)

5. THE EXTENSION THEOREM 61

for (t, s) ∈ D^{ext}_ε , 0 < ε ≤ ε_0 and |μ| ≤ μ_0.

Remark 5.1. Theorem 5.1 is also valid if V is a trigonometric polynomial and we assume that h_1 is also a trigonometric polynomial in x and a polynomial in y. We observe that in this case α_0(u) ∼ iC log(u ∓ ia) near of singularity u = ±ia with C a constant which depends on the degree of V . (See [DS2] for more details about this case).

Remark 5.2. We note that, if s ∈ R, the estimate (5.1) can be improved. Concretely, for (t, s) ∈ R^2 such that −2T ≤ t + s ≤ 2T we have that

z(t_0, s) − γ_0(t_0 + s) = O(με^{p+1}).

6. Splitting of separatrices

6.1. Introduction

This chapter is devoted to prove Theorem 1.1 and Corollary 1.1. To prove these results we will use the results established in the previous chapters. In particular the parameterization of the stable manifold, in Chapter 3 and the flow box coordinates developed in Chapter 4 will play an important role. Let ẋ = y + με^p∂_yh_1(x, y, t/ε) (6.1) ẏ = −V^′(x) − με^p∂_xh_1(x, y, t/ε). We recall that, in Chapter 4, we have constructed flow box coordinates (S, E) = (S(x, y, t/ε), E(x, y, t/ε)) defined in a complex neighborhood of a piece of the stable manifold of the system (6.1). In these coordinates the original system becomes the simple equation: Ṡ = 1, Ė = 0.

These variables evaluated on the parameterization of the stable manifold of the system (6.1), γ^s_{μ,ε}(t, s) (with s depending on the initial condition) take the values S(γ^s_{μ,ε}(t, s), t/ε) = t − t_0 + s + με^{p+1}X (s), E(γ^s_{μ,ε}(t, s), t/ε) = 0. We can prove the existence of primary homoclinic points by using that the Poincaré map is area preserving and that the system (6.1) is a perturbation of one which has a homoclinic connexion. Moreover, by the extension theorem, we get that the parameterization of the unstable manifold γ^u_{μ,ε}(t, s) enters, for some values of (t, s), into the domain of the flow box coordinates.

In flow box coordinates the stable manifold corresponds to E = 0. We will see that, in these variables, the unstable manifold can be written as E = ϕ(S), with ϕ a suitable function, therefore we have the following situation:

Consequently the area of the lobe generated by two consecutive intersections between the stable and the unstable manifold, expressed in flow box coordinates, is A = | | | | | ∫¯_{S0} S_0 ϕ(S) dS | | | | | . (6.2)

The function ϕ is called the splitting function. Since the change from the original variables to the flow box variables is canonical, the area given by (6.2) is the same as the area of the corresponding lobe in the original variables (x, y).

The scheme of the proof is the same as the one given in [DS2]. For the convenience of the reader we present the main points of it. In Section 6.2 we construct the splitting function and we establish its properties. In Section 6.3 we prove the main results. The flow box coordinates we use and the definition of the splitting function permit to prove that the Melnikov function is a good approximation of the splitting function.

Finally we will prove Corollary 1.1. We recall that we consider the case that the singularities of the homoclinic orbit may be branching points in the sense we have indicated in Chapter 1. This case is not considered in [DS2]. This fact forces several technicalities in the computation of the Melnikov function.

The asymptotic computations of the Melnikov function are deferred to Section 6.4.

6.2. The splitting function

To define the splitting function and to establish the properties we shall need we begin by recalling some notation and some previous results.

We recall the definitions of the sets D^{ext}_ε = {(t, s) ∈ R × C : |t + Re s| ≤ 2T , | Im s| ≤ a − ε}, D^s = {(t, s) ∈ R × C : t + Re s ≥ T , | Im s| ≤ a}, D^u = {(t, s) ∈ R × C : t + Re s ≤ −T , | Im s| ≤ a}. The homoclinic orbit of the unperturbed system is

γ_0(u) = (α_0(u), β_0(u))

which is defined in (at least in) {u ∈ C : | Im u| < a}.

We denote γ^{s,u}_{μ,ε} (t, s) the parameterizations of the stable and unstable manifolds of the perturbed system and we recall that, by Theorem 3.1, the invariant curves are solutions with respect to t and satisfy γ^{s,u}_{μ,ε} (t + 2πε, s) = γ^{s,u}_{μ,ε} (t, s + 2πε). (6.3)

Moreover, γ^s_{μ,ε}(t, s) = γ_0(t + s) + O(με^{p+1}) for (t, s) ∈ D^s γ^u_{μ,ε}(t, s) = γ_0(t + s) + O(με^{p+1}) for (t, s) ∈ D^u.

We call U ≡ C(V (κ^±_1 , κ_2, 0, r)) the domain of the flow box coordinates (S, E), constructed in Chapter 4 (see in particular Theorem 4.2), which is a neighborhood of {γ_0(t + s) : T ≤ t + Re s ≤ 2T , | Im s| ≤ a}

and it is independent of μ, ε. In fact, we have chosen κ^±_1 , and κ_2 such that, γ_0(t+s) ∈ V_0(κ^±_1 ∓ 1, 2κ_2/3, 0, 0).

By the extension theorem of Chapter 5, the domain of the parameterization of the unstable manifold γ^u_{μ,ε}(t, s) can be extended to values of (t, s) ∈ D^{ext}_ε , and in this extended set verifies

γ^u_{μ,ε}(t, s) = γ_0(t + s) + O(με^ν ) where ν = p − ℓ.

Since ν ≥ 0 and γ_0(t + s) ∈ V_0(κ^±_1 ∓ 1, 2κ_2/3, 0, 0), there exist ε_0 and μ_0 such that, for all 0 < ε < ε_0, |μ| < μ_0 and (t, s) such that T ≤ t + Re s ≤ 2T and | Im s| ≤ a − ε, the manifolds γ^u_{μ,ε}(t, s) and γ^s_{μ,ε}(t, s) are so close to γ_0(t + s) that both belong to U for those values of (t, s).

The expressions S(γ^u_{μ,ε}(t, s), t/ε) − (t − t_0) and E(γ^u_{μ,ε}(t, s), t/ε) are well defined for s ∈ C such that T ≤ t + Re s ≤ 2T and | Im s| ≤ a − ε. Then choosing t arbitrarily we can define S^u(s) = S(γ^u_{μ,ε}(t, s), t/ε) − (t − t_0), E^u(s) = E(γ^u_{μ,ε}(t, s), t/ε). (6.4) Moreover, as a consequence of Theorem 4.2, they do not depend on time. We choose it in such a way that T ≤ t + Re s ≤ 2T .

Lemma 6.1. The functions S^u and E^u satisfy the following properties a) The functions S^u(s) − s and E^u(s) are 2πε-periodic with respect to s.

Hence S^u and E^u can be analytically extended for all s ∈ C such that | Im s| ≤ a − ε. b) Moreover, for s ∈ R, S = S^u(s) is real analytic and invertible, and its inverse s = s^u(S) satisfies that s^u(S) − S is O(με^{p+1}) and 2πε-periodic in S.

