Spectral Asymptotics for the Perturbed 2D Pauli Operator with Almost Periodic Magnetic Fields. I. Non-Zero Mean Value of the Magnetic Field

G.D.RAIKOV^1 Departamento de Matemáticas Universidad de Chile Las Palmeras 3425, Casilla 653 Santiago, Chile E-mail: graykov@uchile.cl

Abstract. We consider the Pauli operator H(b, V ) acting in L^2 (R^2 ; C^2 ). We describe a class of admissible magnetic fields b such that the ground state of the unperturbed operator H(b, 0) which coincides with the origin, is an isolated eigenvalue of infinite multiplicity. In particular, this class includes certain almost periodic functions of non-zero mean value. Under the assumption that the matrix-valued electric potential V has a definite sign and decays at infinity, we investigate the asymptotic distribution of the discrete spectrum of H(b, V ) accumulating to the origin. We obtain different asymptotic formulae valid respectively in the cases of power-like decay of V , exponential decay of V , or compact support of V .

1 Introduction

In the present article we consider the two-dimensional Pauli operator H(b, V ) = H(b, 0)+V which describes a quantum non-relativistic particle of spin^1_2 subject to a magnetic field b and electric potential V . The unperturbed Pauli operator H(b, 0) given by

H(b, 0) := ( (−i∇ − A)^2 − b 0 0 (−i∇ − A)^2 + b ) := ( H_1(b) 0 0 H_2(b) ) (1.1)

acts in L^2(R^2 ; C^2 ), and is essentially self-adjoint on the Schwartz class S(R^2 ; C^2 ). Here A = (A_1, A_2) : R^2 → R^2 is the magnetic potential, and

b := ∂A_2 ∂x_1 − ∂A_1 ∂x_2 (1.2)

is the magnetic field.

The spectral theory of the operator H(b, 0) in the case where b is periodic has been an object of permanent interest of numerous authors since the the beginning of the 1980s (see [Dub.Nov], [Nov], [Ba.Bel.Ram], [Nov.Ves], [Bir.Sus 1], [Bir.Sus 2], [Sob, Appendix A]).

1Partially supported by the Chilean Science Foundation Fondecyt under Grant 1020737.

In the present paper we consider a class of admissible almost periodic magnetic fields. We will say that b : R^2 → R is an admissible magnetic field if b = b_0 + b̃ where b_0 ∈ R is a constant, and b̃ is such a function that the equation

Δφ̃ = b̃ (1.3)

admits a solution φ̃ ∈ C^2(R^d ) satisfying sup_{x∈R2} |D^ηφ̃(x)| < ∞, η ∈ Z^2_+, |η| ≤ 2. (1.4) A similar class of magnetic fields has been considered in [Ber.Shu, Supplement 3]. Note that if there exists a solution φ̃ of (1.3) satisfying (1.4), then the Liouville’s theorem implies that it is unique up to an additive constant. In order to fix this constant, we suppose that, in addition to (1.3) – (1.4), φ̃ obeys

lim sup T →∞ T^{−2} ∫ (−^T_2 ,^T_2 )^2 φ̃dx = 0. (1.5)

Further, we recall that a bounded continuous function f : R^d → C , d ≥ 1, is called almost periodic if there exists a sequence of trigonometric polynomials {f_N }_{N≥1} where f_N (x) = ∑_{nN} k=1 f_{k,N} e^{iγk,N x}, x ∈ R^d , with f_{k,N} ∈ C , γ_{k,N} ∈ R^d , such that lim_{N→∞} sup_{x∈R}d |f(x) − f_N (x)| = 0. Then we will write f ∈ CAP (R^d ) (see [Shu 1]). The mean value of f ∈ CAP (R^d ) is defined as M{f} := lim_{T →∞} T^{−d} ∫ τ +(−^T_2 ,^T_2 )^d fdx,

and M{f} is independent of τ ∈ R^2 . It is possible to replace here τ + ( −^T_2 ,^T_2 )_d by more general families of expanding domains (see [Shu 1, Subsection 1.4], [Bel, Subsections 2.6, 4.1], [D.Iw.Mi]).

We will say that b is an admissible almost periodic magnetic field if b = b_0 + b̃, where b_0 ∈ R is a constant, and b̃(x) := Re ∑_∞ n=1 b_ne^{iγnx}, x ∈ R^2 , with b_n ∈ C , γ_n ∈ R^2 \ {0}, n ∈ N := {1, 2, . . .}, such that ∑_∞ n=1 |b_n|(|γ_n|^{−2} + 1) < ∞. Then the equation (1.3) admits the solution φ̃(x) = −Re ∑_∞ n=1 |γ_n|^{−2}b_ne^{iγnx}, x ∈ R^2 , satisfying (1.4). Moreover, D^ηφ̃ ∈ CAP (R^2 ) for each multi-index η ∈ Z^2_+ with |η| ≤ 2, and M{φ̃} = 0. The last equality implies that φ̃ satisfies (1.5) as well.

Evidently, if b is an admissible almost periodic magnetic field, then M{b} = b_0. However, if b is an arbitrary admissible magnetic field, then the Green’s formula and (1.4) with |η| = 1 imply lim_{T →∞} T^{−2} ∫ τ +(−^T_2 ,^T_2 )^2 bdx = b^0, τ ∈ R^2 , so that in the general case b^0 can be again interpreted as the mean value of b.

Let b be an arbitrary admissible magnetic field. Set φ_0(x) := b_0|x|^2/4, x ∈ R^2 , so that we have Δφ_0 = b_0. Pick φ̃ satisfying (1.3) – (1.5). Set φ := φ_0 + φ̃ so that Δφ = b, and

A = (A_1, A_2) := ( −^{∂φ}_{∂x2} ,^{∂φ}_{∂x1} ) . Hence,^{∂A2}_{∂x1} −^{∂A1}_{∂x2} = Δφ = b, i.e. (1.2) holds. Introduce the operators a = a(b) := −2ie^{−φ} ∂ ∂z e^φ, a^∗ = a(b)^∗ := −2ie^φ ∂ ∂z e^{−φ}, (1.6)

where z := x_1 + ix_2, z := x_1 − ix_2. Then we have

H_1 = a^∗a, H_2 = aa^∗, (1.7)

where the operators H_j = H_j (b), j = 1, 2, are introduced in (1.1). The operators a and a^∗ are mutually adjoint operators in the Hilbert space L^2(R^2 ). Therefore,

Ker H_1 = Ker a = { f ∈ L^2(R^2 )|f = ge^{−φ}, ∂g ∂z = 0 } , (1.8)

Ker H_2 = Ker a^∗ = { f ∈ L^2(R^2 )|f = ge^φ, ∂g ∂z = 0 } , (1.9)

Ker H(b, 0) = {f = (f_1, f_2)|f_1 ∈ Ker H_1, f_2 ∈ Ker H_2} . (1.10) Note that Ker H_1 (respectively, Ker H_2) coincides with the weighted holomorphic (respectively, antiholomorphic) space of Segal-Bargmann type with weight e^{−φ} (respectively, e^φ) (see e.g. [H, Section 2, Subsection 3.2]).

Proposition 1.1. Let b be an arbitrary admissible magnetic field. Then H_j ≥ 0, j = 1, 2, and hence H(b, 0) ≥ 0. Moreover, if b_0 > 0, we have dim Ker H_1 = ∞, dim Ker H_2 = 0, if b_0 < 0, we have dim Ker H_1 = 0, dim Ker H_2 = ∞, while in the case b_0 = 0 we have dim Ker H_1 = dim Ker H_2 = 0. Hence, if b_0 ≠ 0, we have dim Ker H(b, 0) = ∞, and if b_0 = 0, the kernel of H(b, 0) is trivial.

Proof. The positivity of the operators H_j , j = 1, 2, and H(b, 0) follows from (1.7) and (1.1), while the assertions about the deficiency indices are implied by (1.8) – (1.10).

