EXPLICIT FINITE VOLUME CRITERIA FOR LOCALIZATION IN CONTINUOUS RANDOM MEDIA AND APPLICATIONS

FRANÇOIS GERMINET AND ABEL KLEIN

Abstract. We give finite volume criteria for localization of quantum or classical waves in continuous random media. We provide explicit conditions, depending on the parameters of the model, for starting the bootstrap multiscale analysis. A simple application yields localization for Anderson Hamiltonians on the continuum at the bottom of the spectrum in an interval of size O(λ) for large λ, where λ stands for the disorder parameter. A more sophisticated application proves localization for two-dimensional random Schrödinger operators in a constant magnetic field (random Landau Hamiltonians) up to a distance O(^{log B}_B ) from the Landau levels, where B is the strength of the magnetic field.

1. Introduction

We give finite volume criteria for localization of waves in random media. The emphasis is on providing explicit conditions, depending on the various parameters of the model, for starting the bootstrap multiscale analysis [GK1]. These criteria thus yield Anderson localization, strong dynamical localization, SULE, etc. (See also [GK3] for a discussion of the consequences of the bootstrap multiscale analysis.)

In the lattice finite volume criteria for localization were provided by Aizenman et al [ASFH]. Although we were motivated by continuum models, our criteria are also valid on the lattice; in particular, they can be used to satisfy the criteria in [ASFH].

The explicit finite volume criteria given in this article yield localization in situations where the crucial quantities of the model that enter the multiscale analysis (the constant in Wegner’s estimate and the constant in the Simon-Lieb inequality) depend on the parameters of the model (e.g., the disorder parameter, the energy where localization is to be proven, the strength of the magnetic field).

To illustrate the need for such explicit criteria, let us consider the simplest Anderson Hamiltonian in the continuum,

H_{λ,ω} = −Δ + λV_ω on L^2(R^d , dx), (1.1)

where λ > 0 is the disorder parameter and the random potential V_ω is of the form

V_ω(x) = ∑ i∈Z^d ω_iu(x − i) , (1.2)

with u(x) ≥ 0 a bounded measurable function with compact support such that 0 < U_− ≤ ∑ i∈Z^d u(x−i), and ω = {ωi; i ∈ Z d } a family of independent, identically distributed random variables taking values in the interval [0, 1], whose common probability distribution μ has a bounded density g > 0 a.e. in [0, 1]. This model

2000 Mathematics Subject Classification. Primary 82B44; Secondary 47B80, 60H25. A.K. was supported in part by NSF Grant DMS-0200710. 1

was studied by Combes and Hislop [CH1] and Kirsch [Ki], who proved that for any fixed energy E_1 > 0 we have Anderson localization in the interval [0, E_1] for sufficiently large disorder. (Note that 0 is the bottom of the spectrum.)

But suppose we ask a different question: If [0, E_λ] is the largest interval at the bottom of the spectrum in which H_{λ,ω} is localized, how does E_λ grow with λ? To provide a lower bound on E_λ we need explicit criteria, because both the constant Q_E in Wegner’s estimate and the constant γ_E in the Simon-Lieb inequality increase as the energy E increases, so as we increase E the initial length scale for the multiscale analysis also increases. Thus if E is increasing with λ we cannot fix a length scale and satisfy the initial condition for the multiscale analysis at the λ dependent energy E by taking the disorder large enough; the initial length scale also grows with λ and hence is a moving target. Nevertheless, by using our explicit criterion we will show that there is a constant C such that we have E_λ ≥ Cλ for large λ. In addition, we show that eigenfunctions with eigenvalues in the interval [0, E_λ] decay exponentially with a rate ≥ C^′ √ λ for some constant C^′. To our knowledge these are the first results of this kind in the large disorder regime..

In [GK4] we extend this result by having the random variables ω_i take values in the interval [−1, 1], with a bounded density ρ > 0 a.e. in [−1, 1]. Now the bottom of the spectrum of H_λ is at about −Cλ for some constant C, and the γ_E grow like √ λ for fixed E. It follows that even to prove localization in an interval of fixed length at the bottom of the spectrum we need explicit criteria, since the initial length scale now grows with λ. Our explicit criteria can be used to prove Anderson localization in an interval of size O(λ) for large λ at the bottom of the spectrum. The result is still true if u ∈ L^p with p >^d_2 instead of bounded.

For a more sophisticated application of our explicit criteria we revisit the twodimensional random Schrödinger operator in a constant magnetic field (random Landau Hamiltonian). This model was studied by Combes and Hislop [CH2] and Wang [W1], who obtained Wegner estimates and probability estimates on the decay of local resolvents using percolation arguments. (See [DMP1, DMP2] for a related model.) However the effect of the dependency of the initial length scale for the multiscale analysis on the strength B of the magnetic field and on the distance to the Landau level was overlooked. It is fair to say that the multiscale analyses available at the time did not provide the tools to handle this dependency. Combining the Wegner estimate and the probability estimate on the decay of local resolvents obtained in [CH2] with our explicit criterion, we give a complete proof of Anderson localization up to a distance O(^{log B}_B ) from the Landau levels for large B. It tuns out that the initial length scale for this problem is a “Goldilock” scale: it cannot be too big or too small, it must be just right for the strength of the magnetic field.

We also obtain estimates on the rate of exponential decay of eigenfunctions of random Landau Hamiltonians: for eigenvalues at a distance O(^{log B}_B ) from a Landau

level the rate of decay is ≥ O

((_{log B} B )_ν ) , where the exponent ν > 0 comes from the probability distribution of the random variables and two-dimensional percolation, typically ν > 1; at a fixed distance of a Landau level, i.e., O(1), the rate of decay is ≥ O (√ B ) . The issue of the dependency of the initial length scale for the multiscale analysis in terms of the parameters of the model also appears when investigating localization at the bottom of the spectrum for the Anderson model at low disorder, as in the work of Wang [W2] and Klopp [Klo2], since the constant in the Wegner estimate blows up as the disorder goes to zero. Our explicit criteria may be used to handle this dependency and perform a multiscale analysis.

Localization for continuous random operators has been usually proven by a multiscale analysis. (But note that the Aizenman-Molchanov method has just been extended to the continuum [AENSS].) In this context the multiscale analysis is a technique, initially developed by Fröhlich and Spencer [FS] and Fröhlich, Martinelli, Spencer and Scoppolla [FMSS], and simplified by von Dreifus [vD] and von Dreifus and Klein [vDK], for the purpose of proving Anderson localization. i.e., pure point spectrum and exponential decay of eigenfunctions. (See also [HM, CKM, Sp, KLS, vDK2, K, CH1, Klo1, CH2, FK1, FK2, W1, BCH, KSS1, KSS2, CHT, FLM, W2, St, KK2, U].) It was later shown to also yield dynamical localization (non spreading of the wave packets) [GDB, DS, GK1].

Recently, the authors developed a more involved procedure, built out of four different multiscale analyses, called a bootstrap multiscale analysis [GK1]. It yields Anderson localization, SULE-like estimates, sub-exponential decay of the kernel of the evolution operator, and strong Hilbert-Schmidt dynamical localization. A new feature of this bootstrap multiscale analysis is that, unlike the formerly standard multiscale analysis (e.g. [FS, FMSS, vD, vDK, CH1, St]), the strength of the conclusions is not affected by the rate of decay in the starting condition.

We give three explicit finite volume criteria for starting the bootstrap multiscale analysis. Theorem 2.4 gives a criterion for starting the bootstrap multiscale analysis at a “a priori” specified initial length scale; we may thus play with the parameters of the model to satisfy the starting condition at the specified length scale. Theorem 2.5 provides an explicit expression for the minimum initial length scale required to start the bootstrap multiscale analysis with a “a priori” specified decay; it typically requires large scales, but not large enough scales: how large the initial length scale has to be is made precise by the criterion. Theorem 2.6 is an analog of Theorem 2.5 but for the second multiscale analysis of the bootstrap scheme described in [GK1]; it also gives an estimate of the exponential rate of decay of the eigenfunctions in terms of the constants of the problems. These criteria reduce the requirements of the multiscale analysis to explicit and transparent conditions. (The criterion of Theorem 2.4 is specially simple.)

This article is organized as follows: Our explicit criteria for localization are stated in Section 2; their proofs are given in Section 5 (Theorems 2.4 and 2.5), Section 6 (Theorem 2.7, a general criterion that gives Theorems 2.4 and 2.5 as special cases), and Section 7 (Theorem 2.6). Section 3 is dedicated to localization at the bottom of the spectrum of the Anderson model (in the continuum) at large disorder; the main result is Theorem 3.1. Section 4 contains our discussion of localization for random Landau Hamiltonians, the detailed description of our results is given in Theorem 4.1.

2. Explicit criteria for localization

Our random medium is modeled by a Z^d -ergodic random self-adjoint operator H_ω on L^2(R^d , dx; C^n ), where ω belongs to a probability set Ω with a probability measure P and expectation E . Our results apply to random Schrödinger operators (e.g., [HM, CH1, Klo1, KSS1, GK3, AENSS]), random magnetic Schrödinger operators (e.g., [CH2, W1]), and classical wave operators (e.g., [FK1, FK2, CHT, KK1, KK2]).

We recall that it follows from the ergodicity that there exists a nonrandom set Σ such that σ(H_ω) = Σ with probability one, and that the decomposition of σ(H_ω) into pure point spectrum, absolutely continuous spectrum, and singular continuous spectrum is also independent of the choice of ω with probability one.

As in [GK1], we take as assumptions the properties of the random operator H_ω that are required for the multiscale analysis. These properties are routinely verified for the operators of interest, except for the Wegner estimate which usually requires more hypotheses on the parameters of the random operator.

Throughout this paper we use the sup norm in R^d : |x| = |x|_∞ = max{|x_i|, i = 1, . . . , d}. By Λ_L(x) we denote the open box (or cube) of side L > 0:

Λ_L(x) = { y ∈ R^d ; |y − x| <^L_2 } , (2.1)

and by Λ_L(x) the closed box. The characteristic function of a set Λ ⊂ R^d is denoted by χ_Λ; we set

χ_{x,L} = χ_{ΛL(x)} , with χ_x = χ_{x,1} . (2.2)

In this article we will take boxes centered at sites x ∈ Z^d with side L ∈ 2N . For such a box we set

Υ_L(x) = { y ∈ Z^d ; |y − x| =^L_2 − 1 } , (2.3)

and define its boundary belt by

Υ̃_L(x) = Λ_{L−1}(x)\Λ_{L−3}(x) = ⋃ y∈Υ_L (x) Λ_1(y) ; (2.4)

it has the characteristic function

Γ_{x,L} = χ_{Υ̃L(x)} = ∑ y∈Υ_L(x) χ_y a.e. (2.5) Note that |Υ_L(x)| ≤ d(L − 1)^{d−1}. We will also write

[K]_{6N} = max{L ∈ 6N ; L ≤ K}. (2.6)

We need a notion of finite volume operator, i.e. a “restriction” H_{ω,x,L} of H_ω where the “randomness based outside the box Λ_L(x)” is not taken into account. Usually H_{ω,x,L} is defined as the restriction of H_ω, either to the open box Λ_L(x) with Dirichlet boundary condition, or to the closed box Λ_L(x) with periodic boundary condition. The operator H_{ω,x,L} then acts on L^2(Λ_L(x), dx; C^n ). But H_{ω,x,L} may also be defined as acting on the whole space, by throwing away the random coefficients “based outside the box Λ_L(x)”; this is usually used for random magnetic Schrödinger operators [CH2, W1]. In all cases the finite volume operators have either compact resolvent or are perturbations of the free finite volume operators by relatively compact operators.