Proof. We prove it for S^u(s) − s. By property (6.3) and since S^u(s) − s does not depend on t, we have that S^u(s + 2πε) − (s + 2πε) = S(γ^u_{μ,ε}(t, s + 2πε), t/ε) − (t − t_0) − (s + 2πε) = S(γ^u_{μ,ε}(t + 2πε, s), (t + 2πε)/ε) − [(t + 2πε) − t_0] − s = S^u(s) − s.

Analogously, E^u(s + 2πε) = E^u(s).

Next we prove the second part of this lemma. We recall that, by Theorem 4.2: S(γ^s_{μ,ε}(t, s), t/ε) = t − t_0 + s + με^{p+1}X (s) and that, for (x, y) ∈ U S(x, y, θ) = S_0(x, y) + O(με^{p+1}) where S_0 is a flow box coordinate when μ = 0. Also, by Theorem 5.1, γ^u_{μ,ε}(t, s) − γ_0(t + s) = O(με^ν ) for any t ∈ R and s ∈ C such that T ≤ t + Re s ≤ 2T and | Im s| ≤ a − ε. Then we obtain that S^u(s) − s = S(γ^u_{μ,ε}(t, s), t/ε) − (t − t_0) − s = S_0(γ_0(t + s)) − (t − t_0) − s + O(με^ν , με^{p+1}) = O(με^ν ).

(6.5)

Since S^u(s) − s is 2πε-periodic in s and analytic in the complex strip | Im s| ≤ a − ε, we expand it in Fourier series, S^u(s) − s = ∑ k∈Z S^u_k (ε)e^{iks/ε} with S^u_k (ε) = 1 2πε ∫_{2πε} 0 (S^u(s) − s)e^{−iks/ε} ds. Moreover, for s ∈ R we can write,

S^u_k (ε) = 1 2πε ∫_{2πε} 0 [S^u(s ± i(a − ε)) − (s ± i(a − ε))] e^{−ik(s±i(a−ε))/ε} ds Thus, using the estimate (6.5), for k ≠ 0, we obtain

S^u_k (ε) = e^{−|k|(a−ε)/ε} 2πε ∫_{2πε} 0 [S^u(s ± i(a − ε)) − (s ± i(a − ε))] e^{−iks/ε} ds. = O(με^ν )e^{−|k|a/ε}. where we consider the sign + for k < 0 and the sign − for k < 0. Summing the Fourier series and applying the above equality, we deduce S^u(s) − s = S^u_0 (ε) + O(με^ν )e^{−a/ε} dS^u ds (s) − 1 = O(με^ν )e^{−a/ε}, (taking into account that^{dSu}_{ds} (s) − 1 has zero mean).

This implies that S = S^u(s) is invertible. On the other hand, if s ∈ R, by Remark 5.2 we have that γ^u_{μ,ε}(t, s) − γ_0(t + s) = O(με^{p+1}), hence S^u(s) − s = O(με^{p+1}).

Therefore S^u_0 (ε) = O(με^{p+1}). We denote s = s^u(S) its inverse which is analytic. Moreover s^u(S) − S = O(με^{p+1}). To see that s^u(S) − S is 2πε-periodic, we observe that, by a), S^u(s + 2πε) = S^u(s) + 2πε, thus s^u(S + 2πε) − (S + 2πε) = s^u(S^u(s) + 2πε) − (S + 2πε) = s^u(S^u(s + 2πε)) − (S + 2πε) = s + 2πε − (S + 2πε) = s^u(S) − S as we wanted. □ Now we define the splitting function. From Theorem 4.2 it follows that the local stable manifold γ^s_μ(t, s) (for (t, s) such that | Im s| ≤ a − ε and T ≤ t + Re s ≤ 2T ) can be written in the (S, E) coordinates: (S, E) = (S(γ^s_{μ,ε}(t, s), t/ε), E(γ^s_{μ,ε}(t, s), t/ε)) = (t − t_0 + s + με^{p+1}X (s), 0) (6.6) and the local unstable manifold γ^u_{μ,ε}(t, s) (for (t, s) such that | Im s| ≤ a − ε and T ≤ t + Re s ≤ 2T ) can be expressed as (S, E) = (S(γ^u_{μ,ε}(t, s), t/ε), E(γ^u_{μ,ε}(t, s), t/ε)) = (t − t_0 + S^u(s), E^u(s)). We consider the Poincaré map P^{t0}_{μ,ε}(x, y) = φ_{μ,ε}(2πε + t_0, t_0, x, y), where φ_μ(t, t_0, x, y) is the solution of system (6.1).

The restriction to U of the unstable curve C^u of P^{t0}_{μ,ε}, is given by γ^u_{μ,ε}(t_0, s) parametrized by s ∈ C such that T ≤ Re s ≤ 2T and | Im s| ≤ a − ε. Indeed, let W^{∗,+}(P^{t0}_{μ,ε}, 0) (∗ = s, u) be the right hand side of the stable and the unstable invariant curves of the origin of the map P^{t0}_{μ,ε}. Since the parameterizations γ^∗_{μ,ε}, ∗ = s, u, as functions of t are solutions of the system (6.1), we have that C^s ≡ {γ^s_{μ,ε}(t_0, s) : Re s + t_0 ≥ T , | Im s| ≤ a − ε} ⊂ W^{s,+}(P^{t0}_{μ,ε}, 0) C^u ≡ {γ^u_{μ,ε}(t_0, s) : Re s + t_0 ≤ −T , | Im s| ≤ a − ε} ⊂ W^{u,+}(P^{t0}_{μ,ε}, 0). Moreover, since γ^∗_{μ,ε}(t + 2πε, s) = γ^∗_{μ,ε}(t, s + 2πε), ∗ = s, u, in their respective domains, we have that P^{t0}_{μ,ε}(γ^∗_{μ,ε}(t_0, s)) = γ^∗_{μ,ε}(2πε + t_0, s) = γ^∗_{μ,ε}(t_0, s + 2πε), which means that if we consider s as the variable in C^s ⊂ W^{s,+}(P^{t0}_{μ,ε}, 0) the dynamics of P^{t0}_{μ,ε} on C^s is just s → s + 2πε. Therefore in the (S, E) variables, C^u is represented by (S, E) = (S(γ^u_{μ,ε}(t_0, s), t_0/ε), E(γ^u_{μ,ε}(t_0, s), t_0/ε)) = (S^u(s), E^u(s)). By property b) of Lemma 6.1, the equality S = S^u(s) can be inverted for values of s such that | Im s| < a − ε, s = s^u(S), thus the function ϕ which gives the variable E as a function of S, is, in fact, defined explicitly by: ϕ(S) = E^u(s^u(S)).

(6.7) We observe that the splitting function is 2πε-periodic and hence is defined on R.

The parameterization for the unstable manifold, γ^u_{μ,ε}(t, s), introduced in Theorem 3.1 is not uniquely determined. Indeed, if we take s = S + ϱ(S) where ϱ is a 2πε-periodic function which is O(με^{p+1}), then γ̄^u_{μ,ε}(t, S) = γ^u_{μ,ε}(t, S + ϱ(S)) is another parameterization which also satisfies has all properties we have proved until now.