Since the operators H(b, 0) and H(−b, 0) are anti-unitarily equivalent under the action of the operator ( 0 1 1 0 ) C where C is the complex conjugation, it suffices to consider the cases b_0 = 0 and b_0 > 0.

Proposition 1.2. Let b be an arbitrary admissible magnetic field with b_0 > 0. Then 0 = inf σ(H(b, 0)) is an isolated eigenvalue of infinite multiplicity. More precisely, we have

(0, λ_0) ⊂ R \ σ(H(b, 0)) (1.11)

with λ_0 := 2b_0 exp (−2 osc φ̃), (1.12) and osc φ̃ := sup_{x∈R}2 φ̃(x) − inf_{x∈R}2 φ̃(x)

The proof of Proposition (1.2) is contained in Subsection 3.1. Note that the proof for periodic b with positive mean value can be found in [B], and the proof for general admissible b with b_0 > 0 is essentially the same.

If b_0 = 0, by Proposition 1.1 we have Ker H(b, 0) = {0}. However, in this case it can be shown again that inf σ(H(b, 0)) = inf σ_{ess}(H(b, 0)) = 0. Introduce the matrix-valued electric potential

V (x) := ( V_{11}(x) V_{12}(x) V_{21}(x) V_{22}(x) ) , x ∈ R^2 , where V_{11} and V_{22} are real-valued functions while V_{12} and V_{21} = V_{12} may take complex values. Throughout the paper we assume that the operators |V_{jk}|^{1/2}(−Δ+1)^{−1/2}, j, k = 1, 2, are compact in L^2(R^2 ), and that b is admissible, and hence bounded. Therefore, the operator |V |^{1/2}(H(b, 0) + 1)^{−1/2} is compact in L^2(R^2 ; C^2 ). Set H = H(b, V ) := H(b, 0) + V where the sum should be understood in the sense of the quadratic forms. Due to H.Weyl’s theorem concerning the invariance of the essential spectrum under relatively compact perturbations, we have σ_{ess}(H(b, V )) = σ_{ess}(H(b, 0)). In particular, 0 = inf σ_{ess}(H(b, V )) if b_0 ≥ 0, and (0, λ_0) ⊂ R \ σ_{ess}(H(b, V )) if b_0 > 0 (see (1.12)).

The aim of the paper to study the asymptotic distribution of the discrete spectrum of H(b, V ) near the origin. The type of the results are quite different in the cases b_0 > 0 and b_0 = 0. In the present paper we will consider the case b_0 > 0, while the results for b_0 = 0 we will be published in a future work.

2 Formulation of the main results

2.1. In order to formulate our main results we need the following notations. Let T be a linear self-adjoint operator in a Hilbert space. Denote by P_I (T ) the spectral projection of T corresponding to the Borel set I ⊂ R. Set

N(λ_1, λ_2; T ) := rank P_{(λ1 ,λ2)}(T ), λ_1, λ_2 ∈ R, λ_1 < λ_2, N(λ; T ) := rank P_{(−∞,λ)}(T ), λ ∈ R. If T is compact, we will also use the notations

n_±(s; T ) := rank P_{(s,∞)}(±T ), s > 0. (2.1)

Finally, if T is a linear compact operator which is not necessarily self-adjoint, set

n_∗(s; T ) := n_+(s^2; T^∗T ), s > 0. (2.2)

2.2. In the sequel we assume b_0 > 0. In the following Theorems 2.1 – 2.4 we will discuss the asymptotic behaviour of the negative and the positive discrete spectrum of the operator H(b, V ) which accumulate to the origin respectively on the left or on the right of it. For the sake of the compact formulations of these theorems we set N_−(λ) := N(−λ; H(b, V )), λ > 0, N_+(λ) := N(λ, λ^′; H(b, V )), 0 < λ < λ^′ < λ_0.

Theorems 2.1 – 2.4 below contain independent assertions about the asymptotic behaviour of N_−(λ) or N_+(λ) as λ ↓ 0 which correspond respectively to the superior or the inferior sign wherever double signs “±” are met.

The asymptotic properties of N_±(λ) as λ ↓ 0 depend only on the entry V_{11} of the matrix V as a consequence of our choice to consider only positive b_0 in the case b_0 ≠ 0. Our first theorem treats the case where V_{11} admits a power-like decay at infinity.

Theorem 2.1. Let b be an admissible almost periodic magnetic field. Assume that the matrix-valued potential V satisfies the following properties: a) the matrix ±V (x), x ∈ R^2 , is non-negative; b) the operators |V_{j2}|^{1/2}(−Δ + 1)^{−1/2}, j = 1, 2, are compact; c) the entry V_{11} ∈ C^1(R^2 ) obeys the asymptotic estimates V_{11}(x) = ±v_{11}(x/|x|)|x|^{−α}(1 + o(1)), |x| → ∞, (2.3) with α > 0, 0 < v_{11} ∈ C(S^1), and |∇V_{11}(x)| = O(|x|^{−α−1}) as |x| → ∞. Then we have

N_±(λ) = b_0 2π |{ x ∈ R^2 |±V_{11}(x) > λ }| (1 + o(1)), λ ↓ 0, (2.4)

where |.| denotes the Lebesgue measure.

Remark: Under the hypotheses of Theorem 2.1 asymptotic relation (2.4) is equivalent to

lim_{λ↓0} λ^{2/α}N_±(λ) = b_0 4π ∫ S^1

v_{11}(s)^{2/α}ds. (2.5)

Results quite similar to that of Theorem 2.1 in the case of constant magnetic field were obtained in [Rai] (see also [Iv, Chapter 11]) where the Schrödinger and not the Pauli operator was considered; in the case of constant b however this difference is not essential. Let us mention here another result due to A. Iwatsuka and H. Tamura which influenced considerably the present paper. For x ∈ R^2 , m ∈ R, set ⟨x⟩ := ( 1 + |x|^2 )_{1/2} , W_m(x) := ⟨x⟩^{−m}.

Theorem 2.2. Assume that the inequalities

c_1 ≤ b(x) ≤ c_2, (2.6) |∇b(x)| ≤ c_3W_m(x), (2.7) hold for each x ∈ R^2 , some m ∈ (0, 1], and some constants c_j > 0, j = 1, 2, 3. Let V be multiple of the unit matrix, i.e. V_{11} = V_{22} = V_0, and V_{jk} = 0, j ≠ k. Suppose that 0 < ±V_0 ∈ C^1(R^2 ; R) satisfies the asymptotic estimates V_0(x) = ±v_0(x/|x|)|x|^{−α}(1 + o(1)), |x| → ∞, with α > 0, 0 < v_0 ∈ C(S^1), and |∇V_0(x)| = O(|x|^{−α−1}), |x| → ∞. Then we have

N_±(λ) = 1 2π ∫ {x∈R^2|±V_0(x)>λ} b(x)dx (1 + o(1)), λ ↓ 0. (2.8)

The result of Theorem 2.2 concerning N_−(λ) essentially coincides with [Iw.Tam, Theorem 1(i)], and the one concerning N_+(λ) – with [Iw.Tam, Theorem 1(ii)], although the assumptions of [Iw.Tam, Theorem 1] are somewhat more general, and its results are more precise. Let us compare Theorem 2.2 with Theorem 2.1. First, (2.6) implies that the magnetic fields considered in Theorem 2.2 should be strictly positive while no such restriction is imposed in Theorem 2.1. Moreover, due to (2.7), Theorem 2.2 does not include the case of almost periodic non-constant magnetic fields. It should be noted however that if b is an admissible almost periodic magnetic field, and V satisfies the assumptions of Theorem 2.2, we have ∫ {x∈R^2|±V_0(x)>λ} b(x)dx = b_0 | |{x ∈ R^2 |±V_0(x) > λ} | | (1 + o(1)), λ ↓ 0,

i.e. in this case the right-hand sides of (2.8) and (2.4) coincide.

In the following two theorems we treat potentials V which decay exponentially fast or have a compact support.