We assume that an appropriate choice of finite volume operators H_{ω,x,L} has been made. (The multiscale analysis is not sensitive to such a choice as long as the required properties can be proven.) We write R_{ω,x,L} = (H_{ω,x,L} − z)^{−1} for the resolvent of H_{ω,x,L}.

We assume that the random operator H_ω satisfy the requirements for the multiscale analysis as in [GK1], i.e., it satisfies Assumptions SLI (Simon-Lieb inequality),

EDI (eigenfunction decay inequality), IAD (independence at a distance), NE (average number of eigenvalues), W (Wegner estimate), and SGEE (strong generalized eigenfunction expansion) in a given open interval I.

We will now state Assumptions SLI, IAD, NE and W, since the constants in these assumptions will be used explicitly in this article. We refer to [GK1] for Assumptions EDI and SGEE and for a discussion of all these assumptions.

In what follows I will be a fixed open interval.

Assumption SLI. There exists a constant γ_I ≥ 1, such that given L, ℓ^′, ℓ^{′′} ∈ 2N , x, y, y^′ ∈ Z^d with Λ_ℓ′′ (y) ⊂ Λ_ℓ′_{−3}(y^′) and Λ_ℓ′ (y^′) ⊂ Λ_{L−3}(x), then for a.e ω, if E ∈ I with E /∈ σ(H_{ω,x,L}) ∪ σ(H_{ω,y}′_{,ℓ}′ ), we have ‖Γ_{x,L}R_{ω,x,L}(E)χ_{y,ℓ}′′ ‖ ≤ γ_I ‖Γ_y′_{,ℓ}′ R_{ω,y}′_{,ℓ}′ (E)χ_{y,ℓ}′′ ‖ ‖Γ_{x,L}R_{ω,x,L}(E)Γ_y′_{,ℓ}′ ‖ . (2.7) We say that an event is based on the box Λ_L(x) if it is determined by conditions on the finite volume operator H_{ω,x,L}. Given ϱ ≥ 0, we say that two boxes Λ_L(x) and Λ_L′ (x^′) are ϱ-nonoverlapping if |x−x^′| >^{L+L′}_2 +ϱ (i.e., if dist(Λ_L(x), Λ_L′ (x^′)) > ϱ).

Assumption IAD. There exists ϱ ≥ 0 such that events based on ϱ-nonoverlapping boxes are independent.

Assumption NE. There exists a constant C_I such that E ( tr E_{Hω,x,L} (I) ) ≤ C_I L^d (2.8)

for all x ∈ Z^d and L ∈ 2N .

Assumption W. There exist constants b ≥ 1, 0 < η_I ≤ 1, and Q_I , such that P {dist(σ(H_{ω,x,L}), E) ≤ η} ≤ Q_I ηL^{bd} , (2.9) for all E ∈ I, 0 < η ≤ η_I , x ∈ Z^d , and L ∈ 2N .

In practice we have either b = 1 or b = 2 in the Wegner estimate (2.9). Recently the correct volume dependency (i.e., b = 1) was obtained for certain operators [CHN, CHKN, HK], at the price of losing a bit in the η dependency. In this paper, we shall use (2.9) as stated, the modifications in our methods required for the other forms of (2.9) being obvious. (For a discussion of possible modifications see [GK1, Remark 2.4].) Note also that usually η_I = 1, but not always, as in the case of random Landau Hamiltonians (see Section 4).

We will look for localization by studying the decay of the finite volume resolvent from the center of a box Λ_L(x) to its boundary as measured by ‖Γ_{x,L}R_{ω,x,L}(E)χ_{x,L/3}‖ . (2.10) We use the convention that ‖Γ_{x,L}R_{ω,x,L}(E)χ_{x,L/3}‖ = ∞ if E ∈ σ(H_{ω,x,L}).

We start with two deterministic (i.e., for a given ω, which is omitted from the notation) definitions.

Definition 2.1. Given θ > 0, E ∈ R , x ∈ Z^d , and L ∈ 6N , we say that the box Λ_L(x) is (θ, E)-suitable if E /∈ σ(H_{x,L}) and ‖Γ_{x,L}R_{x,L}(E)χ_{x,L/3}‖ ≤ 1 L^θ . (2.11)

Definition 2.2. Given m > 0, E ∈ R , x ∈ Z^d , and L ∈ 6N , we say that the box Λ_L(x) is (m, E)-regular if E /∈ σ(H_{x,L}) and ‖Γ_{x,L}R_{x,L}(E)χ_{x,L/3}‖ ≤ e^{−m L2} . (2.12) We define the multiscale analysis region Σ_{MSA} ⊂ Σ by requiring the conclusions of the bootstrap multiscale analysis [GK1, Theorem 3.4].

Definition 2.3. The multiscale analysis region Σ_{MSA} for the random operator H_ω is the set of E ∈ Σ for which there exists some open interval I ∋ E, such that Assumptions SLI, EDI, IAD, NE, W, and SGEE hold in I, and given any ζ, 0 < ζ < 1, and α, 1 < α < ζ^{−1}, there is a length scale L_0 and a mass m_ζ > 0, so if we set L_{k+1} = [L^α_k ]_{6N} , k = 0, 1, . . . , we have P {R (m_ζ , L_k, I, x, y)} ≥ 1 − e^{−Lζk} (2.13) for all k = 0, 1, . . . , and x, y ∈ Z^d with |x − y| > L_k + ϱ, where R(m, L, I, x, y) = (2.14) {for every E^′ ∈ I, either Λ_L(x) or Λ_L(y) is (m, E^′)-regular} .

On Σ_{MSA} we have all desired properties of localization: Anderson localization, SULE-like estimates, strong Hilbert-Schmidt dynamical localization, and more [GK1]. We will give explicit criteria for E ∈ Σ_{MSA}.

In [GK3] we defined the strong insulator region Σ_{SI} for H_ω by

Σ_{SI} = {E ∈ Σ ; H_ω exhibits strong HS-dynamical localization at E} . (2.15)

The operator H_ω is said to exhibit strong Hilbert-Schmidt dynamical localization at E if it exhibits strong Hilbert-Schmidt dynamical localization in some open interval around E. (We refer to [GK3] for precise definitions.) Note that Σ_{SI} is an open set, and H_ω has pure point spectrum in Σ_{SI}. We have Σ_{MSA} ⊂ Σ_{SI} from [GK1, Proof of Theorem 3.8 and Corollary 3.10]. (Note that Σ_{MSA} in [GK3] is the same set as in this article, although the two definitions are somewhat different.) If in addition we have the decay estimates of [GK2, Theorem 2], uniformly for a.e. ω (true under very natural hypotheses), it is shown in [GK3] that if Assumptions SLI, EDI, IAD, NE, W, and SGEE hold in an open interval I, then Σ^I_{MSA} = Σ^I_{SI}, where B^I = B ∩I (see also [GK3, Theorem 4.2]), and we must have nontrivial transport in Σ^I \Σ^I_{MSA}.

In this article we provide three explicit finite volume criteria for localization: Theorems 2.4 and 2.5 which correspond to the first step (i.e., the first multiscale analysis [GK1, Theorem 5.1]) in the Bootstrap Multiscale Analysis, and Theorem 2.6 which corresponds to the second step ([GK1, Theorem 5.2]) in the Bootstrap Multiscale Analysis. Theorems 2.4 and 2.5 are special cases of a general explicit criterion, Theorem 2.7.

The first criterion works for a prescribed value of the initial length scale L_0. In Section 3 we illustrate its use by proving localization for Anderson Hamiltonians on the continuum at the bottom of the spectrum in an interval of size O(λ) for large λ, where λ stands for the disorder parameter.

Theorem 2.4. Let H_ω be a random operator such that Assumptions SLI, EDI, IAD, NE, W, and SGEE hold in an open interval I. Fix a length scale L_0 ∈ 6N ,

L_0 ≥ max { 6, 3ϱ, η^−[(^{53 +b})^d] −1 I } . (2.16)

Let E_0 ∈ Σ ∩ I and suppose P { D_I L(^{53 +b})^d

0 ‖Γ_{0,L0} R_{ω,0,L0} (E_0)χ_{0,L0/3}‖ < 1 } ≥ 1 −^2_{368d} , (2.17)

with

D_I = 39^{(3+b)d} max { 16 · 60^dQ_I , 1 } γ^2_I . (2.18)

Then E_0 ∈ Σ_{MSA}.

The following criterion is for large initial length scale L_0 and weak initial decay: any rate that is faster than the volume (if b = 1 in Wegner) or the volume squared (if b = 2) is allowed. It provides a precise estimate on how large L_0 has to be, depending on the parameters Q_I and γ_I of the model, and on the prescribed rate of decay of the resolvent.

Theorem 2.5. Let H_ω be a random operator such that Assumptions SLI, EDI, IAD, NE, W, and SGEE hold in an open interval I. Given s > bd, set

L = max { 3ϱ, 42, 3 (_{107d} 2 ) 2_{s−bd} ,^1_{37} ( 16 · 60^dQ_I ) 2_{s−bd} , η^{− 1s}_I } . (2.19)

Suppose that for some L_0 ≥ L, L_0 ∈ 6N , and E_0 ∈ Σ ∩ I, P { 90^dγ^2_I (37L_0)^s‖Γ_{0,L0} R_{ω,0,L0} (E_0)χ_{0,L0/3}‖ < 1 } ≥ 1 −^2_{344d} . (2.20)

Then E_0 ∈ Σ_{MSA}.

The next criterion is an analog of Theorem 2.5 but for the second multiscale analysis of the bootstrap scheme described in [GK1], i.e., for the multiscale analysis with exponential decay of the resolvent and polynomial decay of the probabilities as in von Dreifus and Klein [vDK], modified as in Figotin and Klein [FK1, Theorem 32] to allow the mass in the starting hypotheses to decrease as the initial length scale increases. Theorem 2.6 keeps track of the dependency of how large the initial length scale has to be in terms of the constants coming from Assumptions SLI, NE, and W. It will be used in Section 4 to prove localization for random Schrödinger operators in a constant magnetic field (random Landau Hamiltonians) up to a distance O(^{log B}_B ) from the Landau levels, where B is the strength of the magnetic field.

While Theorem 2.6 has stronger hypotheses than Theorem 2.5, it delivers more: an estimate of the exponential rate of decay of the eigenfunctions in terms of the constants of the problems. This is of great interest in the large disorder regime for the Anderson model as discussed in Section 3, for the random Landau Hamiltonian as in Section 4, and also in the regime of small disorder for the Anderson model as studied in [W2, Klo2].

If the probability estimate in the initial length scale is sufficiently good, one may use Theorem 2.6 to start the bootstrap multiscale analysis, instead of applying first Theorem 2.4 or Theorem 2.5 and then bootstrapping to Theorem 2.6 to obtain the exponential rate of decay of eigenfunctions. This is the case for the random Landau Hamiltonians as in Section 4 and in the weak disorder regime for the Anderson model as in [Klo2].