Since s^u(S) − S is O(με^{p+1}) and 2πε-periodic in S we can introduce the new parameterization for the unstable manifold γ̃^u_{μ,ε}(t, S) = γ^u_{μ,ε}(t, s^u(S)). We do not change the parameterization for the stable manifold γ̃^s_{μ,ε}(t, S) = γ^s_{μ,ε}(t, S). Finally, after this change of parameter, the splitting function defined in (6.7) can be also represented in the form ϕ(S) = E(γ̃^u_{μ,ε}(t, S), t/ε). (6.8)

Now we state two technical lemmas from [DS2]. Given (t, s) ∈ D^{ext}_ε and ξ : D^{ext}_ε → C^2 , we introduce τ = |t + s − ia| and |ξ(t, s)|_τ = |ξ_1(t, s)| + τ|ξ_2(t, s)|.

Lemma 6.2. For t, t_0, l real and s complex, such that 0 ≤ Im s < a and −2T ≤ t_0 + Re s ≤ t + Re s ≤ 2T , t_0 + Re s < 0 we denote ρ^{−l}_{[t0,t]}(s) ≡ sup 1 |σ + s − ia|^l , if l ≠ 0 sup | ln(|σ + s − ia|)|, if l = 0 where the supremum is taken for σ ∈ [t_0, t].

Then there exists a constant K which only depends on l such that ∫_t t_0 dσ |σ + s − ia|^l ≤ Kρ^{−(l−1)} [t_0,t] (s).

(6.9)

Lemma 6.3. Let δ_0 ∈ (0, 1) and let δ : [0, +∞) → R be a function such that δ(τ) ≤ δ_0/τ^{r−1}. Suppose that ξ(t, s) and ξ̄(t, s) are two functions defined in D^{ext}_ε . We will write ξ(t, s) = ξ = (ξ_1, ξ_2) and ξ̄(t, s) = ξ̄ = (ξ̄_1, ξ̄_2). Assume that |ξ|_τ , |ξ̄|_τ ≤ δ(τ). Then, we have that

|V^′(α_0(t + s) + ξ_1) − V^′(α_0(t + s) + ξ̄_1)| ≤ K

|ξ_1 − ξ̄_1| τ^2

, (t, s) ∈ D^{ext}_ε , |g(γ_0(t + s) + ξ, t/ε) − g(γ_0(t + s) + ξ̄, t/ε)|_τ ≤ K |ξ − ξ̄|_τ τ^{ℓ−2r+1} , (t, s) ∈ D^{ext}_ε , where g(x, y, t/ε) = (∂_yh_1(x, y, t/ε), −∂_xh_1(x, y, t/ε)). Remark 6.1. Since −V^′(α_0(u)) = β̇_0(u) = α̈_0(u) has a singularity of order r + 1 at u = ia, we have that, for (t, s) ∈ D^{ext}_ε such that 0 ≤ Im s < a:

|V^{(j+1)}(α_0(t + s))| ≤ K 1 τ^{2−(j−1)(r−1)} , for j ≥ 0.

(6.10) By hypothesis HP3, h_1(x, y, θ) is a polynomial in (x, y). When we evaluate h_1 at (x, y) = γ_0(u), by the definition of ℓ in Chapter 1, the function has a singularity of order at most ℓ at u = ia, hence for (t, s) as before |∂^{k1}_x ∂^{k2}_y h_1(γ_0(t + s), t/ε)| ≤ K 1 τ^{ℓ−k1 (r−1)−k2r} , for k_1, k_2 ≥ 0.

(6.11)

Since h_1(x, y, t/ε) is 2πε-periodic in t, the Melnikov function, M(s, ε) = ∫_{+∞} −∞ {h_0, h_1}(γ_0(t + s), t/ε) dt, has the same periodicity with respect to s. We denote by M_k(ε) its Fourier’s coefficients, i.e., M(s, ε) = ∑ k∈Z M_k(ε)e^{iks/ε}. The next proposition asserts that the Melnikov function is a good approximation of E^u(s) for | Im s| ≤ a − ε and gives that, in particular when s ∈ R, the approximation is exponentially small.

Proposition 6.1. Under hypotheses HP1-HP5, S^u and E^u satisfy the following estimates:

a) For s ∈ C such that | Im s| ≤ a − ε, E^u(s) = με^pM(s, ε) + O(μ^2ε^{2ν+r−1}, με^{p+1}).

b) Let E^u_0 (ε) =^1_{2πε} ∫_{2πε} 0 E^u(s) ds. For s ∈ R, E^u(s) − E^u_0 (ε) = με^pM(s, ε) + O(μ^2ε^{2ν+r−1}, με^{p+1})e^{−a/ε}.

Proof. In Theorem 4.2 we have proved that E(γ^s_{μ,ε}(t, s), t/ε) = 0 (6.12) and E(x, y, θ) = h_0(x, y) + O(με^{p+1}). (6.13) Since E^u(s) does not depend on t, for any s we choose t = T_s with T_s = T − Re s and therefore, for (t, s) = (T_s, s), γ^u_{μ,ε}(t, s) and γ^s_{μ,ε}(t, s) belong to the domain of the flow box coordinates U. Then, from the definition (6.4) of E^u and properties (6.12) and (6.13): E^u(s) = E(γ^u_{μ,ε}(t, s), t/ε) − E(γ^s_{μ,ε}(t, s), t/ε) = h_0(γ^u_{μ,ε}(t, s)) − h_0(γ^s_{μ,ε}(t, s)) + O(με^{p+1}),

(6.14) if | Im s| ≤ a − ε. Since, for any s such that | Im s| ≤ a − ε, we have that γ^s_{μ,ε}(t, s) → 0 when t → +∞ γ^u_{μ,ε}(t, s) → 0 when t → −∞ we deduce lim t→+∞ h_0(γ^s_{μ,ε}(t, s)) = lim_{t→−∞} h_0(γ^u_{μ,ε}(t, s)) = 0.

Then h_0(γ^u_{μ,ε}(T_s, s)) − h_0(γ^s_{μ,ε}(T_s, s)) = ∫_{Ts} −∞ ∂_t [ h_0(γ^u_{μ,ε}(t, s)) ] dt − ∫_{+∞} T_s ∂_t [ h_0(γ^s_{μ,ε}(t, s)) ] dt = με^p [∫_{Ts} −∞ {h_0, h_1}(γ^u_{μ,ε}(t, s), t/ε) dt + ∫_{+∞} T_s {h_0, h_1}(γ^s_{μ,ε}(t, s), t/ε) dt ] .