Theorem 2.3. Let b be an arbitrary admissible magnetic field with b_0 > 0. Assume that conditions a) and b) of Theorem 2.1 hold. Suppose that V_{11} ∈ L^∞(R^2 ) obeys the asymptotics ln(±V_{11}(x)) = −κ|x|^{2β} (1 + o(1)), |x| → ∞, with some constants κ > 0 and β > 0. Then

lim_{λ↓0} N_±(λ) | ln λ|^{1/β} = b_0 2κ^{1/β} , 0 < β < 1, (2.9)

lim_{λ↓0} N_±(λ) | ln λ| = 1 ln(1 + 2κ/b_0)

, β = 1, (2.10)

lim_{λ↓0} N_±(λ) (ln | ln λ|)^{−1}| ln λ| = β β − 1 , β > 1. (2.11)

Theorem 2.4. Let b be an arbitrary admissible magnetic field with b_0 > 0. Assume that conditions a) and b) of Theorem 2.1 hold. Suppose that V_{11} ∈ L^∞(R^2 ) has a compact support, and ±V_{11} ≥ C > 0 on an open non-empty subset of R^2 . Then we have

lim_{λ↓0} N_±(λ) (ln | ln λ|)^{−1}| ln λ|

= 1. (2.12)

Remark: Under the assumptions of Theorem 2.3 we have |{ x ∈ R^2 |±V_{11}(x) > λ }| = π | ln λ|^{1/β} κ^{1/β} (1 + o(1)), λ ↓ 0,

for each β > 0, while under the assumptions of Theorem 2.4 we have | |{x ∈ R^2 |±V_{11}(x) > λ} | | = O(1), λ ↓ 0. Hence, the only asymptotic relation amongst (2.9) – (2.12) which could be re-written in a form analogous to (2.4), is the first one, namely (2.9).

Results similar to those of Theorems 2.3 – 2.4 in the case of the Schrödinger operator with constant magnetic field can be found in the recent work [Rai.War].

3 Proof of the main results

3.1. In this subsection we prove Proposition 1.2. Denote by P = P(b) : L^2(R^2 ; C^2 ) → L^2(R^2 ; C^2 ) the orthogonal projection onto Ker H(b, 0), and by P = P (b) : L^2(R^2 ) → L^2(R^2 ) – the orthogonal projection onto Ker H_1. Set Q := Id − P, and Q := Id − P .

Note that P and Q admit the matrix representations P = ( P 0 0 0 ) , Q = ( Q 0 0 Id ) . Note that the restriction of the operator H_1 onto Q Dom(H_1) is unitarily equivalent to the operator H_2 (see (1.7)). Moreover, (1.6) – (1.7) imply

⟨H_2(b)u, u⟩ = ‖a^∗(b)u‖^2_L2_{(R}2_) = 4 ∫ R^2 e^{2φ} | | |∂ (e^{−φ}u) ∂z | | |^2 dx, u ∈ Dom(H_2(b)), (3.1)

where ⟨., .⟩ denotes the scalar product in L^2(R^2 ). Thus we find that in order to prove that (1.11) holds, it suffices to show that the inequality 4 ∫ R^2 e^{2φ} | | | | ∂ (e^{−φ}u) ∂z | | | | 2 dx ≥ λ_0 ∫ R^2

|u|^2dx (3.2)

is valid for each u ∈ Dom(a^∗(b)) = Dom(H_2(b)^{1/2}) since Dom(H_2(b)) ⊂ Dom(a^∗(b)). Moreover, the multiplication by e^{−φ̃} is a bijection from Dom(a^∗(b)) onto Dom(a^∗(b_0)) (actually, since^{∂φ̃}_{∂z} is bounded, Dom(a^∗(b)) and Dom(a^∗(b_0)) coincide as functional sets, but we do not use this fact here). Changing the functional variable u = e^{φ̃}w in (3.2), we find that this inequality is equivalent to 4 ∫ R^2 e^{2φ} | | | ∂ (e^{−φ0} w) ∂z | | | 2 dx ≥ λ_0 ∫ R^2

e^{2φ̃}|w|^2dx, w ∈ Dom(a^∗(b_0)).

Hence, (3.2) would follow from the inequality 4 ∫ R^2 e^{2φ0} | | | | ∂ (e^{−φ0} w) ∂z | | | | 2 dx ≥ 2b_0 ∫ R^2

|w|^2dx, w ∈ Dom(a^∗(b_0)), (3.3)

since λ_0 = 2b_0^{infx∈R2 e2φ̃(x)}

sup_{x∈R2} e^{2φ̃(x)} (see (1.12)).

Taking into account (3.1) with b = b_0 and the well-known fact that inf σ(H_2(b_0)) = 2b_0 (see e.g. [Av.Her.Si]), we immediately get (3.3).

3.2. In this subsection we establish some estimates which allow us to reduce the asymptotic analysis of N_±(λ) as λ ↓ 0 to the investigation of the discrete spectrum of compact operators of Toeplitz type.

Proposition 3.1. Let ε ∈ (0, 1). Then under the hypotheses of Theorems 2.1, 2.3, or 2.4, we have

n_−(λ; P V_{11}P ) ≤ N_−(λ) ≤ n_−((1 − ε)λ; P V_{11}P ) + O(1), λ ↓ 0, (3.4) n_+((1 + ε)λ; P V_{11}P ) + O(1) ≤ N_+(λ) ≤ n_+(λ; P V_{11}P ), λ ↓ 0, (3.5) n_± being the counting functions defined in (2.1).

Proof. At first we prove (3.4). By the Birman-Schwinger principle

N_−(λ) ≡ N(−λ; H(b, V )) = n_−(1; (H(b, 0)+λ)^{−1/2}V (H(b, 0)+λ)^{−1/2}), λ > 0. (3.6)

Next, the minimax principle implies

n_−(1; (H(b, 0) + λ)^{−1/2}V (H(b, 0) + λ)^{−1/2}) ≥

n_−(1; P(H(b, 0) + λ)^{−1/2}V (H(b, 0) + λ)^{−1/2}P) = n_−(λ; PV P) = n_−(λ; P V_{11}P ), λ > 0, (3.7) which yields the lower bound in (3.4). On the other hand, since V ≤ 0, we have

n_−(1 : (H(b, 0) + λ)^{−1/2}V (H(b, 0) + λ)^{−1/2}) ≥

n_−(1; (1 + δ)P(H(b, 0) + λ)^{−1/2}V (H(b, 0) + λ)^{−1/2}P) + n_−(1; (1 + δ^{−1})Q(H(b, 0) + λ)^{−1/2}V (H(b, 0) + λ)^{−1/2}Q), λ > 0, δ > 0. (3.8) Fix ε ∈ (0, 1) and pick δ = ε/(1 − ε). Then we get

n_−(1; (1 + δ)P(H(b, 0) + λ)^{−1/2}V (H(b, 0) + λ)^{−1/2}P) = n_−((1 − ε)λ; P V_{11}P ), (3.9) for each λ > 0, ε ∈ (0, 1). In order to prove the upper bound in (3.4), it remains to show that

n_−(1; (1 + δ^{−1})Q(H(b, 0) + λ)^{−1/2}V (H(b, 0) + λ)^{−1/2}Q) = O(1), λ ↓ 0. (3.10) for each δ > 0. Evidently, there exists a constant C independent of λ > 0 such that ‖Q(H(b, 0) + λ)^{−1/2}(H(b, 0) + 1)^{1/2}‖ ≤ C. Therefore, n_−(t; Q(H(b, 0) + λ)^{−1/2}V (H(b, 0) + λ)^{−1/2}Q) ≤ n_−(t; C^2(H(b, 0) + 1)^{−1/2}V (H(b, 0) + 1)^{−1/2}), t > 0. (3.11) Since the operator |V |^{1/2}(H(b, 0) + 1)^{−1/2} is compact, (3.11) implies (3.10). Now the upper bound in (3.4) follows from (3.6), (3.8), (3.9), and (3.10).

