Some results on the phase structure of the two-dimensional Widom-Rowlinson model

Yasunari Higuchi and Masato Takei

1 Introduction

We study the phase structure of the two-dimensional (2D) lattice Widom- Rowlinson model. Let Ω = {−1, 0, +1}^{Z2} be the configuration space with product topology. The Borel σ-algebra of Ω is denoted by F. For Λ ⊂ Z^2, we consider Ω_Λ = {−1, 0, +1}^Λ and its Borel σ-algebra F_Λ. We write x ∼ y if x, y ∈ Z^2 are adjacent, namely |x_1 − y_1| + |x_2 − y_2| = 1. We say that x and y are (∗)adjacent and write x^∗∼ y if max{|x_1 − y_1|, |x_2 − y_2|} = 1. A configuration ω ∈ Ω_Λ is said to be feasible if ω(x)ω(y) ≠ −1 for all adjacent x, y ∈ Λ. We write Λ ⊂⊂ Z^2 if Λ is a finite subset of Z^2. For Λ ⊂⊂ Z^2 and a feasible boundary condition ω ∈ Ω, the finite volume Gibbs distribution μ^ω_{Λ,λ,h} is defined by μ^ω_{Λ,λ,h}(σ) = 1 Z^ω_{Λ,λ,h} 1_{{σ∗ω:}feasible_} ∏ x∈Λ λ^{σ(x)2} e^{hσ(x)}. Here λ > 0 is a parameter called activity, and h ∈ R is a parameter which plays a similar role as the external field in the Ising model. The normalizing constant Z^ω_{Λ,λ,h} is called the partition function. The configuration σ ∗ ω ∈ Ω is defined by σ ∗ ω(x) = { σ(x) if x ∈ Λ, ω(x) if x ∈ Λ^c.

A probability measure μ on (Ω, F) which satisfies the DLR equation

μ (·|F_Λc ) (ω) = μ^ω_{Λ,λ,h}(·) μ-a.a.ω (Λ ⊂⊂ Z^2)

is said to be a Gibbs measure with parameter (λ, h). The set of all Gibbs measures with parameter (λ, h) is denoted by G(λ, h). It is well-known that

G(λ, h) is a non-empty compact convex set. We write Gex(λ, h) for the set of all extremal Gibbs measures. (For the general properties of Gibbs measures, we refer to [4] or [11].)

Russo[12] introduced the infinite cluster method for studying the phase structure of the 2D Ising model, which is the key step to the final answer([1], [9]). In [5], the structure of phases is described in terms of percolation and possible extensions are given. In this paper, we consider the 2D Widom- Rowlinson model. Although this model is generally thought to be similar to the 2D Ising model, the proof of [5] does not work.

We state our main results. Van den Berg and Steif conjectured that the hard-core lattice gas model on Z^d with parity-dependent activities has no phase transition, and Häggström proved it in the 2D case(see [6] §3.4 and [7]). In [6] §3.5, it is conjectured that the Widom-Rowlinson model on Z^d with asymmetric activities (i.e. h ≠ 0) admits no phase transition. We expect that Häggström’s method can be also adapted to the asymmetric Widom- Rowlinson model on Z^2. Unfortunately, we cannot answer this question completely.

Theorem 1.1. For each λ > 0, there exists h_c = h_c(λ) ≥ 0 such that |h| > h_c =⇒ |G(λ, h)| = 1. Especially, h_c(λ) = 0 when |G(λ, 0)| > 1.

Now we turn to the symmetric case (i.e. h = 0). In [10], it is shown that Gibbs measures are unique when λ < p_c/(1 − p_c) and multiple when λ > 8p_c/(1 − p_c), where p_c denotes the critical probability of Bernoulli site percolation on Z^2. Although our result is restricted to the large activity case, we can describe the structure of a good class of Gibbs measures.

Theorem 1.2. Assume that h = 0 and λ > 8p_c/(1 − p_c). Let μ^+_λ and μ^−_λ be the limiting Gibbs measures with plus and minus boundary conditions, respectively.

(i) The limiting Gibbs measure with free boundary condition is equal to (μ^+_λ + μ^−_λ )/2.

(ii) If μ ∈ G(λ, 0) is either horizontally periodic or vertically periodic, then

μ = αμ^+_λ + (1 − α)μ^−_λ

with some α ∈ [0, 1].

Remark 1. The proof of Theorem 1.2(i) is valid for any dimension. Using the same argument, we can prove that for sufficient large λ the limit point of μ^ω_{Λ,λ,0} with ω ≥ 0 or ω ≤ 0 is a mixture of μ^+_λ and μ^−_λ .

The remainder of this paper is organized as follows. In section 2, we review important properties of Gibbs measures of Widom-Rowlinson model. The infinite cluster method introduced by Russo is explained in section 3. We give the proof of Theorem 1.1 in section 4. In section 5 and section 6, we concentrate on the symmetric case. We define the site-random cluster representation of the finite volume Gibbs distribution in section 5, which allows us to compare it with Bernoulli site percolation. The proof of Theorem 1.2 is given in section 6.

2 Preliminaries

For ω, ω^′ ∈ Ω and Λ ⊂ Z^2, we write ω = ω^′ on[off] Λ if ω(x) = ω^′(x) for all x ∈ Λ[x ∈ Λ^c]. Let ∂Λ and ∂^−Λ be outer and inner boundaries of Λ, respectively: ∂Λ = {y /∈ Λ; y ∼ x for some x ∈ Λ}, ∂^−Λ = {x ∈ Λ; y ∼ x for some y /∈ Λ}.

A cylinder function is a function which is F_Δ-measurable for some Δ ⊂⊂ Z^2. For a cylinder function f, supp f denotes the smallest Δ such that f is

F_Δ-measurable, i.e.

supp f = ⋂ {Δ ⊂⊂ Z^2; f is F_Δ-measurable}.

An event E is called a cylinder event if its indicator function 1_E is a cylinder function.

2.1 Strong Markov property

By definition, μ^ω_{Λ,λ,h} enjoys the Markov property, namely μ^ω_{Λ,λ,h}(σ) depends only on the values of ω on ∂Λ. Moreover we can state the strong Markov property as follows. Let μ ∈ G(λ, h). We say that a Z^2-valued random variable Γ is determined from outside if {Γ = Λ} ∈ F_Λc for any nonempty Λ ⊂⊂ Z^2. We consider a σ-algebra

F_Γc = {A ∈ F; A ∩ {Γ = Λ} ∈ F_Λc for any nonempty Λ ⊂⊂ Z^2}.

Lemma 2.1 (strong Markov property). Each Gibbs measure μ enjoys the strong Markov property : if Γ is finite μ-a.s. and determined from outside, then μ (·|F_Γc ) (ω) = μ^ω_{Γ(ω),λ,h}(·) μ-a.a.ω. Remark 2. Let A be a cylinder event. If Γ(ω) = ∅, then we set μ^ω_{Γ(ω)}(A) = 1_A(ω). If Γ(ω) contains infinitely many points, then we set μ^ω_{Γ(ω)}(A) = μ(A).