Adding and subtracting the Melnikov function we can write h_0(γ^u_{μ,ε}(T_s, s)) − h_0(γ^s_{μ,ε}(T_s, s)) = με^p ∫_{−Ts} −∞ {h_0, h_1}(γ^u_{μ,ε}, t/ε) − {h_0, h_1}(γ_0, t/ε) dt + με^p ∫_{Ts} −T_s {h_0, h_1}(γ^u_{μ,ε}, t/ε) − {h_0, h_1}(γ_0, t/ε) dt (6.15) + με^p ∫_{+∞} T_s {h_0, h_1}(γ^s_{μ,ε}, t/ε) − {h_0, h_1}(γ_0, t/ε) dt + με^p ∫_{+∞} −∞ {h_0, h_1}(γ_0, t/ε) dt where γ^u_{μ,ε}, γ^s_{μ,ε} and γ_0 denote γ^u_{μ,ε}(t, s), γ^s_{μ,ε}(t, s) and γ_0(t+s) respectively. By the conclusion 4) of Theorem 3.1, the first and the third lines in (6.15) are O(μ^2ε^{2p+1}). It remains to bound the second line.

It is not difficult to see that, if we write γ^∗_{μ,ε}(t, s) = (α^∗_{μ,ε}(t, s), β^∗_{μ,ε}(t, s)) for ∗ = u, s, {h_0, h_1}(γ^∗_{μ,ε}, t/ε) − {h_0, h_1}(γ_0, t/ε) = V^′(α^∗_{μ,ε})[∂_y h_1(γ^∗_{μ,ε}, t/ε) − ∂_yh_1(γ_0, t/ε)] + [V^′(α^∗_{μ,ε}) − V^′(α_0)]∂_yh_1(γ_0, t/ε) − β^∗_{μ,ε}[∂_xh_1(γ^∗_{μ,ε}, t/ε) − ∂_xh_1(γ_0, t/ε)] − (β^∗_{μ,ε} − β_0)∂_xh_1(γ_0, t/ε). Using bounds (6.10), (6.11) and Lemma 6.3 and taking into account that, by the extension theorem, γ^u_{μ,ε} − γ_0 = O(με^ν ), we get |{h_0, h_1}(γ^u_{μ,ε}, t/ε) − {h_0, h_1}(γ_0, t/ε)| ≤ K με^ν τ^{ℓ−r+2} (we recall that τ = |t + s − ia|). Then applying the estimate (6.9) with l = ℓ − r + 2 we obtain that the second line in (6.15) is O(με^{p+ν−ℓ+r−1}). Thus

h_0(γ^u_{μ,ε}(T_s, s)) − h_0(γ^s_{μ,ε}(T_s, s)) = με^pM(s, ε) + O(μ^2ε^{2p+1}, μ^2ε^{2ν+r−1}). Now a) follows from (6.14) and from the previous expression. Note that, since ℓ ≥ r − 1, one has 2p + 1 ≥ 2ν + r − 1.

To prove b), since E^u(s) is 2πε-periodic in s and analytic in the complex strip | Im s| ≤ a − ε, we expand it in Fourier series E^u(s) = ∑ k∈Z E^u_k (ε)e^{iks/ε}. It is clear that, for s ∈ R we can write

E^u_k (ε) = 1 2πε ∫_{2πε} 0 E^u(s ± i(a − ε))e^{−ik(s±i(a−ε))/ε} ds. Thus, by the conclusion a) of this proposition about the estimate of E^u(s) in the complex domain, for k ≠ 0 we obtain

E^u_k (ε) = e^{−|k|(a−ε)/ε} 2πε ∫_{2πε} 0 E^u(s ± i(a − ε))e^{−iks/ε} ds = με^pM_k(ε) + O(μ^2ε^{2ν+r−1}, με^{p+1})e^{−|k|(a−ε)/ε}, where we consider the sign + for k < 0 and the sign − for k > 0. Here M_k(ε) are the Fourier coefficients of the Melnikov function. Now b) follows summing the Fourier series and applying the above equality. □

6.3. Proof of Theorem 1.1 and its corollary

First we will show that the function ϕ given in (6.7) can be used to measure some magnitudes related to the splitting. Then we will prove the formulas in Theorem 1.1. In the next proposition we prove the existence of primary homoclinic points and we relate the angle between the invariant manifolds and the area of the lobes with the splitting function. Moreover, we relate it with the Melnikov function. First we state a technical lemma which we will prove in Section 6.4.

Lemma 6.4. Under the standing conditions we have με^pM(S, ε) = με^ν ∑ k∈Z−{0} e^{−|k|a/ε}M_ke^{iks/ε} with M_k = O(1) uniformily in k. Therefore, με^p dM dS (S, ε) = O(με^{ν−1})e^{−a/ε}. Proposition 6.2. The function ϕ : R → R is 2πε-periodic, real analytic and satisfies the following properties:

a) There exists h^u ∈ R such that γ^u_{μ,ε}(t, h^u) = γ^s_{μ,ε}(t, h^s), for all t (giving a homoclinic orbit), with h^s = S^u(h^u). For n ∈ N, we define

h^s_n = h^s + 2πεn

which give homoclinic points. Clearly, for all n, ϕ(h^s_n) = 0. Moreover, ϕ^′(h^s_n) is independent of n, and

ϕ^′(h^s_n) = ∂_Sγ̃^s_{μ,ε}(t, h^s_n) ∧ ∂_Sγ̃^u_{μ,ε}(t, h^s_n)(1 + O(με^{p+1})) = ‖∂_Sγ̃^s_{μ,ε}(t, h^s_n)‖ ‖∂_Sγ̃^u_{μ,ε}(t, h^s_n)‖ sin ϑ(t, h^s_n)(1 + O(με^{p+1})), for all t, where ∧ denotes the exterior product on R^2 , and ϑ(t, h^s_n) is the angle between ∂_sγ̃^u_{μ,ε}(t, h^s_n) and ∂_sγ̃^s_{μ,ε}(t, h^s_n).

b) The area of the lobe between the invariant curves is given by A = | | | | | ∫¯_h h ϕ(S) dS | | | | | , where h and h̄ are two consecutive zeros of ϕ(S).

c) ϕ_0 = ∫_{hn+2πε} h_n ϕ(S) dS = 0.

d) For S ∈ R, ϕ(S) satisfies the estimate ϕ(S) ≡ E^u(s^u(S)) = με^pM(S, ε) + O(μ^2ε^{2ν+r−1}, μ^2ε^{ν+p}, με^{p+1})e^{−a/ε}. Remark 6.2. In particular the splitting function ϕ is an instrument to study the transversality of the intersections.

Proof. We begin by proving the existence of homoclinic orbits. Let P^{t0}_{μ,ε} be the Poincaré map P^{t0}_{μ,ε}(x, y) = φ_{μ,ε}(2πε + t_0, t_0, x, y).

6.3. PROOF OF THEOREM 1.1 AND ITS COROLLARY 71

Since P^{t0}_{μ,ε} is area preserving and P^{t0}_{0,ε} has a homoclinic connexion (which coincides with the homoclinic orbit of the unperturbed differential equation), a well known geometric argument, applied to P^{t0}_{μ,ε} restricted to the reals, gives that P^{t0}_{μ,ε} has (real) primary homoclinic points. Since the iterates of the homoclinic points also are homoclinic points there will be such points in U.

Then there exist h^u, h^s ∈ R, T ≤ h^u + t_0, h^s + t_0 ≤ 2T , such that z^h = γ^u_{μ,ε}(t_0, h^u) = γ^s_{μ,ε}(t_0, h^s).