Let us now prove (3.5). The generalized Birman-Schwinger principle (see e.g. [Al.Dei.Hem, Theorem 1.3]) entails

N_−(λ) ≡ N(λ, λ^′; H(b, V )) = n_+(1; V^{1/2}(λ − H(b, 0))^{−1}V^{1/2}) − n_+(1; V^{1/2}(λ^′ − H(b, 0))^{−1}V^{1/2}) − dim Ker (H(b, 0) − λ^′), 0 < λ < λ^′ < λ_0. (3.12) The compactness of the operator V^{1/2}(H(b, 0) + 1)^{−1/2} easily implies that the second and the third term on the right-hand side of (3.12) which are independent of λ > 0, are finite. Further, since (λ − H(b, 0))^{−1} ≤ P(λ − H(b, 0))^{−1} = λ^{−1}P, we have n_+(1; V^{1/2}(λ − H(b, 0))^{−1}V^{1/2}) ≤ n_+(λ; V^{1/2}PV^{1/2})

= n_+(λ; PV P) = n_+(λ; P V_{11}P ), λ > 0. (3.13) On the other hand, the H. Weyl’s inequalities for the eigenvalues of compact self-adjoint operators imply n_+(1; V^{1/2}(λ − H(b, 0))^{−1}V^{1/2}) ≥ n_+((1 + ε); V^{1/2}P(λ − H(b, 0))^{−1}V^{1/2}) − n_−(ε; V^{1/2}Q(λ − H(b, 0))^{−1}V^{1/2}) = n_+((1 + ε)λ; P V_{11}P ) − n_+(ε; Q|H(b, 0) − λ|^{−1/2}V |H(b, 0) − λ|^{−1/2}Q). (3.14) By analogy with (3.10), we can show that n_+(ε; Q|H(b, 0) − λ|^{−1/2}V |H(b, 0) − λ|^{−1/2}Q) = O(1), λ ↓ 0. (3.15) Putting together (3.12) – (3.15), we get (3.5).

Remark: Similar although not identical to (3.4) – (3.5) estimates can be found in [Iw.Tam, Lemma 1.1], but they are not quite sufficient for our purposes. The proof given here is different from the one of [Iw.Tam, Lemma 1.1], and depends heavily on the fact that V has a definite sign.

3.3. In this subsection we prove Theorems 2.3 and 2.4.

Proposition 3.2. Let b be an arbitrary admissible magnetic field with b_0 > 0. Let U : R^2 → [0, +∞). Assume that the operator U^{1/2}(−Δ + 1)^{−1/2} is compact. Then the operators P (b)UP (b) and P (b_0)UP (b_0) are compact as well, and we have

n_+(exp(2 osc φ̃)λ; P (b_0)UP (b_0)) ≤ n_+(λ; P (b)UP (b)) ≤

n_+(exp(−2 osc φ̃)λ; P (b_0)UP (b_0)), λ > 0. (3.16)

Proof. The compactness of the operators follows easily from

U^{1/2}P (b) = U^{1/2}(H_1(b) + 1)^{−1/2}P (b), U^{1/2}P (b_0) = U^{1/2}(H_1(b_0) + 1)^{−1/2}P (b_0),

and the diamagnetic inequality (see [Av.Her.Si, Theorem 2.2]).

Let us prove (3.16). The minimax principle implies that n_+(λ; P (b)UP (b)), λ > 0, coincides with the maximum dimension of the linear subsets of Ker (H_1(b)) = Ker a(b) (see (1.6)) whose non-zero elements u satisfy the inequality ∫ R^2 U|u|^2dx > λ ∫ R^2 |u|^2dx. Since the multiplication by e^{φ̃} is a bijection from Ker a(b) onto Ker a(b_0), we find that n_+(λ; P (b)UP (b)), λ > 0, coincides with the maximum dimension of the linear subsets of Ker H(b_0) = Ker a(b_0) (see (1.6)) whose non-zero elements w satisfy the inequality ∫ R^2 Ue^{−2φ̃}|w|^2dx > λ ∫ R^2 e^{−2φ̃}|w|^2dx. (3.17) Evidently, (3.17) implies the inequality ∫ R^2 U|w| 2dx > λe^{−2 osc φ̃} ∫ R^2 |w| 2 dx, and follows from the inequality ∫ R^2 U|w| 2dx > λe^{2 osc φ̃} ∫ R^2 |w| 2 dx. Now, the validity of (3.16) is a direct consequence of the minimax principle, and the fact that n_+(t; P (b_0)UP (b_0)), t > 0, coincides with the maximum dimension of the linear subsets of Ker H_1(b_0) = Ker a(b_0) whose non-zero elements w satisfy the inequality ∫ R^2 U|w| 2dx > t ∫ R^2 |w| 2dx. Proposition 3.3. [Rai.War, Theorem 2.1, Proposition 3.1 with q = 0] Let b_0 > 0. Suppose that 0 ≤ U ∈ L^∞(R^2 ) obeys the asymptotics ln U(x) = −κ|x|^{2β} (1 + o(1)) as |x| → ∞ with some constant κ > 0 and β > 0. Then we have

lim_{λ↓0} n_+(λ; P (b_0)UP (b_0)) | ln λ|^{1/β} = b_0 2κ^{1/β} , 0 < β < 1,

lim_{λ↓0} n_+(λ; P (b_0)UP (b_0)) | ln λ| = 1 ln(1 + 2κ/b_0) , β = 1, lim_{λ↓0} n_+(λ; P (b_0)UP (b_0)) (ln | ln λ|)^{−1}| ln λ| = β β − 1 , β > 1.

Proposition 3.4. [Rai.War, Theorem 2.2, Proposition 3.2 with q = 0] Let b_0 > 0. Suppose that 0 ≤ U ∈ L^∞(R^2 ) has a compact support, and U ≥ C > 0 on an open non-empty subset of R^2 . Then we have

lim_{λ↓0} n_+(λ; P (b_0)W P (b_0)) (ln | ln λ|)^{−1}| ln λ|

= 1.

Now the result of Theorem 2.3 follows from Propositions 3.1, 3.2, and 3.3, while the result of Theorem 2.4 is a corollary from Propositions 3.1, 3.2, and 3.4.

3.4. This subsection contains some auxiliary results which will be essentially used in the following one where we prove Theorem 2.1.

For T > 0 nad τ ∈ R^2 denote by H^D_{T,τ} (respectively, H^N_{T,τ} the selfadjoint operator (−i∇ − A)^2 − b defined on the Sobolev space H^2 ( τ + ( −^T_2 ,^T_2

)_2) with Dirichlet (respectively, Neumann) boundary conditions. The non-decreasing function ϱ_b : R → [0, ∞) is called integrated density of states (IDS) for the operator H_1(b) if it satisfies

ϱ_b(t) = lim_{T →∞} T^{−2}N(t; H^D_{T,τ} ), τ ∈ R^2 , (3.18)

in the vague sense, i.e. at its continuity points t ∈ R (see [P.Fi], [K]). If b = b_0 > 0, then the IDS ϱ_{b0} exists and its explicit expression is well-known (see e.g. [CdV]):

ϱ_{b0} (t) = b_0 2π ∞∑ k=0 θ(t − 2kb_0), t ∈ R, (3.19)

where θ(t) := { 0 if t < 0, 1 if t > 0, is the Heaviside function.

Lemma 3.1. [D.Iw.Mi, Theorem 1.2] Let b be an arbitrary admissible magnetic field. Then the existence of the vague limit (3.18) is equivalent to the existence of any of the following two limits ϱ_b(t) = lim_{T →∞} T^{−2}N(t; H^N_{T,τ} ), τ ∈ R^2 , (3.20)

ϱ_b(t) = lim_{T →∞} T^{−2} Tr χ_{T,τ} P_{(−∞,t)}(H_1) χ_{T,τ} , τ ∈ R^2 , (3.21)

at the continuity points of t ∈ R^2 of ϱ_b(t). Here χ_{T,τ} denotes the characteristic function of the domain τ + ( −^T_2 ,^T_2

)_2

, and as indicated in Subsection 2.1, P_{(−∞,t)}(H_1) denotes the spectral projection of the operator H_1 (see (1.1)) corresponding to the interval (−∞, t), t ∈ R. Lemma 3.2. Let b be an admissible almost periodic magnetic field with b_0 > 0. Then the IDS ϱ_b exists, and we have

ϱ_b(t) = { 0 if t < 0,

b_0

2π if 0 < t < λ_0.