Theorem 2.6. Let H_ω be a random operator such that Assumptions SLI, EDI, IAD, NE, W and SGEE hold in an open interval I. Given E_0 ∈ Σ ∩ I, p > 0, α = 1 +^{p/2}_{p+2d} , s > 2p + (b + 2)d, and θ > 4αs, set

L = max { 3ϱ, 417^{1α−1} , η^{− 1s}_I , dist(E_0, R \I)^{− 1s} , Q^{1s−p−bd}_I , (2.21) ( 16 · 36^d2^{s−2p}C_I Q_I ) 1 α(s−2p−(b+2)d) , (69dγ2 I ) 4_{θ−4αs} , ( 3^dγ_I ) 16α_{θ(α−1)} } . If for some L_0 ≥ L, L_0 ∈ 6N , we have

P {Λ_{L0} (0) is (θ, E_0)-suitable} > 1 − 1 L^p_0

, (2.22)

then there exists an open interval I = I(θ, s, L_0), with E_0 ∈ I ⊂ I, such that if we set m_0 = 2θ^{log L0}_{L0} , and L_{k+1} = [L^α_k ]_{6N} , k = 0, 1, . . . , we have

P{Λ_{Lk} (0) is (^{m0}_4 , E)-regular} ≥ 1 − 2 L^p_k for all E ∈ I, (2.23) and P [ R (_{m0} 4 , L_k, I, x, y )] ≥ 1 − 4 L^{2p}_k for x, y ∈ Z^d , |x − y| > L_k + ϱ , (2.24) for all k = 0, 1, . . . , where R(m, L, I, x, y) = (2.25) {for every E ∈ I, either Λ_L(x) or Λ_L(y) is (m, E)-regular} .

Moreover,

(i): I ∩ Σ ⊂ Σ_{MSA} .

(ii): For almost every ω, an eigenfunction φ_{ω,E} of H_ω with eigenvalue E ∈ I decays exponentially (in the L^2-sense) with a rate ≥^θ_2^{log L0}_{L0} , i.e.,

lim inf |x|→∞ − log ‖χ_xφ_{ω,E} ‖ |x| ≥ θ log L_0 2L_0

. (2.26)

Theorems 2.5 and 2.4 are corollaries of a general criterion we will now state. We set β(Y, S) = (3Y − 4)^d((3Y − 4)^d − 4^d) · · · ((3Y − 4)^d − (S − 1)4^d) S! < (3Y − 4)^{Sd} S! . (2.27)

Theorem 2.7. Let H_ω be a random operator such that Assumptions SLI, EDI, IAD, NE, W, and SGEE hold in an open interval I. Pick p > 0, S ≥ 2, and S ∈ N . Take s > p + bd, Y ≥ 8S + 5, Y odd, and L_0 ∈ 6N , L_0 ≥ max { 6, 3ϱ, η^{− 1s}_I } , such that Y − 2 log L_0 log Y ≥ 8S + 3, (2.28) and (Y L_0)^{s−p−bd} ≥ 2^{d+2}Q_I S(7S + 2)^{bd} (3Y )^{(b−1)d}

. (2.29)

In addition assume that either L_0 ≥ (2β(Y, S + 1)Y^p)^{1(S+1)p} , (2.30) or p > d, S ≥ p + d p − d . (2.31)

Define θ_0 > s by L^{θ0}_0 = γ^2_I 3^d(7S + 2)^d(Y L_0)^s. (2.32) Then, if for some E_0 ∈ Σ ∩ I and θ > θ_0 , P{Λ_{L0} (0) is (θ, E_0)-suitable} > 1 − (2β(Y, S + 1))^{− 1S} , (2.33) where β(Y, S + 1) is defined in (2.27), then setting L_{k+1} = Y L_k, k = 0, 1, 2, . . . , we have

P{Λ_{Lk} (0) is (θ, E_0)-suitable} ≥ 1 − 1 L^p_k , (2.34)

for all k ≥ K, where K = K(d, p, Y, S) < ∞. In particular E_0 ∈ Σ_{MSA}.

Theorems 2.4 and 2.5 are derived from Theorem 2.7 in Section 5. Theorem 2.7 is proven in Section 6, and Theorem 2.6 is proven in Section 7. Remark 2.8. The initial probabilities p_0 =^2_{368d} in Theorem 2.4 and p_0 =^2_{344d} in Theorem 2.5 are mostly indicative. We are applying Theorem 2.7 with S = 4, Y = 39 and S = 4, Y = 37, respectively, which are not optimal in terms of probabilities. Indeed, from Theorem 2.7 one gets that p_0 = (2β(Y, S + 1))^{−1/S} (with β(Y, S) defined in (2.27)), with Y = 8S + 5 as the best choice. By computing p_0 for different values of S (S = 2, 3, · · · ), one can check (by numerical computation) that the optimal probabilities are:

• d = 1; p_0 = (24e)^{−1} ≈ 0.015 for S = +∞, p_0 ≈ 0.013 for S = 13. • d = 2; p_0 ≈ 2.9 · 10^{−5} for S = 7, • d = 3; p_0 ≈ 7.9 · 10^{−8} for S = 6.

These probabilities are far from being optimal, but one can compare them to p_0 = 1 841^d given in [GK1, Theorem 3.4].

3. Localization at large disorder In this section we focus our attention on the simplest continuous Anderson model, H_{λ,ω} = −Δ + λV_ω on L^2(R^d , dx), (3.1) where λ > 0 is the disorder parameter and the random potential V_ω is of the form V_ω(x) = ∑ i∈Z^d ω_iu(x − i) , (3.2)

with u(x) ≥ 0 a bounded measurable function with compact support, say supp u ⊂ Λ_ϱ(0), such that 0 < U_− ≤ ∑ i∈Z^d u(x − i), and ω = {ωi; i ∈ Z d } a family of independent, identically distributed random variables taking values in the interval [0, 1], whose common probability distribution μ has a bounded density g with g > 0 a.e. in [0, a) for some a > 0. Note we have Σ_λ = [0, ∞), where Σ_λ denotes the almost-sure spectrum of H_{λ,ω} [KM, Theorem 3].

The finite volume operators H_{λ,ω,x,L} are taken as the restriction of H_{λ,ω}, either to the open box Λ_L(x) with Dirichlet boundary condition, or to the closed box Λ_L(x) with periodic boundary condition.

For each λ > 0, H_{λ,ω} is known to be a random operator such that Assumptions SLI, EDI, IAD, NE, W, and SGEE hold in any open interval (e.g., [CH1, Ki, St, GK3]). In particular, [GK3, Theorem A.1] proves Asumption SLI with the constant γ_I in (2.7) given by γ_{λ,I} = sup_{E∈I} γ_{λ,E} , with γ_{λ,E} = 6 √ 2d √ max{E, 0} + 50d . (3.3)

The Wegner estimate (2.9) can be derived as in [Ki, Proposition 1] or [FK1, Theorem 2.3] with b = 2, η_I = 1, and

Q_{λ,I} = sup_{E∈I} Q_{λ,E} , with Q_{λ,E} =^{Cd,U−}_λ ‖g‖_∞ (max{E + 1, 0})^{d2} , (3.4)

where C_{d,U−} is a constant depending only on d and U_−.

Assumption (NE) is satisfied with a constant

C_{λ,I} = sup_{E∈I} C_{λ,E} , with C_{λ,E} = C_{d,U−} (max{E + 1, 0})^{d2} , (3.5)

Note that this random operator satisfies the conditions of [GK3], so we have Σ_{MSA} = Σ_{SI}.

Our result is Theorem 3.1. Let H_{λ,ω} be the Anderson Hamiltonian as in (3.1), and set L_0 = min{L ∈ 6N ; L ≥ max{3ϱ, 3(2 + √ d)}} . (3.6) Then there exists λ^∗, depending only on d, U_−, ‖g‖_∞, and ϱ , such that for any λ ≥ λ^∗ we have [0, cλ] ⊂ Σ_{MSA} with c =^{U−}_{(368L0)d‖g‖∞} . (3.7) Moreover there exists c^′ > 0, depending on d, U_−, ‖g‖_∞, and ϱ, but not on λ ≥ λ^∗, such that if λ ≥ λ^∗, then for a.e. ω, if φ_{λ,ω,E} is an eigenfunction of H_{λ,ω} with eigenvalue E ∈ [0, cλ], then lim inf |x|→∞ − log ‖χ_xφ_{ω,E} ‖ |x| ≥ c^′ √ λ. (3.8)

Proof. For any δ > 0 and L_0 ∈ 2N we have

P {ω_i > δ for all i ∈ Λ_{L0} (0)} = 1 − P {ω_i ∈ [0, δ] for some i ∈ Λ_{L0} (0)} ≥ 1 − δ‖g‖_∞L^d_0. (3.9) We fix δ and L_0, and set E_λ =^1_2 δU_−λ . (3.10) It follows that P{A_λ } ≥ 1 − δ‖g‖_∞L^d_0 , (3.11) where A_λ denotes the event A_{λ,L} = {inf σ(H_{λ,ω,L0} ) ≥ 2E_λ} . (3.12) We now use Theorem 2.4. To maximize δ, and hence E_λ, we need to minimize L_0; hence we pick L_0 as in (3.6) and choose δ by matching the right hand sides of (3.11) and (2.17), i.e., δ‖g‖_∞L^d_0 =^2_{368d} . (3.13)

If ω ∈ A_λ, it follows that

dist(E, σ(H_{λ,ω,L})) ≥ E_λ fo any E ∈ [0, E_λ] , (3.14)

so we can use the Combes-Thomas estimate to get the decay of the resolvent for any E ∈ [0, E_γ ]. Note that the exact dependency of the exponential decay rate in the Combes-Thomas estimate in terms of the energy parameter and the distance to the spectrum is crucial in our argument, since we deal with large energies and large distances from the spectrum. Such a precise estimate is provided in [GK2, Eq. (19) in Theorem 1]. Although these estimates are for operators on R^d , the results in [GK2] can adapted for finite volume. In a box Λ_{L0} (0), with either Dirichlet or periodic boundary condition, the same estimates as in [GK2, Eq. (19) in Theorem 1] hold for x, y ∈ Λ̄_{L0−2}(0) ( i.e., at a distance ≥ 1 from the boundary) but the exponential rates of decay get divided by 1 + 2 √ dL_0. This can be seen as follows: in the proof of [GK2, Theorem 1] we replace e^{±α·x} by e^{±(α·x)φ(x)}, where φ(x) is a smooth function such that 0 ≤ φ(x) ≤ 1, φ(x) = 1 for x ∈ Λ̄_{L0−2}(0), supp φ ⊂ Λ_{L0} (0), and |∇φ(x)| ≤ 3 √ d. It follows that |∇((α · x)φ(x))| ≤ |α|(1 + 3 √ d^L_2 ) ≤ |α|(1 + 2 √ dL) for all x ∈ Λ_{L0} (0). The proof then proceeds as in [GK2, Proof of Theorem 1] using this estimate. (We can do better if we specify periodic boundary condition and use the distance on the torus, see[FK1, Lemma 18] and [KK1, Theorem 3.6].)