Hence γ^u_{μ,ε}(t, h^u) = γ^s_{μ,ε}(t, h^s) are defined for all t ∈ R and are a homoclinic solution of (6.1).

By Theorem 4.2, we can choose s_0 = h^s. Therefore, taking t such that T ≤ t + h^u, t + h^s ≤ 2T , we can write S(γ^s_{μ,ε}(t, h^s), t/ε) = t − t_0 + h^s, and h^s = S(γ^s_{μ,ε}(t, h^s), t/ε) − (t − t_0) = S(γ^u_{μ,ε}(t, h^u), t/ε) − (t − t_0) = S^u(h^u). Moreover, by the definition of ϕ in (6.7) and the definition of E^u in (6.4) we have ϕ(h^s) = ϕ(S^u(h^u)) = E^u(s^u(S^u(h^u))) = E^u(h^u) = E(γ^u_{μ,ε}(t, h^u), t/ε) = E(γ^s_{μ,ε}(t, h^s), t/ε) = 0. By the 2πε-periodicity of ϕ, ϕ(h^s_n) = ϕ(h^s + 2πεn) = ϕ(h^s) = 0.

Obviously ϕ^′ is also 2πε-periodic, thus ϕ^′(h^s_n) does not depend on n. Now we compute ϕ^′(h^s). We recall that γ^u_{μ,ε}(t, h^u) = γ^u_{μ,ε}(t, s^u(h^s)) = γ̃^u_{μ,ε}(t, h^s). Differentiating in (6.8) we obtain ϕ^′(h^s) = ∂_xE(γ̃^u_{μ,ε}(t, h^s), t/ε)∂_Sα̃^u(t, h^s) + ∂_yE(γ̃^u_{μ,ε}(t, h^s), t/ε)∂_Sβ̃^u(t, h^s) (6.16) where γ̃^u_{μ,ε}(t, s) = (α̃^u(t, s), β̃^u(t, s)). Moreover, differentiating with respect to s in (6.6) we obtain 1 + O(με^p) = ∂_xS(γ^s_{μ,ε}(t, S), t/ε)∂_S α^s(t, S) + ∂_yS(γ^s_{μ,ε}(t, S), t/ε)∂_Sβ^s(t, S) 0 = ∂_xE(γ^s_{μ,ε}(t, S), t/ε)∂_Sα^s(t, S) + ∂_yE(γ^s_{μ,ε}(t, S), t/ε)∂_S β^s(t, S) and from this, taking into account that the change (x, y) → (S, E) is canonical, we get, when S = h^s ∂_S α^s(t, h^s)(1 + O(με^p)) = ∂_yE(γ^s_{μ,ε}(t, h^s), t/ε) = ∂_yE(γ^u_{μ,ε}(t, h^u), t/ε) = ∂_yE(γ̃^u_{μ,ε}(t, h^s), t/ε) ∂_S β^s(t, h^s)(1 + O(με^p)) = −∂_xE(γ^s_{μ,ε}(t, h^s), t/ε) = −∂_xE(γ̃^u_{μ,ε}(t, h^s), t/ε). Substituting the derivatives of E in (6.16) we obtain the formula stated in a).

In order to prove b) we recall that the change C̃, given in Theorem 4.2, which transforms the initial coordinates (x, y) to the flow box coordinates (S, E), is canonical. Therefore. A = | | | | ∫ ∫ Lobe dx dy | | | | = | | | | | ∫ ∫ C̃(Lobe) dS dE | | | | | . Moreover, since the Poincaré map P^{t0}_{μ,ε} is orientation preserving, there exists at least one primary homoclinic point of P^{t0}_{μ,ε} between z^h = γ^s_{μ,ε}(t_0, h^s) and P^{t0}_{μ,ε}(z^h). We denote this homoclinic point by γ^s_{μ,ε}(t_0, h̄^s). By definition of the splitting function, the area of a lobe, in (S, E) coordinates, is the area of the splitting function between two consecutive zeros of ϕ, hence A = | | | | | ∫¯_hs h^s ϕ(S) dS | | | | | with h^s and h̄^s are two consecutive zeros of ϕ.

The conclusion c) asserts that the splitting function has zero mean. To prove it we note that since P^{t0}_{μ,ε} is area preserving, a standard geometric argument gives that the area of two consecutive lobes one inner and the other outer, coincide. Therefore c) follows from b) and the fact that the change C̃ is canonical.

Now we prove estimate d). By estimate b) of Proposition 6.1 as well as by the definition of ϕ(S) = E^u(s^u(S)), we have that for real values of S

ϕ(S) ≡ E^u(s^u(S)) = E^u_0 (ε) + με^pM(s^u(S), ε) + O(μ^2ε^{2ν+r−1}, με^{p+1})e^{−a/ε},

where E^u_0 (ε) is the 0-Fourier coefficient of E^u. Thus, in order to prove Theorem 1.1 we need to estimate E^u_0 (ε). By Taylor’s Theorem and Lemma 6.4 we have for S ∈ R, M(s^u(S), ε) = M(S + O(με^{p+1}), ε) = M(S, ε) + ∫_1 0 dM dS (S + ζO(με^{p+1}), ε)O(με^{p+1}) dζ = M(S, ε) + O(με^ν )e^{−a/ε}. Therefore, we have that

ϕ(S) = E^u_0 (ε) + με^pM(S, ε) + O(μ^2ε^{2ν+r−1}, μ^2ε^{ν+p}, με^{p+1})e^{−a/ε}.

Finally since by c), ϕ_0 = 0, and the average of M is zero we get

E^u_0 (ε) = O(μ^2ε^{2ν+r−1}, μ^2ε^{ν+p}, με^{p+1})e^{−a/ε}

and the estimate d) is proved. □

The proof of Theorem 1.1 is an immediate consequence of Proposition 6.2.

6.4. Proof of Lemma 6.4

The proof of this lemma has significative differences from the proof of the corresponding lemma in [DS2]. As we pointed out before, we are considering the case such that the parameterization of the homoclinic orbit has a singularity which is a branching point. The proof of Lemma 6.4 is the place where this hypothesis has to be taken into account. Since u = ±ia are branching points, the homoclinic orbit is defined in a neighborhood of the singularities except a segment starting at them, and therefore we can not use the residue theory in order to estimate the Melnikov integral.

The case that the singularity is a pole also follows from this proof taking below q = 1.

We recall the definition of J given in Chapter 1: J(x, y, t/ε) ≡ {h_0, h_1}(x, y, t/ε) ∼ ∑ n≠0 J_n(x, y)e^{int/ε} and that J(γ_0(t + s), t/ε) has a singularity of order at most ℓ + 1. We also observe that the perturbation h_1(x, y, θ) can be written as h_1(x, y, θ) = ∑ k≤|l|≤κ,l∈N^2 a_l(θ)x^{l1} y^{l2} .

We recall that, by its definition, ℓ can be expressed in the form

ℓ = j_1(r − 1) + j_2r = j_2 + (j_1 + j_2) p q , (6.17)

where j_1 and j_2 are such that

j_1(r − 1) + j_2r = max{l_1(r − 1) + l_2r : l_1 + l_2 ≥ k , l = (l_1, l_2) , a_l(θ) ≠ 0}.