(3.22)

Proof. At first we prove the existence of the IDS.

Let Ω be the Bohr compactification of R^2 (see [Shu 1, Section 1]). We recall that Ω is a compact Abelian group, and there exists a continuous homomorphism ι : R^2 → Ω such that ι(R^2 ) is dense in Ω. As in R^2 , we will denote by “+” the group operation in Ω, and by −ω – the element inverse to ω ∈ Ω. Note that ι induces an isomorphism between CAP (R^2 ) and C(Ω). In particular, for each f ∈ CAP (R^2 ) there exists a unique g ∈ C(Ω) such that f(x) = g(ι(x)), x ∈ R^2 ; we will call g the extension by continuity of f. Let μ be the normalized Haar measure on Ω, and F be the σ-algebra of the corresponding μ-measurable subsets of Ω. Then (Ω, F, μ) is a probabilistic space. Set A_0 = (A_{0,1}, A_{0,2}) := ( −^{∂φ0}_{∂x2} ,^{∂φ0}_{∂x1} ) = ( −^{b0 x2}_2 ,^{b0x1}_2 ) , Ã = (Ã_1, Ã_2) := ( −^{∂φ̃}_{∂x2} ,^{∂φ̃}_{∂x1} ) . Note

that Ã_j ∈ CAP (R^2 ), j = 1, 2, b ∈ CAP (R^2 ). Denote by α̂_j, j = 1, 2, and β̂, the extension by continuity of the functions Ã_j , j = 1, 2, and b, respectively. Set

α_{ω,j}(x) := α̂_j(ω + ι(x)), j = 1, 2, β_ω(x) := β̂(ω + ι(x)), ω ∈ Ω, x ∈ R^2 ,

as well as α_ω := (α_{ω,1}, α_{ω,2}). On D(H_1) define the opertaor

H_ω := (−i∇ − A_0 − α_ω)^2 − β_ω =

(−i∇ − A_0)^2 − 2α_ω. (−i∇ − A_0) + |α_ω|^2 − β_ω, ω ∈ Ω.

Evidently, the operator family {H_ω}_{ω∈Ω} is continuous with respect to ω ∈ Ω in the norm resolvent sense. Hence, {H_ω}_{ω∈Ω} is measurable with respect to the Haar measure μ on Ω (see [K, Section 4, Proposition 1 (a)]). Note that H_{ι(0)} = H_1. Further, for ξ ∈ R^2 introduce the unitary operator U_ξ : L^2(R^2 ) → L^2(R^2 ) by

(U_ξ f) (x) = e^{i2 b0(ξ1x2−x1ξ2)}f(x − ξ), x ∈ R^2 , f ∈ L^2(R^2 ). (3.23)

Then we have U_ξ H_ωU^∗_ξ = H_{Tξ ω} (3.24)

where T_ξω := ω − ι(ξ), ω ∈ Ω, ξ ∈ R^2 . It is clear that {T_ξ}_{ξ∈R2} is an ergodic family of measure preserving automorphisms of Ω (see [P.Fi], [K]). For T > 0 and τ ∈ R^2 denote by H^D_{ω,T} the self-adjoint in L^2 ( τ + ( −^T_2 ,^T_2

)_2) operator

(−i∇ − A_0 − α_ω)^2 − β_ω with domain Dom ( H^D_{1,T} ) . Arguing as in [K, Section 7] (see also [U 2, Lemma 3.1]), we find that the vague limit ϱ_b := lim_{T →∞} T^{−2}N ( .; H^D_{ω,T,τ} ) exists for μ-almost every ω ∈ Ω and every τ ∈ R^2 , and is independent of ω and τ. Pick ω ∈ Ω such that the vague limit lim_{T →∞} T^{−2}N ( .; H^D_{ω,T,τ} ) exists. Choose a sequence {ξ_n}_{n≥1}, ξ_n ∈ R^2 , satisfying lim_{n→∞} ι(ξ_n) = ω. Then if t ∈ R is a continuity point of ϱ_b, we have ϱ_b(t) = lim_{T →∞} T^{−2}N ( t; H^D_{ω,T,τ −ξn} ) , n ≥ 1, τ ∈ R^2 . (3.25)

Taking into account (3.23), we easily find that, similarly to (3.24), the operators H^D_{ω,T,τ −ξn} and H^D_{Tξn ω,T,τ} are unitarily equivalent. Therefore, N ( t; H^D_{ω,T,τ −ξn} ) = N ( t; H^D_{Tξn ω,T,τ} ) , t ∈ R. (3.26) Further, since H^D_{T,τ} ≥ 0 and H^D_{Tξn ω,T,τ} ≥ 0, we have N ( t; H^D_{T,τ} ) = N ( t; H^D_{Tξn ω,T,τ} ) = 0, t < 0. (3.27)

Hence, it suffices to assume that t ≥ 0. Evidently, N ( t; H^D_{Tξn ω,T,τ} ) = n_+ ( (t + 1)^{−1}; ( H^D_{Tξn ω,T,τ} + 1 )_{−1}) , t ≥ 0, (3.28) N ( t; H^D_{T,τ} ) = n_+ ( (t + 1)^{−1}; ( H^D_{T,τ} + 1 )_{−1}) , t ≥ 0. (3.29)

Since lim_{n→∞} T_{ξn} ω = ι(0) and H^D_{ι(0),T,τ} = H^D_{T,τ} , it is not difficult to show that lim_{n→∞} ‖ ‖ ‖ ( H^D_{Tξn ω,T,τ} + 1 )_{−1} − ( H^D_{T,τ} + 1 )_{−1} ‖ ‖ ‖ = 0 (3.30)

uniformly with respect to T > 0, τ ∈ R^2 . Putting together (3.25) – (3.30), we find that

ϱ_b(t) = lim_{T →∞} T^{−2}N ( t; H^D_{T,τ} ) , τ ∈ R^2 , provided that t ∈ R is a continuity point of ϱ_b; by Lemma 3.1, for such t asymptotic relation (3.21) holds as well.

Let us now prove (3.22). Set b_s := b_0 + sb̃, s ∈ [0, 1], so that we have b = b_1. Note that b_s is an admissible almost periodic magnetic field whose mean value is equal to b_0 for each s ∈ [0, 1]. Fix s ∈ [0, 1]. The fact that ϱ_{bs} (t) = 0 if t < 0 follows immediately from (3.21) and the fact that inf σ(H_1(b_s)) = 0. Similarly, (3.21) implies that ϱ_{bs} is constant on the interval (0, λ_0) since σ(H_1(b_s)) does not intersect with it. Let us prove now that

ϱ_{bs} (t) > 0, t ∈ (0, λ_0), s ∈ [0, 1]. (3.31)

To this end, we will show that

lim_{T →∞} T^{−2}Tr χ_{T,τ} P_{(−∞,t)}(H_1(b_s))χ_{T,τ} ≥ b_0 2π e^{−2s osc φ̃}, t ∈ (0, λ_0), s ∈ [0, 1], τ ∈ R^2 . (3.32) Recall that P_{(−∞,t)}(H_1(b_s)) = P_{{0}}(H_1(b_s)) is the orthogonal projection to the weighted holomorphic subspace of L^2(R^2 ) defined in (1.8). It is well-known that its integral kernel

K_{bs} (x, y) is a continuous function of (x, y) ∈ R^2 × R^2 (see e.g. [H, Theorem 2.3]). Hence, for t ∈ (0, λ_0) and s ∈ [0, 1], we have