The proof is elementary and we omit it.

2.2 Stochastic domination

First we state the Holley-FKG inequality for rather general settings.

Let Λ be a finite set and S be a finite subset of R. We set Ω̃_Λ = S^Λ. For σ, σ^′ ∈ Ω̃_Λ, we write σ ≤ σ^′ if σ(x) ≤ σ^′(x) for all x ∈ Λ. Let μ, μ^′ be probability measures on Ω̃_Λ. We write μ ≤ μ^′ if μ(f) ≤ μ^′(f) for any increasing function f on Ω̃_Λ. For a probability measure μ on Ω̃_Λ, we define Ω̃^μ_Λ = {σ ∈ Ω̃_Λ; μ(σ) > 0}. We say that μ is nice if there exists M = M(μ) ∈

Ω̃^μ_Λ such that σ ≤ M for all σ ∈ Ω̃^μ_Λ. For σ, σ′ ∈ Ω̃_Λ, we say σ ∼ σ′ if there exists x ∈ Λ such that σ(x) ≠ σ^′(x) and σ = σ^′ off x. We can define the connectedness of the subset of Ω̃_Λ with respect to the relation ∼. μ is called irreducible if Ω̃^μ_Λ is connected in this sense. Theorem 2.2. �

(i) (Holley’s inequality) Let μ, μ^′ be nice and irreducible probability measures. In addition we assume that M(μ) ≤ M(μ^′). If for any x ∈ Λ, a ∈ S, η, η^′ ∈ Ω̃_{Λ\{x}} such that η ≤ η^′ , μ(σ = η off x) > 0 and μ^′(σ = η^′ off x) > 0, μ(σ(x) ≥ a|σ = η off x) ≤ μ^′(σ(x) ≥ a|σ = η^′ off x) holds, then μ ≤ μ^′.

(ii) (the FKG inequality) Let μ be a nice and irreducible probability measure on Ω̃_Λ. If for any x ∈ Λ, a ∈ S, η, η^′ ∈ Ω̃_{Λ\{x}} such that η ≤ η^′, μ(σ = η off x) > 0 and μ(σ = η^′ off x) > 0, μ(σ(x) ≥ a|σ = η off x) ≤ μ(σ(x) ≥ a|σ = η^′ off x) is satisfied, then μ has positive correlations, i.e. μ(fg) ≥ μ(f)μ(g) holds for increasing functions f, g on Ω̃_Λ.

The proof of this theorem is obtained by a slight modification of the argument in [6] §4.2.

Now we return to the Widom-Rowlinson model. For ω, ω^′ ∈ Ω, we write ω ≤ ω^′ if ω(x) ≤ ω^′(x) for all x ∈ Z^2, regarding {−1, 0, +1} ⊂ R. Let μ and ν be probability measures on (Ω, F). We say μ ≤ ν if μ(f) ≤ ν(f) for any increasing cylinder function f on Ω. The finite Gibbs distribution in Λ ⊂⊂ Z^2 with boundary condition ω ≡ +1(resp. 0, −1) is denoted by μ^+_{Λ,λ,h}(resp. μ^0_{Λ,λ,h}, μ^−_{Λ,λ,h}). Lemma 2.3. The finite Gibbs distributions have following properties :

(i) The FKG inequality holds for μ^ω_{Λ,λ,h}. (ii) μ^ω_{Λ,λ,h} ≤ μ^{ω′}_{Λ,λ,h} if ω ≤ ω^′. (iii) μ^ω_{Λ,λ,h} ≤ μ^ω_{Λ,λ,h}′ if h ≤ h^′. (iv) If Λ ⊂ Δ, then μ^+_{Λ,λ,h} ≥ μ^+_{Δ,λ,h}, μ^−_{Λ,λ,h} ≤ μ^−_{Δ,λ,h}.

Proof. Since the set of feasible configurations is connected, μ^ω_{Λ,λ,h} is irreducible. It is clear that both μ^ω_{Λ,λ,h} and μ^{ω′}_{Λ,λ,h} are nice. Indeed, M(μ^ω_{Λ,λ,h}) = { 0 on {x ∈ ∂^−Λ; ω(y) = −1 for y ∈ ∂Λ with y ∼ x}, +1 otherwise, and M(μ^{ω′}_{Λ,λ,h}) is similar. We note that M(μ^ω_{Λ,λ,h}) ≤ M(μ^{ω′}_{Λ,λ,h}) because ω ≤ ω^′.

Fix any x ∈ Λ. For η ∈ Ω̃_{Λ\{x}} such that η ∗ ω is feasible, we can easily see that μ^ω_{Λ,λ,h}(σ(x) = +1|σ = η off x) is equal to

0 if η ∗ ω(y) = −1 for some y ∼ x, λe^h λe^h+1+λe^{−h} if η ∗ ω(y) = 0 for all y ∼ x, λe^h λe^h+1 otherwise.

It turns out that this conditional probability is increasing in ω, η and h. Similarly, we can see that μ^ω_{Λ,λ,h}(σ(x) ≥ 0|σ = η off x) is increasing in ω, η and h(but not in λ!). Hence (i)-(iii) follows from Theorem 2.2. (iv) is proved by standard application of (i).

Remark 3. Since the above conditional probability is not increasing in λ, the monotonicity of phase transition depends on the underlying graph. Examples are found in [2] and [8].

2.3 Extremal Gibbs measures

Let μ^+_{λ,h} and μ^−_{λ,h} be the limiting Gibbs measures of μ^+_{Λ,λ,h} and μ^−_{Λ,λ,h} as Λ ↗ Z^2. These exist by virtue of Lemma 2.3(iv). It is well-known that limiting Gibbs measures satisfy the DLR equation. Both μ^+_{λ,h} and μ^−_{λ,h} are invariant under any graph automorphism of Z^2. It follows from Lemma 2.3(ii) that μ^−_{λ,h} ≤ μ ≤ μ^+_{λ,h} for any μ ∈ G(λ, h). From this, it is easy to see that μ^+_{λ,h}, μ^−_{λ,h} ∈ Gex(λ, h). Let T = ⋂ Λ⊂⊂Z^2 FΛ^c , which is called the tail σ-algebra. The following lemma

is well-known.

Lemma 2.4. Following (i)-(iii) are equivalent. (i) μ ∈ Gex(λ, h) (ii) μ is tail-trivial, which means that μ(A) = 0 or 1 for any A ∈ T . (iii) lim_{Λ↗Z2} μ^ω_{Λ,λ,h} = μ for μ-a.a.ω.

From this lemma, we can find that every extremal Gibbs measure satisfies the FKG inequality. It is also well-known that any Gibbs measure is uniquely represented as a convex combination of extremal Gibbs measures.