Now we write the Fourier’s coefficients of M(s, ε), M_n(ε), in terms of the Fourier’s coefficients of J evaluated at γ_0(u): J_n(γ_0(u)). We note that, since J is only continuous with respect to t/ε, the Fourier’s series may not converge, although their Fourier’s coefficients are well defined. However, since M(., ε) is analytic and 2πε-periodic with respect to s, its Fourier series does converge.

We claim that

M_n(ε) = 1 2πε ∫_{+∞} −∞ e^{−iun/ε}J_{−n}(γ_0(u)) du. Indeed, by definition of M(s, ε), we obtain

M_n(ε) = 1 2πε ∫_{2πε} 0 (∫_{+∞} −∞ J(γ_0(t + s), t/ε) dt ) e^{−ins/ε} ds = 1 2πε ∫_{2πε} 0 ∫_{+∞} −∞ e^{−ins/ε}J ( γ_0(u), u − s ε ) du ds = 1 2πε ∫_{+∞} −∞ e^{−iun/ε} ∫_{2πε} 0 e^{in(u−s)/ε}J ( γ_0(u), u − s ε ) ds du = ∫_{+∞} −∞ e^{−iun/ε}J_{−n}(γ_0(u)) du. Since h_1 is a polynomial in x, y, near the singularities u = ±ia, from the expression of γ_0 given in HP1, J_n(γ_0(u)) has the form:

J_n(γ_0(u)) = 1 (u ± ia)^{ℓ+1} ( J^±_{n,0} + ∑ m≥0 J^±_{n,m}(u ± ia)^{mq} )

= ∑ −∞<m≤(j_1+j_2 )p J^±_{n,(j1+j2 )p−m} (u ± ia)^{mq +j2 +1} (6.18) where j_1 and j_2 are defined in (6.17) and J^±_{n,(j1 +j2)p−m} are coefficients which depend on ε and μ.

Now we proceed to evaluate the integrals ∫_{+∞} −∞ e^{−iun/ε}J_{−n}(γ_0(u)) du. (6.19)

We consider first the case n < 0. We choose the path of integration Γ = Γ_1 ∨ Γ_2 ∨ . . . ∨ Γ_8 as indicated in the figure:

where b > a, ρ is small (obviously ρ < a) and R is big. Since we will play with the dependence of Γ on ρ, we will denote the path by Γ(ρ).

Since the function J_{−n}(γ_0(u))e^{−inu/ε} is analytic in the region enclosed by Γ(ρ), ∫ Γ(ρ) J_{−n}(γ_0(u))e^{−inu/ε} du = 0, ∀ρ ∈ (0, ρ_0) with ρ_0 small enough. The advantage of considering these curves is that the above integral does not depend on ρ. Therefore, in order to compute the dominant term of ∫ Γ_1 (ρ) J_{−n}(γ_0(u))e^{−inu/ε} du = − 8∑ j=2 ∫ Γ_j (ρ) J_{−n}(γ_0(u))e^{−inu/ε} du the strategy consists on expanding the right hand side in terms of powers of ρ and then taking limit when ρ goes to zero. The terms with negative powers of ρ must cancel and the terms with positive powers of ρ tend to zero. Therefore we only have to take into account the coefficients of ρ^0 in such expansion.

We begin to look for the asymptotic expression of (6.19). First we observe that the integrals over Γ_2 and Γ_8 tend to zero when R tend to +∞ and that the integrals over Γ_3(ρ) and Γ_7(ρ) are of order O(e^{nb/ε}), uniformly with respect to ρ.

Next we will compute the integrals over the paths Γ_5(ρ), Γ_4(ρ) and Γ_6(ρ). For these three integrals we stay near the singularity ia, thus we can use the expansion of J_{−n}(γ_0(u)) given in (6.18). For j = 4, 5, 6, we have that ∫ Γ_j (ρ) J_{−n}(γ_0(u))e^{−inu/ε} du = ∑ m≤(j_1+j_2 )p J^−_{n,(j1 +j2 )p−m} ∫ Γ_j (ρ) e^{−inu/ε} (u − ia)^{mq +j2 +1} du. (6.20)

To evaluate the integrals in the right hand side of (6.20) we distinguish two cases: m/q /∈ N and m/q ∈ N. First we deal with the case m/q /∈ N:

1. Integral over Γ_5(ρ). We parameterize this path by g_5(θ) = ia + ρe^{−iθ} with θ ∈ [0, π]. Using the series expansion of the exponential we have that ∫ Γ_5(ρ) e^{−inu/ε} (u − ia)^{mq +j2 +1} du = −ie^{na/ε}ρ ∫_π 0 e^{−inρe−iθ /ε}e^{−iθ} (ρe^{−iθ})^{mq +j2 +1} dθ = −ie^{na/ε}ρ^{− mq −j2} ∑ l≥0 ∫_π 0 1 l! ( −inρ ε )_l e^{iθ( mq +j2 −l)} dθ. Therefore, since m/q /∈ N, the integral over Γ_5(ρ) has no constant term in ρ, then this integral has not contribution to the ρ^0 term of its expansion.

2. Integral over Γ_4(ρ). We parameterize this path by g_4(θ) = ρ − iθ with θ ∈ [−b, −a]. Then ∫ Γ_4 (ρ) e^{−inu/ε} (u − ia)^{mq +j2 +1} du = −i ∫_b a e^{−ρni/ε}e^{nθ/ε} (ρ + (θ − a)i)^{mq +j2+1} dθ. Given l ∈ Z^+ and η ∈ (0, 1), we introduce the notation

I_l(ρ) = ∫_b a e^{nθ/ε} (ρ + (θ − a)i)^{η+l} dθ and f_l(ρ) = e^{na/ε} ρ^{η+l} − e^{nb/ε} (ρ + i(b − a))^{η+l} . Integrating by parts in I_l(ρ) we obtain a recurrence formula for I_l(ρ):

I_l(ρ) = 1 i(η + l − 1) ( f_{l−1}(ρ) + n ε I_{l−1} )

and therefore

I_l(ρ) = l∑ j=1 ( n ε )_{j−1} 1 i^j 1 (η + l − 1) · · · (η + l − j) f_{l−j} (ρ) (6.21)

+ (n ε )_l 1 i^l 1 (η + l − 1) · · · η I_0(ρ),

The contribution of the j-term in the sum (6.21) to the ρ^0 term is − (n ε )_{j−1} 1 i^j 1 (η + l − 1) · · · (η + l − j) e^{nb/ε} (i(b − a))^{η+l−1} . (6.22)

Now we analyze I_0(ρ). Note that, since ρ > 0, we have that arg(ρ + i(z − a)) → π/2 when ρ → 0 for z > a. Therefore, using the dominated convergence theorem

I_0(ρ) = ∫_b a e^{nθ/ε} (ρ + i(θ − a))^η dθ → e^{−ηiπ/2} ∫_b a e^{nθ/ε} (θ − a)^η dθ when ρ → 0.