Tr χ_{T,τ} P_{(−∞,t)}(H_1(b))χ_{T,τ} = Tr χ_{T,τ} P_{{0}}(H_1(b))χ_{T,τ} = ∫ τ +(−^T_2 ,^T_2 )^2 K_{bs} (x, x) dx. (3.33) We will prove that K_{bs} (x, x) ≥ b_0 2π e^{−2s osc φ̃}, x ∈ R^2 , s ∈ [0, 1], τ ∈ R^2 , (3.34)

which will imply (3.32), and hence (3.31). Introduce the functions

ϕ_k(x) := √ b_0 2πΓ(k + 1) ( b_0 2 )_{k/2} (x_1 + ix_2)^k e^{−φ0(x)}, k ∈ Z_+, x ∈ R^2 , (3.35)

which constitute an orthonormal in L^2(R^2 ) basis of Ker H_1(b_0) = Ker a(b_0) (see e.g. [Rai.War]). Since the multiplication by e^{−sφ̃} is a bijection from Ker a(b_0) on Ker a(b_s), s ∈ [0, 1], the functions { e^{−sφ̃}ϕ_k }_∞ k=0 constitute a basis in Ker a(b_s), s ∈ [0, 1]. Let M = M(s) : l^2(Z_+) → l^2(Z_+) be the operator given in the canonic basis of l^2(Z_+) by the matrix {m_{jk}}^∞_{j,k=0} with m_{jk} := ∫ R^2 e −2sφ̃ϕ jϕ_k dx, j, k ∈ Z_+, s ∈ [0, 1]. It is easy to see that M is self-adjoint, and

inf_{y∈R2} e^{−2sφ̃(y)} ≤ inf σ(M(s)) ≤ sup σ(M(s)) ≤ sup_{y∈R2} e^{−2sφ̃(y)}, s ∈ [0, 1]. (3.36)

Set R(s) := M(s)^{−1/2}, s ∈ [0, 1]. Then (3.36) entails

inf σ(R(s)) ≥ inf_{y∈R2} e^{sφ̃(y)}, s ∈ [0, 1]. (3.37)

Let {r_{jk}}^∞_{j,k=0} be the matrix of the operator R in the canonic basis of l^2(Z_+). Put ψ_j (x) := e^{−s φ̃(x)} ∞∑ k=0 r_{jk}ϕ_k(x), x ∈ R^2 , j ∈ Z_+. Then {ψ_j}^∞_{j=0} is an orthonormal in L^2(R^2 ) basis of Ker a(b_s), and K_{bs} (x, x) = ∞∑ j=0 |ψ_j (x)|^2 = e^{−2s φ̃(x)}‖Rϕ(x)‖^2_l2_{(Z+)} (3.38)

where ϕ(x) := {ϕ_k(x)}^∞_{k=0} ∈ l^2(Z_+), with x ∈ R^2 being fixed (see [H, Theorem 2.4]). Combining (3.38) with (3.37) and the obvious equality ∑_∞ k=0 |ϕ_k(x)|^2 =^{b0}_{2π} , valid for each x ∈ R^2 , we get

K_{bs} (x, x) ≥ inf_{y∈R2} e^{−2sφ̃(y)}‖Rϕ(x)‖^2_l2_{(Z+)} ≥ inf_{y∈R2} e^{−2sφ̃(y)} inf_{y∈R2} e^{2sφ̃(y)} ‖ϕ(x)‖^2_l2_{(Z+)} = e^{−2s osc φ̃} ∞∑ k=0 |ϕ_k(x)|^2 = e^{−2s osc φ̃} b_0 2π , x ∈ R^2 . Thus we obtain (3.34), and hence (3.31). In particular, we have found that the interval (0, λ_0) is a part of a gap in the support of ϱ_{bs} , and the lower end of this gap coincides with the origin for all s ∈ [0, 1].

In order to complete the proof of (3.22), it suffices to show that the value J_1 of the jump of ϱ_b(t) at t = 0 is equal to^{b0}_{2π} . Using the resolvent identity, it is not difficult to check that the operator family H_1(b_s), s ∈ [0, 1], is continuous in the norm-resolvent sense. Then, a gap-labelling lemma due to J.Bellissard (see [Bel, Proposition 4.2.5]) implies that the value J_s of the jump of ϱ_{bs} (t) at t = 0 is independent of s ∈ [0, 1]. In particular, J_1 = J_0, and J_0 =^{b0}_{2π} by (3.19).

Remarks: i) In the case where b is a Γ-periodic magnetic field with b_0 > 0 such that the flux (2π)^{−1} ∫ R^2/Γ bdx is rational, the existence of the IDS ϱb as well as the validity of (3.22)

follows directly from the results of [Dub.Nov].

ii) The existence of the IDS of general elliptic partial differential with smooth almost periodic coefficients has been proved in [Shu 2]; note, however, that not all the cofficients of H_1 are almost periodic because of the linear part A_0 of the magnetic potential. The existence of the IDS for various Schrödinger operators with ergodic electric potentials, and deterministic or random magnetic fields has been considered in [B], [Ma], [U 1], [Hu.Le.M.W], [U 2] but none of these works contains exactly the results we need. Nevertheless, the existence of the IDS for the operator H_1 can be regarded as a standard fact. We include its proof for reader’s convenience.

iii) Generically, the support of the IDS for a homogeneous Schrödinger operator S regarded as a measure on R, coincides with the spectrum of S (see [Bel, Sections 2.4, 4.1]). Instead of proving this general property of the IDS ϱ_b which, in particular, would imply (3.31), we gave an independent elementary proof of (3.34) which entailed directly (3.31). As a by-product of Lemma 3.2 we obtain the following result concerning the theory of the weighted holomorphic spaces.

Corollary 3.1. Let b be as in Lemma 3.2. Let, as above, K_b be the integral kernel of the spectral projection P_{{0}}(H(b)). Then

lim_{T →∞} T^{−2} ∫ τ +(−^T_2 ,^T_2 )^2 K_b(x, x) dx = b_0 2π , τ ∈ R^2 . Proof. It suffices to combine (3.21) and (3.33) with s = 1.

Lemma 3.3. Assume that the hypotheses of Theorem 2.1 hold. Let E ∈ (0, λ_0). Then we have lim_{g→∞} g^{−2/α}n_+(g^{−1}; |V_{11}|^{1/2}(E − H_1)^{−1}|V_{11}|^{1/2}) = ∫_E −∞ |{ x ∈ R^2 | v_{11}(x/|x|)|x|^{−α} > E − t }| dϱ_b(t) = E^{−2/α} b_0 4π ∫ S^1

v_{11}(s)^{2/α}ds. (3.39)

Sketch of the proof: The generalized Birman-Schwinger principle entails

n_+(g^{−1}; |V_{11}|^{1/2}(E − H_1)^{−1}|V_{11}|^{1/2}) = ∑ 0<g^′<g dim Ker (H_1 + g^′|V_{11}| − E) . (3.40)