The following criterion of the uniqueness of Gibbs measure is useful(see [6] Theorem 4.17).

Proposition 2.5. Following (i)-(iii) are equivalent.

(i) G(λ, h) is a singleton. (ii) μ^+_{λ,h} = μ^−_{λ,h} (iii) For all x ∈ Z^2, μ^+_{λ,h}(σ(x)) = μ^−_{λ,h}(σ(x)).

3 The infinite cluster method

Russo[12] created the infinite cluster method for determining the phase structure of the 2D Ising model. As in [5], we state his key results in the form of lemmata. In addition, we study the uniqueness of the infinite cluster under periodic Gibbs measures in section 3.6.

3.1 Basic concepts of percolation theory

A sequence p = (x_1, · · · , x_k) of distinct points of Z^2 is a (finite) path from x_1 to x_k if x_i ∼ x_{i+1}(i = 1, · · · , k − 1). We similarly define an infinite path p = (x_1, x_2, · · · ). We say p is a path in S ⊂ Z^2 if p ⊂ S. A path p is called circuit if x_k ∼ x_1. C ⊂ Z^2 is said to be connected if for any x, y ∈ C there exists a path in C from x to y. A cluster in S ⊂ Z^2 is a maximal connected component of S. A cluster which contains infinitely many points is called an infinite cluster. A sequence p = (x_1, · · · , x_k) of distinct points of Z^2 is a

(∗)path from x_1 to x_k if x_i^∗∼ x_{i+1}(i = 1, · · · , k − 1). In the similar manner, we define a (∗)circuit, a (∗)cluster and (∗)connectedness.

For ω ∈ Ω, we set

S^+(ω) = {x ∈ Z^2; ω(x) = +1}, S^0(ω) = {x ∈ Z^2; ω(x) = 0}, S^−(ω) = {x ∈ Z^2; ω(x) = −1}, S^{0+}(ω) = {x ∈ Z^2; ω(x) ≥ 0}, S^{0−}(ω) = {x ∈ Z^2; ω(x) ≤ 0}. A path in S^+(ω) is called a (+)path in ω. In the analogous way, we define a (+)circuit and a (+)cluster. We say that x, y ∈ Z^2 is (+)connected in ω if there is a (+)path from x to y in ω. The event that x and y are (+)connected is denoted by {x^+←→ y}. For C ⊂ Z^2, we write {x^+←→ C} for the event that x and some point in C is (+)connected. A (∗)path(resp. (∗)circuit,(∗)cluster) in S^+(ω) is called a (+∗)path(resp. a (+∗)circuit,a (+∗)cluster). We call a prefix such as ‘+∗’ the type of this path. Let E^+ be the event that there exists an infinite (+) cluster. The event that x belongs to an infinite (+)cluster is denoted by {x^+←→ ∞}. Let I^+ = I^+(ω) = {x ∈ Z^2; x^+←→ ∞ in ω}, which is equal to the union of all infinite (+)clusters in ω. All notations will be used for S^0(ω), S^−(ω), S^{0+}(ω) and S^{0−}(ω) as well. Note that E^+ ⊂ E^{+∗} ⊂ E^{0+∗} and so on.

3.2 Transformations of Ω

We consider the following transformations of Ω.

(i) The translations θ_s, s ∈ Z^2 : which are defined by

(θ_sω)(x) = ω(x − s) (x ∈ Z^2)

for ω ∈ Ω. Particularly, let θhor = θ_{(1,0)} and θvert = θ_{(0,1)}. The collection (θ_s)_{s∈Z}2 is a group. For a, b ∈ N, let Z^2(a, b) = {(ak, bl) ∈ Z^2; k, l ∈ Z}. We say that μ ∈ G(λ, h) is ((a, b)-)periodic if it is invariant under the subgroup

(θ_s)_{s∈Z}2_{(a,b)}. In particular, it is called translation-invariant if this holds for (a, b) = (1, 1). We say that μ is horizontally periodic if it is invariant under θ_{(a,0)} for some a ∈ N. Similarly, we define vertical periodicity.

(ii) The spin-flip transformation : For ω ∈ Ω, T ω ∈ Ω is defined by (T ω)(x) = −ω(x)(x ∈ Z^2). (iii) The reflections : For k ∈ Z, let

R_{k,}hor : Z^2 ∋ x = (x_1, x_2) → (x_1, 2k − x_2) ∈ Z^2, R_{k,}vert : Z^2 ∋ x = (x_1, x_2) → (2k − x_1, x_2) ∈ Z^2.

3.3 Characterization of Gibbs measures by percolation

By the strong Markov property, the following lemma is easily obtained. Lemma 3.1. (cf. [5] Lemma 2.1) Let μ ∈ G(λ, h). If μ(E^{0+}) = 0, then μ = μ^−_{λ,h}. We need a variant of this lemma.

Proposition 3.2. Let μ ∈ G(λ, h). If μ(E^{0∗}) = 0, then μ is a convex combination of μ^+_{λ,h} and μ^−_{λ,h}.

Proof. Fix Λ ⊂⊂ Z^2. By assumption, Λ is surrounded by either (+)circuit or (−)circuit μ-a.s. In such a case, we will say that Λ is surrounded by (+/−)circuit. For any ε > 0, we can choose a large finite set Δ ⊃ Λ such that μ (Λ is surrounded by (+/−)circuit in Δ) > 1 − ε.

For each circuit C surrounding Λ in Δ, we consider the events A^+_{Λ,Δ,C} = {C is the maximal (+/−)circuit surrounding Λ in Δ and its type is +}, A^−_{Λ,Δ,C} = {C is the maximal (+/−)circuit surrounding Λ in Δ and its type is −}, and A^+_{Λ,Δ} = ⋃ C A^+_{Λ,Δ,C} , A^−_{Λ,Δ} = ⋃ C A^−_{Λ,Δ,C} , A^{+/−}_{Λ,Δ} = A^+_{Λ,Δ} ∪ A^−_{Λ,Δ},

where the union runs over all the circuit surrounding Λ in Δ. Clearly, μ ( A^+_{Λ,Δ} ) + μ ( A^−_{Λ,Δ} ) = μ ( A^{+/−}_{Λ,Δ} ) > 1 − ε. Let f be a nonnegative increasing function such that supp f ⊂ Λ. We

have μ(f) = μ ( f · 1_A+_{Λ,Δ} ) + μ ( f · 1_A−_{Λ,Δ} ) + μ ( f · 1_{(A}+/−_{Λ,Δ )c} )

= ∑ C { μ ( f · 1_A+_{Λ,Δ,C} ) + μ ( f · 1_A−_{Λ,Δ,C} )} + μ ( f · 1_{(A}+/−_{Λ,Δ )c} ) . The Markov property of μ implies that μ(f) = ∑ C { μ ( μ^+int_{(C),λ,h}(f) · 1_A+_{Λ,Δ,C} ) + μ ( μ^−int_{(C),λ,h}(f) · 1_A−_{Λ,Δ,C} )}