Thus, using the adaptation of [GK2, Eq. (19) in Theorem 1] to finite boxes with γ =^{√2}_2 , we conclude that, if ω ∈ A_λ and E ∈ [0, E_λ], we have that for any x, y ∈ Z^d ∩ Λ_{L0} (0) = Z^d ∩ Λ̄_{L0−2}(0), ‖χ_xR_{λ,ω,L0} (E)χ_y‖ ≤^2_{2Eλ−E} e^− √_{2(2Eλ−E)} (1+2^√dL0)^{−1}(|x−y|−^√d) ≤^2_{Eλ} e^{−√2Eλ} (^{1+2} √ dL_0)^{−1}(|x−y|− √ d) . (3.15)

Summing over the support of Γ_{L0} and of χ_{L0/3}, noting that if x ∈ Λ_{L0/3}(0), y ∈ Υ_{L0} (0) we have |x − y| ≥^{L0}_3 − 1, and using (3.6) yields

‖Γ_{L0} R_{λ,ω,L0} (E)χ_{L0/3}‖ ≤^{2d}_{Eλ} L^{2d−1}_0 e^{−√2Eλ} (^{1+2} √ dL_0)^{−1} . (3.16)

We will show that (2.17) of Theorem 2.4 is satisfied for all E ∈ [0, E_λ] for large disorder. Let I_λ = (−∞, 2E_λ − 1), we have, using (2.18), (3.3), (3.4), (3.10), and (3.16),

D_{Iλ} L(^{53 +b})^d

0 ‖Γ_{L0} R_{λ,ω,L0} (E)χ_{L0/3}‖ (3.17)

= 39^{5d} max { 16 · 60^dQ_{Iλ} , 1 } γ^2_{Iλ} L^{113 d}_0 ‖Γ_{L0} R_{λ,ω,,L0} (E)χ_{L0/3}‖

≤ c_1λ^{max}{^{d2 −1,0}}e^{−c2} √ λ (3.18) < 1 , (3.19)

where (3.18) holds for ω ∈ A_λ with c_1 and c_2 constants depending only on d, U_−, ‖g‖_∞, and ϱ (note that we fixed L_0 and δ in (3.6) and (3.13)). We conclude that there exists λ^∗, depending only on d, U_−, ‖g‖_∞, and ϱ, such that we have (3.19) for all λ > λ^∗ and ω ∈ A_λ.

Thus condition (2.17) holds for λ > λ^∗ and E ∈ [0, E_λ] by (3.11), hence Theorem 2.4 implies that [0,^1_2 δU_−λ] ⊂ Σ_{MSA}.

Let us turn to the rate of the exponential decay of the eigenfunctions with energies in [0,^1_2 δU_−λ]. Let θ_λ be defined by

L^{−θλ}_0 =^{2d}_{Eλ} L^{2d−1}_0 e^{−√2Eλ} (^{1+2} √ dL_0)^{−1} . (3.20)

Then (3.16) says Λ_{L0} (0) is (θ_λ, E)-suitable for any E ∈ [0, E_λ]. Note that from (3.17) and (2.18) (see (5.4)) one checks that θ_λ > θ_{0,λ}, where θ_{0,λ} is as in (2.32). Moreover, it follows from (3.20) that

θ_λ ≥ c_0 √ λ for all λ ≥ λ^∗ , (3.21)

where c_0 is some constant and λ^∗ is taken large enough (both depending only on d, U_−, ‖g‖_∞, and ϱ).

As in [GK1, Proof of Theorem 3.4], we bootstrap from Theorem 2.7 (of which Theorem 2.4 is a special case) to Theorem 2.6. Note that we have the conclusions of Theorem 2.7 with p =^5_3 , S = 4, and Y = 39, i.e., if we set L_k = 39^kL_0, k = 0, 1, 2, . . . , where L_0 is as in (3.6), then for all λ > λ^∗ we have

P{Λ_{Lk} (0) is (θ_λ, E)-suitable} ≥ 1 − 1 L^{53}_k

, (3.22)

for all E ∈ [0, E_λ] and k ≥ K, where K = K(d, ϱ) < ∞ is a constant depending only on d and ϱ. A key fact is that K does not depend on λ.

We now want to feed (3.22) into the hypotheses of Theorem 2.6. We have already fixed p =^5_3 , and hence α is fixed. On the other hand for each λ we have θ = θ_λ as in (3.20), and Q_{Iλ} , C_{Iλ} , and γ_{Iλ} grow polynomially with λ. To control L_λ as given in (2.21) with all this dependence in λ, we pick the remaining parameter, s, to also depend on λ by s_λ = log λ. By taking λ^∗ sufficiently large, as before depending only on d, U_−, ‖g‖_∞, and ϱ, and using (3.21), we can also guarantee θ_λ > 4αs_λ and s_λ > 2p + (b + 2)d for all λ > λ^∗. It follows from the explicit form of (2.21) that

L_∞ = sup_{λ>λ∗} sup_{E∈[0,Eλ ]} L_λ(E) < ∞ , (3.23)

where L_λ(E) is given by (2.21) with E_0 = E, I = I_λ, p =^5_3 , θ = θ_λ, and s = s_λ. Note that L_∞ depends only on d, U_−, ‖g‖_∞, and ϱ.

We now fix κ to be that smallest k ≥ K such that L_k = 39^kL_0 ≥ L_∞. It follows from Theorem 2.6 that if λ > λ^∗, then for almost every ω, the eigenfunctions φ_{λ,ω,E} with energy E ∈ [0, E_λ] decay exponentially (in the L^2-sense) with

lim inf |x|→∞ − log ‖χ_xφ_{λ,ω,E} ‖ |x| ≥ θ_λ log L_κ 2L_κ . (3.24)

so (3.8) follows from (3.21).

4. Application to Landau Hamiltonians with random potentials

In this section we study a two-dimensional random Schrödinger operator in the presence of a constant transverse magnetic field, the Landau Hamiltonian, with a random potential:

H_{B,ω} = H_B + V_ω on L^2(R^2 , dx), (4.1) with

H_B = (i∇ + A)^2 , A = B 2 (x_2, −x_1) (4.2)

where A is the vector potential, B > 0 is the strength of the magnetic field, and the random potential V_ω is of the form

V_ω(x) = ∑ i∈Z^2 ω_i u(x − i) , (4.3)

where, following Combes and Hislop [CH2], we require conditions (R1) and (R2):

(R1): 0 ≤ u(x) ∈ C^2, with u(0) > 0 and supp u ⊂ B (0, r_u), 0 < r_u <^{1√}_2 .

(Note B (0, r) = { x ∈ R^2 ; |x|_2 = (x^2_1 + x^2)^{12} < r } .) (R2): ω = {ω_i; i ∈ Z^d } a family of independent, identically distributed random variables, whose common probability distribution μ has a bounded density g, even (i.e., g(t) = g(−t)), with g > 0 a.e. in [−M, M] and g = 0 on R \[−M, M] for some finite M > 0.

We set ‖u‖_∞ = 1 without loss of generality. (We absorb it in M and g.) Note that V_ω is uniformly bounded:

|V_ω(x)| ≤ 2M for a.e. ω and all x ∈ R^2 . (4.4)

In addition, we make a further requirement in Theorem 4.1: (R3): For some ζ > 0 and some finite constant C_1 > 0 we have

μ([0, t]) = ∫_t 0 g(s) ds ≥ C_1 min{t, M}^ζ for all t > 0. (4.5)

The hypothesis (R3) is new; it allows the use of nontrivial results from percolation theory, as in (4.24) and (4.27). It is equivalent to lim inf_{t→0}^{μ([0,t])}_{tζ} > 0. We set ν = ν_0ζ > 0, C_3 = C_2C^{ν0}_1 , where ν_0 ≥ 1 and C_2 are constants given by twodimensional percolation theory (see (4.24)). The exponent ν plays an important role in our analysis as, e.g., in (4.9). Note that if the density g is continuous at 0 with g(0) > 0, then we may take ζ = 1 and hence ν = ν_0 ≥ 1.

H_{B,ω} is a Z^d -ergodic random self-adjoint operator on L^2(R^2 , dx) [CH2]; Σ_B will denote its almost sure spectrum. Recall that the spectrum of the free Landau Hamiltonian H_B consists of a sequence of infinitely degenerate eigenvalues, the Landau levels:

B_n = (2n + 1)B , n = 0, 1, 2, . . . . (4.6)

It follows that

Σ_B ⊂ ∞⋃ n=0 B_n , with B_n = [B_n − 2M, B_n + 2M] . (4.7)

We will assume B > 2M so the bands B_n are disjoint. We recall that the size of a possible spectral gap in Σ_B ∩ B_n is at most O(B^{− 12} ) for large B (depending on n) [CH2, Theorem 7.1]. (Note that if u ∈ C^∞, then the size of possible spectral gaps is at most O(B^{−∞}), see [W1, p. 3].) This is enough to ensure that the result of Theorem 4.1 below is not empty.

Theorem 4.1. Let H_{B,ω} be the random Landau Hamiltonian (as in (4.1)), satisfying (R1), (R2), and (R3). For any n = 0, 1, 2, . . . there exists a finite constant β_n > 0, depending only on n, M, r_u, ‖∇u‖_∞, and ‖Δu‖_∞, such that, given 0 < ~M < M, there exists a finite positive constant B(n), depending only on n, M, r_u, ‖∇u‖_∞, ‖Δu‖_∞, ‖g‖_∞, C_3, ν, and ~M, such that for all B ≥ B(n) we have

Σ_{B,n} = Σ_B ∩ { E ∈ B_n, |E − B_n| ≥ 2K_n^{log B}_B } ⊂ Σ_{MSA} , (4.8)

with K_n =^{(43+20ν)}_{βn} , and for a.e. ω, if φ_{B,ω,E} is an eigenfunction of H_{B,ω} with eigenvalue E ∈ Σ_{B,n}, then

lim inf x→∞ − log ‖χ_xφ_{B,ω,E} ‖ |x| (4.9)

≥ τ_n|E−B_n |^{1+ν} B |log |E−B_n || ≥ τ^′_n(log B)^ν

B^ν if 2Kn log B B ≤ |E − B_n| ≤^{2√}_B τ_n|E−B_n |^ν √ B |log |E−B_n || ≥ τ^′_nB^{1−ν}2

log B if 2√ B ≤ |E − B_n| ≤ 2 ~M τ_n √ B if 2 ~M ≤ |E − B_n| ≤ 2M ,

where τ_n, τ^′_n > 0 are constants depending only on M, ~M, β_n, C_3, and ν.