Hence, (3.39) could be regarded as a result on the large coupling constant asymptotics of the discrete spectrum of a positively perturbed Schrödinger operator, situated in a gap of its essential spectrum. There are numerous results in this respect due to S. Alama, P. Deift, R. Hempel, and more recently, to S. Z. Levendorskii. In general, these results can be formulated as follows. Let S be a Schrödinger operator acting in L^2(R^d ), d ≥ 2, for which the IDS ν exists. Let E ∈ R \ σ(S). Assume that W ∈ L^∞(R^d ) satisfies W ≥ 0 and W (x) = |x|^{−α}w(x/|x|)(1 + o(1)), |x| → ∞, with some α > 0 and 0 < w ∈ C(S^{d−1}). Then we have lim_{g→∞} g^{−d/α} ∑ 0<g^′<g dim Ker (S + g^′W − E) = ∫_E −∞ | |{x ∈ R^d | |w(x/|x|)|x|^{−α} > E − t} | | dν(t). (3.41) The first result of this type was published in [Al.Dei.Hem] for the case where S = −Δ + V with bounded electric potential V. In [Lev, Theorem 1.2] asymptotic relation (3.41) was proved for S = (−i∇ − A)^2 + V with bounded V and magnetic potential A which generates a non-zero constant magnetic field. In [Hem.Lev] this result was implicitly extended to magnetic potentials A with bounded gradients: – although (3.41) was not stated explicitly, the main lemma needed for the proofs in [Lev] was generalized for this class of magnetic potentials (compare [Lev, Lemma 2.9] with [Hem.Lev, Lemma 2.3]). Note that thanks to Lemma 3.1, and especially to (3.20), the argument in [Lev] could be simplified. Taking into account (3.40), we find that (3.39) is a special case of (3.41) with S = H_1(b) = (−i∇ − A)^2 − b and W = |V_{11}|. Since sup_{x∈R}2 |D^ηφ(x)| < ∞ for |η| = 2, and the IDS ν = ϱ_b exists due to Lemma 3.2, we can apply the general results of [Lev] and [Hem.Lev]. Finally, in order to evaluate the first integral in (3.39), we note that | |{x ∈ R^2 | |v_{11}(x/|x|)|x|^{−α} > E − t} | | = (E − t)^{−2/α} 2 ∫ S^1 v_{11}(s)^{2/α}ds, t < E, and then apply (3.22). □

Lemma 3.4. [Iw.Tam, Lemma 1.4] Let b be an admissible magnetic field. Let U : R^2 → R satisfy |U(x)| ≤ W_m(x) and |∇U(x)| ≤ CW_{m+1}(x) for each x ∈ R^2 and some m > 0, C > 0. Then the commutator C := [P (b), U] := P (b)U − UP (b) admits the representation

C = BW_{m+1} (3.42)

where B : L^2(R^2 ) → L^2(R^2 ) is a bounded operator.

Lemma 3.5. Let b be an admissible magnetic field with b_0 > 0. Let U : R^2 → R satisfy |U(x)| ≤ CW_m(x), x ∈ R^2 , for some m > 0, C > 0. Then the operator P (b)UP (b) is compact, and we have n_±(t; P (b)UP (b)) = O(t^{−2/m}), t ↓ 0. (3.43) Proof. Bearing in mind (3.16), and applying the minimax principle, we find that it suffuces to show that n_+(t; P (b_0)W_mP (b_0)) = O(t^{−2/m}), t ↓ 0. (3.44) Due to the radial symmetry of the function W_m, the non-zero eigenvalues of the operator P (b_0)W_mP (b_0) coincide with ν_k := ⟨W_mϕ_k, ϕ_k⟩, k ∈ Z_+, where the functions ϕ_k, k ∈ Z_+ are defined in (3.35). Evidently,

ν_k = 1 Γ(k + 1) ( b_0 2 )_{k+1} ∫_∞ 0 e^{−b0r/2}r^k(1 + r)^{−m/2} dr, k ∈ Z_+, which implies ν_k ≤

(_2

b_0 )_{−m/2 Γ(k+1−m/2)} Γ(k+1) for k ∈ Z+ such that k > m 2 − 1. Utilizing the asymptotic relation lim_{k→∞} k^{m/2 Γ(k+1−m/2)}_{Γ(k+1)} = 1 (see [Ab.St, Eq. 6.1.46]), we find that for each ε > 0 there exists Z ∋ K_ε > max { 0,^m_2 − 1 } such that we have ν_k ≤ (1 + ε)(2k/b_0)^{−m/2} provided that k ≥ K_ε. Therefore, n_±(t; P (b)UP (b)) ≤ #{k ∈ N|(1 + ε)(2k/b_0)^{−m/2} > t} + K_ε ≤ (1 + ε)^{2/m}b_0 t^{−2/m}/2 + K_ε, t > 0, which implies (3.44).

Remark: A result similar to Lemma 3.5 is contained in [Iw.Tam, Proposition 2.3]. There, however, the assumptions on b are essentially different from ours.

Corollary 3.2. Let b be an admissible magnetic field with b_0 > 0. Let U : R^2 → R satisfy the hypotheses of Lemma 3.4. Then we have n_∗(t; P (b)UQ(b)) = O(t^{−2/(m+1)}), t ↓ 0, (3.45) n_∗ being the counting function defined in (2.2). Proof. Evidently, n_∗(t; P (b)UQ(b)) = n_∗(t; P (b)CQ(b)) ≤ n_∗(t; P (b)C) = n_∗(t; CP (b)), t > 0. Applying Lemma 3.4, we find that the following estimates n_∗(t; CP (b)) = n_∗(t; BW_{m+1}P (b)) ≤ n_∗(t; ‖B‖W_{m+1}P (b)) = n_+(t^2; ‖B‖^2P (b)W_{2m+2}P (b)) are valid for each t > 0. Bearing in mind (3.43), we get (3.45).

3.5. In this section we complete the proof of Theorem 2.1.

Proposition 3.5. Assume that the hypotheses of Theorem 2.1 hold. Then we have lim_{λ↓0} λ^{2/α}n_+(λ; P (b)|V_{11}|P (b)) = b_0 4π ∫ S^1

v_{11}(s)^{2/α}ds. (3.46) Proof. Fix E ∈ (0, λ_0). Then (3.39) implies

lim_{λ↓0} λ^{2/α}n_+(λ/E; |V_{11}|^{1/2}(E − H_1)^{−1}|V_{11}|^{1/2}) = b_0 4π ∫ S^1

v_{11}(s)^{2/α}ds. (3.47) As in the proof of (3.14) we get

n_+(λ/E; |V_{11}|^{1/2}(E − H_1)^{−1}|V_{11}|^{1/2}) ≤ n_+(λ; P (b)|V_{11}|P (b)), λ > 0. (3.48) Combining (3.47) and (3.48), we obtain b_0 4π ∫ S^1

v_{11}(s)^{2/α}ds ≤ lim inf_{λ↓0}λ^{2/α}n_+(λ; P (b)|V_{11}|P (b)). (3.49) Further, the minimax principle and the Weyl inequalities imply n_+(λ/E; |V_{11}|^{1/2}(E − H_1)^{−1}|V_{11}|^{1/2}) ≥ n_+(λ/E; P (b)|V_{11}|^{1/2}(E − H_1)^{−1}|V_{11}|^{1/2}P (b)) ≥ n_+((1 + ε)λ; P (b)|V_{11}|^{1/2}P (b)|V_{11}|^{1/2}P (b))− n_−(ελ/E; P (b)|V_{11}|^{1/2}Q(b)(E − H_1)^{−1}|V_{11}|^{1/2}P (b)). (3.50) Let us estimate at first the second term at the r.h.s. of (3.50). Obviously, for t > 0 we have n_−(t; P (b)|V_{11}|^{1/2}Q(b)(E − H_1)^{−1}|V_{11}|^{1/2}P (b)) = n_+(t; |H_1 − E|^{−1/2}Q(b)|V_{11}|^{1/2}P (b)|V_{11}|^{1/2}Q(b)|H_1 − E|^{−1/2}). (3.51) Since ‖|H_1 − E|^{−1/2}Q(b)‖ ≤ (λ_0 − E)^{−1/2}, we have n_+(t; |H_1 − E|^{−1/2}Q(b)|V_{11}|^{1/2}P (b)|V_{11}|^{1/2}Q(b)|H_1 − E|^{−1/2}) ≤ n_∗(((λ_0 − E)t)^{1/2}; P (b)|V_{11}|^{1/2}Q(b)), t > 0. (3.52) The combination of (3.51), (3.52), and (3.45) with m = α/2, yields n_−(ελ/E; P (b)|V_{11}|^{1/2}Q(b)(E −H_1)^{−1}|V_{11}|^{1/2}P (b)) = O(λ^{−2/(2+α)}) = o(λ^{−2/α}), λ ↓ 0. (3.53) Now we estimate the first term at the r.h.s. of (3.50). For t > 0 and ε > 0 we have n_+(t; P (b)|V_{11}|^{1/2}P (b)|V_{11}|^{1/2}P (b)) = n_+(t^{1/2}; P (b)|V_{11}|^{1/2}P (b)) = n_∗(t^{1/2}; P (b)|V_{11}|^{1/2}P (b)) ≤ n_∗((1 + ε)t^{1/2}; P (b)|V_{11}|^{1/2}) + n_∗(εt^{1/2}; P (b)|V_{11}|^{1/2}Q(b)). (3.54) Evidently,

n_∗((1 + ε)t^{1/2}; P (b)|V_{11}|^{1/2}) = n_+((1 + ε)^2t; P (b)|V_{11}|P (b)), t > 0, ε > 0. (3.55)