+ μ ( f · 1_{(A}+/−_{Λ,Δ )c} ) , where int(C) is the bounded (∗)connected component of Z^2 \ C. For any

circuit C surrounding Λ, we note that μ^+_{λ,h}(f) ≤ μ^+int_{(C),λ,h}(f) ≤ μ^+_{Λ,λ,h}(f) , μ^−_{Λ,λ,h}(f) ≤ μ^−int_{(C),λ,h}(f) ≤ μ^−_{λ,h}(f). So we have μ(f) ≤ ∑ C { μ^+_{Λ,λ,h}(f)μ ( A^+_{Λ,Δ,C} ) + μ^−_{λ,h}(f)μ ( A^−_{Λ,Δ,C} )} + ε||f||_∞ = μ^+_{Λ,λ,h}(f)μ ( A^+_{Λ,Δ} ) + μ^−_{λ,h}(f)μ ( A^−_{Λ,Δ} ) + ε||f||_∞. Similarly, μ(f) ≥ μ^+_{λ,h}(f)μ ( A^+_{Λ,Δ} ) + μ^−_{Λ,λ,h}(f)μ ( A^−_{Λ,Δ} ) − ε||f||_∞. Take a sequence Δ ↗ Z^2. Note that A^{+/−}_{Λ,Δ} is increasing in Δ. Since

finite subsets of Z^2 are countably many and μ ( A^+_{Λ,Δ} ) ∈ [0, 1], by a diagonal-

sequence argument we can choose a subsequence of Δ such that μ ( A^+_{Λ,Δ} ) converges for all Λ ⊂⊂ Z^2. We write α_Λ for this limit. By letting Δ ↗ Z^2 along this subsequence and ε ↘ 0, we have μ(A^+_{Λ,Δ}) → α_Λ, μ(A^−_{Λ,Δ}) → 1−α_Λ, and α_Λμ^+_{λ,h}(f) + (1 − α_Λ)μ^−_{Λ,λ,h}(f) ≤ μ(f) ≤ α_Λμ^+_{Λ,λ,h}(f) + (1 − α_Λ)μ^−_{λ,h}(f).

Next we take an increasing sequence Λ ↗ Z^2. As α_Λ ∈ [0, 1], we can choose a suitable subsequence of Λ such that α_Λ converges to some α ∈ [0, 1]. By letting Λ ↗ Z^2 along this subsequence, we have μ(f) = αμ^+_{λ,h}(f) + (1 − α)μ^−_{λ,h}(f) for any nonnegative increasing f. Because both μ^+_{λ,h} and μ^−_{λ,h} are extremal in G(λ, h), the extremal decomposition theorem implies that α is unique and independent of the choice of subsequences. This completes the proof.

3.4 Flip-reflection domination

We assume that h = 0. In this case, the interaction is invariant under the frip-refrection transformation R ∘ T , where R is any reflection. This implies that {ω; ω : feasible} = {ω; R ∘ T (ω) : feasible}. Thus we can obtain the following lemma.

Lemma 3.3 (Flip-reflection domination). (cf. [5] Lemma 2.3) Let μ ∈ G(λ, 0) and R be any reflection. If μ-a.a.ω any Λ ⊂⊂ Z^2 is surrounded by (∗)circuit which is R-invariant and on which ω ≥ R ∘ T (ω), then we have μ ≥ μ ∘ R ∘ T .

3.5 Percolation in half-planes

Let n ∈ Z and i ∈ {1, 2}. A half-plane is the set of the form π = {x = (x_1, x_2) ∈ Z^2; x_i ≥ (≤)n}. The line l = {x = (x_1, x_2) ∈ Z^2; x_i = n} is called the boundary line of this half-plane. Let

πup_{,n} = {x ∈ Z^2; x_2 ≥ n} , πdown_{,n} = {x ∈ Z^2; x_2 ≤ n}.

We simply write πup, πdown if n = 0. In the analogous way, πleft_{,n}, πright_{,n}, πleft and πright are defined.

A path p = (x_1, · · · , x_k) is called a half-circuit of the half-plane π with boundary line l if p ⊂ π and p ∩ l = {x_1, x_k}. For a half plane π, let E^+_π be the event that there exists an infinite (+)cluster in π. The union of infinite clusters in π is denoted by I^+_π = I^+_π (ω) = {x ∈ π; x^+←→ ∞ in ω|_π}. When π = πup, we write E^+up or I^+up for short. These notations will be used accordingly for infinite clusters of other types.

Lemma 3.4 (Shift lemma). (cf. [5] Lemma 3.4) Let μ ∈ G(λ, h). Assume that two half-planes π, π̃ satisfy π ⊃ π̃(i.e. one half-plane is a translate of the other half-plane). Then E^+_π = E^+_{π̃} μ-a.s. This also holds for infinite clusters of any other types.

This lemma is proved by using so-called ‘random Borel-Cantelli’ argument(see [5]).

3.6 Percolation under periodic Gibbs measures

Proposition 3.5. Let λ > 0 and h ∈ R. If μ ∈ G(λ, h) is ((a, b)-)periodic, then there is at most one infinite cluster of each type μ-a.s.

Proof. By the ergodic decomposition theorem([4] Chap.14), we can assume that μ is (θ_s)_{s∈Z}2_{(a,b)}-ergodic. We want to apply the Burton-Keane uniqueness theorem, but its proof requires the finite energy property to connect different clusters with positive probability. In spite of lack of the finite energy property in our case, this is still possible in the similar manner as noted in [7] and [5] for the hard-core lattice gas model. The (θ_s)_{s∈Z}2_{(a,b)}-ergodicity is sufficient to show that in a finite box there exist encounter points whose number has the same order as the volume of the box. Thus we can show the uniqueness of the infinite cluster.

By virtue of this proposition, we can establish the noncoexistence of several infinite clusters by using Zhang’s argument.

Proposition 3.6 (Zhang’s argument). The following statements hold.

(i) (cf. [6] Theorem 5.18) If μ ∈ G(λ, h) is a periodic and rotationinvariant probability measure with positive correlations, then we have μ(E^+∩ E^{0−∗}) = 0.

(ii) (cf. [5] Lemma 3.1) If μ ∈ G(λ, 0) has positive correlations and is flip-reflection invariant(i.e. μ = μ ∘ R ∘ T for any reflection R), then we have μ(E^+ ∩ E^−) = 0.

4 Number of phases : asymmetric case

In this section, we shall prove Theorem 1.1.

4.1 Differentiability of the pressure and uniqueness of Gibbs measures

We review the relation between the differentiability of the pressure and the uniqueness of Gibbs measures.