Theorem 4.1 is proven by using the results of [CH2] to satisfy the hypotheses of Theorem 2.6. Note that we could also work with the hypotheses used by Wang [W1], in which case we obtain the results of Theorem 4.1 for energies at a fixed distance from a Landau level, i.e., 2 ~M ≤ |E − B_n| ≤ 2M for a given 0 < ~M < M, including a rate of exponential decay for the eigenfunctions ∝ √ B. Following [CH2], we introduce the lattice Γ = (_1 2 ,^1_2 ) + e^{i π4} √ 2 Z^2 , (4.10)

which is just the lattice Z^2 with the origin shifted to

(_1 2 ,^1_2 ) , rotated by 45^∘, and rescaled by √ 2. We will denote sites in Γ by x̆, y̆, . . . . Each site in Z^2 is the middle point of a bond in Γ. We will work with open boxes in the lattice Γ: Λ̆_L(x̆) = {y ∈ R^d ; |y − x̆|_1 < L} , (4.11)

where x̆ ∈ Γ, L ∈ 4N , and |x|_1 = |x_1| + |x_2|, so the the boundary of Λ̆_L(x̆) is made out of bonds in Γ. Note that^1_2 | |x − (^1_2 ,^1_2 ) | |_1 is just the sup norm in the coordinates given by axes parallel to the bonds of Γ, centered at

(_1 2 ,^1_2 ) , and rescaled so of bonds in Γ have length one. (That’s why we have |y − x̆|_1 < L and not <^L_2 in (4.11).) We also adapt (2.2)-(2.5) to the lattice Γ:

χ_{x̆,L} = χ_{Λ̆L(x̆)} , with χ_{x̆} = χ_{x̆,1} , (4.12)

Υ_L(x̆) = {y̆ ∈ Γ; |y̆ − x̆|_1 = L − 2} , (4.13)

Υ̃_L(x̆) = Λ̆_{L−1}(x̆)\Λ̆_{L−2}(x̆) = ⋃ y̆∈Υ_L (x̆)

Λ̆_1(y̆) , (4.14)

Γ_{x̆,L} = χ_{Υ̃L(x̆)} = ∑ y̆∈Υ_L(x̆)

χ_{y̆} a.e. (4.15)

Note that all of our results are valid with this choice of boxes with no change in the constants in our theorems. (The boxes and the corresponding boundary belts are just the usual ones (e.g., (2.1)-(2.5)) in the rescaled lattice Γ.)

We define (as in [CH2]) the finite volume operators by H_{B,ω,x̆,L} = H_B + V_{ω,x̆,L} , (4.16) with x̆ ∈ Γ, L ∈ 4N , and V_{ω,x̆,L} = ∑ i∈Z^2∩Λ̆_L(x̆) ω_i u(x − i) = ∑ i∈Z^2, supp u(x−i)⊂Λ̆_L(x̆) ω_i u(x − i) . (4.17)

Note that V_{ω,x̆,L} has support in Λ̆_L(x̆) and is relatively compact with respect to H_B , so the essential spectrum of the finite volume operators consists of the Landau levels given in (4.6). Note that (4.7) also holds for these finite volume operators.

By the definition of V_{ω,x̆,L} we clearly have Assumption IAD with ϱ = 0. Assumption SLI inequality can be proven as in [GK3, Theorem A.1] for any open interval I, with the constant γ_I in (2.7) given by

γ_I = sup_{E∈I} γ_E , with γ_E = γ̃ √ max{E, 0} + 1 , (4.18)

where the constant γ̃ depends only on M; it does not depend on B. (Although, as noted in [CH2], we have χ_{y̆,ℓ}V_{ω,x̆,L} − V_{ω,y̆,ℓ} ≠ 0 if Λ̆_ℓ(y̆) ⊂ Λ̆_L(x̆) , (4.19) we also have χ_{y̆,ℓ−1}(V_{ω,x̆,L} − V_{ω,y̆,ℓ}) = 0 if Λ̆_ℓ(y̆) ⊂ Λ̆_L(x̆) , (4.20) so the proof of Assumption SLI is not affected.) Assumption EDI also follows in the same way.

Assumption SGEE follows from [Si, Theorem B.13.2] and properties of Schrödinger operators, as in [CH2, Section 5].

Combes and Hislop [CH2, Theorem 3.1] proved the following form of Assumptions NE and W (note that b = 1):

Theorem 4.2 ([CH2]). Let H_{B,ω} be the random Landau Hamiltonian (as in (4.1)), satisfying (R1) and (R2). For any n = 0, 1, 2, . . . , there exists a constant Q_n = Q̃_n‖g‖_∞, with the constant Q̃_n depending only on r_u and M, such that for any closed interval I ⊂ B_n\{B_n} we have E { E_{HB,ω,x̆,L} (I) } ≤^1_2 Q_n^B {dist(I,B_n)}^2 |I| L 2 , (4.21)

for all B > 2M, x̆ ∈ Γ, and L ∈ 2N .

In particular, for any E ∈ B_n\{B_n} we have P {dist(σ(H_{B,ω,x̆,L}), E) ≤ η} ≤ Q_n B (|E − B_n| − η)^2 η L^2 , (4.22)

for all 0 < η < |E − B_n|, B > 2M, x̆ ∈ Γ, and L ∈ 2N .

In addition, Combes and Hislop [CH2, Proposition 5.1] obtained length scale estimates. Their argument relies on independent bond percolation on the lattice Γ.

We will need some notions of independent bond percolation in Z^2 (see [Gr]). We denote by p the probability of a bond being occupied. The connectivity function τ_p(x) is given by the probability that 0 is connected to x ∈ Z^2 by occupied bonds. We have [Gr, Proposition 5.47)]

τ_p(x) ≤ e^{−φ(p)|x|} , with φ(p) = −^1_n log τ_p((n, 0)) ≥ 0 . (4.23)

The function φ(p) is continuous and nonincreasing on [0, 1], with φ(^1_2 ) = 0 and φ(0) = ∞ [Gr, Theorem 5.14], where we used that in two dimensions the critical probability p_c =^1_2 [Gr, Theorem 9.11]. Moreover, it follows from [Gr, Eqs. (5.51), (9.95), (9.97)] that there are finite constants C_2 > 0 and ν_0 ≥ 1 such that φ(p) ≥ C_2 (_1 2 − p )_{ν0} if p <^1_2 . (4.24)

To make the connection to random Landau Hamiltonians satisfying (R1) and (R2), given a ≥ 0 we let

p(a) = 1 − ∫_a −∞ g(t) dt =^1_2 − ∫_a 0 g(t) dt , (4.25)

and set

m(a) = φ(p(a)) . (4.26)

(Note that p(a) = 0 if a ≥ M.) If in addition we have hypothesis (R3), it follows from (4.5) and (4.24) that

m(a) ≥ C_3 min{a, M}^ν for a ≥ 0 , with ν = ν_0ζ > 0 , C_3 = C_2C^{ν0}_1 . (4.27)

(In fact m(a) = ∞ if a ≥ M.) This lower bound on m(a) will play a crucial role in the proof of Theorem 4.1 as we let a =^{|E−Bn |}_2 → 0 as B → ∞.

We may now restate [CH2, Proposition 5.1] as follows:

Theorem 4.3 ([CH2]). Let H_{B,ω} be the random Landau Hamiltonian (as in (4.1)), satisfying (R1) and (R2). Let E = B_n±2a for some n = 0, 1, 2, . . . , with 0 < a <^B_2 . There exist a geometric constant C_4 > 0, and constants Y_n > 0 and β_n > 0, depending only on n, M, r_u,‖∇u‖_∞, and ‖Δu‖_∞, such that for any 0 < δ ≤ a, x̆ ∈ Γ, and L ∈ 6N , P { ‖Γ_{x̆,L}R_{B,ω,x̆,L}(E)χ_{x̆,L/3}‖ ≤ Y_n B aδ^2 e^{−βn min}{^{aB,} √ B} } (4.28) ≥ 1 − C_4Le^{−m(a)L} − Q_n δB a^2

L^2 ,

where the constant Q_n is as in Theorem 4.2.

We are now ready to prove Theorem 4.1. As in [CH2], Theorem 4.3 will be used to obtain the initial length estimate for the multiscale analysis. The decay given in (4.28) is independent of the scale, so the rate of exponential decay given at the length scale L_0 is ≈^{2βn min}{^{aB,} √ B} L_0 . Thus L0 cannot be too big, depending

on the strength of B through the constants of the model and on the distance a to the Landau level. On the other hand the multiscale analysis requires the initial length scale L_0 to be large enough, depending also on the strength of B through the constants of the model and on the distance a to the Landau level. For these reasons Theorem 4.1 cannot be proven by a naive application of the multiscale analysis as stated in [FS, vDK, CH1, GK1, St]. Theorem 2.6 will take care of these conflicting demands.

Proof of Theorem 4.1. Let us fix n = 0, 1, 2, . . . . For each E ∈ B_n\{B_n} we set

a = a(E) = |E − B_n| 2 (note 0 < a ≤ M) , (4.29)

and define open intervals I_E = (E − a, E + a), (4.30) where we have Assumptions SLI, NE, and W with constants γ_{IE} = γ_n √ B , with γ_n = γ̃ √ 2(n + 1) ; (4.31) C_{IE} = Q_n B a ; (4.32) Q_{IE} = 4Q_n B a^2

, η_{IE} =^a_2 , b = 1 ; (4.33)

where (4.31) follows from (4.18), (4.32) from (4.21), and (4.33) from (4.22).

To apply Theorem 2.6 at a given energy E ∈ B_n\{B_n}, we must pick appropriate p > 0, α = 1 +^{p/2}_{p+4} , s > 2p + 6, and θ > 4αs, and use the estimates of Theorem 4.3 to satisfy (2.22) at some length scale L_0 ≥ L, with L = L(E, B) given by (2.21) with I = I_E .

We start by fixing p > 0, to be specified later, and setting α = 1 +^{p/2}_{p+4} ; note that 1 < α <^3_2 . We will choose s and θ later depending on a, B, and p.

Given E ∈ B_n\{B_n}, to satisfy (2.22) from (4.28), it suffices to verify Y_n B aδ^2 e^{−βn min{aB,} √ B} ≤ 1 L^θ_0

, (4.34)

C_4L_0 e^{−m(a)L0} < 1 2L^p_0

, (4.35) Q_n δB a^2

L^2_0 ≤ 1 2L^p_0

, (4.36)

for some 0 < δ < a and an appropriate choice of the initial length scale L_0 .

We start with condition (4.35). Using (4.27), it suffices to establish

C_4L_0 e^{−C3 aν L0} < 1 2L^p_0

. (4.37)

To do so, we pick 0 < ~M < M and choose (keeping in mind (2.21))

L_0 = L_0(a) = [ max { C_5 log^M_a a^ν , C_5 log^M_{~M} ~M ν } + 6 ] 6N ≥ C_5 log^M_a a^ν , (4.38)

where the constant C_5 is chosen large enough so that (4.37) holds for all 0 < a ≤ ~M, and hence for all 0 < a ≤ M, and we also have C_5 > max

{_{(p+1)(ν+1)}

C_3 ,

417^{2+ 8p} ~M^ν log^M_{~M} } . The constant C_5 depends only on C_3, M, ~M, ν, and p (C_4 is a geometric constant). By construction

L_0(a) ≥

C_5 log^M_{~M} ~M ν ≥ 417^{2+ 8p} (4.39)

for all 0 < a ≤ M.