On the other hand, Corollary (3.2) implies

n_∗(εt^{1/2}; P (b)|V_{11}|^{1/2}Q(b)) = O(t^{−2/(2+α)}) = o(t^{−2/α}), t ↓ 0. (3.56)

Putting together (3.47), (3.50), and (3.53) – (3.56), we get

(1 + ε)^{−6/α}lim sup_{λ↓0}λ^{2/α}n_+(λ; P (b)|V_{11}|P (b)) ≤ b_0 4π ∫ S^1

v_{11}(s)^{2/α}ds, ε > 0. (3.57)

Letting ε ↓ 0 in (3.57), and combining this upper bound with the corresponding lower bound (3.49), we get (3.46).

In order to complete the proof of Theorem 2.1 it remains to note that asymptotic relations (2.5) which are equivalent to (2.4), now follow from from (3.4) – (3.5), and (3.46).

Acknowledgements

The author would like to thank Jean Bellissard, Rainer Hempel, Akira Iwatsuka, Hajo Leschke, Leonid Pastur, Mikhail Shubin, and Simone Warzel, for useful and stimulating discussions.

References

[Ab.St] Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical Tables, Eds. M.ABRAMOWITZ, I.STEGUN, National Bureau of Standards, Applied Mathematics Series 55, 1964.

[Al.Dei.Hem] S. ALAMA, P. A. DEIFT, R. HEMPEL, Eigenvalue branches of the Schrödinger operator H − λW in a gap of σ(H), Commun. Math. Phys. 121 (1989), 291-321.

[Av.Her.Si] J.AVRON, I.HERBST, B.SIMON, Schrödinger operators with magnetic fields. I. General interactions, Duke Math. J. 45 (1978), 847-883.

[Ba.Bel.Ram] A. BARELLI, J. BELLISSARD, R. RAMMAL, Spectrum of 2D Bloch electrons in a periodic magnetic field: algebraic approach. J. Physique 51 (1990), 2167–2185.

[Bel] J.BELLISSARD, Gap labelling theorems for Schrödinger operators, In: From Number Theory to Physics (Les Houches, 1989), 538–630, Springer, Berlin, 1992.

[Ber.Shu] F.A.BEREZIN, M.A.SHUBIN, The Schrödinger Equation. Kluwer Academic Publishers, Dordrecht, 1991.

[B] A.BESCH, Eigenvalues in spectral gaps of the two-dimensional Pauli operator, J. Math. Phys. 41 (2000), 7918-7931.

[Bir.Sus 1] M.S̆.BIRMAN, T.A.SUSLINA, Two-dimensional periodic magnetic Hamiltonian is absolutely continuous, Alegebra i Analiz 9 (1997), 32–48; English translation in St.Petersburg Math.J. 9 (1998), 21–32.

[Bir.Sus 2] M.S̆.BIRMAN, T.A.SUSLINA, Two-dimensional periodic Pauli operator. The effective masses at the lower edge of the spectrum. In: Mathematical results in quantum mechanics (Prague, 1998); Operator Theory: Advances and Applications 108 (1999), 13–31.

[CdV] Y. COLIN DE VERDIÈRE, L’asymptotique de Weyl pour les bouteilles magnétiques, Commun. Math. Phys. 105 (1986), 327-335.

[D.Iw.Mi] S. DOI, A. IWATSUKA, T. MINE, The uniqueness of the integrated density of states for the Schrödinger operators with magnetic fields, Math. Z. 237 (2001), 335–371

[Dub.Nov] B.A.DUBROVIN, S.P.NOVIKOV, Fundamental states in a periodic field. Magnetic Bloch functions and vector bundles, Soviet Math.Dokl. 22, (1980), 240-244.

[H] B.C.HALL, Holomorphic methods in analysis and mathematical physics, In: First Summer School in Analysis and Mathematical Physics, Cuernavaca Morelos, 1998, 1-59, Contemp.Math. 260, AMS, Providence, RI, 2000.

[Hem.Lev] R. HEMPEL, S.Z. LEVENDORSKII, On eigenvalues in gaps for perturbed magnetic Schrödinger operators, J.Math. Phys. 39, (1998), 63–78.

[Hu.Le.M.W] T. HUPFER, H. LESCHKE, P. MÜLLER, S. WARZEL, Existence and uniqueness of the integrated density of states for Schödinger operators with magnetic fields and unbounded random potentials, Rev. Math. Phys. 13 (2001), 1547–1581.

[Iv] V.IVRII, Microlocal analysis and precise spectral asymptotics, Springer- Verlag, Berlin, 1998.

[Iw.Tam] A.IWATSUKA, H.TAMURA, Asymptotic distribution of eigenvalues for Pauli operators with nonconstant magnetic fields, Duke Math. J. 93 (1998), 535–574.

[K] W.KIRSCH, Random Schrödinger operators. A course, In: Schrödinger operators (Soendeborg, 1988), 264–370, Lecture Notes in Physics, 345, Springer, Berlin, 1989.

[Lev] S.Z. LEVENDORSKII, The asymptotics for the number of eigenvalue branches for the magnetic Schrödinger operator H − λW in a gap of H. Math. Z. 223, (1996), 609–625.

[Ma] H.MATSUMOTO, On the integrated density of states for the Schrödinger operators with certain random electromagnetic potentials, J. Math. Soc. Japan 45 (1993), 197–214.

[Nov] S.P.NOVIKOV, Magnetic Bloch functions and vector bundles. Typical dispersion laws and their quantum numbers, Soviet Math.Dokl. 23 (1981), 298-303.

[Nov.Ves] S. P. NOVIKOV, A. P. VESELOV, Exactly solvable two-dimensional Schrödinger operators and Laplace transformations, AMS Translations 179 (1997) 109-132.

[P.Fi] L.PASTUR, A.FIGOTIN, Spectra of Random and Almost-Periodic Operators. Grundlehren der Mathematischen Wissenschaften 297. Springer- Verlag, Berlin etc. (1992).

[Rai] G.D.RAIKOV, Eigenvalue asymptotics for the Schrödinger operator with homogeneous mognetic poetntial and decreasing electric potential. I. Behaviour near the essential spectrum tips, Commun. P.D.E. 15 (1990), 407- 434; Errata: Commun. P.D.E. 18 (1993), 1977-1979.

[Rai.War] G. D. RAIKOV, S. WARZEL, Quasi-classical versus non-classical spectral asymptotics for magnetic Schrödinger operators, (to appear in Rev. Math. Phys.); available at http://front.math.ucdavis.edu/math-ph/0201006.

[Sob] A.V.SOBOLEV, Quasi-classical asymptotics for the Pauli operator, Commun. Math. Phys. 194 (1998), 109-134.

[Shu 1] M.A.SHUBIN, Almost periodic functions and partial differential operators, Russian Math. Surveys 33 (1978), 1-52.

[Shu 2] M.A.SHUBIN, The spectral theory and the index of elliptic operators with almost periodic coefficients, Russian Math. Surveys 34 (1979), 109-157.

[U 1] N. UEKI, On spectra of random Schrödinger operators with magnetic fields, Osaka J. Math. 31 (1994), 177–187.

[U 2] N. UEKI, Lifschitz tail of a random Pauli Hamiltonian with an anomalous magnetic moment, Preprint 2001 (to appear in Japan. J. Math. 28 (2002)).