We set p(Λ, λ, h, ω) = 1 |Λ| log Z^ω_{Λ,λ,h}. Differentiating twice by h, we can see that p(Λ, λ, h, ω) is a convex function of h.

Lemma 4.1. Let S_n be a box in Z^2 with side length n. The limit P (λ, h) = lim_{n→∞} p(S_n, λ, h, ω) exists and is independent of ω. P (λ, h) is called the pressure. P (λ, h) is also a convex function of h, therefore it is differentiable except at most countable h’s.

Proof. By standard subadditive argument, we can show that p(S_N , λ, h, 0) converges. We write P (λ, h) for the limit. For an arbitrary boundary condition ω, we can see that Z^0_{Sn,λ,h} ≥ Z^ω_{Sn,λ,h} ≥ Z^0_{Sn−2,λ,h} for all n ≥ 3, which implies that p(S_n, λ, h, ω) → P (λ, h) as n → ∞.

The following result is well-known.

Theorem 4.2. ([3]) |G(λ, h)| = 1 if and only if P (λ, x) is differentiable at x = h. Together with the preceding lemma, for each λ > 0, except at most countable h’s, there is a unique Gibbs measure for (λ, h).

4.2 Proof of Theorem 1.1

We assume that h > 0. h < 0 case is treated analogously. First we remark that μ^+_{λ,0} ≤ μ^−_{λ,h} if h > 0.

Proposition 4.3. Let λ > 0. If μ^+_{λ,0} ≠ μ^−_{λ,0}, then we have |G(λ, h)| = 1 for all h > 0.

Proof. We can show that μ^+_{λ,0}(E^{0−}) = 0 if μ^+_{λ,0} ≠ μ^−_{λ,0} (see Corollary 5.3 below). So we have μ^−_{λ,h}(E^{0−}) ≤ μ^+_{λ,0}(E^{0−}) = 0. By Lemma 3.1, we can see that μ^−_{λ,h} = μ^+_{λ,h}. Proposition 2.5 gives the result.

Next, we fix λ > 0 such that μ^+_{λ,0} = μ^−_{λ,0}. For the unique Gibbs measure μ_0 ∈ G(λ, 0), we can show that μ_0(E^+ ∪ E^−) = 0 (see Proposition 5.2 below). Therefore, for arbitrary μ ∈ G(λ, h) we have μ(E^−) ≤ μ^−_{λ,h}(E^−) ≤ μ_0(E^−) = 0. We define

h^+_c = h^+_c (λ) = inf{h ≥ 0; μ^+_{λ,h}(E^+) = 1}, h^−_c = h^−_c (λ) = inf{h ≥ 0; μ^−_{λ,h}(E^+) = 1}.

Because μ^+_{λ,h}(E^+) ≥ μ^−_{λ,h}(E^+), we have h^+_c ≤ h^−_c . When h^+_c < h^−_c , μ^+_{λ,h}(E^+) = 1 and μ^−_{λ,h}(E^+) = 0 for all h ∈ (h^+_c , h^−_c ). This implies μ^+_{λ,h} ≠ μ^−_{λ,h} for uncountable h’s, which is impossible. We can conclude h^+_c = h^−_c , say h_c.

Proposition 4.4. If μ^+_{λ,0} = μ^−_{λ,0}, then |G(λ, h)| = 1 for h > h_c(λ).

Proof. When h > h_c, we have μ^−_{λ,h}(E^+) = 1. It follows from Proposition 3.6(i) that μ^−_{λ,h}(E^{0−∗}) = 0. Lemma 3.1 again shows that μ^−_{λ,h} = μ^+_{λ,h}.

5 Site random-cluster representation

Hereafter we assume that h = 0 and omit h. The site random-cluster representation of Widom-Rowlinson model is used in several papers; e.g. [2],[6],[8]. Here we introduce the site random-cluster representation of Gibbs distribution with an arbitrary boundary condition.

Fix Λ ⊂⊂ Z^2. For ξ ∈ {0, 1}^Λ, let

S̃^1(ξ) = {x ∈ Λ; ξ(x) = 1} , S̃^0(ξ) = {x ∈ Λ; ξ(x) = 0}.

A path in S̃^1(ξ) is called a (1)path in ξ. Analogously, we define a (1)circuit and a (1)cluster. We say that x, y ∈ Z^2 are (1)connected if there is a (1)path from x to y in ξ. The event that x and y are (1)connected is denoted by {x^1←→ y}. For C ⊂ Z^2, {x^1←→ C} denotes the event that x and some point in C are (1)connected. Similarly, we define (1∗)connectedness and so on. Let ω ∈ Ω be a feasible boundary condition. We set

W^+_Λ (ω) = {x ∈ ∂Λ; ω(x) = +1} , W^−_Λ (ω) = {x ∈ ∂Λ; ω(x) = −1}. For ξ ∈ {0, 1}^Λ, let

1_{D(ω,ξ)} = { 1 if there is no (1)path connecting W^+_Λ (ω) and W^−_Λ (ω) in ξ, 0 otherwise.

Let λ > 0. The site random-cluster distribution R^ω_{Λ,λ} is a probability measure on {0, 1}^Λ which is defined by

R^ω_{Λ,λ}(ξ) = 1 Z̃ω_{Λ,λ} 1^{D(ω,ξ)} ∏ x∈Λ λ^{ξ(x)} · 2^{k(ξ,ω,Λ)} (ξ ∈ {0, 1}^Λ), where k(ξ, ω, Λ) is the number of (1)clusters in ξ which touch neither W^+_Λ (ω) nor W^−_Λ (ω), and Z̃^ω_{Λ,λ} is a normalizing constant.

For any x ∈ Λ, we shall calculate the conditional probability R^ω_{Λ,λ}(ξ(x) = 1|ξ = η off x), where η ∈ {0, 1}^{Λ\{x}} such that R^ω_{Λ,λ}(ξ = η off x) > 0. We define η_{x,s} ∈ {0, 1}^Λ(s = 0, 1) by η_{x,s}(y) = { η(y) if y ≠ x, s if y = x.

Then we have

R^ω_{Λ,λ}(ξ(x) = 1|ξ = η off x) =

R^ω_{Λ,λ}(ξ = η_{x,1}) R^ω_{Λ,λ}(ξ = η_{x,1}) + R^ω_{Λ,λ}(ξ = η_{x,0}) . By definition,

R^ω_{Λ,λ}(ξ = η_{x,0}) = 1 Z̃ω_{Λ,λ} ∏ y∈Λ\{x} λ^{η(y)} · 2^{k(ηx,0,ω,Λ)}, R^ω_{Λ,λ}(ξ = η_{x,1}) = λ Z̃ω_{Λ,λ} 1^{D(ω,ηx,1)} ∏ y∈Λ\{x} λ^{η(y)} · 2^{k(ηx,1,ω,Λ)}.