We now fix K_n > 0, to be specified later, and require K_n log B B ≤ a ≤ M . (4.40)

For B large enough (so K_n log B ≤ √ B), it follows from (4.40) that min{aB, √ B} ≥ K_n log B . (4.41)

We have

L_0(a) ≤

L_0 ( K_n^{log B}_B ) ≤^{C5}_{Kνn} (log B)^{1−ν} B^ν if K_n^{log B}_B ≤ a ≤^{1√}_B L_0 (_{1√} B ) ≤ C_5 (log B) B^{ν2} if^{1√}_B ≤ a ≤ ~M

L_0( ~M) ≤^{C5 log M~M}_{~M ν} + 6 if ~M ≤ a ≤ M

(4.42)

for B ≥ B_1(n), with B_1(n) depending only only on C_3, M, ~M, ν, p, and K_n. We take B_1(n) sufficiently large so we also have

log L_0(a) ≤ 2ν log B for all a as in (4.40) . (4.43)

To satisfy (4.36), we set δ = δ(a, B) = a^2 2Q_nBL_0(a)^{p+2}

< a , (4.44)

the last inequality holding for all a as in (4.40) and B ≥ B_2(n) in view of (4.39), where the constant B_2(n) depends only on M, ~M, ν, C_3, Q_n, p, and K_n.

It remains to verify condition (4.34) for this choice of δ, which follows if

4Y_nQ^2_nB^3a^{−5} e^{−βn min{aB,} √ B} ≤ 1 L_0(a)^{θ+2(p+2)}

, (4.45)

i.e., θ ≤ β_n min{aB, √ B} − log ( 4Y_nQ^2_nB^3a^{−5} ) log L_0(a)

− 2(p + 2) . (4.46)

We take θ = θ(a, B) = β^′_n min{aB, √ B} log L_0(a)

, (4.47)

where we require

β^′_n = β_n −

8 + 4ν(p + 2) K_n > 0 , (4.48)

and, using (4.43) and (4.41), check that θ(a, B) satisfies (4.46) for all a as in (4.40), as long as and B ≥ B_3(n), where the constant B_3(n) depends only on M, ~M, ν, C_3, Y_n, Q_n, p, and K_n.

We now choose s = s(a, B) > 2p + 6, satisfying θ(a, B) > 4αs(a, B), and show that for sufficiently large B we have, for all a as in (4.40), that L_0(a) ≥ L, with L = L(E, B) given by (2.21) with I = I_E .

To satisfy Q^{1s−p−2} I_E ≤ L0(a) and ( 16 · 36^22^{s−2p}C_{IE} Q_{IE} ) 1_{α(s−2p−6)} ≤ L_0(a) (4.49) for large B and all a as in (4.40), it suffices to require (s − p − 2) log L_0(a) ≥ 3 log B and (s − 2p − 6) log L_0(a) ≥ 5 log B, respectively. Thus we set s = s(a, B) = 5 log B log L_0(a)

+ 2p + 6 , (4.50)

and satisfy (4.49) for all a as in (4.40) if B ≥ B_4(n), with B_4(n) depending only only on M, ~M, C_3, ν, p, Q_n, and K_n. Moreover, since it follows from (4.43) that s(a, B) ≥^5_{2ν} >^1_ν for B ≥ B_1(n), we may take B_4(n) large enough so we also have η^{− 1s}_{IE} , dist(E, R \I_E )^{− 1s} < L_0(a) for B ≥ B_4(n).

In view of (4.31), α <^3_2 , (4.47), (4.50), and (4.43), if we require β^′_n > 34 + 4ν(p + 3) K_n > 0 , (4.51)

we have ( 69^2γ^2_{IE} ) 4_{θ−4αs} ≤ L_0(a) (4.52)

if B ≥ B_5(n), with B_5(n) depending only only on M, ~M, C_3, ν, p, and K_n.

Recalling (4.39), it only remains to satisfy ( 3^2γ_{IE} ) 16α_{θ(α−1)} ≤ L_0(a) , (4.53)

which, again using α <^3_2 , follows from β^′_n > 24(p + 4) pK_n , (4.54)

and B ≥ B_6(n), with B_6(n) depending only only on M, ~M, ν, C_3, p, and K_n.

In pursuit of simplification, we now choose p =^8_ν and set

K_n =

43 + 20ν β_n , (4.55)

so conditions (4.48), (4.51), and (4.54) are satisfied. We also set B(n) = max{B_i(n), i = 1, 2, . . . , 6}, which depends only on n, M, ~M, r_u ,‖∇u‖_∞, ‖Δu‖_∞, ‖g‖_∞, C_3, and ν, and take B ≥ B(n). For any E ∈ Σ_{B,n} we can now verify the hypotheses of Theorem 2.6 with L_0 and θ as in (4.38) and (4.47), and conclude that (4.8) holds, i.e., Σ_{B,n} ⊂ Σ_{MSA}. Moreover, for a.e. ω, if φ_{B,ω,E} is an eigenfunction of H_{B,ω} with eigenvalue E ∈ Σ_{B,n}, then

lim inf x̆→∞ − log ‖χ_{x̆}φ_{B,ω,E} ‖ |x̆|_1 ≥ β^′_n min{aB, √ B} 2L_0(a)

(4.56)

≥ β^′_na^{1+ν} B

2(C5 log^M_a +6a^ν ) ≥

β^′_nK^{1+ν}_n (log B)^ν

2C_5B^ν if Kn log B B ≤ a ≤^{1√}_B β^′_na^ν √ B 2(C5 log^M_a +6a^ν ) ≥

β^′_nB^{1−ν}2 2C_5 log B if 1√ B ≤ a ≤ ~M β^′_n ~M^ν √ B 2(C5 log^M_{~M} +6^~M^ν ) if ~M ≤ a ≤ M (4.57)

where we used (4.42). The estimate (4.9) follows.

5. Proof of Theorems 2.4 and 2.5 The following lemma lists explicit scenarios under which condition (2.28) of Theorem 2.7 holds.

Lemma 5.1. Let S ≥ 2. If one of the following conditions holds: (i) Y ≥ 8S + 5, L_0 ≥ 8S + 5; (ii) Y ≥ 9S + 3, L_0 ≥ (9S + 3)^{2S} ;

then condition (2.28) of Theorem 2.7 is satisfied, i.e. Y − 2 log L_0 log Y ≥ 8S + 3.

Proof. The lemma follows from the fact that the function t → t−t_0 log t is increasing for t ≥ t_0.

If Y ≥ 8S + 5 and log(8S + 5)/ log L_0 ≤ 1, condition (2.28) follows. This proves (i).

To prove (ii), take Y ≥ 9S + 3 and note that (2.28) will hold if S − 2 log L_0 log(9S + 3) ≥ 0. (5.1)

Proof of Theorem 2.4. We take p =^5_3 d , S = 4, and Y = 9S + 3 = 39 in Theorem 2.7, so we satisfy (2.31), and obtain (2.28) from Lemma 5.1 (ii) if L_0 ≥ 6.

Given L_0 ≥ max { 6, 3ϱ, η^−[(^{53 +b})^d] −1 I } , L_0 ∈ 6N , we define s_0 by

(39L_0)^{s0−}(^{53 +b})^d = max { 16 · 60^dQ_I , 1 } (5.2)

≥ max { 16 · 234^d

(_{30} 117 )_{bd} Q_I , 1 } , (5.3)

so s_0 ≥

(_5 3 + b ) d and (2.29) is satisfied for s ≥ s_0. We also define θ_0 > s_0 by (2.32) with s = s_0; note that D_I is defined in (2.18) so

L^{θ0}_0 ≤ D_I L(^{53 +b})^d_0 . (5.4) Thus condition (2.17) in Theorem 2.4 then implies P { ‖Γ_{0,L}R_{0,L}(E_0)χ_{0,L/3}‖_{0,L} < 1 L^{θ0} } ≥ 1 −^2_{368d} (5.5)

> 1 − 60^{14} (113)^{− 54 d} > 1 − (2β(39, 5))^{− 14} , and hence condition (2.33) in Theorem 2.7 holds for some θ > θ_0, so Theorem 2.4 follows from Theorem 2.7.

Proof of Theorem 2.5. We take S = 4 and Y = 8S + 5 = 37 in Theorem 2.7; condition (2.27) holds for L_0 ≥ 37 by Lemma 5.1(i). We will use (see (2.27))

β(37, 5) ≤

107^{5d} 120 . (5.6)

Given s > bd, we set p =^1_2 (s − bd) and

L^′ = max { 3ϱ, 37, 37^{15} ( 107^d 60^15 )^2_{s−bd} , 1 37 ( 16 · 222^dQ_I ) 2_{s−bd} , η^{− 1s}_I } ≤ L , (5.7) where L is as in (2.19). . Conditions (2.29) and (2.30) of Theorem 2.7 are satisfied for L_0 ≥ L^′ by its definition.

Now set θ_0 > s (recall γ_I ≥ 1) by L^{θ0}_0 = 90^dγ^2_I (37L_0)^s, i.e., by (2.32). Then condition (2.20) is that same as P { ‖Γ_{0,L}R_{0,L}(E_0)χ_{0,L/3}‖_{0,L} < 1 L^{θ0} } ≥ 1 −^2_{344d} (5.8)

> 1 − 60^{14} (107)^{− 54 d} > 1 − (2β(37, 5))^{− 14} , and hence condition (2.33) in Theorem 2.7 holds for some θ > θ_0, so Theorem 2.5 follows from Theorem 2.7.

6. Proof of Theorem 2.7 Theorem 2.7 is a refinement of [GK1, Theorem 5.1], the main difference are the explicit conditions.

Proof of Theorem 2.7. We proceed as in the proof of [GK1, Theorem 5.1]. We start by picking E_0 ∈ I, p > 0, S ≥ 2 with S ∈ N , s > p + bd, θ > θ_0, where θ_0 is defined by condition (2.32) (note θ > s), Y ≥ 8S + 5, Y odd, and scales L ≥ max { 6, 3ϱ, η^{− 1s}_I } with L ∈ 6N . We set

p_L = P{Λ_L (0) is not (θ, E_0)-suitable}. (6.1) The proof proceeds by induction. For the induction step, let ℓ ∈ 6N , ℓ ≥ max { 6, 3ϱ, η^{− 1s}_I } , and L = Y ℓ. We estimate p_L from p_ℓ as in [GK1, (Eq. (5.22)], but being slightly more careful in our use of the Wegner estimate (2.9), obtaining

p_L ≤ β(Y, S + 1)p^{S+1}_ℓ + Q_I [ S ( 7S + 2 3Y )_{bd} (6Y )^d + 1 ] L^{bd}L^{−s} ≤ β(Y, S + 1)p^{S+1}_ℓ + 2^{d+1}Q_I S

(7S + 2)^{bd} (3Y )^{(b−1)d} L^{−s+bd+p} 1 L^p (6.2)

≤ β(Y, S + 1)p^{S+1}_ℓ + 1 2 1 L^p , (6.3)

where β(Y, S) is as in (2.27). (Note that (2.27) is a slightly better estimate than [GK1, (Eq. (5.20)].) To obtain (6.3) we assume (Y L_0)^{s−bd−p} ≥ 2^{d+2}Q_I S (7S + 2)^{bd} (3Y )^{(b−1)d}

(6.4)

which is exactly condition (2.29) in Theorem 2.7.

As in the proof of [GK1, Theorem 5.1], we next must satisfy [GK1, (Eq. (5.24)]. i.e., we must show that [γ_I (7S + 2)^dL^s][γ_I 3^dℓ^{−θ}] < 1, (6.5) which follows if L^{θ−s}_0 > γ^2_I 3^d(7S + 2)^dY^s, (6.6)

which is true if θ > θ_0, where θ_0 is defined by condition (2.32).