With elementary changes of variables we get ∫_b a e^{nθ/ε} (θ − a)^η dθ = ( ε |n| )_{1−η} e^{na/ε} ∫_{|n|(b−a)/ε} 0 s^{−η} e^{−s} ds. (6.23)

Moreover we have that ∫_{|n|(b−a)/ε} 0 s^{−η}e^{−s} ds = Γ(1 − η) − ψ(ε) (6.24) where Γ is the Gamma function and ψ(ε) = ∫_{+∞} |n|(b−a)/ε s^{−η} e^{−s} ds ≤ ( ε |n|(b − a) )_η e^{−|n|(b−a)/ε} which is exponentially small. Using (6.22), (6.23) and (6.24), we obtain that the constant term in ρ of I_l(ρ) is

I^0_l ≡ l∑ j=1 ( n ε )_{j−1} 1 i^j −e^{nb/ε} (η + l − 1) · · · (η + l − j)(i(b − a))^{η+j−1} + (n ε )_l 1 i^l 1 (η + l − 1) · · · η ( ε |n| )_{1−η} e^{na/ε}e^{−ηiπ/2}[Γ(1 − η) − ψ(ε)] and therefore

I^0_l =

(−1)^l i^l ( |n| ε )_{l−1+η} e^{−ηiπ/2} π sin(πη) 1 Γ(l + η) e^{−|n|a/ε}(1 + O(ε)) where we have used the formula Γ(1−η)Γ(η) = π/ sin(ηπ). Thus the constant term in ρ of the integral over Γ_4(ρ) can be calculated with the previous estimates taking l = j_2 + 1 + [m/q] and η = m/q − [m/q], where [·] denotes the integer part function, and it is −i (−1)^l i^l ( |n| ε )_{l−1+η} e^{−ηiπ/2} π sin(πη) 1 Γ(l + η) e^{−|n|a/ε}(1 + O(ε)), (6.25)

where the O(ε) term is uniform with respect to n.

3. Integral over Γ_6. We parameterize this path by g_6(z) = −ρ + iθ with θ ∈ [a, b]. Therefore, ∫ Γ_6 (ρ) e^{−inu/ε} (u − ia)^{mq +j2 +1} du = i ∫_b a e^{ρni/ε}e^{nθ/ε} (−ρ + (θ − a)i)^{mq +j2+1} dθ. Thus, if we define

K_l(ρ) = ∫_b a e^{ρni/ε} (−ρ + (θ − a)i)^{l+η} dθ we have that K_l(ρ) = I_l(−ρ) and for η > 0, by using the previous computations, we obtain

K_l(ρ) = l∑ j=1 (n ε )_{j−1} 1 i^j 1 (η + l − 1) · · · (η + l − j) f_{l−j} (−ρ)

+ (n ε )_l 1 i^l 1 (η + l − 1) · · · η K_0.

As before we calculate the constant term K_0 of K_0(ρ). In this case, the argument of −ρ + (z − a)i belongs to (−3π/2, −π) and therefore,

K_0(ρ) = ∫_b a e^{nθ/ε} (−ρ + i(θ − a))^η dθ → e^{ηi3π/2} ∫_b a e^{nθ/ε} (θ − a)^η dθ when ρ → 0.

6.5. PROOF OF THE COROLLARY 1.1 77

Consequently, the constant term in ρ of the integral over Γ_6(ρ) is i (−1)^l i^l ( |n| ε )_{l−1+η} e^{ηi3π/2} π sin(πη) 1 Γ(l + η) e^{−|n|a/ε}(1 + O(ε)), (6.26)

where the O(ε) term is uniform with respect to n.

Now we consider the case such that m/q ∈ N. Taking into account that, m/q + j_2 + 1 ∈ N, the functions e^{−inu/ε} (u − ia)^{mq +j2 +1} have a pole of order m/q + j_2 + 1. Therefore we can apply the residue theory. In this case the integral over Γ_1 turns out to be 2πi 1 (m/q + j_2)! ( −in ε )_{m/q+j2} e^{−|n|a/ε}(1 + O(ε)). (6.27)

Now we compute the dominant term of M_n(ε) for n < 0. Let η_ℓ = ℓ − [ℓ]. If ℓ /∈ N and n < 0, by (6.25) and (6.26) we obtain that

M_n(ε) = ∑ m≤(j_1 +j_2 )p J^−_{−n,(j1+j2 )p−m} ∫_∞ −∞ e^{−inu/ε} (u − ia)^{m/q+j2 +1} du

= i^{[ℓ]+1} ( |n| ε )_ℓ 2π Γ(ℓ + 1) J^−_{−n,0}e^{ηℓiπ/2}e^{−|n|a/ε}(1 + O(ε)). (6.28)

Note that i^{[ℓ]}e^{ηℓiπ/2} = i^ℓ. If ℓ ∈ N, using the expression (6.27),

M_n(ε) = i^{ℓ+1} ( |n| ε )_ℓ 2π ℓ! J^−_{−n,0}e^{−|n|a/ε}(1 + O(ε)). (6.29)

Remark 6.3. The expressions of M_n(ε) in (6.28) and (6.29) are computed independently. We note that (6.28) goes to (6.29) when η_ℓ goes to zero. Therefore we can use (6.28) for all ℓ.

For the case n > 0, it is sufficient to observe that

M_n(ε) = M_{−n}(ε) and J^−_{−n,0} = J^+_{n,0}.

(6.30) The result follows summing the Fourier series, taking into account that the terms O(ε) are uniform in n.

6.5. Proof of the Corollary 1.1 Assume the same hypotheses as Theorem 1.1 and the further hypothesis HP6.

Then, J^+_{1,0} = J^−_{−1,0} are different from zero. We write J^−_{1,0} = |J^−_{1,0}|e^{iθ}.

From (6.28) and (6.30) we have M(s, ε) = ∑ n>0 2π Γ(ℓ + 1) (n ε )_ℓ e^{−na/ε} [ (−i)^{ℓ+1}J^+_{−n,0}e^{ins/ε} + i^{ℓ+1}J^−_{n,0}e^{−ins/ε} ] (1 + O(ε)) = ε^{−ℓ}e^{−a/ε} 2π Γ(ℓ + 1)

2 Re(i^{ℓ+1}J^−_{1,0}e^{−is/ε}) + O(ε^{−ℓ+1}e^{−a/ε}).

Since i^{ℓ+1}J^−_{1,0}e^{−is/ε} = |J^−_{1,0}|e^{i(θ+(ℓ+1)π/2)}e^{−is/ε} the formula for M(s, ε) follows.

From Theorem 1.1, to compute the area we have to estimate ∫_{s̄0} s_0 M(s, ε) ds = ε^{−ℓ}e^{−a/ε} [ 4π Γ(ℓ + 1) |J^−_{1,0}| ∫_{s̄0} s_0 cos(θ + (ℓ + 1)π/2 − s/ε) ds + O(ε) ]

= ε^{−ℓ+1}e^{−a/ε} [ 8π Γ(ℓ + 1) |J^−_{1,0}| + O(ε) ] . Summing the Fourier series corresponding to M^′(s, ε), in the same way as for M(s, ε) we have

|M^′(s, ε)| = ε^{−ℓ−1} 4π Γ(ℓ + 1) |J^−_{1,0}|e^{−a/ε} sin(θ + (ℓ + 1)π/2 − s/ε) + O(ε^{−ℓ}e^{−a/ε}). If M(s_0, ε) = 0, then s_0 is such that s_0/ε = θ + (ℓ + 1)π/2 + π/2 + kπ + O(ε), k ∈ Z, and therefore, sin(θ + (ℓ + 1)π/2 − s/ε) = ±1 + O(ε). Using the formula for the angle in Theorem 1.1 we get the result.