Thus we have R^ω_{Λ,λ}(ξ = η_{x,1}) R^ω_{Λ,λ}(ξ = η_{x,0}) = λ · 1_{D(ω,ηx,1)} · 2^{k(ηx,1,ω,Λ)−k(ηx,0,ω,Λ)}. The values of 1_{D(ω,ηx,1)} and k(η_{x,1}, ω, Λ) − k(η_{x,0}, ω, Λ) are closely related to the number of (1)clusters which contain the sites adjacent to x. The number of such (1)clusters is denoted by N, and the number of ones which touch neither W^+_Λ (ω) nor W^−_Λ (ω) is denoted by n. It is clear that 0 ≤ n ≤ N ≤ 4. We define κ(η, ω, x, Λ) as follows: If one (1)cluster containing sites adjacent to x touch W^+_Λ (ω) and another touch W^−_Λ (ω), then we set κ(η, ω, x, Λ) = −∞. Otherwise, we set κ(η, ω, x, Λ) = { 1 − n if N = n, −n if N > n. Noting that R^ω_{Λ,λ}(ξ = η_{x,1})/R^ω_{Λ,λ}(ξ = η_{x,0}) = λ · 2^{κ(η,ω,x,Λ)}, we have

R^ω_{Λ,λ}(ξ(x) = 1|ξ = η off x) = λ · 2^{κ(η,ω,x,Λ)} λ · 2^{κ(η,ω,x,Λ)} + 1 . Remark 4. By the definition of κ, it turns out that R^ω_{Λ,λ} does not satisfy the conditions of Theorem 2.2.

Lemma 5.1 (Site random-cluster representation). The finite volume Gibbs distribution μ^ω_{Λ,λ} is related to the site random-cluster distribution R^ω_{Λ,λ} as follows.

(i) First we pick Y ∈ {0, 1}^Λ according to R^ω_{Λ,λ}. For x ∈ Λ with Y (x) = 0, we set X(x) = 0. For each (1)cluster C of Y , we assign +1 or −1 to this cluster by tossing a fair coin. There are two exceptional cases when C touches W^+_Λ (ω) ∪ W^−_Λ (ω). If C is connected to W^+_Λ (ω), then we set X ≡ +1 on C. If C is connected to W^−_Λ (ω), then we set X ≡ −1 on C. Then, the distribution of X ∈ Ω_Λ is μ^ω_{Λ,λ}.

(ii) We choose X ∈ Ω_Λ according to μ^ω_{Λ,λ} and set Y (x) = X(x)^2 for each x ∈ Λ. Then, the distribution of Y ∈ {0, 1}^Λ is R^ω_{Λ,λ}.

The proof is straightforward and we omit it. Note that the distribution of S^0(σ) with respect to μ^ω_{λ,Λ} is equal to the distribution of S̃^0(σ^2) with respect to R^ω_{λ,Λ}. For example, we have μ^ω_{Λ,λ}(x^{0∗}←→ y) = R^ω_{Λ,λ}(x^{0∗}←→ y) for any x, y ∈ Λ. Using site random-cluster representation, we can prove the following characterization of the phase transition of Widom-Rowlinson model in terms of percolation.

Proposition 5.2. (cf. [6] Theorem 4.17,8.13,[8] §3) Suppose λ > 0. Following (i)-(v) are equivalent.

(i) G(λ) is a singleton. (ii) μ^+_λ = μ^−_λ (iii) μ^+_λ (σ(x) = +1) = μ^−_λ (σ(x) = +1) for all x ∈ Z^2. (iv) lim_{Λ↗Z2} R^+_{Λ,λ}(x^1←→ ∂Λ) = 0 for all x ∈ Z^2. (v) μ^+_λ (x^+←→ ∞) = 0 for all x ∈ Z^2.

Remark 5. This equivalence holds in Widom-Rowlinson model not only on Z^2 but also on arbitrary infinite connected graph.

Corollary 5.3. If λ > 0 and μ^+_λ ≠ μ^−_λ , then μ^+_λ (E^{0−∗}) = μ^−_λ (E^{0+∗}) = 0.

Proof. If μ^+_λ ≠ μ^−_λ , then we have μ^+_λ (E^+) = μ^−_λ (E^−) = 1 by Proposition 5.2. We get the conclusion from Proposition 3.6(i).

Let P_p denote the Bernoulli probability measure on {0, 1}^{Z2} with density p. For x ∈ Λ and η ∈ {0, 1}^{Λ\{x}} such that R^ω_{Λ,λ}(ξ = η off x) > 0, we can see that −∞ ≤ κ(η, ω, x, Λ) ≤ 1. Holley’s inequality implies that R^ω_{Λ,λ} ≤ P 2λ_{2λ+1} . Moreover, if ω ∈ Ω satisfies ω ≥ 0 or ω ≤ 0 on ∂Λ, then −3 ≤ κ(η, ω, x, Λ) ≤ 1. Thus we obtain the following lemma.

Lemma 5.4. If a feasible boundary condition ω ∈ Ω satisfies ω ≥ 0 or ω ≤ 0 on ∂Λ, then we have

P λ_{λ+8} ≤ R^ω_{Λ,λ} ≤ P 2λ_{2λ+1} .

6 Number of phases : symmetric,large activity case

In this section, we shall prove Theorem 1.2.

6.1 Preliminary results

Proposition 6.1. ([10]) When λ > 8p_c/(1 − p_c), phase transition occurs, namely μ^+_λ ≠ μ^−_λ .

Proof. Here we give the proof based on Proposition 5.2. When λ/(λ + 8) > p_c(i.e. λ > 8p_c/(1 − p_c)), P λ_{λ+8} (0^1←→ ∞) = θ > 0. For Λ ⊂⊂ Z^2, it follows from Lemmata 5.1 and 5.4 that

μ^+_{Λ,λ}(0^+←→ ∂Λ) ≥ μ^0_{Λ,λ}(0^+←→ ∂Λ) = 1 2 R^0_{Λ,λ}(0^1←→ ∂Λ) ≥ 1 2 P λ_{λ+8} (0^1←→ ∂Λ) ≥ 1 2 P λ_{λ+8} (0^1←→ ∞) = θ 2 > 0. By letting Λ ↗ Z^2, we have μ^+_λ (0^+←→ ∞) ≥ θ/2 > 0. It follows from this and Proposition 5.2 that μ^+_λ ≠ μ^−_λ .

When activity is large, we can determine the limiting Gibbs measure with free boundary condition.

Proposition 6.2. When λ > 8p_c/(1 − p_c),

μ^0_λ = lim_{Λ↗Z2} μ^0_{Λ,λ} = 1 2 ( μ^+_λ + μ^−_λ ) . Proof. Take a sequence Λ ↗ Z^2. By taking the suitable subsequence {Λ_n}, μ^0_{Λn} converges to a probability measure on Ω, say μ^0_λ, as n → ∞.