Next, we define N(Y ) as in [GK1, (Eq. (5.26)], note that since we specified Y ≥ 8S + 5, we have N(Y ) = Y − 8S − 1 ≥ 4 . (6.7) We now need to satisfy [GK1, (Eq. (5.27)]: Y^d [ γ_I 3^d ℓ^θ ]_{N(Y )} L^s < 1 L^θ (6.8)

i.e., (3^dγ_{I0} )^{N(Y )}Y^{s+θ+d} < ℓ^{θ(N(Y )−1)−s} . (6.9) But (6.9) is automatically fulfilled for any ℓ ≥ L_0 ≥ 6 in view of condition (2.28). First note that θ > s and N(Y ) ≥ 4 imply that θ(N(Y ) − 1) − s > 0. As a consequence (6.9) certainly holds if ( L^{N(Y )−1} 0 Y )_θ ≥ (3^dγ_I )^{N(Y )}Y^d(Y L_0)^s. (6.10)

Second, we always have L^{N(Y )−1} 0 Y ≥ L^{N(Y )/2} 0 , (6.11)

provided N(Y ) ≥ (2 log Y/ log L_0) + 2, which is exactly (2.28). Thus plugging (6.6) (which is the same as (2.32)) into (6.10) leads to ( L^{N(Y )−1} 0 Y )_θ ≥ ( L^θ_0

)^{N(Y )}_2 ≥ ( γ^2_I 3^d(7S + 2)^d(Y L_0)^s

)^{N(Y )}_2

≥ ( 3^dγ_I )_{N(Y )} Y^d(Y L_0)^s, where we used N(Y ) ≥ 2 and s > d. Thus we have (6.10), and hence (6.8).

We now set L_{k+1} = Y L_k, k = 0, 1, 2, · · · , p_k = p_{Lk} . It follows from (6.3) that

p_{k+1} ≤ β(Y, S + 1)p^{S+1}_k + 1 2 L^{−p}_{k+1} for k = 0, 1, 2, . . . . (6.12)

If condition (2.30) holds, we may finish the proof as in [GK1]. If p_k < L^{−p}_k , then

p_{k+1} ≤ β(Y, S + 1) 1 L^{(S+1)p} k + 1 2L^p_{k+1} ≤ 2β(Y, S + 1)Y^p L^{(S+1)p} 0 1 2L^p_{k+1} + 1 2L^p_{k+1} ≤ 1 L^p_{k+1} , (6.13)

where we used (2.30). If not, we must have p_{k+1} ≥ L^{−p}_{k+1} for k = 0, 1, 2, . . . , n, so (6.12) implies 1 2 L^{−p}_{k+1} ≤ β(Y, S + 1)p^{S+1}_k for k = 0, 1, 2, . . . , n , (6.14)

which we plug back into (6.12) to get p_{k+1} ≤ 2β(Y, S + 1)p^{S+1}_k for k = 0, 1, 2, . . . , n . (6.15)

Hence 1 Y^{(n+1)p}L^p_0

≤ p_{n+1} ≤ (2β(Y, S + 1))^{− 1S} ( (2β(Y, S + 1))^{1S} p_0

)_{(S+1)}n+1 . (6.16)

If condition (2.33) holds, i.e.,

p_0 < (2β(Y, S + 1))^{− 1S} , (6.17)

we get a contradiction for n large, uniformly in L_0 ≥ 6, which finishes the proof.

If If condition (2.30) does not hold, we work with the scale L_1 = Y L_0, instead of L_0. That provides an extra term in Y that will supply the needed control uniformly in L_0 ≥ 6. The price we pay is expressed in condition (2.31): p > d and S ≥ (p + d)/(p − d). We now suppose condition (2.31) holds. If p_k < L^{−p}_k for some k ≥ 1, we have

p_{k+1} ≤ β(Y, S + 1) 1 L^{(S+1)p} k + 1 2L^p_{k+1} ≤ 2β(Y, S + 1) Y^p L^{Sp}_1 1 2L^p_{k+1} + 1 2L^p_{k+1}

(6.18) ≤ 1 L^p_{k+1} , (6.19)

since p > d and S ≥^{p+d}_{p−d} . Indeed, in this case we have 2β(Y, S + 1) Y^p L^{Sp}_1 ≤ 2 (3Y )^{(S+1)d} S! Y^p (Y L_0)^{Sp}

(6.20)

≤ 2 3^{(S+1)d} 6^{Sp}S! Y^{(S+1)d+p} Y^{Sp} ≤ 3^d 2^{Sd} Y^{(p+d)−S(p−d)} ≤ ( 3 4 )_d < 1 , where we also used L_0 ≥ 6 and S ≥ 2. Otherwise, we must have p_{k+1} ≥ L^{−p}_{k+1} for k = 1, 2, . . . , n, so it follows from (6.12) that β(Y, S + 1)p^{S+1}_k ≥^1_2 L^{−p}_{k+1} for k = 1, 2, . . . , n, so we again get (6.14) and (6.15), but we start from L_1 instead of L_0, so instead of (6.16) we get 1 Y^{(n+1)p}L^p_0

≤ p_{n+1} ≤ (2β(Y, S + 1))^{− 1S} ( (2β(Y, S + 1))^{1S} p_1

)_{(S+1)}n

. (6.21)

We will get a contradiction for large n, uniformly in L_0 ≥ 6, if we have

(2β(Y, S + 1))^{1S} p_1 < 1 . (6.22)

In other terms, we need condition (6.17) but with p_1 instead of p_0. Thus we need to estimate p_1 in terms of p_0. Note that (6.12) holds for k = 0 as well, so

p_1 ≤ β(Y, S + 1)p^{S+1}_0 + 1 2(Y L_0)^p

. (6.23)

Hence (6.22) is certainly true if

2^{1S} β(Y, S + 1)^{S+1S} p^{S+1}_0 +

(2β(Y, S + 1))^{1S} 2(Y L_0)^p

< 1 (6.24) for all L_0 ≥ 6. Since the first term on the right hand side of (6.24) is ≤^1_2 by (6.17), i.e., condition (2.33), it suffices to show that the second term is also ≤^1_2 , which can be seen as follows: (2β(Y, S + 1))^{1S}

(Y L_0)^p = ( 2β(Y, S + 1) (Y L_0)^{Sp} ) 1_S < 1 , (6.25)

using (6.20). Hence (6.22) holds, so we get in (6.21) a contradiction for large n.

The contradictions to either (6.16) or (6.21) happen at some large n, how large depending only on d, p, Y, S and L_0. Thus there is K = K(d, p, Y, S, L_0) such that p_k < L^{−p}_k for all k ≥ K.

That E_0 ∈ Σ_{MSA} now follows from [GK1].

7. Proof of Theorem 2.6 Theorem 2.6 is a refinement of [GK1, Theorem 5.2], again the the main difference being the explicit conditions.

Proof of Theorem 2.6. We proceed as in the proof of [GK1, Theorem 5.2] (see [GK1, Section 5.4]), where we fix S = 3 and take α = 1 +^{p/2}_{p+2d} ∈ (1, 1 +^p_{p+2d} ). We prove (2.24), note that (2.23) is easier and may be proven in a similar way.

We start by deriving from (2.22) the initial step of the inductive process, i.e., P [ R (_{m0} 2 , L_0, I, x, y )] ≥ 1 − 4 L^{2p}_0

(7.1)

for all x, y ∈ Z^d with |x − y| > L_0 + ϱ, which is just (2.24) with k = 0 and^{m0}_2 substituted for^{m0}_4 . To do that, we recall that

Λ_L(x) is (θ, E)-suitable ⇐⇒ Λ_L(x) is (2θ^{log L}_L , E)-regular . (7.2)

As in [GK1, p. 440], we set

δ_2 = δ_2(m_0, L_0, s) = 1 2L^{2s}_0 [ e^{− m02 L02} − e^{−m0 L02} ] (7.3)

and I(δ_2) = (E_0 − δ_2, E_0 + δ_2) ∩ I. Using (2.22), Assumption W with η = L^{−s}_0 , and requiring L_0 ≥ Q^{1s−p−bd} I , (7.4)

obtain the equivalent to [GK1, Eq (5.37)]:

P{for every E ∈ I(δ_2), Λ_{L0} (0) is (^{m0}_2 , E)-regular} (7.5) ≥ 1 − 1 L^p_0 − Q_I L^{bd−s}_0 ≥ 1 − 2 L^p_0 . Using Assumption IAD, (7.1) follows from (7.5).

For reasons that will become clear later we will work with a smaller open interval I, with E_0 ∈ I ⊂ I, defined as I = I(δ_2) ∩ {E ∈ I ; dist(E, R \I) > L^{−s}_0 } . (7.6)

The induction now proceeds as in [GK1]. The induction step goes from scale ℓ ≥ L_0 ≥ 3ϱ to scale L = [ℓ^α]_{6N} , using (2.9) with η = L^{−s}. We need to satisfy the equivalent to [GK1, Eq. (5.42)] (recall S = 3), [ γ_I (21 + 2)^dL^s ] [ γ_I 3^de^{−m ℓ2} ] < 1, (7.7)

for all ℓ ≥ L_0 and^{m0}_4 ≤ m ≤^{m0}_2 , m_0 = 2θ^{log L0}_{L0} . To do so, it suffices to require

69^dγ^2_I ℓ^{αs}e^{−m0 ℓ8} < 1 for all ℓ ≥ L_0 , (7.8)

i.e.,

69^dγ^2_I t^{αs}L^{− θt−4αs4}_0 < 1 for all t ≥ 1 . (7.9)

To satisfy the inequality at t = 1 we require

θ > 4αs and L_0 ≥ ( 69^dγ^2_I ) 4_{θ−4αs} . (7.10)

Since log L_0 ≥ 1 as L_0 ≥ 6, it follows that (7.9) then holds for all t ≥ 1. Thus (7.7) is satisfied if (7.10) holds.

Now, the equivalent of [GK1, Eq. (5.47)] is N_ℓ ≥ L ℓ − 8 · 3 − 1 = L ℓ − 25 ≥ L ℓ ( 1 − 50ℓ^{−(α−1)} ) , (7.11)

where we used, and hence require,

ℓ ≥ L_0 ≥ 12 (7.12)

Thus [GK1, Eq. (5.48)] follows with m^′ ≥ m ( 1 − 50 ℓ^{α−1} ) − 2 [ (α − 1)d log ℓ

ℓ^α − 6 + log(3^dγ_I ) ℓ + αs log ℓ (ℓ^α − 6) ]

≥ m [ 1 − 50 ℓ^{α−1} − 4 log(3^dγ_I )

θ log ℓ − 4(α − 1)d + 4αs θℓ^{α−1} ] (7.13) ≥ m [ 1 − 52 ℓ^{α−1} − 4 log(3^dγ_I )

θ log ℓ ] . (7.14)

where we used the fact that^{log L}_L is decreasing in L for L ≥ 3, 1 < α < 2, d, s, and θ > 4αs. Continuing as in [GK1], we construct the sequence of length scales L_{k+1} = [L^α_k ]_{6N} , k = 0, 1, . . . . Applying the inductive step from scale L_k to scale L_{k+1}, we obtain a decreasing sequence of masses m^′_k, with m^′_0 =^{m0}_2 , satisfying [GK1, Eq. (5.48)] and (7.14) at scale L_k. We thus need to verify [GK1, (5.51)], i.e., 0 ≤ ∞∑ k=0 (m^′_k − m^′_{k+1}) < m_0 4 . (7.15)

To do so, note that it follows from (7.14) that it suffices to show that for suitable L_0 we have ∞∑ k=0 52 L^{α−1}_k < 1 4 , (7.16) ∞∑ k=0 4 log(3^dγ_I ) θ log L_k < 1 4 . (7.17)

Recall L_k = L^{αk}_0 . For (7.16), we use α^k ≥ kα, so ∞∑ k=0 1 L^{αk(α−1)} 0 ≤ 1 L^{α−1}_0 + ∞∑ k=1 1 L^{α(α−1)k} 0 (7.18) = 1 L^{α−1}_0 + 1 L^{α−1}_0 ( 1 − L^{−(α−1)} 0 ) ≤ 2 L^{α−1}_0 − 1 , and hence (7.16) holds if we require

L_0 ≥ 417^{1α−1} . (7.19)

Since ∑_∞ k=0 α^{−k} =^α_{α−1} , (7.17) holds if we require

L_0 ≥ ( 3^dγ_I ) 16α_{θ(α−1)} . (7.20)

Note that 417^{1α−1} ≥ 417^{12} ≥ 20 > 12 since α ≤^3_2 , and hence (7.12) follows from (7.19).