References

[An] S. Angenent, A variational interpretation of Melnikov’s function and exponentially small separatrix splitting, Symplectic geometry, London Math. Soc. Lecture Note Ser., vol 192, Cambridge Univ. Press, Cambridge 1993, pp. 5–35.

[Ar1] V.I. Arnold, Instability of dynamical systems with several degrees of freedom, Soviet Math. Dokl. 5 (1964), 581–585.

[AKN] V.I. Arnold, V.V. Koslov and A.I. Neishtadt, Dynamical systems III, Encyclopaedia of Mathematical Sciences, vol. 3, Springer, Berlín, 1988.

[CFN] J. Casasayas, E. Fontich and A. Nunes, Homoclinic orbits to parabolic points, NoDEA Nonlinear Differential Equations Appl. 4 (1997), 201–216.

[Ch] V. Chernov, On separatrix splitting of some quadratic area-preserving maps of the plane, Regular & Chaotic Dynamics 3 (1) (1998), 49–65.

[DG] A. Delshams and P. Gutiérrez, Splitting potential and the Poincaré-Melnikov method for whiskered tori in Hamiltonian systems, Nonlinear Science 10 (2000), 433–476.

[DGJS1] A. Delshams, V.G. Gelfreich, A. Jorba and T.M.Seara, Exponentially small splitting of separatrices under fast quasiperiodic forcing, Comm. Math. Phys. 189 (1997), 35–71.

[DGJS2] A. Delshams, V.G. Gelfreich, A. Jorba and T.M. Seara, Lower and upper bounds for the splitting of separatrices of the pendulum under a fast quasiperiodic forcing, Electron. Res. Announc. Amer. Math. Soc. 3 (1997), 1–10.

[DR1] A. Delshams and R. Ramírez-Ros, Poincaré-Melnikov-Arnold method for analytic planar maps, Nonlinearity 9 (1996), 1–26.

[DR2] A. Delshams and R. Ramírez-Ros, Melnikov potential for exact symplectic maps, Comm.

Math. Phys. 190 (1997), 231–245.

[DS1] A. Delshams and T.M. Seara, An asymptotic expression for the splitting of separatrices of the rapidly forced pendulum, Comm. Math. Phys. 150 (1992), 433–163.

[DS2] A. Delshams and T.M. Seara, Splitting of separatrices in Hamiltonian systems with one and a half degrees of freedom, Math. Phys. Electron. J. 3 (1997), 4–40.

[FS] B. Fiedler and J. Scheurle, Discretization of homoclinic orbits, rapid forcing and “homoclinic” chaos, Mem. Amer. Math. Soc. 119 (570) (1996), viii+79 pp.

[Fo1] E. Fontich, Exponentially small upper bounds for the splitting of separatrices for high frequency periodic perturbations, Nonlinear Anal. 20 (1993), 733–744.

[Fo2] E. Fontich, Rapidly forced planar vector fields and splitting of separatrices, J. Differential Equations 119 (1995), 310–335.

[Fo3] E. Fontich, A flow box theorem for diffeomorphisms, preprint, (2000). [FS1] E. Fontich and C. Simó, The splitting of separatrices for analytic diffeomorphisms, Ergodic Theory Dynam. Systems 10 (1990), 295–318.

[FS2] E. Fontich and C. Simó, Invariant manifolds for near identity differentiable maps and splitting of separatrices, Ergodic Theory Dynam. Systems 10 (1990), 319–346.

[GGM] G. Gallavotti, G. Gentile and V. Mastropietro, Separatrix splitting for systems with three times scales, Comm. Math. Phys. 202 (1) (1999) 197–236.

[Ge1] V.G. Gelfreich, Separatrices splitting for the rapidly forced pendulum, Seminar on Dynamical Systems (St. Petersburg), Progress in Nonlinear Differential Equations and their Applications, vol. 12, Birkhäuser, 1991, pp. 47–67.

[Ge2] V.G. Gelfreich, Melnikov method and exponentially small splitting of separatrices, Phys.

D 101 (1997), 227–248.

[Ge3] V.G. Gelfreich, Reference systems for splitting of separatrices, Nonlinearity 10 (1997), 175–193.

[Ge4] V.G. Gelfreich, A proof of the exponentially small transversality of the separatrices for the standard map, Comm. Math. Phys. 201 (1) (1999), 155–216.

[Ge5] V.G. Gelfreich, Exponentially small splitting of separatrices for area-preserving maps, Chaos, solitons and fractals 11 (2000) 241–243.

[GS] V.G. Gelfreich and D. Sauzin, Borel summation and the splitting of separatrices of the Henón map, Ann. Inst. Fourier (Grenoble) 51 (2) (2001), 513–567.

[HMS] P. Holmes, J. Marsden and J. Scheurle, Exponentially small splitting of separatrices with applications to KAM theory and degenerate bifurcations, Contemp. Math. vol. 81, 1988, pp. 213–244.

[La1] V.F. Lazutkin, Splitting of separatrices for the Chirikov’s standard map, VINITI 6372/84 (1984). (English version in www.maia.ub.es/mp arc #98-421.)

[La2] V.F. Lazutkin, An analytic integral along the separatrix of the semistandard map:

existence and an exponential estimate for the distance between the stable and unstable separatrices, St. Petersburg Math. J. 4 (4) (1993), 721–748.

[LST] V.F. Lazutkin, I.G. Schachmanski and M.B. Tabanov, Splitting of separatrices for standard and semistandard mappings, Physica D 40 (1989), 235–348.

[Me] V.F. Melnikov, On the stability of the center for time periodic perturbations, Trans.

Moscow Math. Soc. 12 (1963), 3–56.

[Ne] Neishtadt, The separation of motions in systems with rapidly rotating phase, J. Appl.

Math. Mech. 48 (2) (1984), 133–139.

[Po] H. Poincaré, Sur le problème des trois corps et les équations de la dynamique, Acta Math. 13 (1890), 1–271.

[Sa] D. Sauzin, A new method for measuring the splitting of invariant manifolds, Annales Scientifiques de l’ École Normale Supériore. Quatrième Série 34 (2) (2001), 159–221.

[SMH] J. Scheurle, J. Marsden and P. Holmes, Exponentially small estimates for separatrix splitting, Asymptotics beyond all orders (La Jolla, CA, 1991), NATO Adv. Sci. Inst. Ser. B Phys., vol. 284, Plenum, New York, 1991, pp. 187–195.

[Su] Y.B. Suris, On the complex separatrices of some standard-like maps, Nonlinearity 7 (1994), 1225–1236.

[Tr] D.V. Treschev, Separatrix splitting for a pendulum with rapidly oscillating suspension point, Russ. J. Math. Phys. 5 (2) (1997), 63–98.