We shall prove μ^0_λ(E^{0∗}) = 0 when λ > 8p_c/(1 − p_c). Let p^∗_c be the critical probability of infinite (∗)cluster of Bernoulli site percolation on Z^2. It is well-known that p_c + p^∗_c = 1([13]). Now, as 1 − λ/(λ + 8) < p^∗_c , there is no infinite (0∗)cluster P λ_{λ+8} -a.s. Fix x ∈ Z^2. For any ε > 0, we can choose large N so that P λ_{λ+8} (x^{0∗}←→ ∂Λ_n) < ε for all n ≥ N. By Lemmata 5.1 and 5.4, for m > n ≥ N we have

μ^0_{Λm,λ}(x^{0∗}←→ ∂Λ_n) = R^0_{Λm,λ}(x^{0∗}←→ ∂Λ_n) ≤ P λ_{λ+8} (x^{0∗}←→ ∂Λ_n) < ε.

By letting m → ∞ , n → ∞ and ε ↘ 0, we have μ^0_λ(x^{0∗}←→ ∞) = 0 for all x ∈ Z^2. Thus μ^0_λ(E^{0∗}) = 0.

By Proposition 3.2, μ^0_λ = αμ^+_λ + (1 − α)μ^−_λ for some coefficient α ∈ [0, 1]. We note that μ^0_{Λn,λ}(A) = μ^0_{Λn,λ} ∘ T (A) for each n and any A ∈ F_{Λn} . By letting n → ∞, we have μ^0_λ(A) = μ^0_λ ∘ T (A). This implies that α = 1/2. We can conclude that μ^0_{Λ,λ} converges to (μ^+_λ + μ^−_λ )/2, independent of the choice of the subsequence of Λ ↗ Z^2.

Proposition 6.3. Suppose that λ > 8p_c/(1 − p_c). If μ ∈ G(λ, 0) satisfies that μ(E^{0∗}) > 0, then μ(E^+ ∩ E^−) > 0.

Proof. Without loss of generality, we can assume that μ ∈ Gex(λ, 0) and μ(E^{0∗}) = 1. We shall show that μ(E^+ ∩ E^−) = 1.

Suppose that μ(E^+) = 0, which implies that any finite set Λ of Z^2 is surrounded by (0−∗)circuit μ-a.s. On the other hand, since λ > 8p_c/(1−p_c), for x ∈ Z^2 and ε > 0, we can choose large Λ ⊂⊂ Z^2 containing x such that P λ_{λ+8} (x^{0∗}←→ ∂Λ) < ε. As Λ is surrounded by a (0 − ∗)circuit μ-a.s., we can choose large Δ ⊂⊂ Z^2 such that with μ-probability> 1 − ε there is such a (0 − ∗)circuit in Δ. Let Γ be the region surrounded by the maximal

(0 − ∗)circuit in Δ if it exists. Otherwise we set Γ = ∅. Because Γ is determined from outside, we can show by using the strong Markov property of μ that μ(x^{0∗}←→ ∂Λ) = μ(μ^ω_{λ,Γ(ω)}(x^{0∗}←→ ∂Λ)1_{{Γ(ω)≠∅}}) + μ({x^{0∗}←→ ∂Λ} ∩ {Γ(ω) = ∅}). By Lemmata 5.1 and 5.4, we have μ^ω_{λ,Γ(ω)}(x^{0∗}←→ ∂Λ) = R^ω_{λ,Γ(ω)}(x^{0∗}←→ ∂Λ) ≤ P λ_{λ+8} (x^{0∗}←→ ∂Λ) < ε. Thus we have μ(x^{0∗}←→ ∂Λ) < ε + ε = 2ε. By letting Δ ↗ Z^2, ε ↘ 0 and Λ ↗ Z^2, we can see that μ(x^{0∗}←→ ∞) = 0. Since x is arbitrary, we can conclude μ(E^{0∗}) = 0, which is a contradiction. Thus we have μ(E^+) = 1.

Analogously, we can show that μ(E^−) = 1.

6.2 Periodic phases

When λ is large, we can get the complete description of periodic Gibbs measures.

Theorem 6.4. If λ > 8p_c/(1−p_c), then any periodic μ ∈ G(λ, 0) is a mixture of μ^+_λ and μ^−_λ .

Before proving this, we prepare a lemma. We say (π, π̃) is a pair of conjugate half-planes if half-planes π, π̃ share only a common boundary line. An associated pair of infinite clusters (I^{0+∗}_π , I^{0+∗}_{π̃} ) or (I^{0−∗}_π , I^{0−∗}_{π̃} ) is called a butterfly. In particular, a butterfly in (πleft, πright) is called a horizontal butterfly. A vertical butterfly is the one in (πup, πdown).

Lemma 6.5 (Butterfly lemma). (cf. [5] Lemma 3.1) Suppose that λ > 8p_c/(1 − p_c) and μ ∈ G(λ, 0). If μ(E^{0∗}) > 0, then there exists at least one butterfly with positive probability.

Proof. By the extremal decomposition theorem, there exists Q ∈ Gex(λ, 0) such that Q(E^{0∗}) = 1. By Proposition 6.3, Q(E^+ ∩ E^−) = 1. If Q-a.s. there is no butterfly, then it turns out that Q is flip-reflection invariant. Because this is impossible by Proposition 3.6(ii), we can see that there exists at least one butterfly Q-a.s. This gives the result.

We can prove Theorem 6.4 by using Proposition 3.2 and the following proposition.

Proposition 6.6. If λ > 8p_c/(1 − p_c), then μ(E^{0∗}) = 0 for any periodic μ ∈ G(λ, 0). Proof. By the ergodic decomposition theorem, it is sufficient to show that μ(E^{0∗}) = 0 for ergodic μ. So we assume that μ is ergodic.

Suppose that μ(E^{0∗}) = 1. By Proposition 6.3, we have μ(E^+ ∩ E^−) > 0. By butterfly lemma, we can assume that there is a vertical (0 + ∗) butterfly with positive probability. We can find a large square Λ ⊂⊂ Z^2 such that with positive probability Λ intersects I^{0+∗}up , I^{0+∗}down and I^−. Without loss of generality, we can assume that I^− leaves on the right between I^{0+∗}up and I^{0+∗}down with positive probability. For k ∈ Z, let A_k = {(k, 0) ∈ I^{0+∗}up ∩ I^{0+∗}down, (k + 1, 0) ∈ I^−} and A_∞ be the event that A_k occurs for infinitely many k ∈ Z. By changing the configuration in Λ suitably, we have μ(A_0) > 0. Poincaré’s recurrence theorem([4] Lemma(18.15)) shows that μ(A_∞) = 1. But on A_∞ there exist infinitely many infinite (−)clusters. This contradicts Proposition 3.5. Consequently μ(E^{0∗}) = 0.