We continue as in [GK1, Eqs. (5.54)-(5.55)], with Ĩ_0 = I and I_0 = I. We need the equivalent of [GK1, Eq. (5.55)], i.e.,

2C_I Q_I (3 + 1)^2 ( 6L ℓ )_{2d} L^{(b+1)d}L^{−s} ≤ 2 L^{2p} , (7.21)

so it suffices to establish the first inequality in

16 · 36^dC_I Q_I ℓ^{2d(α−1)+α(b+1)d} ≤ ( ℓ^α 2 )_{s−2p} ≤ (ℓ^α − 6)^{s−2p} ≤ L^{s−2p} . (7.22)

Thus we must show that for all ℓ ≥ L_0 we have 16 · 36^d2^{s−2p}C_I Q_I ≤ ℓ^{α(s−2p−(b+3)d)+2d} , (7.23) which is true if

s > 2p + (b + 2)d > 2p + (b + 3)d − 2d α (7.24) and L_0 ≥ ( 16 · 36^d2^{s−2p}C_I Q_I ) 1 α(s−2p−(b+2)d) . (7.25) Using the definition of the interval I, given in (7.6), the equivalent of [GK1, Eq.

(5.56)] follows from (7.21). To ensure the equivalent of [GK1, Eqs. (5.57)-(5.58)], we need [( 3L ℓ )_{2d} 4 ℓ^{2p} ] 3+1_2 ≤ 1 L^{2p} , (7.26)

so it suffices to ensure [ 9^dℓ^{2(α−1)d} 4 ℓ^{2p} ]_2 ≤ 1 ℓ^{2αp} for all ℓ ≥ L_0 , (7.27)

i.e., 4 · 9^d ≤ ℓ^{2p−αp−2(α−1)d} for all ℓ ≥ L_0 . (7.28)

Since 2p − αp − 2(α − 1)d =^7_2 p by the definition of α, (7.28) follows from (7.19) since

(4 · 9^d)^{27p} = (4 · 9^d)^{17(α−1)(p+2d)} ≤ (4 · 9^d)^{1d(α−1)} ≤ 417^{1α−1} . (7.29)

The desired conclusion (2.24) now follows as in [GK1]. The fact that I ⊂ Σ_{MSA} now follows from (2.24) and [GK1, Theorem 3.4].

The exponential decay of the eigenfunctions given in (2.26) follows from (2.24) as in [vDK, Theorem 2.3].

References

[AM] Aizenman, M., Molchanov, S.: Localization at large disorder and extreme energies: an elementary derivation. Commun. Math. Phys. 157, 245-278 (1993) [ASFH] Aizenman, M., Schenker, J., Friedrich, R. , Hundertmark, D.: Finite-volume criteria for Anderson localization. Commun. Math. Phys. 224, 219-253 (2001) [AENSS] Aizenman, M., Elgart, A., Naboko, S., Schenker, J., Stolz, G.: In preparation [BCH] Barbaroux, J.M, Combes, J.M., Hislop, P.D.: Landau Hamiltonians with Unbounded Random Potentials, Lett. Math. Phys. 40, 355-369 (1997).

[CKM] Carmona, R., Klein, A., Martinelli, F.: Anderson localization for Bernoulli and other singular potentials. Commun. Math. Phys. 108, 41-66 (1987) [CH1] Combes, J.M., Hislop, P.D.: Localization for some continuous, random Hamiltonian in d-dimension. J. Funct. Anal. 124, 149-180 (1994) [CH2] Combes, J.M., Hislop, P.D.: Landau Hamiltonians with random potentials: localization and the density of states. Commun. Math. Phys. 177, 603-629 (1996) [CHN] Combes, J.M., Hislop, P.D., Nakamura, S.: The L^p-theory of the spectral shift function, the Wegner estimate and the integrated density of states for some random operators. Commun. Math. Phys. 218, 113-130 (2001) [CHKN] Combes, J.M., Hislop, P.D., Klopp, F., Nakamura, S.: The Wegner estimate and the integrated density of states for some random operators. Proc. Indean Acad. Sci. (Math. Sci.) 112, 31-53 (2002) [CHT] Combes, J.M., Hislop, P.D., Tip, A.: Band edge localization and the density of states for acoustic and electromagnetic waves in random media. Ann. Inst. H. Poincare Phys. Theor. 70 , 381-428 (1999) [DS] Damanik, D., Stollmann, P.: Multi-scale analysis implies strong dynamical localization.

Geom. Funct. Anal. 11, 11-29 (2001) [DMP1] Dorlas T.C. , Macris N. , Pulé J.V. , The Nature of the Spectrum for the Landau Hamiltonian with delta impurities, J. Stat. Phys. 87, 847-875 (1997) [DMP2] Dorlas T.C. , Macris N. , Pulé J.V. , Characterization of the Spectrum of the Landau Hamiltonian with delta impurities, Commun. Math. Phys. 204, 367-396 (1999) [vD] von Dreifus, H.: On the effects of randomness in ferromagnetic models and Schrödinger operators. Ph.D. thesis, New York University (1987) [vDK] von Dreifus, H., Klein, A.: A new proof of localization in the Anderson tight binding model. Commun. Math. Phys. 124, 285-299 (1989) [vDK2] von Dreifus, H., Klein, A.: Localization for random Schrodinger operators with correlated potentials. Commun. Math. Phys. 140, 133-147 (1991) [FK1] Figotin, A., Klein, A.: Localization of classical waves I: Acoustic waves. Commun. Math.

Phys. 180, 439-482 (1996).

[FK2] Figotin, A., Klein, A.: Localization of classical waves II: Electromagnetic waves. Commun. Math. Phys. 184, 411-441 (1997).

[FMSS] Fröhlich, J., Martinelli, F., Scoppola, E., Spencer, T.: Constructive proof of localization in the Anderson tight binding model. Commun. Math. Phys. 101, 21-46 (1985) [FS] Fröhlich, J., Spencer, T.: Absence of diffusion with Anderson tight binding model for large disorder or low energy. Commun. Math. Phys. 88, 151-184 (1983) [FLM] Fischer, W., Leschke, H., Müller, P.: Spectral localization by Gaussian random potentials in multi-dimensional continuous space. J. Statist. Phys. 101 935–985 (2000) [GDB] Germinet, F, De Bièvre, S.: Dynamical localization for discrete and continuous random Schrödinger operators. Commun. Math. Phys. 194, 323-341 (1998)

[GK1] Germinet, F, Klein, A.: Bootstrap Multiscale Analysis and Localization in Random Media. Commun. Math. Phys. 222, 415-448 (2001).

[GK2] Germinet, F, Klein, A.: Operator kernel estimates for functions of generalized Schrdinger operators. Proc. Amer. Mat. Soc. (2002) [GK3] Germinet, F, Klein, A.: A characterization of the Anderson metal-insulator transport transition. Submitted.

[GK4] Germinet, F, Klein, A.: In preparation [Gr] Grimmet, G.: Percolation, Springer-Verlag 1989.

[HK] Hislop, P.D., Klopp, F.: The integrated density of states for some random operators with nonsign definite potentials. J. Funct. Anal. To appear [HM] Holden, H., Martinelli, F.: On absence of diffusion near the bottom of the spectrum for a random Schrödinger operator. Commun. Math. Phys. 93, 197-217 (1984) [Ki] Kirsch, W.: Wegner estimates and localization for alloy-type potentials. Math. Zeit. 221, 507-512 (1996) [KM] W. Kirsch and F. Martinelli, On the Spectrum of Schrödinger Operators with a Random Potential. Commun. Math. Phys. 85, 329-350 (1982).

[KSS1] Kirsch, W., Stolz, G., Stollman, P.: Localization for random perturbations of periodic Schrödinger operators. Random Oper. Stochastic Equations 6, 241-268 (1998) [KSS2] Kirsch, W., Stolz, G., Stollman, P.: Anderson localization for random Schrödinger operators with long range interactions. Commun. Math. Phys. 195, 495-507 (1998) [K] Klein, A.: Localization in the Anderson model with long range hopping. Brazilian Journal of Physics 23, 363-371 (1993) [KK1] Klein, A., Koines, A.: A general framework for localization of classical waves: I. Inhomogeneous media and defect eigenmodes. Math. Phys. Anal. Geom. 4, 97-130 (2001) [KK2] Klein, A., Koines, A.: A general framework for localization of classical waves: II. Random media. In preparation.

[KLS] Klein., A., Lacroix, J., Speis, A.: Localization for the Anderson model on a strip with singular potentials. J. Funct. Anal. 94, 135-155 (1990) [Klo1] Klopp, F.: Localization for continuous random Schrödinger operators. Commun. Math.

Phys. 167, 553-569 (1995) [Klo2] Klopp F.: Weak disorder localization and Lifshitz tails: continuous Hamiltonians, Preprint.

[Si] Simon, B.: Schrödinger semi-groups. Bull. Amer. Math. Soc. Vol.7, 447-526 (1982) [Sp] Spencer, T. : Localization for random and quasiperiodic potentials. J. Stat. Phys. 51, 1009-1019 (1988) [St] Stollmann, P.: Caught by disorder. Bound States in Random Media. Birkaüser 2001. [U] Ueki, N.: Wegner estimates and localization for Gaussian random potentials. Preprint [W1] Wang, W.-M.: Microlocalization, percolation, and Anderson localization for the magnetic Schrödinger operator with a random potential. J. Funct. Anal. 146, 1-26 (1997) [W2] Wang, W.-M.: Localization and universality of Poisson statistics for the multidimensional Anderson model at weak disorder. Invent. Math. 146, 365-398 (2001)

Université de Lille 1, UMR 8524 CNRS, UFR de Mathématiques, F-59655 Villeneuve d’Ascq Cédex, France

E-mail address: germinet@agat.univ-lille1.fr

University of California, Irvine, Department of Mathematics, Irvine, CA 92697-3875, USA E-mail address: aklein@uci.edu