6.3 1-periodic phases : proof of Theorem 1.2

Let μ ∈ G(λ, 0). We say that an infinite cluster in a half-plane has the line toucing property if the cluster touches the boundary line of the half-plane infinitely many times μ-a.s.

We define ± ∈ Ω by

±(x) = +1 if x_2 > 0, 0 if x_2 = 0, −1 if x_2 < 0.

It follows from Lemma 2.3(iv) that μ^±up = lim_Λ up^{↗π}up μ^±_Λup exists and is θhorinvariant.

Lemma 6.7. (cf. [5] Lemma 4.2) μ^±up(E^{0+∗}up ) = 0 when λ > 8p_c/(1 − p_c).

This lemma is proved by using Theorem 6.4 and flip-refrection domination. Now we are ready to derive the line touching property of infinite clusters of several types. But note that the same argument as in the Ising model do not give the line touching property of the infinite clusters of types +,+∗,0,0∗,− and −∗.

Lemma 6.8 (Line touching lemma). (cf. [5] Lemma 4.1) Let λ > 8p_c/(1− p_c) and μ ∈ G(λ, 0). The infinite (0+)cluster in any half-plane π have the line toucing property μ-a.s. if it exists. The same holds for infinite clusters of type 0 + ∗ or 0− or 0 − ∗.

Corollary 6.9. Suppose λ > 8p_c/(1 − p_c) and μ ∈ G(λ, 0). In an arbitrary half plane π, there exists at most one infinite (+)cluster μ-a.s. The same holds for infinite clusters of types +∗ or − or −∗.

Lemma 6.10 (Orthogonal butterflies). (cf. [5] Lemma 4.3) Let λ > 8p_c/(1 − p_c) and μ ∈ G(λ, 0). If μ(E^{0∗}) > 0, then there exist both horizontal butterflies and vertical butterflies μ-a.s.

Proof. We can see that μ(E^+ ∩ E^−) > 0 by Proposition 6.3. By the extremal decomposition theorem, Q(E^+ ∩ E^−) = 1 for some Q ∈ Gex(λ, 0). By butterfly lemma, there exist at least one butterfly Q-a.s.

Assume that there is a vertical (0+∗)butterfly but no horizontal butterfly, for example. In this case, Q = Q ∘ R_{k,}vert ∘ T for any k ∈ Z. Therefore Q is horizontally periodic. Fix n ∈ N. By shift lemma, we have Q(E^{0+∗}up_{,n} ∩ E^{0+∗}down_{,−n}) = 1. For k ∈ Z, we set

A^n_k = { ω ∈ Ω; (k, n) ∈ I^{0+∗}up_{,n}, (k, −n) ∈ I^{0+∗}down_{,−n}, ω(k, l) = 0 for − (n − 1) ≤ l ≤ n − 1 } and A^n_∞ = {A^n_k occurs for infinitely many k ∈ Z}. We can easily see that Q(A^n_0 ) > 0. Poincaré’s recurrence theorem and tail-triviality of Q imply that Q(A^n_∞) = 1 for all n. Thus we have Q ( ⋂_∞ n=1 A^n_∞) = 1. If for some n there is an infinite (−)cluster in πup_{,n}, Poincaré’s recurrence theorem again shows that infinitely many infinite (−)clusters appear, which contradicts Corollary 6.9. Hence for any n there is a unique infinite (0+∗)cluster in πup_{,n}. Similarly, the infinite (0 + ∗)cluster in πdown_{,−n} is also unique. We can find that any finite region in Z^2 is surrounded by (0 + ∗)circuit in ω ∈ ⋂_∞ n=1 A^n_∞, which contradicts Q(E^+ ∩ E^−) = 1.

Consequently, both vertical butterflies and horizontal butterflies exist Qa.s., which implies that this occurs with positive μ-probability.

Proof of Theorem 1.2(ii). By the ergodic decomposition theorem, we can assume that μ is horizontally ergodic and satisfies μ(E^{0∗}) = 1. Because at least one vertical butterfly must exist, as in the proof of Lemma 6.10, we can show that μ(E^+ ∩ E^−) = 0. This is a contradiction, which implies that μ(E^{0∗}) = 0. Together with Proposition 3.2, we can find that μ is a mixture of μ^+_λ and μ^−_λ .

References

[1] M.Aizenman : Translation invariance and instability of phase coexistence in the two-dimensional Ising system, Comm. Math. Phys. 73 (1980), 83-94.

[2] G.R.Brightwell, O.Häggström, P.Winkler : Nonmonotonic behavior in hard-core and Widom-Rowlinson models, J. Statist. Phys. 94 (1999), 415-435.

[3] M.Cassandro, G.Gallavotti, J.L.Lebowitz, J.L.Monroe : Existence and Uniqueness of Equillibrium States for Some Spin and Continuum Systems, Comm. Math. Phys. 32 (1973), 153-165.

[4] H-O.Georgii : Gibbs Measures and Phase Transitions, de Gruyter, Berlin, 1988.

[5] H-O.Georgii, Y.Higuchi : Percolation and number of phases in the two-dimensional Ising model, J. Math. Phys. 41-3 (2000), 1153- 1169.

[6] H-O.Georgii, O.Häggström, C.Maes : The random geometry of equillibrium phases, in Phase Transitions and Critical Phenomena 18, 1-142, Academic Press, New York, 2001.

[7] O.Häggström : Ergodicity of the hard-core model on Z^2 with paritydependent activities, Ark. Mat. 35 (1997), 171-184.

[8] O.Häggström : A monotonicity result for hard-core and Widom- Rowlinson models on certain d-dimensional lattices, Electron. Comm. Probab. 7 (2002), 67-78.

[9] Y.Higuchi : On the absence of non-translation invariant Gibbs states for two-dimensional Ising model, in Random Fields Vol.I (Esztergom, 1979), Colloq. Math. Soc. János Bolyai 27, 517-534, North-Holland, Amsterdam, 1981.

[10] Y.Higuchi : Applications of a stochastic inequality to twodimensional Ising and Widom-Rowlinson models, in Probability theory and mathematical statistics (Tbilisi, 1982), Lecture Notes in Math. 1021, 230-237, Springer, 1983.

[11] M.Miyamoto : Phase transition in lattice gases (in Japanese), Seminar on Probability 38, 1973.

[12] L.Russo : The infinite cluster method in the two-dimensional Ising model, Comm. Math. Phys. 67 (1979), 251-266.

[13] L.Russo : On the Critical Percolation Probabilities, Z. Wahrsch.

Verw. Gebiete 56 (1981), 229-237.

Department of Mathematics Faculty of Science Kobe University Rokko, Kobe 657-8501, Japan

higuchi@math.kobe-u.ac.jp

Department of Information and Media Science Graduate School of Science and Technology Kobe University Rokko, Kobe 657-8501, Japan

takei@math.kobe-u.ac.jp